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Coulomb branch geometries of four dimensional N=2 SCFTs. In [1] we developed a strategy

for classifying physical rank-1 CB geometries of N=2 SCFTs. Here we show how to carry

out this strategy computationally to construct the Seiberg-Witten curves and one-forms for

all the rank-1 SCFTs. Explicit expressions are given for all cases, with the exception of the

Nf=4 su(2) gauge theory and the En SCFTs which were constructed in [2, 3] and [4, 5].

Our classification includes all known rank-1 theories plus a new one with an abelian

flavor group, plus nine additional theories whose existence is more speculative. Four of those,

reported in [1], depend on the assumption of new frozen rank-1 SCFTs. Here we also also show

that the assumption of the existence of certain rank-0 N=2 SCFTs leads to five additional

consistent rank-1 CB geometries.
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1 Introduction

Since the work of Seiberg and Witten [2, 3], a rich variety of techniques have been brought

to bear in the study of the strong coupling dynamics of four dimensional supersymmetric

N = 2 theories. These techniques extend well beyond the usual Lagrangian methods. While

a complete list of Lagrangian field theories is known [6], there is by now a large list of non-

Lagrangian theories but still not a complete classification. Recently, progress has been made

in trying to study and classify conformal fixed points both using the revived Conformal Boot-

strap approach [7, 8], S-duality techniques [9–12], and geometric engineering constructions

[13, 14].

In this work we present results which make a classification of N = 2 SCFTs through a

geometric approach possible. This is the second paper of a series of three. In the first [1] we

outlined a program for a classification based on the study of the Coulomb branch geometries

of N = 2 SCFTs. The Coulomb branch (CB) of N = 2 supersymmetric theories plays a

special role as it cannot be lifted by any N = 2 supersymmetry preserving deformation of

the theory. The low energy N = 2 supersymmetry on the CB constrains its geometry to be

rigid special Kähler. Our goal is to classify the possible rigid special Kähler geometries. Such

a classification would restrict the possible N = 2 theories, but would not prove the existence

of a theory for each geometry.

The difficulty of this classification stems in part from that fact that physically interest-

ing special Kähler geometries have singularities. In [1] we showed that there are physical
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consistency requirements of the kinds of singularities that can occur beyond mere special

Kählerness. There we organized the classification problem by studying the scale-invariant

geometries (associated to supercconformal field theories, SCFTs) and their deformations (as-

sociated to N = 2 preserving deformations of the SCFT by relevant operators) for rank-1

theories (ones with a one-dimensional CB). In [1] we extensively describe our definition of

physical consistency and carry out the complete classification of rank 1 N = 2 SCFTs (re-

ported in table 1 of that paper) which includes all the known rank 1 N = 2 SCFTs plus a

new one with an abelian flavor group, plus four additional theories whose existence is based

on the more speculative assumption of the existence of a “frozen” III∗ and IV ∗ singularity.

Our scheme could in principle be extended to any value of the rank of the theory, but the

classification becomes mathematically more involved as the rank increases. Already at rank

2 the problem is considerably more complicated, though we have made progress in carrying

out at least the classification of rank 2 scale-invariant special Kähler geometries [15].

In [1] we claimed the existence of the above classification of deformations, but showed

no proof of it. This task will be carried out here. We will not only show the existence of

such deformations but we will explicitly write down the Seiberg-Witten (SW) curve and SW

one-form for each case. The curves and the one-forms will depend explicitly on the mass

parameters which initiate the RG-flow. We will present a general technique which allows one

to write down SW curves for any sub-maximal deformation (more below) of scale-invariant

Kodaira singularities. The explicit expression for the curve then allows us to reconstruct the

flavor symmetry algebra, F , of the theory. The results of this construction are reported here

in table 1.

This table lists the geometries in terms of the Kodaira type (II, II∗, etc., and reviewed

in section 2 below) of the SCFT singularity, and the set of Kodaira singularities into which

it is deformed. In each case we find a single geometry associated to each such deformation

pattern, with the exception of the the II∗ → {I13, I∗1} pattern for which two subtly different

geometries exist.

In addition to all the geometries reported in [1], there are six final entries which can also

qualify as physically consistent ones if one is willing to posit the existence of new interacting

rank-0 N = 2 SCFTs. (Note that the last entry, {I1, I∗1}, qualifies as physical regardless

of this assumption.) Rank 0 means that the SCFTs have no Coulomb branch. There are

no known examples to date of such N = 2 quantum field theories. We will discuss this

interpretation of these geometries in detail in section 5.

The paper is organized as follows. Section 2 presents a brief review of the basic math-

ematical ingredients needed to carry out our construction and introduce a more systematic

definition of deformation of the initial scale-invariant singularity. (The first part of this sec-

tion is not intended to be self-contained but serves more as a reminder and to set up notation

— a much more detailed discussion of these topics can be found in [1].)

Section 3, 4 and 5 are the heart of the paper. In section 3 we present the construction

of the SW curves. In particular we carefully define and discuss maximal and sub-maximal

deformations of Kodaira singularities. The string web description of neutral BPS state is
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Kodaira deformation flavor

singularity pattern symmetry

Deformations to frozen rank-1 IR free theories

II∗

{I110} E8

{I16, I4} sp(10)

{I12, I42} sp(4)

{I13, I∗1} sp(6) or so(7)

III∗
{I19} E7

{I15, I4} sp(6)⊕ sp(2)

{I12, I∗1} su(2)⊕ su(2)

IV ∗

{I18} E6

{I14, I4} sp(4)⊕ u(1)

{I1, I∗1} u(1)

I∗0
{I16} so(8)

{I12, I4} ≃ {I23} sp(2)

IV {I14} su(3)

III {I13} su(2)

II {I12} −
Deformations to frozen III∗ or IV ∗ rank-1 SCFTs

II∗
{I12, IV ∗} G2

{I2, IV ∗} su(2)

{I1, III∗} su(2)

III∗ {I1, IV ∗} su(2)

Deformations to frozen I∗0 or I∗1 gauged rank-0 SCFTs

II∗
{I14, I∗0} F4

{I13, I∗1} sp(6) or so(7)

III∗
{I13, I∗0} so(7)

{I12, I∗1} su(2)⊕ su(2)

IV ∗ {I12, I∗0} su(3)

{I1, I∗1} u(1)

Table 1. The Kodaira type of the scale invariant CB geometry (column 1), the resulting singularity

types under a generic relevant deformation (column 2), and the flavor symmetry of the SCFT (column

3). The entries in blue are the theories which do not pass the RG flow test, described in section 5.

reviewed [16, 17] and the operation of coalescence of singularities is introduced. These are

the necessary ingredients to go from the deformation pattern associated to each N = 2

SCFTs to the explicit form of the SW curve. We carry out our construction explicitly in

two cases — II∗ → {I 6
1 , I4} and II∗ → {I 2

1 , I 2
4 } — which will be used as the two working

examples throughout the paper. Section 4 describes how to construct the SW one-form. Our

– 3 –



method is a slight generalization of one introduced by Minahan and Nemeschansky [4, 5].

The existence of the SW one-form generally involves finding solutions of an over-constrained

system of equations. We find at least one solution for each one of the submaximal deformations

studied, including many which are not physical. We report the full list of SW curves and

one-forms in appendix A.

Section 5 describes a further physical condition on any CB geometry to be identified as

an N = 2 SCFT. This RG flow constraint requires that for particular values of the mass

parameters determined by the detailed form of the SW curve, the singularity should split

appropriately in a way dictated by the unbroken flavor group. Since evaluating this constraint

requires the explicit construction of the CB geometry, it was only briefly discussed in [1], and

is fully discussed here. Part of this discussion leads to the possible interpretation of some

rank 1 CB geometries as the result of weakly gauging u(1) or su(2) subgroups of the flavor

group of rank-0 SCFTs, mentioned above.

We conclude in section 6 with a list of open questions. For the purposes of keeping

the length of the paper limited, we omitted the derivation of the results reported in the

appendices. We will be happy to provide any interested reader with a Mathematica notebook

where all the results are derived. Finally, we will, where convenient, switch between the

standard and Dynkin names for the classical simple Lie algebras:

An ≡ su(n+ 1), Bn ≡ so(2n+ 1), Cn ≡ sp(2n), Dn ≡ so(2n). (1.1)

2 Review of rank 1 special Kähler geometry

In this section we give a quick review of rank-1 Coulomb branch (CB) geometries, summarizing

what we described in section 2 and appendix A of [1]. We focus on the features of the

objects we are aiming to construct in this paper — the Seiberg-Witten (SW) curves and one-

forms — which provide all the information needed to specify the low-energy physics on the

Coulomb branch. We also review the normalization of electric and magnetic charges, and the

constraints they satisfy coming from Dirac quantization and the safely irrelevant conjecture

[1]. We then define some simple analytic and topological invariants of rank-1 CB geometries.

Together with the constraints coming from the safely irrelevant conjecture and from Dirac

quantization, these invariants allow us to restrict the set of physical deformations of scale

invariant rank-1 CB geometries to a list of 23 possibilities, given in table 1 below.

2.1 Basics of rank-1 SK geometries

We assume our rank-1 (i.e., 1 complex-dimensional) Coulomb branch has planar topology. It

is parametrized by some complex coordinate u ∈ C which is a holomorphic function of the

vev 〈φ〉 of the scalar component of the low energy u(1) vector multiplet.

As recalled in [1], CBs of N = 2 SCFTs correspond to scale invariant geometries with

one singular point which can always be chosen to be located at the origin. u = 0 is also the

only vacuum in the theory which preserves scale invariance. In vacua with u 6= 0 the distance
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to the origin represents a scale in the theory, and in these vacua scale invariance is broken

spontaneously. Electric-magnetic duality of the low energy u(1) gauge theory introduces

further constraints which restrict the allowed scale invariant geometries to be a finite set

of special Kähler geometries: complex cones characterized by a set of values of their deficit

angles. These spaces follow Kodaira’s classification of elliptic surfaces [18, 19], and are listed

in table 2 below.

In [1] we explained in detail that a given scale invariant CB does not correspond to a

unique SCFT: one must specify in addition the set of allowed mass deformations. Mass defor-

mation parameters mi have scaling dimension ∆(mi) = 1. When the deformation parameters

vanish, mi = 0, the CB geometry is scale invariant and has a global internal symmetry

u(2)R ⊕F , where u(2)R is the R-symmetry and F is the flavor symmetry. Turning on masses

explicitly breaks the flavor symmetry. Since the masses appear as vevs of vector multiplets

upon weakly gauging F , they can be thought of as linear coordinates on fC, the complexified

Cartan subalgebra of F . Thus we write m = mie
i ∈ fC with {ei} a basis of f, and we will call

m “linear masses”. At generic masses the flavor symmetry algebra is broken to a rank(F )

abelian algebra, F → ⊕rank(F )
i u(1)i whose generators, {ei}, form a basis of f. States can be

classified by their flavor charges ωi under each u(1)i factor. When the mass dimension of the

CB vev u, ∆(u), is between 1 and 2, 1 < ∆(u) < 2, there is the possibility of a deformation

parameter µ with dimension ∆(µ) = 2 − ∆(u), described in [20]. When ∆(u) = 2 there

can also be a marginal deformation parameter τ , with ∆(τ) = 0. For a complete analysis of

N = 2 SUSY preserving deformations see [1]. We will often suppress mention of µ and τ for

simplicity of notation in what follows.

For a rank 1 theory, the leading low energy physics on the CB is that of a free u(1) N = 2

gauge theory coupled to massive charged sources. This coupling depends holomorphically on

the CB coordinate and is ambiguous up to fractional-linear SL(2,Z) EM-duality transforma-

tions. It thus describes in an EM-duality invariant way a complex 2-torus fibered over the

CB. We will indicate this torus fiber by Σ(u,m), and the total space of the fiber bundle by

Σ. The fiber can be written as an elliptic curve in Weierstrass form as

Σ(u,m) : y2 = x3 + f(u,m)x+ g(u,m), (2.1)

where f, g are polynomial functions of the complex coordinate u and of the mass deformation

parameters m. We will also refer to Σ as the SW curve.

The scalar and fermion kinetic terms of the u(1) gauge multiplet on the CB are further-

more determined by a meromorphic one-form λ(u), the SW one-form. λ satisfies the following

two special Kähler (SK) conditions:

(I) ∂uλ = κ
dx

y
+ dφ, (II) Res(λ) ∈ {ω(m) | ω ∈ ΛF }. (2.2)

Here κ is an arbitrary non-zero numerical constant,1 φ is an arbitrary meromorphic function

on the fiber, Res(λ) means the residue of λ at any of its poles, and ΛF is the root lattice of

1
κ constant is an additional assumption that the SW geometry be “regular”; see appendix A of [1].
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Possible scaling behaviors near singularities of a rank 1 CB

Name regular SW curve ord0(Dx) ∆(u) M0 deficit angle τ0

II∗ y2 = x3 + u5 10 6 ST π/3 e2πi/3

III∗ y2 = x3 + u3x 9 4 S π/2 i

IV ∗ y2 = x3 + u4 8 3 −(ST )−1 2π/3 e2πi/3

I∗0 y2 =
∏3

i=1 (x− ei(τ)u) 6 2 −I π τ

IV y2 = x3 + u2 4 3/2 −ST 4π/3 e2πi/3

III y2 = x3 + ux 3 4/3 S−1 3π/2 i

II y2 = x3 + u 2 6/5 (ST )−1 5π/3 e2πi/3

I∗n (n>0) y2 = x3 + ux2 + Λ−2nun+3 n+ 6 2 −T n 2π (cusp) i∞
In (n>0) y2 = (x− 1)(x2 + Λ−nun) n 1 T n 2π (cusp) i∞

Table 2. Scaling forms of rank 1 regular special Kähler singularities, labeled by their Kodaira type

(column 1), a representative family of elliptic curves with singularity at u = 0 (column 2), order of

vanishing of the discriminant of the curve at u = 0 (column 3), mass dimension of u (column 4), a

representative of the SL(2,Z) conjugacy class of the monodromy around u = 0 (column 5), the deficit

angle of the associated conical geometry (column 6), and the value of the low energy u(1) coupling at

the singularity (column 7). The first seven rows are scale invariant. The last two rows give infinite

series of singularities which have a further dimensionful parameter Λ so are not scale invariant; they

are IR free since τ0 = i∞.

F . Elements of the root lattice and masses are dual, ω ∈ f∗ and m ∈ fC, and ω(m) := ωimi

is the dual pairing. For a given choice of κ, the first SK condition in (2.2) determines the

normalization of λ. The second SK condition does not determine a normalization since the

normalization of ΛF depends on that of the Killing form on F which has not been specified.

This normalization is actually arbitrary since the only scales in the problem are given by u

and m, whose overall normalizations have no independent definition in a CFT. (In the case

of a lagrangian theory, however, this normalization can be compared to a conventional one

at weak coupling.) In the following we will also refer to the pair (Σ, λ) as a SW geometry.

For a given value of m, the elliptic curve is singular at values of u corresponding to the

zeros of the discriminant of the right side of (2.1)

Dx ≡ 4 f3 + 27 g2 = 0. (2.3)

These singularities physically correspond to points on the CB where u(1)-charged states

become massless.

As already mentioned, for m = 0 scale-invariance restricts the geometry to have only

one singular point, but this need not be the case for m 6= 0. In fact for generic values of

the linear mass parameters m, the initial singularity splits into ones of lesser order [1]. For

our study we only need to understand the vicinity of a singularity. Upon scaling-in closely

enough to a given singularity, the geometry becomes locally approximately scale-invariant

and thus “locally Kodaira”. It follows that turning on m splits the initial singularity into
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lesser Kodaira singularities. Kodaira singularities play a central role in this work, and explicit

expressions for their curves are reported in table 2. The freedom to shift and rescale the x, y,

and u variables appropriately has been used to put the curves in Weierstrass form, to put the

singularity at u = 0, and to fix the normalizations of the terms. The first seven entries are

scale-invariant singularities and the last two are infinite series of singularities depending on

an extra dimension-one parameter, Λ. The I∗0 singularity is actually a 1-complex-dimensional

family of singularities depending on a dimensionless parameter, τ .

For the scale-invariant singularities, the equation (2.2) for the SW one-form is solved by

λ ∼ udx/y, which is proportional to the holomorphic one-form of the fiber. The discriminants

of these singularities are homogeneous in u, Dx ∼ un for some n := ord0(Dx) listed in table

2. In particular, the only singular fiber on the Coulomb branch is at the origin.

The non-scale-invariant In and I∗n singularities have singular fibers not only at u = 0 but

also at points u ∼ Λ∆(u). We are only interested in the vicinity of the origin, |u| ≪ Λ∆(u),

since these singularities have the interpretation as IR free field theories near u = 0, with Λ

playing the role of the strong coupling scale (Landau pole). The SW one-form is again of the

form λ ∼ udx/y near u = 0, and ord0(Dx) is given in the table.

2.2 Charge normalization, Dirac quantization, and the safely irrelevant conjec-

ture

Here we will reproduce the main formulae which set the relative normalization of the electric

and magnetic charges of the massless states associated with CB singularities. A detailed

discussion can again be found in Appendix A of [1].

Denote by z the row vector of the physical magnetic and electric charges of a particle,

z := (p, q). The general solution of the Dirac-Schwinger-Zwanziger quantization condition

[21–23] (in an appropriate normalization of the charges) is that z is of the form

z := (p, q) =
√
P (c, d), with c, d ∈ Z, (2.4)

with P ∈ N. In particular, for P not a perfect square, the electric and magnetic charges are

not integral.

The SL(2,Z) group of electric-magnetic (EM) duality transformations acts linearly on

charge vectors. It is useful to specify a particular set of generators of SL(2,Z),

S :=

(
0 −1

1 0

)
, T :=

(
1 1

0 1

)
, (2.5)

which satisfy the relations S2 = (ST )3 = −I. There are two basic EM-duality invariants

built from the charges. One is the EM duality invariant charge, Q, defined by

Q2 := gcd(p2, q2) and Q > 0. (2.6)
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Thus Q =
√
P gcd(c, d). The second is the (EM duality invariant) charge inner product given

by

〈z1,z2〉 := −z1Sz
T
2 = det

(
p1 q1
p2 q2

)
= P det

(
c1 d1
c2 d2

)
. (2.7)

Charges and the charge inner product are encoded in the SW curve as follows. The Dirac

quantization condition specifies a choice of polarization on the torus fiber [24]. A polarization

is equivalent to a non-degenerate integral antisymmetric pairing, 〈·, ·〉, of 1-cycles on the

torus. Thus for a 2-torus a polarization is a positive integral multiple of the intersection form

for 1-cycles, and this multiple is P . A canonical basis {α, β} of 1-cycles is one where the

polarization is given by

〈α,α〉 = 〈β, β〉 = 0, 〈α, β〉 = −〈β, α〉 = P. (2.8)

The subgroup of GL(2,Z) transformations of H1(Σ,Z) which preserve the polarization is the

EM duality group, Sp(2,Z) ≃ SL(2,Z), independent of the value of P . A charge vector

z determines a homology class of 1-cycles on the torus fiber by [γ] = c [α] + d [β]. The

polarization (2.8) on the fiber thus induces the charge inner product (2.7) by 〈z1,z2〉 :=

〈γ1, γ2〉.
The safely irrelevant conjecture states that 4d N = 2 field theories do not have danger-

ously irrelevant operators. Evidence for this conjecture and its implications are described in

detail in [1]. One of the main implications is that the singularity of a scale invariant CB

geometry at u = 0 splits under a generic relevant deformation, m 6= 0, into a set of other sin-

gularities at u = ua corresponding to scale-invariant or IR free field theories which themselves

are “frozen”, i.e., have no further relevant deformations;2 see figure 1 below. If u(1)-charged

states with charges za become massless at the ua singularities, then the Dirac quantization

condition implies that their invariant charges, Qa, must all be commensurate [1]. Most de-

formations involve splitting into Ina singularities, and the safely irrelevant conjecture then

implies that these singularities must be due to massless hypermultiplets of invariant charge

Qa =
√
na. Dirac quantization then implies that the

√
na’s be commensurable. A similar,

but slightly more involved argument applies to I∗n singularities as well; see [1].

(This last conclusion can be avoided, and non-commensurate deformation patterns can

be allowed by the Dirac quantization condition, if we are willing to drop the assumption that

the Coulomb branch is biholomorphic to C. We will explore this possibility elsewhere [25].)

2.3 Deformations

Turning on non-zero mass parameters splits the initial scale-invariant singularity at u = 0 into

lesser ones at a set of points u = ua[1]. We will now define three useful analytic or topological

2It is possible that in the vicinity of an N = 2 supersymmetry-preserving flow between fixed points, new

N = 2 relevant directions at the IR fixed point can only be turned on by nearby non-(N = 2)-supersymmetric

flows. This situation could result in an N = 2 flow satisfying the safely irrelevant conjecture but whose generic

IR singularities are not frozen. Though this is a logical possibility, we do not know of any cases in which this

happens. We thank Thomas Dumitrescu for pointing this out.
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invariants of such deformations of increasing specificity: the orders of the vanishing of the

discriminant of the curve at the singularities; the set of SL(2,Z) conjugacy classes of the

monodromies around the singularities; and the equivalence class of the set of all SL(2,Z)

monodromies around the singularities under the action of the braid group and global SL(2,Z)

conjugation. The second of these, which we call the deformation pattern will turn out to

uniquely specify the deformed SW geometry. We have no a priori argument for this fact; only

the detailed constructions of the rest of this paper justify this statement.

Orders of vanishing of the discriminant at the singularities. The splitting of the

initial singularity means that the order ord0(Dx) zero (at u = 0) of Dx of the scale-invariant

theory (with m = 0) splits into some number, Z, of zeros at u = ua, a = 1, . . . , Z, for

generic values of the deformation parameters m 6= 0. We will indicate the order of vanishing

of the discriminant at these non-zero singular locations, u = ua, as orda(Dx). For a given

deformation the discriminant thus has the form:

Dx =
∏

a=1,...,Z

(u− ua)
orda(Dx) (2.9)

Though the locations, ua, of the zeros depend on the deformation parameters, m, their

integer multiplicities, orda(Dx), will be unchanged under small changes of the deformation

parameters. Thus the set of integers, {orda(Dx)}, is an invariant of the deformed curve.

The deformation pattern. The singularities at u = ua will be one of the Kodaira types

in table 2. For a given initial scale invariant singularity we define the deformation pattern

of a deformation of its CB geometry to be the list of the Kodaira types of the singularities

resulting from the splitting obtained by turning on that particular deformation. For example,

II∗ → {I12, IV ∗} (2.10)

is the deformation which splits an initial type II∗ Kodaira singularity into three singularities,

two of type I1 and one of type IV ∗.

Each scale invariant singularity has an associated monodromy K0 ∈ SL(2,Z) which cor-

responds to the transformation which 1-cycles undergo while traversing a simple closed path

in the CB encircling u = 0. Under a change in choice of canonical 1-cycle basis by an element

g ∈ SL(2,Z), K0 changes by K0 → gK0g
−1, so only the conjugacy class of K0 in SL(2,Z) is an

invariant property of the singularity. Representative monodromies of the Kodaira singulari-

ties are listed in table 2. Note that the monodromy of each type of Kodaira singularity is in

a distinct SL(2,Z) conjugacy class. Thus the deformation pattern is equivalent to specifying

the set of SL(2,Z) conjugacy classes of the singularities resulting from the deformation.

EM duality monodromies. A more precise invariant of a deformed CB geometry is the

set of EM duality monodromies (and not just their SL(2,Z) conjugacy classes) around each

of the singularities at generic values of the deformation parameters. This set of monodromies

can be specified up to an overall SL(2,Z) conjugation by picking a base point, an ordering of
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mi = 0

u=0

K0

deformation

mi 6= 0

u1
u2

u3

K1

K2

K3

Figure 1. Singularities and their monodromies on the u-plane without (mi = 0) and with (mi 6= 0)

generic mass deformation. The solid points with coordinates ua are the singularities shown with a

choice of “branch cuts” emanating from them. The Ka ∈ SL(2,Z) are EM duality monodromies

associated to the closed paths looping around these singularities starting from a conventional base

point given by the open circle.

the singularities, and a set of simple closed paths encircling each singularity in the same sense.

A convenient way of specifying the ordering and paths is by choosing a set of non-intersecting

“branch cuts” emanating from each singularity and going to u = ∞ parallel to the negative

imaginary u-axis. Then the singularities are ordered according to increasing Re(u)-values of

the cuts at Im(u) → −∞, and a basis of (homotopy classes of) closed paths on the punctured

u-plane, {γa}, are defined by demanding that γa crosses only the ath branch cut just once

counterclockwise; see figure 1.

Denote the SL(2,Z) monodromy around γa by Ka for a = 1, . . . , Z. These monodromies

are specified up to a common SL(2,Z) conjugation, reflecting the freedom to choose an ar-

bitrary EM duality basis at the base point. Furthermore, the ordering of the singularities

is arbitrary, and can be changed by moving cuts across neighboring singularities (therefore

passing them through neighboring cuts). Upon dragging the monodromy paths, one finds

that neighboring monodromies can get interchanged or conjugated by each other, giving an

action of the braid group on Z strands on SL(2,Z) matrices [16, 17]. We will describe this

action in more detail below. Thus it is really only the set of {Ka} monodromies up to an

overall SL(2,Z) conjugation and braid equivalences which characterizes the deformation of

the curve.

2.4 Constraints on possible deformations

The simplest constraint on deformations of a given singularity is that the total number of

zeros of the discriminant counted with multiplicity will stay the same under deformation,

Z∑

a=1

orda(Dx) = ord0(Dx). (2.11)
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This is because, as discussed in [1], relevant deformations do not deform the CB geometry at

large u, and so, in particular, under mass deformations no “extra” zeros of the discriminant

can come in from u = ∞. Since, from table 2, scale invariant Kodaira singularities have

ord0(Dx) ≤ 10, it follows from (2.11) that only a finite (though fairly large) number of

deformation patterns are possible.

The safely irrelevant conjecture, discussed at length in [1], limits the generic singularities

that appear upon deformation to be of types In>0, I
∗
n≥0, II

∗, III∗, or IV ∗. Note that we have

included the I∗0 type in this list because of the possibility, noted in [1], of the existence of a non-

langrangian “frozen” I∗0 ≃ su(2) w/ X0, where X0 represents a rank-0 non-lagrangian CFT.

This possibility will be discussed in more detail in section 5. The safely irrelevant conjecture

also constrains the IR free In>0 and I∗n>0 singularities that appear in the deformation to have

massless charged hypermultiplets of only specific u(1) charges, and so the Dirac quantization

condition outlined above can be applied. As described in detail in [1], this eliminates many

possible deformation patterns.

Another constraint is that the EM duality monodromies, {Ka}, of a deformation satisfy

K0 = KZKZ−1 · · ·K2K1, (2.12)

where K0 is the monodromy around the undeformed singularity. Some of the remaining

possible deformation patterns may fail to exist because there is no corresponding solution to

the monodromy constraint (2.12). Establishing directly whether or not (2.12) can be satisfied

is algebraically challenging. But a simple necessary condition is that the trace of (2.12) be

satisfied.

In the case where all the singularities that appear in the deformation pattern are of

Ina type, we know from the safely irrelevant conjecture that they correspond to IR free u(1)

theories each with a single massless hypermultiplet with charge vector za with invariant charge

Qa =
√
na.

3 The EM duality monodromy around such a singularity is

Ka = 1− SzT
a za (2.13)

in a matrix notation where za is a row vector and the T superscript denotes transpose. This

can be deduced from the one-loop beta function of the u(1) theory with a hypermultiplet of

electric charge Qa together with an appropriate EM duality transformation [2, 3]. It is also

easy to check that (2.13) parameterizes all SL(2,Z) elements in the T na conjugacy class.

Taking the trace of (2.12) using (2.13) and the definition (2.7) of the charge inner product,

it follows that the trace of the total monodromy is [17]

Tr(K0) = 2 +

Z∑

k=2

∑

a1>a2···>ak

〈za1 ,za2〉 〈za2 ,za3〉 · · · 〈zak ,za1〉. (2.14)

3As we will discuss further in section 5, an alternative possible non-Lagrangian interpretation of a “frozen”

or non-deformable In singularity is as a rank-0 interacting SCFT with flavor group F = u(1) or su(2), a u(1)

subgroup of which is weakly gauged.
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Note that in each term on the right side of (2.14) any za appears twice or not at all. Since

each za has a common factor of Qa, if za appears in a term, then the term will be divisible by

Q2
a. This observation can be used to rule out some deformation patterns. For example, the

II∗ → {I1, I9} deformation pattern respects both the Dirac quantization condition and (2.11).

But Tr(K0) = 1 for a II∗ singularity by table 2, while (2.14) implies Tr(K0) = 2 mod 9,

showing that there do not exist SL(2,Z) monodromies realizing this deformation pattern.

This can be easily extended to cases where there is one type I∗n1
singularity appearing in

the deformation pattern along with type Ina singularities. Simply go to an EM duality basis

in which the monodromy of the I∗n1
is K1 = −T n1 = −(1− SzT

1 z1) with z1 = (0,
√
n1). One

then gets a similar formula for the trace as (2.14), but with an overall minus sign on the right

side. This also serves to eliminate a number of potential deformation patterns.

Adding this constraint we rule out all but 23 deformation patterns of the scale-invariant

Kodaira singularities, which are listed in table 1 in the introduction. In this table we have also

included deformation patterns which include a III∗ or IV ∗ singularity. As discussed in [1],

these correspond to hypothetical strongly-interacting SCFTs which are frozen, i.e., having no

relevant deformations, and thus no flavor symmetry. In these cases we have no information

on the normalization of EM charges in these theories, so the Dirac quantization condition

has only limited usefulness. However, if the invariant charges of the IV ∗ theory are integer,

then the {In1 , IV ∗} deformations would be allowed while the {I2, IV ∗} one would not; and

inversely if its invariant charges were integer multiples of
√
2.

In the next two sections we construct explicit SW geometries realizing each of these

deformation patterns. (This therefore shows that there in fact exist monodromies satisfying

(2.12) — and not just its trace — for each of these deformation patterns.) In fact, we find a

unique SW geometry for each deformation pattern, with the exception of the II∗ → {I13, I∗1}
deformation for which two subtly different geometries exist. We also show that the geometries

corresponding to the I∗0 → {I12, I4} and I∗0 → {I23} deformations are in fact the same. SW

curves and one-forms for those geometries that have not appeared before in the literature are

given in the appendices.

From the explicit construction of the SW curves and one-forms, the flavor symmetries of

the corresponding theories can be deduced, as will be discussed in detail below. These flavor

symmetries for all these deformations are listed in table 1 in the introduction.

It is important to note that not all of these geometries are physical. We have so far

only imposed the constraint from the safely irrelevant conjecture for generic values of the

deformation parameters. In section 5 we check whether it is satisfied for all values of the

deformation parameters, and find that three of the geometries fail this test, again as indicated

in table 1.

3 Construction of Seiberg-Witten curves

In this section and the next we construct explicit SW geometries corresponding to the 23

commensurate deformation patterns in table 1. We do this in two steps: in this section we
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construct the curves and in the next we construct the one-forms.

Consider a deformation pattern {T1
n1 , . . . , Tp

np} where Ta denote distinct Kodaira singu-

larity types, and na count the number of times each type occurs in the deformation pattern.

Then a necessary condition for a SW curve to realize this deformation pattern is that its

discriminant must factorize as

Dx(u,m) =

p∏

a=1

[Pna(u,m)]orda (3.1)

where the Pn are polynomials in u and the m of degree n in u and orda is the order of

the vanishing of the discriminant of the Ta singularity. This is because, as one performs

monodromies in the space of the m, only singularities of the same Kodaira type can be

permuted among themselves, so zeros in the discriminant corresponding to different Kodaira

types must belong to different polynomial factors. Note that maximal deformation patterns

— those of the form {I1n} — require no special factorization of the discriminant, and so

curves for them are easy to write down (and are given in table 3 below).

It is in principle possible to systematically search for families of curves (2.1) in Weierstrass

form with polynomial coefficients f(u,m) and g(u,m) such that the discriminant of the right

side has a given factorization pattern as in (3.1). In fact, we have done this for many (non-

maximal deformation) entries in table 1 where we were able to find a solution for the curve.

Only in a few of those cases were we also able to show that there were no other inequivalent

solutions. As the dimension ∆(u) of the Coulomb branch vev increases, such searches rapidly

become calculationally intractable [26], and in many cases we were not able to uncover any

solutions by this direct method.

However, a less direct approach using known properties of the maximal deformations of

the Kodaira singularities yields an easy existence proof and straightforward construction of

curves realizing each of the allowed deformation patterns in table 1. In each case it yields

only a single solution for the curve, and that solution coincides with that found by the direct

factorization search in the cases where a solution was found in that way. But this indirect

approach has the disadvantage that it cannot be used to rule out the existence of additional

solutions.

To describe this approach we first need to describe how the flavor symmetry of the SCFT

is encoded in the SW curve.

Mass deformations and the flavor Weyl group. When the (linear mass) deformation

parameters m =
∑R

i=1 mie
i are turned on they necessarily appear in the curve (2.1) in

homogeneous polynomial combinations. Let Mdi = Mdi(m), i = 1, . . . , R be an algebraically

independent basis of these polynomials of degrees {di}. (Though a basis of the Md is not

unique, the set of their degrees is.) Since the curve only depends on the linear masses through

the Md, then the curve will be the same for different values of the m which give the same

values of the {Mdi}. These identifications on the space of m form a discrete group which, by

the Chevalley-Shephard-Todd theorem [27, 28] is a complex reflection group acting linearly

on the m and completely determined by the set {d1, . . . , dR} of degrees of the Mdi .

– 13 –



From the field theory point of view, the flavor symmetry algebra F is a reductive Lie

algebra by the Coleman-Mandula theorem [29]. The linear masses transform in the complex-

ified adjoint representation of F , so (generically) explicitly break F → Weyl(F )⋉u(1)rank(F ).

Here Weyl(F ) is the Weyl group of F , which acts on the m as the complexification of a real

crystallographic reflection group [30]. The SW curve deformation parameters Mdi , being ho-

mogeneous polynomials of degree di in the linear masses, will have scaling (mass) dimension

di. Thus we can read off from the SW curve the rank of the flavor algebra from the number

of algebraically independent deformation parameters, rank(F ) = R := |{Mdi}|, and deduce

the Weyl group of the flavor symmetry from the set of dimensions {di} of the deformation

parameters. The flavor symmetry itself can be largely, but not completely, reconstructed from

its Weyl group data. For each di = 1 there is a u(1) factor in F upon which the Weyl group

acts trivially. The Weyl group is the direct product of the Weyl groups of each simple factor

of F . But the Weyl group cannot distinguish between so(2n + 1) and sp(2n) factors.

It is interesting to note that not all complex reflection groups are Weyl groups of reductive

Lie algebras. So it is possible to have curves describing deformations whose complex reflection

group symmetries are not Weyl(F ) for any field theory symmetry F . A simple example is

the curve y2 = x3 + (u4 + u2M6 + uM9 + M12) which is a 3-parameter deformation of the

IV ∗ singularity. Its discriminant is Dx ∼ (u4 + u2M6 + uM9 +M12)
2, so (generically) has 4

singularities on the CB each with orda(Dx) = 2. It is not hard to check that the monodromy,

Ka, around each of the 4 generic singularities is in the SL(2,Z) conjugacy class [ST ], and

so each corresponds to a type II Kodaira singularity; see table 2. Thus this curve describes

a deformation with pattern IV ∗ → {II 4}. Its set of deformation parameter dimensions,

{3, 6, 9}, is not the set of degrees of Weyl-invariant polynomials of any reductive Lie algebra.4

Many similar examples can be constructed with non-Weyl reflection groups. They all have the

property that their deformation pattern contains at least one singularity of Kodaira type II,

III, or IV . But precisely these singularities were ruled out of physical deformation patterns

by the safely irrelevant conjecture, as argued in [1]. As a result, all deformation patterns

compatible with the safely irrelevant conjecture turn out to have complex reflection group

symmetries which are Weyl groups of reductive Lie algebras. This can be interpreted as

additional evidence for the correctness of the safely irrelevant conjecture.

3.1 Maximal deformations and the string web picture

A maximal deformation is one where each zero has multiplicity one at generic values of the

Md, and so has generic number of zeros Z = ord0(Dx). Since the I1 singularity is the only one

with discriminant vanishing to order one (see table 2), the deformation pattern of a maximal

deformation of a scale invariant singularity with ord0(Dx) = n, will be of the form

∗ → {I1n}. (3.2)

4It is, in fact, the set of degrees of polynomial invariants of the complex reflection group W (L3) of order

648, which is number 25 in the Shephard-Todd classification of complex reflection groups [27, 31].
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singularity generically deformed curve F

II∗ y2 = x3 + x (M2u
3+M8u

2+M14u+M20) + (u5+M12u
3+M18u

2+M24u+M30) E8

III∗ y2 = x3 + x (u3+M8u+M12) + (M2u
4+M6u

3+M10u
2+M14u+M18) E7

IV ∗ y2 = x3 + x (M2u
2+M5u+M8) + (u4+M6u

2+M9u+M12) E6

I∗0 y2 = x3 + x (τu2+M2u+M4) + (u3+M̃4u+M6) so(8)

IV y2 = x3 + x (M1/2u+M2) + (u2+M3) su(3)

III y2 = x3 + xu+ (M2/3u+M2) su(2)

II y2 = x3 + xM4/5 + u —

In≥1 y2 = (x− 1)(x2 + Λ−n[un+M2u
n−2+ · · ·+Mn]) u(n)

I∗n≥1 y2 = x3 + ux2 + Λ−nM̃n+4x+ Λ−2n(un+3+M2u
n+2+ · · ·+M2n+6) so(2n+ 8)

Table 3. Maximal deformations of the Kodaira singularities along with the associated flavor algebra.

The subscript on the deformation parameters, Md, is their mass scaling dimension.

This implies that for a maximal deformation the discriminant satisfies no particular factoriza-

tion condition. Thus these curves are easy to write down: they are simply the most general

complex deformations of the Kodaira curves which do not increase the order of the discrimi-

nant. After using the freedom to redefine y and x and shift u, these deformations are shown

in table 3. It is straightforward to obtain the flavor group for each one of these deformation

patterns, as discussed above. The result is listed in the last column of table 3. (Since these

algebras are all simply-laced, they are uniquely specified by their Weyl groups. For more

details on Weyl groups of simple Lie algebras see, e.g., the appendices of [32].)

Note that the II, III and IV singularities have deformation parameters Md with frac-

tional dimension d = 2 − ∆(u) which do not transform under any flavor symmetry. These

correspond [1, 20] to a deformation by the relevant operator Md

∫
d4θ U (written in an N=2

superspace notation). Here U is the operator in the CFT whose vev is the Coulomb branch

parameter, 〈U〉 = u.

For a given choice of basis of cycles (specified as in figure 1) and choice of EM duality

basis, one can easily compute [33, 34] the set of SL(2,Z) monodromies {Ka} for generic

deformations {Md 6= 0} given the explicit curves in table 3. In all these cases each Ka is

found to be conjugate to T . From table 2 the I1 singularity also has monodromy conjugate

to T . Thus this result is consistent with the deformation pattern in (3.2). Since they are all

conjugate to T , they can be parameterized as in (2.13) as Ka = 1− SzT
a za, in terms of a set

of EM charge vectors, {za}, each with invariant charge Qa = 1. This just means that each

charge vector za is given by a pair of coprime integers.

The resulting set of za’s for the maximal deformations in 3 are (for a particular choice of

EM duality basis and choice of basis cycles)

{za} = {(0, 1)n, (−1, 2), (1, 1)} for the IV ∗, III∗, II∗ cases, n ∈ {6, 7, 8},
= {(0, 1)n, (1, 1)} for the II, III, IV cases, n ∈ {1, 2, 3},
= {(0, 1)n+4, (−1, 1), (1, 1)} for the I∗n cases, n ∈ {0, 1, . . .},
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= {(0, 1)n} for the In cases, n ∈ {1, 2, . . .}. (3.3)

where (p, q)n denote a sequence of n consecutive equal EM charge vectors z = (p, q). Note,

for later use, that in this basis the total monodromies (2.12) of these singularities are

II∗ : K0 =
(
−3 −13
1 4

)
= T 3(ST )T−3,

III∗ : K0 =
(
−3 −10
1 3

)
= T 3(S)T−3,

IV ∗ : K0 =
(
−3 −7
1 2

)
= T 2(−ST )−1T−2,

IV : K0 =
(

2 7
−1 −3

)
= T 2(−ST )T−2, (3.4)

III : K0 =
(

3 5
−1 −2

)
= T 2(S)−1T−2,

II : K0 =
(

2 3
−1 −1

)
= T 2(ST )−1T−2,

I∗n : K0 =
(
−1 −n
0 −1

)
= −T n,

In : K0 = ( 1 n
0 1 ) = T n.

The convenient bases shown in (3.3) are ones discovered and studied in [17].

Linear masses, coalescing singularities, and the string web picture of neutral BPS

states. Knowing the SW curve in terms of the Weyl-invariant mass parameters {Ma} as

in table 3 does not tell us what it is in terms of the linear masses m. This is because there

are (infinitely) many Weyl-invariant polynomials Ma(m) that do not differ simply by linear

redefintions of the m. The particular dependence of the SW curve (and one-form) on the

linear masses is an important part of the low energy effective action. For instance, the linear

masses enter in the central charge, and so are “observed” through the BPS spectrum. Also,

the way the linear masses enter the SW curve is strongly constrained by the fact that the

SW curve should degenerate in special ways for special values of the m related to the roots

of the flavor symmetry algebra. We will explain this connection below in some detail. It will

be important not so much as a method for determining the Ma(m) polynomials (demanding

linearity of the residues of the SW form turns out to be more efficient [2, 5]), but because it

gives a physical and geometrical picture encoding the linear mass dependence. The algebraic

form of the Ma(m) polynomials (many examples of which are given in the appendices) are

not particularly enlightening, but we will see that the geometrical picture gives a powerful

tool for constructing deformed special Kähler geometries.

Recall that at generic masses, the flavor symmetry algebra F is broken to a Cartan

subalgebra f, and states are classified by their flavor charge vectors ω ∈ ΛF ⊂ f∗ in the

root lattice of F . An EM-neutral BPS one-particle state with quark number ω has central

charge and thus BPS mass equal to ω(m). But at special values of the linear masses, namely

those on a hyperplane Hα = {m ∈ fC|α(m) = 0} for any root α of F , the unbroken flavor

symmetry will be enhanced by a nonabelian factor that includes the su(2) factor generated

by the generator associated to α (in a Cartan basis). This is reflected in an additional

“accidental” massless EM-neutral BPS states with quark number n ∝ α, and an associated

collision of some simple singularities.
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The reflection σα ∈ Weyl(F ) which fixes the hyperplane Hα is given by the action on fC

σα : m 7→ m− 2α(m)α∗. (3.5)

Following a path in mass parameter space (i.e., in fC) joining a general point close to Hα

to its image under σα and which does not go through Hβ for any root β (which is possible

since the Hβ are complex codimension one in fC) induces a motion of the I1 singularities on

the Coulomb branch in which they do not collide and return to their original configuration.

They return to their original configuration because Σ(m) = Σ(Md) is Weyl-invariant. It is

clear (e.g., by taking the path arbitrarily close to Hα) that the motion only rearranges the

subset of the I1 singularities which collide at Hα.
5 This subset of I1 singularities and their

pattern of rearrangement can be encoded in a branched path (i.e., topologically a tree) in the

Coulomb branch connecting these singularities [16, 17]. We call these branched paths “string

webs” since that is how they appear in F-theory constructions.

In the F-theory realization of SW geometries [34, 35], the Coulomb branch is the trans-

verse space to a collection of (p, q)-7branes and an I1 singularity associated with a massless

hypermultiplet of EM charge za is a (pa, qa) = za 7brane. Then the above branched path is a

“neutral” string web, whose ends can be (integer multiples of) (pa, qa)-strings ending on the

(pa, qa)-7branes. See figure 2.

(This string realization, of course, has a translation purely in terms of the low energy field

theory without reference to strings, but it is a little complicated to describe in terms of the

formulation of SW geometry that we have been using. The natural setting is not the Coulomb

branch, but the total space, Σ, of the elliptic fibration over the Coulomb branch. Neutral

string webs on the CB lift to non-trivial cycles in H2(Σ). The periods of the holomorphic

closed (2, 0) form ω = du dx/y on Σ, which is related to the exterior derivative (on Σ) of the

SW one form [3, 24] compute the ω(m) linear mass term contribution to the central charge.6)

In any case, the end result is that using the string web technology developed in [16, 17]

we can associate to each root α of F a set of singularities which collide when m satisfies

α(m) = 0. For example, figure 2 shows a set of ten I1 singularities in the u-plane with a set

of neutral string webs (in blue) associated to eight simple roots αi. Thus, for linear masses

satisfying α3(m) = 0, the third and fourth I1 singularities (counting from the left) collide,

while for m such that α8(m) = 0, the last five singularities collide.

We know that SW curves depending on linear masses in this way exist for the maximal

deformations of the Kodaira singularities, thanks to the explicit constructions of [2, 5]. Fur-

thermore, the authors of [17] have computed a basis of string webs corresponding to simple

roots of their associated flavor algebras for the presentations of the singularities given above

5The singularities do not all have to collide at the same point on the Coulomb branch, but can occur as

the simultaneous collision of subsets at different points.
6It is also worth pointing out that these string or field theory constructions are realizations of the classical

association of simply-laced Lie algebras to singularities [36]. The sub-maximal deformations of the Kodaira

singularities discussed in this paper point to a generalization of this classical association to non-simply laced

Lie algebras, and will be explored in detail elsewhere [25].
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(0, 1) (0, 1) (0, 1) (0, 1) (0, 1) (0, 1) (0, 1) (0, 1) (−1, 2) (1, 1)

α1 α2 α3 α4 α5

α6 α7

α8

Figure 2. A presentation of the singularities on the Coulomb branch of the maximally deformed II∗

singularity, with the singularities and their cuts in red, labelled by their EM charge vectors. In blue is

a basis found in [17] of eight neutral oriented “string webs” connecting the singularities corresponding

to simple roots of E8.

in (3.3). For example, this basis is shown for the E8 maximal deformation in figure 2 [17]

where the simple roots correspond to the Dynkin diagram nodes as

α1 α2 α3 α4 α5 α6 α7

α8

(3.6)

In the basis n = nie
i of the E8 Cartan subalgebra used in [4] (we are now denoting the linear

mass parameters of the E8 deformation by ni, i = 1, . . . , 8), the simple roots are given by

αi = ei+1 − ei+2, i = 1, . . . , 6, α7 =
1

2

(
e1 −

7∑

i=2

ei + e8

)
, α8 = e7 + e8 (3.7)

where the {ei} are the dual basis to {ei}.

3.2 Construction of sub-maximal SW curves

We will now show how to use the information contained in the linear mass dependence of the

maximal deformations of the scale invariant Kodaira singularities to construct deformations

which realize all the (non-maximal) deformation patterns shown in table 1. We will call these

new SW curves the sub-maximal deformations of the Kodaira singularities.

The basic idea is very simple: we coalesce sets of I1 singularities of the maximal defor-

mation curves to get the sub-maximal curves by appropriately tuning the linear masses of

the maximal deformation curves. With the explicit dependence of the maximal curves on the

linear masses together with an identification, as in figure 2, of flavor roots with string webs

connecting singularities, we can engineer the coalesence of set of singularities by restricting

the linear masses to a subspace which is annihilated by some set of roots.

For instance, by restricting the E8 linear masses, n, to a 5-dimensional subspace described

by α1(n) = α2(n) = α3(n) = 0, we engineer a deformation of the II∗ singularity with 5 mass

parameters for which the generic singularities are an I4 and six I1’s. This is apparent from

figure 2 since setting the first three roots to zero coalesces the four left-most singularities.

(Recall that the singularities are ordered sets, the ordering reflecting the adjacency of the

– 18 –



singularities as determined by the choice of “cuts” in figures 1 or 2.) The 4 adjacent I1
singularities coalesce to form an I4 singularity because their EM charge vectors are parallel,

or “mutually local”. In this case they are all z = (0, 1), so their monodromies are are each T ,

so the monodromy around all four of them is T 4. Thus we find that four adjacent z = (0, 1)

singularities can be coalesced to form a single z = (0, 2) singularity (since a singularity with

invariant charge Q = 2 has monodromy conjugate to T 4). The fact that they were parallel

to the particular choice (0, 1) was inconsequential since any (p, q) can be made so by an

appropriate choice of EM duality basis.

Proof of existence of SW curves for sub-maximal deformations. The presentations

of the maximal deformations in (3.3) and the above discussion make it obvious that all the

sub-maximal deformation patterns of the form {Qa} = {I1n, I4m} for the I∗0 and II∗, III∗

and IV ∗ singularities shown in table 1 can be realized by coalescing adjacent (0, 1) charges

in groups of 4 into (0, 2) charges in (3.3), thus realizing the following deformation patterns:

{za} = {(0, 2)2, (−1, 2), (1, 1)} for II∗ → {I12, I42},
= {(0, 2), (0, 1)n−4, (−1, 2), (1, 1)} for (IV ∗, III∗, II∗) → {I1n−4, I4}, n ∈ {6, 7, 8},
= {(0, 2), (−1, 1), (1, 1)} for I∗0 → {I12, I4}. (3.8)

Similarly, coalescing all but 1 or 2 z = (0, 1) singularities in “reverse” of a III∗ and IV ∗

maximal deformation, we can obtain the following deformation patterns:

{za} = {(0, 1),K0(III
∗)} for II∗ → {I1, III∗},

= {(0, 1)2,K0(IV
∗)} for II∗ → {I12, IV ∗},

= {(0, 1),K0(IV
∗)} for III∗ → {I1, IV ∗}. (3.9)

Here K0(∗) refers to the specific total monodromy of the singularity in the basis computed in

(3.4). By further coalescing the two (0, 1) singularities in the second line of (3.9), we obtain

{za} = {(0,
√
2),K0(IV

∗)} for II∗ → {I2, IV ∗}. (3.10)

So, by referring to figure 2 we see that we obtain the submaximal deformations of the II∗

singularity in (3.9) and (3.10) by choosing n such that αi(n) = 0 for simple roots labelled

by various sets of i. Explicitly, the {I1, III∗} deformation has i ∈ {2, . . . , 8}; the {I21 , IV ∗}
deformation has i ∈ {3, . . . , 8}; and the {I2, IV ∗} deformation has i ∈ {1, 3, . . . , 8}.

So far we have shown the existence of curves realizing all but 7 of the deformation patterns

listed in table 1. For these last seven deformation patterns, it is more convenient to choose a

different presentation of the charge vectors for the maximal deformations than the one shown

in (3.3). Different presentations are related by a change of basis of the monodromy cycles.

This can be achieved by choosing a different set of “cuts” emanating from the singularities

as in figure 1.

All possible cut positions can be generated by successively moving a single cut through

the singularity of one of its neighboring cuts. Denote by σj the operation of moving the
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K̃1
K̃3

K̃2

Figure 3. Change of monodromy basis associated with σ2 which moves the 2nd cut through the 3rd

singularity. The new monodromies are related to the old by K̃1 = K1, K̃2 = K−1
2 K3K2, and K̃3 = K2.

jth cut through the (j + 1)th singularity, and by σ−1
j moving the (j + 1)th cut through

the jth singularity; see figure 3. Following how the basis of monodromy contours changes

shows that the new monodromies {K̃a} after the σj move are related to the old ones by

K̃j = K−1
j Kj+1Kj , K̃j+1 = Kj , and the rest remain unchanged. This translates to the

following action on the set of EM charges describing the monodromies in case they are all of

type In [16, 17]

σj :





zj → zj+1 + 〈zj+1,zj〉 zj ,
zj+1 → zj ,

zk → zk for k 6= j, j+1,

σ−1
j :





zj → zj+1,

zj+1 → zj − 〈zj ,zj+1〉zj+1,

zk → zk for k 6= j, j+1.

(3.11)

The σj satisfy braid relations, and thus give an action of the braid group on the set of

EM charge vectors {za}. Applying σ−1
n+1 ◦ σn to the IV ∗, III∗ and II∗ cases in (3.3) with

n = 6, 7, 8, respectively, we obtain

{za} = {(0, 1)n, (−1, 1), (1, 1), (1, 2)} for the IV ∗, III∗, II∗ cases, n ∈ {5, 6, 7}. (3.12)

This presentation makes it clear that the six deformation patterns involving the I∗0 and I∗1
singularities in table 1 can also be realized since, by (3.3), these singularities are realized by

coalescing the 6 or 7 adjacent singularities in (3.12) previous to the rightmost (1, 2) singularity.

In this way we obtain the deformation patterns

{za} = {(0, 1)n, K0(I
∗
0 ), (1, 2)} for (IV ∗, III∗, II∗) → {I1n+1, I∗0}, n ∈ {1, 2, 3},

= {(0, 1)n, K0(I
∗
1 ), (1, 2)} for (IV ∗, III∗, II∗) → {I1n+1, I∗1}, n ∈ {0, 1, 2}. (3.13)

The braidings used to obtain the presentation in (3.12) effectively leave the basis of string

webs corresponding to simple roots of the maximal deformation flavor algebra unchanged.

For instance, in the case of the E8 basis shown in figure 2, the braiding can be thought

of as a rearrangement of the red “cuts” which, though it changes the way we compute the

adjacency of the singularities, does not affect the location of the singularities or string webs

in the figure. Note that some of the new cuts will intersect some of the string webs, and, to
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the extent that it is more convenient to work with string webs which do not intersect cuts, it

may be advantageous to deform the webs by passing them through some of the singularities.

Upon passing a strand of a string web through a singularity, generally a new strand connected

to that singularity is created; the rules for this are described in detail in [16, 17].

The final deformation pattern in table 1 can be realized by braiding the maximal defor-

mation of the I∗0 in (3.3) by σ4 ◦ σ−1
3 ◦ σ5 ◦ σ−1

4 to obtain the presentation

{za} = {(0, 1)2, (−1, 1)2, (1, 0)2} for the I∗0 case. (3.14)

Now we can coalesce each pair of adjacent parallel charge vectors to get the submaximal

deformation pattern

{za} = {(0,
√
2), (−

√
2,
√
2), (

√
2, 0)} for I∗0 → {I23}. (3.15)

We have thus shown that all the deformation patterns in table 1 can be realized by

complex deformations of the Kodaira singularities. This therefore also shows that all these

deformation patterns have realizations in terms of EM duality monodromies. Indeed, the pre-

sentations of the submaximal singularities given in (3.8), (3.9), (3.10), (3.13), and (3.15) give

the monodromies of the singularities in their deformation patterns explicitly. Furthermore,

since these submaximal deformations are found by coalescing singularities of the maximal de-

formations by implementing specific linear constraints on their linear masses, the explicit SW

curves of the submaximal deformations are thereby constructed. We will give some details in

two examples below, to help make this construction more concrete, and also to illustrate how

the flavor symmetry associated with a submaximal deformation appears.

Note that all these same arguments can also be applied to the non-scale-invariant In
and I∗n series of Kodaira singularities to show the existence of many commensurate-charge

deformations in addition to the maximal ones. Indeed, these deformations are predicted to

occur from the realization of these singularities as IR free Lagrangian theories. For instance,

the In singularity corresponds to a u(1) gauge theory with beta function proportional to

n =
∑

aQ
2
a where Qa are the u(1) charges of the hypermultiplets. The maximal deformation

is the case where all Qa = 1, while all other choices with unequal charges give sub-maximal

deformations. A similar story holds for the I∗n series where the maximal deformation is the

su(2) gauge theory with all hypermultiplets in the fundamental representation, while other

choices of representations give sub-maximal deformations. For more details see [1] and [25].

Finally, note that this string web strategy for coalescing adjacent singularities can fail to

when the singularities have charges which are not mutually local. For example, restricting

the E8 linear masses by setting α6(n) = α7(n) = α8(n) = 0 coalesces the five right-most

singularities in figure 2 to give a single singulariy with SL(2,Z) monodromy K =
(
−3 2
1 −1

)
.

Since |Tr(K)| > 2, this is in a hyperbolic conjugacy class, so cannot be conjugate to any

of the monodromies in table 2. Thus it cannot be the case that tuning the masses in this

way actually coalesces these five singularities. (Instead it forces them to combine into two

separate singularities.)
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Two examples of the explicit construction of SW curves and determination of

flavor symmetries for submaximal deformations. The two examples will be the sub-

maximal deformations with patterns II∗ → {I12, I42} and II∗ → {I16, I4}. We will show

how the flavor group of the first is determined to be sp(4) while that of the second is de-

termined to be either sp(10) or so(11). In section 4, when we construct the SW 1-forms for

these curves, we will see that the only consistent flavor group in the second case is sp(10).

In section 5, when we apply the constraints from the safely irrelevant conjecture to all mass

deformations (not just a generic deformation), we will see that the first theory is ruled out

as being unphysical (or, if physical, it would be a counter example to the safely irrelevant

conjecture).

Example 1: II∗ → {I12, I42}
In the presentation of the maximal deformation given in (3.3), by comparing to the

presentation of the submaximal deformation in the first line of (3.8) we see that we need to

coalesce 2 groups of 4 adjacent z = (1, 0) singularities. From figure 2 this means we want to

set to zero the linear mass coordinates, n, dual to the simple roots αi for i ∈ {1, 2, 3, 5, 6, 7}.
In other words we solve the system of linear equations αi(n) = 0 to find, using (3.7), that

n2 = n3 = n4 = n5 =
1

4
(n1 − n8), n6 = n7 = n8. (3.16)

Plugging these values into the II∗ maximal deformation curve found in [5], gives an explicit

curve for this deformation of the II∗ singularity which depends polynomially on only two

mass parameters, {n1, n8}, and so its coefficients must be polynomials in just 2 algebraically

independent homogeneous combinations of {n1, n8}. They turn out7 to be

M2 =
1

16

(
5n2

1 − 2n1n8 + 13n2
8

)
, M4 =

1

64

(
n2
1 + 2n1n8 − 3n2

8

)2
, (3.17)

and the resulting curve is given in appendix A.1, eqn. (A.11). The degrees {2, 4}, of the mass

invariants, {M2,M4}, imply by the Chevalley-Shephard-Todd theorem that the automorphism

group of the SW curve acting on the linear masses is the order eight group Z2 ⋉ (Z2)
2. Since

this group is the same as Weyl(sp(4)), so we deduce that the flavor algebra of this deformation

must be sp(4). (Since sp(4) ≃ so(5), there is no ambiguity in deducing F from Weyl(F ) in

this case.)

We have thus constructed a SW curve Σ(u,Ma) in terms of the Weyl-invariant mass pa-

rameters whose discriminant has the factorization (3.1) required by the deformation pattern,

and deduced the associated flavor symmetry from the discrete automorphism group of the

curve as a function of any set of linear mass parameters. For instance, the Weyl(sp(4)) action

can be made more obvious for the polynomials (3.17) given in terms of the E8 linear masses

by defining new linear mass parameters linearly related to the n by

m1 :=
1

2
(n1 − n8) , m2 :=

1

4
(n1 + 3n8) , (3.18)

7There are standard, though computationally intensive, algorithms for finding a basis of algebraically

independent polynomials which generate a given set of polynomials; see, e.g., [37].
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in terms of which

M2 = m2
1 +m2

2, M4 = m2
1m

2
2. (3.19)

These are then clearly a basis of invariants of Weyl(sp(4)) ≃ Z2 ⋉Z
2
2 since the Z2 factors can

be taken to act on the mi by permutations and independent sign changes.

But it is important to note that the dependence of the Ma mass invariants in terms of

linear masses m proposed in (3.19) is not unique. For instance, the parameterization of the

Ma in terms of linear masses m̃i given by

M2 = a (m̃2
1 + m̃2

2), M4 = b m̃2
1m̃

2
2 + c (m̃2

1 + m̃2
2)

2, (3.20)

for arbitrary complex constants a, b, c gives Ma which are invariant under Weyl(sp(4)) (with

the same action on the m̃i as on the mi). And (except for special values of a, b, c) the m̃i in

(3.20) are not linearly related to the mi in (3.19).

Thus our construction by itself does not determine the linear mass dependence of the

SW curve. However, a specific linear mass dependence, as in (3.17)-(3.19), is picked out in

our construction by the linear mass dependence of the original maximally deformed curve. It

turns out that in all cases this linear mass dependence is, in fact, the physical one determined

by the SW one-form. We will discuss the reasons for this in section 6.

Example 2: II∗ → {I16, I4}
We can repeat the previous construction for the II∗ → {I16, I4} deformation pattern. In

this case we only need to coalesce one set of four adjacent z = (1, 0) singularities in (3.3).

From figure 2 we can again read off a set simple roots which will do this if they are set to

zero, e.g., αi(n) = 0 for i ∈ {1, 2, 3}. This implies, by (3.7), that

n2 = n3 = n4 = n5. (3.21)

Plugging these values into the II∗ maximal deformation curve found in [5], gives a curve

for the deformation of the II∗ singularity which depends polynomially on only five mass

parameters, {n1, n5, n6, n7, n8}, and so its coefficients must be polynomials in 5 algebraically

independent homogeneous combinations of those mass parameters. They turn out to be

M2 = N2, M4 = 3N2
2 − 12N4, M6 = −9

2
N3

2 + 18N2N4 − 108N6,

M8 =
45

8
N4

2 − 45N2
2N4 + 90N2

4 + 216N8, M10 = −2592N10, (3.22)

where we have defined

N2k :=
∑

1≤i1<...<ik≤5

m2
i1 · · ·m2

ik
, (3.23)
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in terms of a new basis of linear masses, m, defined by

m1 :=
1

2
√
6
(n1 + n6 + n7 + n8) m2 :=

1

2
√
6
(n1 + n6 − n7 − n8)

m3 :=
1

2
√
6
(n1 − n6 + n7 − n8) m4 :=

1

2
√
6
(n1 − n6 − n7 + n8) (3.24)

m5 :=
2√
6
n5.

The resulting SW curve Σ(u,Ma) can be found in appendix A.1, eqn. (A.3).

The degrees, {2, 4, 6, 8, 10}, of the Ma’s implies by the Chevalley-Shephard-Todd theorem

that the automorphism group of the SW curve acting on the linear masses is S5⋉ (Z2)
5. The

definition of the N2k’s in (3.23) make it clear that this groups acts by permutations and

independent sign changes of the mi. Note that in this case the curve does not uniquely

determine the flavor group since both Weyl(sp(10)) ≃ Weyl(so(11)) ≃ S5 ⋉ (Z2)
5.

Construction of the SW one-form (discussed in the next section) both determines the

dependence of the SW curve on linear mass parameters, and determines the flavor group. In

this case the linear mass dependence is precisely the one given above in (3.22)-(3.24), inherited

from the linear mass dependence of the maximal deformation of the II∗ singularity, and the

flavor group urns out to be sp(10).

The above construction might seem to be non-unique since there are many (70) different

ways of coalescing 4 of the 8 charge (0, 1) singularities in the presentation of the E8 maximal

deformation shown in figure 2. However, these are all equivalent (up to linear redefinitions of

the mass parameters) because they are all related by the action of Weyl(E8) on the simple

roots of E8. In addition, by braiding the presentation shown in figure 2 in suitable ways,

one can find (infinitely) many new presentations with four adjacent singularities with parallel

charge vectors. These can then be coalesced to find yet more curves realizing the {I61 , I4}
deformation pattern. In all cases that we have checked, these are equivalent to the curve

constructed in appendix A.1. We suspect that all such braidings and coalescences must be

equivalent by virtue of the Weyl(E8) action, but we do not have a proof, since the way the

braid group and Weyl group actions are related seems complicated; cf., [38].

3.3 Relation of the submaximal to the maximal flavor algebra

This procedure can be carried out for all the other submaximal deformation patterns in table

1 as well, with the resulting curves as functions of Weyl-invariant mass parameters, Σ(u,Md),

recorded in the appendices. In particular, this allows us to read off — up to the ambiguity

Weyl(so(2n + 1)) = Weyl(sp(2n)) — the flavor symmetries of the CFT corresponding to the

various deformations. These flavor symmetries are listed in table 1.

It is natural to ask if this construction gives a simple relation between the flavor symme-

tries of the submaximal deformations and that of the maximal deformation of a given scale

invariant singularity. We have seen that the construction consists of restricting the Cartan

subalgebra of the maximal flavor algebra (e.g., E8 in the above examples) to a linear subspace
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determined by setting ωi(m) = 0 for some set of ωi ∈ ΛF -max, the root lattice of the maximal

flavor algebra. This subspace is identified with the Cartan of the resulting submaximal flavor

algebra. The root lattice of the submaximal algebra, ΛF -submax., (which is in the dual of the

Cartan subalgebra) is the quotient

ΛF -submax ≃ ΛF -max/Λ{ωi} (3.25)

of the maximal flavor root lattice by the sublattice Λ{ωi} generated by the ωi.

This construction is an unfamiliar one in the context of Lie algebra theory. For instance

it is unrelated to subalgebra constructions, in which the subalgebra root lattice is induced

by orthogonal projection with respect to the Killing form of the maximal algebra: α →
α −∑i,j ωi [ωi(ω

∗
j )]

−1α(ω∗
j). (The Killing form is needed to define the dual vectors ω∗

i .)

Indeed, it is not too hard to see in the above examples, where the root lattices of the sp(4)

and of the sp(10) or so(11) submaximal algebras can be deduced from (3.18) and (3.24). For

instance, in the case of the sp(4) submaximal deformation, since the ni E8 linear masses

are coordinates in an orthonormal basis (with respect to the E8 Killing form), it is clear

that the sp(4) Cartan coordinates mi given by (3.18) are not orthonormal. However, they

are orthonormal coordinates with respect to the sp(4) Killing form. Thus the submaximal

Killing forms are not induced from the Killing form of the maximal flavor algebra. As a further

indication of this, note for example that E8 does not even have sp(10) as a subalgebra!

Indeed, the Killing form does not enter directly into any of the data (SW curve or one-

form) specifying the special Kähler structure. Instead, as we have seen — and will be made

more explicit with our construction of the SW one-form in the next section — what enters

is the root lattice (without metric) and a (linear) action of the Weyl group on it. This data

allows one to reconstruct the flavor algebra (and therefore its root system and its Killing

form up to overall normalization) uniquely.8 The property which seems to characterize the

choice of sublattices Λ{ωi} one can mod out by is that the resulting quotient lattice has an

action of a Weyl group which is not the restriction of the maximal algebra’s Weyl group on

the quotient lattice.

Unfortunately, it seems difficult to evaluate whether this property is satisfied for any

given set {ωi}, so we are are uncertain whether the “string web” procedure of this section

generates all such sublattices (up to equivalences), or only a subset of them.

3.4 Equivalence of the two submaximal deformations of the I∗0 singularity

Among the submaximal deformations we have constructed two are of the I∗0 singularity.

Both deformation patterns have three generic singularities and the same flavor symmetry,

sp(2) ≃ su(2). Since the I∗0 singularity has a marginal deformation parameter, τ , which can

be taken to the limit τ = i∞ in which the low energy theory on the CB becomes weakly

coupled, it is natural to associate it with a scale-invariant lagrangian theory. (See, however,

8We do not know of a proof of this statement from first principles, but it is easy to check it directly for all

reductive Lie algebras, e.g., by inspection of explicit descriptions of the simple root systems [32].
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section 5.3 for another interpretation.) The only such theory with a ∆(u) = 2 CB vev and

sp(2) flavor symmetry is the N = 2∗ su(2) gauge theory with one adjoint hypermultiplet. We

thus expect these two deformations to somehow be equivalent.

We will show here that they are related by a 2-isogeny of their fibers. That is, the elliptic

curves of the two deformations are related by a 2-to-1 holomorphic map from the {I12, I4}
curve to the {I23} curve. This rescales the low energy u(1) gauge coupling by a factor of

√
2

which rescales electric and magnetic charges by opposite factors of
√
2. By acting with an

overall M̃ =
(

1 0
−1 1

)
SL(2,Z) transformation on the I∗0 presentation in (3.8), we obtain a new

presentation

za = {(0, 2), (−1, 2), (1, 0)} for I∗0 → {I12, I4}. (3.26)

This presentation makes it obvious that the rescaling of the electric and magnetic charges by

opposite
√
2 factors is what is needed to change from the {I21 , I4} to the {I32} pattern (3.15).

This change in normalization between the two descriptions is discussed in [3], who also noted

the existence of the two different curves.

Note that these two curves give physically equivalent CB theories only if there is a

restriction on the allowed charges appearing in the BPS spectrum of the {I12, I4} theory

since its electric charge number 1 states get mapped to charge number 1/2 states in the {I23}
theory. This means that only states with even electric charges in the {I12, I4} theory can

have counterparts in the {I23} theory. But since hypermultiplets in the fundamental of su(2)

contribute electric charge-1 states in the {I12, I4} deformation (as per the discussion in section

4.2 of [1]), this is consistent with the fact that only adjoint hypermultiplets (with twice the

low energy u(1) charge of fundamentals) enter into the N = 2∗ theory.

The isogeny between the two curves, (A.76) and (A.79), can be found explicitly. There

the CB vev, mass parameter, marginal coupling, and Weierstrass curve coordinates for the

{I22, I4} curve are u, m, α, x and y, respectively, while for the {I23} curve they are U , M , τ ,

X and Y . The coupling τ appears in the {I23} curve in terms of three modular forms, ej(τ).

Then the map between the curves is

U =
1

3e3

(
u+

2

3
m2

)
, M2 =

2

9e23
m2,

(e1 − e3)(e2 − e3)

e23
=

9

4
α,

X = 6e3
AB2

2

B2
1

, Y = u(e1 − e2)y
AB2

2

B3
1

, (3.27)

where

A := 2u(e1 − e3)− 3m2α2e3, Bj := u(e3 − 2ej) + (3x+ 2m2α2)e3. (3.28)

4 Construction of the one-form

Knowing that the curves exist is only half the battle, since we still need to show that a SW

one-form, λ, also exists satisfying the rigid special Kähler (SK) conditions (2.2). The SK con-

ditions are very powerful requirements which by themselves fix the linear mass dependencies

of SW curves, but are difficult to solve.
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We will be inspired by a strategy developed by Minahan and Nemeschansky (MN) [4, 5]

for finding a one-form satisfying the SK condition and invariant under a given Weyl group

symmetry. The MN strategy has three parts. They start with the SW curve as a function

of the Weyl-invariant deformation parameters, Σ(Md), and posit an ansatz for the form of

λ and for the positions of its poles x = xω that automatically satisfies the SK condition

that the residues of λ form a lattice in the weight space of F . Then they simultaneously

solve for the pole position dependence on the linear mass parameters, xω(u,m), and for the

dependence of the Weyl-invariant deformation parameters appearing in the curve on the linear

masses, Md(m). This step is computationally intensive since it involves solving factorization

constraints on polynomials in many variables. Finally, they fix a few remaining parameters in

λ by solving the differential SK condition in (2.2). Either of these steps might fail to have a

solution, in which case we would learn only that the MN ansatz fails, but could not conclude

that there is no SK geometry associated to the Σ(Md). But it so happens that we find a

solution in every case with the MN ansatz. In fact, we often find more than one solution, and

we discuss the physical equivalence or inequivalence of these multiple solutions in the next

section.

The SW curves as functions of the Weyl-invariant deformation parameters, Σ(Md), are

easy to write down for the maximal deformations, and are listed in table 3. MN computed

the curve and one-form as functions of the linear masses, Σ(m) and λ(m), for the II∗, III∗

and IV ∗ maximal deformations in [4, 5] using their method, while SW computed the same

for the I∗0 maximal deformation in [3] using different methods. The MN strategy (with a

slight generalization of the original MN ansatz for λ(m), presented below) also works for the

maximal deformations of the IV , III and II singularities; the resulting one-forms for these

cases are presented in appendix A.5.1, A.6.1 and A.7.1 for completeness, since they do not

seem to have been written down in full generality elsewhere.

4.1 The MN ansatz and factorization at poles.

We now follow the MN strategy to compute SW one-forms for the submaximal deformations.

We start by parameterizing the possible form of the one-form on the curve as

λ(m) :=


2∆(u)a u+ 6bµ x+ 2W (Md) +

∑

i

ri
∑

ωi orbit

yωi
(u,m)

ωi(m)2 x− xωi
(u,m)


 dx

y
. (4.1)

Here a, b, and the ri are constants, W is a Weyl invariant polynomial in the masses, ωi(m)

is the linear combination of the m corresponding to a weight ωi of F , the sum is over Weyl

orbits of each ωi, and xωi
(u,m) is polynomial in u and the m such that

yωi
(u,m) := ωi(m)3 y

∣∣
x=ωi(m)−2 xωi

(u,m)
(4.2)

is also polynomial in u and the m. We will call a triple {ω, xω, yω} satisfying these con-

straints — i.e., (4.2) and the conditions that xω and yω be polynomials — a “pole position
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solution”. Any λ of the form (4.1) is then manifestly a Weyl-invariant meromorphic one-

form on Σ(Md) with pairs of poles with residues ±riωi(m) at the two points on the fiber

with x = ωi(m)−2xωi
. The reason for the “i” index on the ωi (Weyl orbit of) weights is to

accomodate cases where there are multiple distinct pole position solutions.

The ri parameters could be absorbed by a rescaling of the ωi. In particular, if {ω, xω, yω}
is a pole position solution, then {rω, r2xω, r3yω} is also a pole position solution for any

constant r. However, there turn out to be curves having multiple distinct solutions of the

differential SK condition in (2.2) which involve different normalizations of the pole position

solutions. It is therefore convenient to introduce explicit pole position normalizations, ri, in

order to describe these solutions in a uniform way.

The condition (2.2) that the residues of λ are of the form ω(m) with ω in the root lattice of

F can be justified as follows. For generic masses, the flavor symmetry is broken to u(1)rank(F ),

and these u(1) “quark number” charges thus span a lattice of rank rank(F ). The terms in the

central charge which depend linearly on the quark numbers and are proportional to the linear

masses come from the residues of λ. Thus the ω’s appearing in λ, i.e., the set {riωi}, should
span the quark number charge lattice. Since the linear mass parameters m transform in the

adjoint of F , whenever α(m) = 0 for α a root of F there should be a degeneracy in the BPS

spectrum since on these subspaces the flavor symmetry is not completely abelianized (i.e., it

has some unbroken non-abelian factors). Conversely, if there were some ω not in the root

lattice of F , then there will be additional degeneracies in the BPS mass spectrum at every

point on the CB for masses satisfying ω(m) = 0 which are not due to an enhanced symmetry.

Discounting the existence of such accidental degeneracies which persist for all values of u, we

conclude that the lattice of quark number charges must be the root lattice of F .

This leads to some constraints on the ri. If one chooses (as we will) to normalize the ωi

to all lie in a given normalization of the root lattice, one then has a restriction on the allowed

values of the ri such that the set {riωi} spans a possibly rescaled root lattice. In particular,

the ri have to be real and all their ratios must be rational (for simple F ), and there may be

further constraints for them to span the whole lattice and not just a sublattice.

Note that our ansatz (4.1) for λ is a slight generalization of the MN ansatz in [5], differing

from it by the addition of the µx term. Here µ is the relevant deformation parameter with

scaling dimension ∆(µ) = 2−∆(u) which exists whenever the dimension of u is in the range

1 < ∆(u) < 2. Note that the µx term contributes a double pole with no residue at the single

point on the fiber at x = ∞ for µ 6= 0.

The condition that yω given in (4.2) be polynomial in u and m is a stringent constraint

on the curve Σ(m). In particular, it requires that the right side of (2.1) be a perfect square

in u and m when x = ω(m)−2xω(u,m). This condition is strong enough to determine Σ(m)

given Σ(Md), or, equivalently, to determine the dependence of the Weyl(F )-invariant mass

polynomials on the linear masses, Md(m).

Solutions to this factorization condition can be found by the following procedure [4, 5].

First, pick a residue, ω(m), linear in the m associated to a weight ω ∈ f∗. Second, write

an ansatz for the associated pole position xω(u,m) which is either linear or quadratic in u
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and is invariant under the subgroup of Weyl(F ) which fixes ω. (We limit ourselves to xω at

most quadratic in u just for computational ease.) Next, parameterize the possible dependence

of the Weyl-invariant masses Md appearing in the curve on the linear masses, m (as in the

discussion around (3.20) above). Fourth, pick a convenient direction in the complexified

Cartan subalgebra of F , e ∈ fC, set m = me, and demand that the curve factorizes as a

polynomial in u and m at x = m−2ω(e)−2xω(u,me). If this has a solution, it will fix some

linear combination of the coefficients in the xω and Md(m) polynomials. Continue this for

other choices of directions in fC until all coefficients are determined. (Convenient directions

in fC are often proportional to weights which are fixed by a large subgroup of Weyl(F ).) This

is a laborious process, made more so by the fact that the factorization step can result in a

tree of possibilities which needs to be exhausted. See [4, 5] for detailed examples carrying out

this procedure and for some tricks to simplify the factorization step.

In the appendices we record the results of this process for all the submaximal deformations

of the scale-invariant Kodaira singularities. For each deformation, Σ(Md), we find multiple

solutions for Weyl orbits of ω and associated xω(u,m), but all correspond to a single solution

for the deformed curve, Σ(m), in terms of the linear masses m.

4.2 Solving the differential constraint

So far we have constructed SW one-forms satisfying the second of the SK condtions in (2.2).

We next need to check whether there are values of the constants a, b, ri and the Weyl-

invariant polynomial W (Md) in the MN ansatz (4.1) such that the one-form satisfies the first,

differential, SK constraint in (2.2).

It is straightforward, although slightly technical, to convert this constraint to linear

algebra following and generalizing an argument in [39]. In particular, appendix A of [39]

shows that

∂uλ(b=0) = 2a
dx

y
+ (A1x+A0)

dx

y3
+ dφ′ (4.3)

for some meromorphic φ′, where

A1 := aδf −W∂uf + h1, A0 := aδg −W∂ug + h0, (4.4)

and δ := µ∂µ +
∑

i mi∂mi
. Denote the scaling dimensions of the polynomials f(u,m) and

g(u,m) appearing in the Weierstrass form of the curve Σ(m) (2.1) by ∆(f), ∆(g). Then the

weighted homogeneity of f and g in u, µ, and the mi implies

δf = ∆(f) f −∆(u)u∂uf, δg = ∆(g) g −∆(u)u∂ug. (4.5)

Finally, h0,1 in (4.4) are given by

h1 :=
1

2

∑

i

ri
∑

ωi orbit

ωi(m)−4 [2xωi
∂uyωi

− 3yωi
∂uxωi

] , (4.6)

h0 :=
1

6

∑

i

ri
∑

ωi orbit

{
ωi(m)−6

[
6x2ωi

∂uyωi
− 9yωi

xωi
∂uxωi

]
+ ωi(m)−2 [4f∂uyωi

− 3yωi
∂uf ]

}
.
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This can be generalized to include the λb := 6bµxdx/y term in (4.1) using the identity

∂uλb = (−3bµ∂ug x+ bµf∂uf)
dx

y3
+ dφ′′, (4.7)

which implies that (4.3) holds for λ with b 6= 0 with the replacements

A1 → A1 − 3bµ∂ug, A0 → A0 + bµf∂uf, (4.8)

in (4.4). However we cannot yet conclude that the differential constraint in (2.2) is satisfied

if A0 = A1 = 0 since dx/y, dx/y3, and xdx/y3 are related up to a total derivative by the

identity

0 =
1

y
− (2fx+ 3g)

1

y3
+ 2∂x

(
x

y

)
. (4.9)

Multiplying this equation by −c dx and adding this to (4.3) (for b 6= 0) gives

∂uλ = (2a− c)
dx

y
+ (B1x+B0)

dx

y3
+ dφ, (4.10)

B1 := aδf − 3bµ∂ug + 2cf −W∂uf + h1,

B0 := aδg + bµf∂uf + 3cg −W∂ug + h0.

Thus the SW condition is fulfilled if a, b, c, ri, and W (Md) exist such that B1 = B0 = 0

and c 6= 2a. Such a solution for λ then satisfies the differential constraint in (2.2) with

normalization κ = (2a− c).

Since B1 and B0 are relatively high-order polynomials in u, their vanishing greatly over-

constrains a, b, c, ri and W (Md). Nevertheless, for every set of xωi
solving the factorization

condition described in the previous paragraph, we find at least one solution, and typically

many solutions to the differential condition. The resulting values of a, b, c, ri, and W (Md)

are recorded in the appendices.

4.3 Ambiguities in the one form and the flavor symmetry

We have described how the Weyl group of the flavor symmetry, F , is encoded in the curve.

But this cannot distinguish between so(2r + 1) and sp(2r) flavor factors since their Weyl

groups are equal. We have argued that the residues of the one form span the root lattice of

F , and a root lattice with an action of the Weyl group on it determines F uniquely.

For instance, there is a basis {e1, . . . , er} of Rr such that every element of the root lattices

of so(2r+1) and sp(2r) can be written as nie
i for some integers ni, and such that the action

of their Weyl groups is by permutations and independent sign flips of the ni. However in

this case the so(2r + 1) root lattice is the lattice with all ni allowed, while the sp(2r) root

lattice is the sublattice of elements such that
∑

i ni is even. In fact, in this presentation, the

ei are orthonormal with respect to the Killing forms of either algebra. Given a lattice and an

action of the Weyl group on it, one can reconstruct (up to normalization) the Killing form
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on the lattice by demanding that the Weyl group is generated by hypersurface-orthogonal

reflections.

It would thus seem that there is enough information in the curve and one-form to uniquely

determine the flavor symmetry. However, in practice we do not find that this is always true

because we do not find unique solutions for the one-form from the MN ansatz. Indeed, this

non-uniqueness of the SW one form was already pointed out in [5] and discussed further in

[39].

The non-uniqueness of the one form come about because there can be many distinct

solutions for the pole positions. Each pole position is labelled by a residue in its Weyl orbit,

riωi(m), and the index i = 1, . . . , P thus runs over the distinct Weyl orbits of pole positions.

The complex parameters, ri, are only constrained by the differential constraint — the first of

the SK conditions in (2.2). If there are fewer than P of these constaints then there will be a

multi-parameter family of SW one forms for the curve.

Different one-forms in such a multi-parameter family generically give rise to different

physical predictions for the BPS spectrum, so are not physically equivalent. For even though

the differential constraint in (2.2) ensures that the u-derivative of the central charge, Z, will

be independent of the pole positions, this does not determine the linear mass dependence of

Z, as these effectively appear as constants of integration of the differential constraint.

As an obvious illustration of this, note that if the set of riωi are not commensurate (as

elements of the dual Cartan algebra of the flavor symmetry) or have different complex phases,

then they will not span a real lattice in f∗
C
, and so cannot describe the quark number charges

of BPS states at all.

This physical requirement is address in the second of the SK conditions in (2.2), which

states that the residues of λ should span the root lattice of the flavor symmetry. To span

a real rank(F ) lattice only requires that the ri all be real and commensurate. Demanding

that the lattice also be a root lattice of a Lie algebra which has as its Weyl group the Weyl

group of the curve adds a further restriction. This is because different lattices can now be

distinguished by the action of the Weyl group, as the above example of the so(2r + 1) and

sp(2r) root lattices illustrates.

If the root lattice is uniquely specified by the Weyl group, then the multi-parameter family

of SW forms which satisfy the above restrictions will by definition give identical predictions

for the central charges of the theory. But precisely in the case of the so(2r + 1)/sp(2r)

ambiguity of root lattices associated to a single Weyl group, we can potentially get two

different SW one-forms for a given curve, one realizing the so(2r + 1) flavor group, and the

other realizing sp(2r). Depending on the number of pole positions, the constraints among

the ri coming from solving the differential constraint, and the conditions of commensurability

and of being in a root lattice of the Weyl group, there can be one of two outcomes: (1) only

one root lattice, so(2r + 1) or sp(2r), satisfies the constraints, and the one-form and flavor

symmetry are uniquely determined; or (2) there are solutions for both symmetries and there

are two distinct theories. A third logical possibility is that no values of the ri satisfy all the

constraints, and there is no physical one form satisfying the MN ansatz; however, this does
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not occur for any of our deformation patterns.

Among the submaximal curves and one-forms we have constructed, there are four that

have this potential so(2r + 1)/sp(2r) ambiguity. (Recall that so(5) = sp(4) so there is only a

potential ambiguity for r > 2.) There is an r = 5 ambiguity for the II∗ → {I16, I4} theory,

and r = 3 ambiguities for the II∗ → {I13, I∗1}, III∗ → {I15, I4}, and III∗ → {I13, I∗0}
theories.

• II∗ → {I16, I4}: In this case there is only a single pole orbit, and the integral span of

its resiues fills our the sp(10) root lattice. This identification of the flavor symmetry

agrees with the identification based on S-dualities [40].

• II∗ → {I13, I∗1}: Here there are three pole orbits and one relation among their residues

imposed by the differential constraint. The resulting 2-parameter family of solutions

has members which generate both the so(7) and the sp(6) root lattices, as described in

appendix A.1. Thus we find two distinct SW geometries for this deformation.

• III∗ → {I15, I4}: In this case there are five pole orbits and one relation. But only two of

the pole positions transform under the so(7)/sp(6) Weyl factor, and the solutions only

generate the sp(6) root lattice, as described in appendix A.2. Again, this identification

of the flavor symmetry agrees with the identification based on S-dualities [40].

• III∗ → {I13, I∗0}: This example has four pole orbits and one relation giving a 3-

parameter family of solutions which realizes both the so(7) and the sp(6) root lattices.

But, unlike the previous ambiguous case, one can flow to this theory by tuning masses

in the II∗ → {I14, I∗0} theory. This theory has flavor symmetry F4, and the masses

which flow to the III∗ → {I13, I∗0} theory are the ones which implement the adjoint

breaking F4 → so(7)⊕u(1). (These and other RG flows are discussed in section 5.) We

take this as evidence that the physical flavor symmetry of this theory is so(7) and not

sp(6).

4.4 Relation to the one forms of the maximally deformed curve

Finally, we address the extent to which the one-forms we have (laboriously) constructed are

simply restrictions of the known one-forms of the maximal deformations. After all, in the last

section we constructed the submaximal deformation curves by imposing restrictions on the

linear masses of the maximal deformation curves.

This construction ensures that the restricted curves will have the property that they will

factorize at some pole positions. This is simply because the restriction of a pole position

solution will be a pole position solution of the restricted curve. But this does not mean that

the set of poles occuring in the restricted one form are the restriction of the poles in the

maximal deformation one-form. The reason is that, as we have seen, the Weyl group of the

restricted curve is not the same as (and is generally larger than) the restriction of the Weyl

group of the maximal deformation curve. By the Weyl invariance of the restricted curve,
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it will necessarily also factorize on the Weyl orbit of any pole position solution. Since the

Weyl group of the restricted curve is different from that of the maximal one, some of the

pole positions in the orbit of a pole position found by restriction will not themselves be the

restriction of any maximal curve pole position. Thus we see that although the existence of

pole positions for which the restricted curve factorizes is ensured by the restriction, the one

form resulting from summing over the Weyl orbits of these poles will not be the restriction

of the maximal deformation one form.

This also means that it is not the case that the differential constraint on the one form will

be automatically satisfied by virtue of the restriction construction: the “new” poles generated

by the Weyl group of the submaximal deformation curve add new terms to the differential

constraint equation. An example is the II∗ → {I2, IV ∗} deformation, where there is a pole

position xω1 with residue r1ω1(m) found by restriction from the II∗ maximal deformation,

but whose coefficient r1 is set to zero by the differential constraint, and so does not appear

in the one-form for this submaximal deformation.

5 Constraints from RG flows and gauged rank 0 SCFTs

We now have constructed SW geometries for all 23 deformation patterns shown in table

1. As discussed in section 2, these deformation patterns were the only ones which satisfy

the constraints coming from the safely irrelevant conjecture, from the Dirac quantization

condition, and from having consistent EM duality monodromies. These constraints were

applied only to the case of generic mass deformations, for which an initial UV singularity on

the Coulomb branch is split into a collection of distinct “frozen” singularities corresponding

to massless IR theories which admitted no further (splitting) deformations.

However, the safely irrelevant conjecture together with the Dirac quantization condition

should also apply to these theories at non-generic values of their mass parameters m ∈ fC.

These correspond to subspaces of the flavor Cartan algebra, fC, at which some of the above-

mentioned frozen singularities coalesce to form higher singularities. These higher singularities

then must have the correct flavor symmetries to account for the part of the UV flavor sym-

metry left unbroken by the non-generic masses.

For example, we have seen that the III∗ → {I∗1 , I21} deformation pattern corresponds to

a consistent SW geometry with flavor algebra su(2)⊕ su(2) (the UV flavor symmetry). Now

suppose we turn on a special mass, m ∈ fC that performs the adjoint flavor breaking

su(2)⊕ su(2)
m−−→ su(2)⊕ u(1), (5.1)

and find that the III∗ singularity splits as

III∗ −−→ {I∗2 , I1}. (5.2)

(This in fact occurs, and will be discussed below.) Since the I1 singularity can only have a

u(1) flavor symmetry, this splitting can only be consistent with (5.1) if the (IR free) theory at
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the I∗2 singularity has flavor symmetry su(2). (It may also have an extra u(1) flavor factor if

the massless hypermultiplets at the I∗2 and I1 singularities have non-mutually local charges;

see [1] for a discussion of the counting of the low energy u(1) flavor factors.)

If one finds that the I∗2 theory has a larger-rank flavor symmetry, it is not a priori clear

that there is a contradiction. For instance, it is possible that the symmetry is accidentally

enlarged in the IR, or that symmetry is not actually the apparent larger symmetry by virtue

of a discretely gauged subgroup. As argued in [1], these possibilities are not consonant with

the way deformations of rank-1 SW geometries actually occur, and we have conjectured that

they do not. As will be discussed in examples below, when there is such an enlargement in the

rank of the flavor symmetry, there is no way of reconciling the low energy degrees of freedom

on the Coulomb branch at the special mass values with those at generic masses. So in these

cases, discussed in section 5.1, we conclude that the geometries fail to have consistent RG

flows.

If, on the other hand, one found that the I∗2 theory had an enlargement of the flavor

symmetry that did not change its rank, or even a smaller-than-expected flavor symmetry,

then there is no sharp contradiction with the spectrum of light states on the Coulomb branch.

In these cases, discussed in section 5.2, we cannot conclude that the RG flows are inconsistent.

We call this test RG flow consistency. This check is not trivial, as evidenced by the exis-

tence of deformations for which it fails. It depends crucially on determining the possible flavor

symmetries of fixed point theories, like the I∗2 theory in the above example. A careful analysis

of the various Kodaira singularities and their flavor symmetries and charge normalizations is

given in section 4.2 of [1]. We will use this analysis heavily in this section.

There is an interesting way in which theories which fail the RG flow consistency check

could still be consistent as long as one is willing to posit the existence of special new rank-0

interacting N = 2 SCFTs (i.e., ones without a Coulomb branch). We will discuss these in

more detail below. Though there is no direct evidence for the existence of such theories, we

will describe an indirect way of looking for such rank-0 theories. Such a search, however, is

computationally intensive, and will not be carried out here. But a frozen I∗0 singularity is

interpreted as such a theory, and the analysis of RG flows in theories with terminal I∗0 singu-

larities is dependent on this interpretation. The frozen I∗1 singularity can also be interpreted

in this way (instead of as the IR free su(2) gauge theory with a half-hypermultiplet in the 4

representation). RG flows in the I∗0 and I∗1 series of singularities will be analyzed from this

persepctive in section 5.3.

In the rest of this section we will perform such checks to conclude that the three geometries

in blue in table 1 are not consistent field theories, modulo the existence of these new rank-

0 SCFTs. Carrying this out involves determining all the special relations among the mass

parameters at which some of the generic singularities on the CB collide. This is equivalent to

mapping out the web of RG flows connecting the various rank-1 theories discussed here. It is

a daunting task to do this when there are many relevant deformation parameters. The most

complicated cases are the maximal deformations, whose RG flows have already been studied

[5, 39]. In that case one finds that maximal deformation CFTs only flow to other maximal
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deformation CFTs. For example, a simple part of the “web” of flows is

(II∗, E8) → (III∗, E7) → (IV ∗, E6) → (I∗0 ,D4) → (IV,A2) → (III,A1) → (II,−). (5.3)

Here we are denoting a CFT by its Kodaira singularity and its flavor symmetry using Dynkin

notation for their Lie algebras. The arrows in (5.3) denote turning on a particular relevant

deformation and flowing to a specific IR fixed point on the CB. The flows shown in (5.3)

are “minimal” in the sense that they correspond to turning on a relevant operator which

splits off the smallest possible (often I1) singularity from the original singularity. There are

many other fixed points on the CB and other special deformation directions which flow these

theories to the IR free (In, An−1 ⊕ U1) and (I∗n,Dn+4) theories. These are the “standard”

u(1) gauge theories with n charge-1 hypermultiplets and the su(2) gauge theory with (n+4)

fundamental hypermultplets, respectively. (We are denoting u(1) factors by U1.)

The other submaximal deformations have more complicated RG flow patterns. They can

be organized as in the maximal case (5.3) in terms of sequences of “minimal” flows. For

instance, the ones whose deformation patterns involve a single frozen I4 obey

(II∗, C4) → (III∗, C3 ⊕ C1) → (IV ∗, C2 ⊕ U1) → (I∗0 , C1), (5.4)

together with flows to the IRF theories (In, An−5 ⊕ U1 ⊕ U1), (I
∗
n, Cn+1), and (I∗n, C1 ⊕Dn).

These latter are the u(1) gauge theories with n−4 charge-1 and 1 charge-2 hypermultiplets,

the su(2) gauge theory with (n+1) adjoint hypermultplets, and the su(2) gauge theory with

1 adjoint and n fundamental hypermultplets, respectively, as we will show below.

The ones with a frozen I∗0 obey

(II∗, F4) → (III∗, B3) → (IV ∗, A2) → (II,−) (5.5)

together with flows to (In, An−1 ⊕ U1) singularities and I∗n singularities for which we will be

able to find a consistent interpretation in terms of novel gauged rank-0 SCFTs. Similarly, the

ones with a frozen I∗1 obey

(II∗, BC3) → (III∗, A1 ⊕A1) → (IV ∗, U1)

↓
(II,−)

(5.6)

together with flows to (In, An−1 ⊕U1) singularities and I∗n singularities for which we will not

be able to find a consistent IR free gauge theory interpretation, but will be able to find a

consistent interpretation in terms of gauged rank-0 SCFTs.

Finally, the ones with frozen III∗ or IV ∗ singularities have minimal flows

(II∗, G2) → (III∗, A1) → (IV ∗,−)

(II∗, A1) → (IV ∗,−) (5.7)

(II∗, A1)
′ → (III∗,−).
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Here (II∗, A1) refers to the geometry with generic deformation pattern {I12, IV ∗}, while

(II∗, A1)
′ refers to the one with pattern {I1, III∗}.

In general, the full web of possible RG flows is very complicated and difficult to compute.

But in cases where there are only two relevant parameters, it is not too hard to do so and

we will carry out the full analysis. For example, from the form of the (II∗, C2) curve given

in (A.11) – (A.14) it follows that there are four directions (up to equivalences under the

Weyl(C2) action) in the space of m’s for which the II∗ singularity is not fully split into the

four singularities {I12, I42} of its deformation pattern. These are

(II∗, C2)





→ {I1, I∗3} for m1 = 0,

→ {I12, I8} for m1 = m2,

→ {II, I42} for m1 = 2m2,

→ {I1, I4, I5} for m1 =
√

2−
√
3m2.

(5.8)

Any other direction results in the generic deformation pattern. Thus for this curve the

complete set of possible IR fixed points one can flow to is {I1, I4, I5, I8, I∗3 , II}. We will

discuss this example in detail below, and will determine whether there is an identification of

IR free gauge theories with the I4, I5, I8, and I∗3 fixed points that is consistent with the flavor

symmetry and with Dirac quantization.

For theories with higher rank a complete analysis is computationally intense and will not

be carried here. An easier task is to study the web of their minimal adjoint breaking flows.

We turn to this discussion now.

5.1 Adjoint flavor breakings

For generic values of the mass deformation parameters, the flavor symmetry, F , is broken to

rank(F ) u(1) factors since the masses transform in the adjoint representation of F . There

exist specific patterns of mass parameters (e.g., if α(m) = 0 for any root α) for which the

flavor group F is not completely broken to abelian factors but some nonabelian factors are

left unbroken. For these mass patterns, groups of the undeformable singularities must merge

to form new singularities on the CB, as we argued in section 3.1. Turning on a mass m

such that α(m) = 0 for all but one of the simple roots of F thus picks out directions in the

flavor Cartan along which F is minimally broken, and we will call them the minimal adjoint

breakings. These breakings are all of the form F → u(1)⊕ semi-simple, where the semi-simple

factors can be read off from the F Dynkin diagram by crossing out one node.

We will now use these minimal adjoint breakings to locate some RG flows of the sub-

maximal deformation theories. We will then check their RG flow consistency, i.e., check that

the set of resulting merged singularities accounts for — in terms of corresponding IR free or

conformal theories — the expected simple unbroken flavor symmetry factors, and is consistent

with charge normalizations.

First we discuss two examples in detail: the (II∗, C2) special Kähler geometry describing

the generic deformation pattern II∗ → {I12, I42} with sp(4) flavor symmetry which fails
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this test and thus does not give rise to a consistent CFT; and the (II∗, C5) geometry with

II∗ → {I16, I4} deformation pattern and flavor symmetry sp(10), which instead satisfies this

condition in a interesting way. We will then describe the result of similar considerations for

the rest of the submaximal deformations.

Example 1: II∗ → {I12, I42}
This theory has flavor symmetry sp(4) which has Dynkin diagram

α1 α2

where the simple roots can be written in terms of a set of two orthonormal vectors, ei, i = 1, 2,

as

α1 =
1√
2
(e1 − e2), & α2 =

√
2e2. (5.9)

It is straightforward to list the two adjoint breakings obtained by choosing a particular mass

configuration such that α(m) 6= 0 for only one of the simple roots.

Minimal adjoint breaking 1:

α1 α2 6= 0
⇐⇒ sp(4) → su(2) ⊕ u(1).

(5.10)

Imposing the condition α1(m) = 0, α2(m) 6= 0, implies that we have to set m1 = m2 in the

generic II∗ → {I12, I42} curve (A.11)–(A.14). From the explicit expression of the curve we

can study the behavior of the geometry near the zero of its x discriminant and determine

that for this particular mass deformation

II∗ → {I12, I8}. (5.11)

This is the second line reported in (5.8). The I1’s in (5.11) can only contribute abelian flavor

factors since their global symmetry is u(1). The su(2) flavor factor must therefore come from

the I8 singularity. The I8 singularity can arise from an IR free u(1) gauge theories with

hypermultiplets of charges Qi satisfying
∑

i Q
2
i = 8 where, as reviewed in section 2.2. The

Qi are normalized so that their squares are integers. Since, by (5.11), these charges inhabit a

moduli space with an I1 singularity (which can only be given by a u(1) gauge theory with a

charge-1 hypermultiplet), Dirac quantization implies that the Qi’s must, in fact, be integers.

There are then just 3 possible u(1) theories giving the I8 singularity: one with 8 charge-

1 massless hypermultiplets and flavor symmetry u(8); one with 1 charge-2 and 4 charge-1

hypermultiplets and flavor symmetry u(1) ⊕ u(4); and one with 2 charge-2 hypermultiplets

and flavor symmetry u(2). The last one has the expected su(2) flavor symmetry. Furthermore,

the two charge-2 hypermultiplets are just what one expects from the generic deformation

pattern of this theory, II∗ → {I22, I42}, since the two I4 singularities, in order to be “frozen”,

must each have a charge-2 massless hyper. We have thus found that the splitting (5.11)

associated to this minimal adjoint flavor breaking gives a consistent account of the expected

flavor symmetries.
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Minimal adjoint breaking 2:

α1 6= 0 α2
⇐⇒ sp(4) → u(1)⊕ su(2).

(5.12)

Imposing the condition α1(m) 6= 0, α2(m) = 0, implies that we have to set m2 = 0 in

the generic II∗ → {I12, I42} curve. From the explicit expression of the curve, studying the

behavior of geometry near the zero of its x discriminant we obtain

II∗ → {I1, I∗3}. (5.13)

This is the first line reported in (5.8). The I1 singularity in (5.13) has a u(1) flavor symmetry,

so the expectation is that the I∗3 singularity will carry the su(2) symmetry. The I∗3 singularity

is an IR free su(2) gauge theory with one-loop beta function coefficient satisfying

b0 =
3

a2
(5.14)

for some charge normalization factor a. If the massless half-hypermultiplets are in su(2) irreps

R of dimension R, then b0 is

b0 = −T (3) +
1

2

∑

i

T (Ri), T (R) := 2trR(t
2
3) =

1

6
(R− 1)R(R + 1). (5.15)

Here t3 is the u(1) generator of su(2) unbroken on the Coulomb branch, t3(R) = 1
2diag{R−

1, R − 3, . . . ,−R+ 1}, and the CB charges of its components are

Q = 2at3(R). (5.16)

Since, by (5.13), the I∗3 singularity cohabitates with an I1 singularity, Q in (5.16) must be

an integer. This implies that a ∈ Z/2 if all Ri are odd, while a ∈ Z if some Ri are even.

Furthermore, N = 2 supersymmetry and the absence of global su(2) anomalies imply that

there must be an even number of half-hypermultiplets in each R-odd irrep, and the total

number of half-hypermultiplets in irreps with R = 2 mod 4 must be even. (See, e.g., section

4.2 of [1] for a review of these constraints.)

With these constraints, one finds only four solutions to (5.14)–(5.16) for the IR free su(2)

gauge theory giving the I∗3 singularity: it can have half-hypermultiplets in one of the four

representations

8 · 3 with a =
1

2
, ⇒ Q = 1 and F = sp(8),

14 · 2 with a = 1, ⇒ Q = 1 and F = so(14), (5.17)

6 · 2⊕ 2 · 3 with a = 1, ⇒ Q ∈ {1, 2} and F = so(6) ⊕ sp(2),

4 · 2⊕ 1 · 4 with a = 1, ⇒ Q ∈ {1, 3} and F = so(4).
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None of these has the expected su(2) flavor symmetry, so this can only be consistent if we

posit that there is an accidentally enhanced flavor symmetry at the I∗3 fixed point.

But even this assumption is not sufficient to provide a consistent picture of the RG flow.

This is because deforming the (II∗, C2) theory by its additional relevant operator — the

mass not turned on in (5.12) — causes the splitting I∗3 → {I1, I42}. But this splitting has

no consistent interpretation in terms of the IR free field theories in (5.17). In other words,

the special mass deformation which splits the I∗3 in this way in these theories does not have

the interpretation of three frozen singularities (i.e., one with a single Q = 1 hypermultiplet,

and two each with a single Q = 2 hypermultiplet). This is just a reflection of the fact that

since all the theories in (5.17) have more than one relevant deformation, this special mass

deformation can always be followed by further deformations which split the singularities, and

under generic mass deformations these IR free theories split into a number of (electric) IQ2

singularities, together with a monopole I1 singularity and a dyon I1 singularity in the first

three cases in (5.17), or a frozen I∗1 singularity in the fourth. Thus in these theories, the

{I1, I42} pattern, however arrived at, can always be split further.

The discussion above does not exhaust all possibilities. If we posit that in this case the

I∗3 singularity corresponds to some novel (non-lagrangian) field theory the RG-flow has a

consistent low energy interpretation. Because the low energy u(1) coupling on the CB of the

I∗3 geometry becomes free at the singularity (i.e., limu→0 τ(u) = i∞), it would seem natural

to assume that the field theory is IR free. But if this were the case, we have just seen that it

cannot be any known (lagrangian) IR free theory. An alternative to an IR free theory is one

for which the low energy modes on the Coulomb branch become free at the singularity, but

the theory as a whole is not free.

An example of such a situation — an interacting field theory with a free Coulomb branch

sector — could arise if there existed an interacting rank-0 N = 2 SCFT with a flavor sym-

metry, F , with flavor central charge kF . “Rank 0” means simply that this SCFT has no

Coulomb branch of its moduli space. Then the I∗n geometry could arise coupling this theory

to a vector multiplet by gauging an su(2) ⊂ F [40, 41]. The resulting theory would have a

rank-1 CB with ∆(u) = 2 and Kodaira singularity I∗n with n = a2(12Isu(2)→֒F kF − 4), as long

as n ≥ 0.9 We will discuss this possibility in more details below.

Example 2: II∗ → {I16, I4}
Consider now the (II∗, C5) theory whose generic deformation pattern is II∗ → {I16, I4},

and which — along with the other theories in the series (5.4) — was constructed by S-duality

techniques [12, 40, 41]. If an analysis of the RG flows of this theory, along the lines of the

above analysis of the (II∗, C2) theory, found a violation of the RG flow condition, this could

then be taken as strong evidence for the existence of new rank-0 SCFTs. We will perform

the RG flow test for the minimal adjoint breakings of this theory. We will find no violations,

and will instead find that these flows are consistent in an intricate and interesting way.

9Here a is the charge normalization factor, as in (5.14), and Isu(2)→֒F is the Dynkin index of embedding of

su(2) in F ; see [41] for details.
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The Dynkin diagram describing the flavor symmetry of this theory is:

α1 α2 α3 α4 α5

where the simple roots can be written in terms of a set of five orthonormal vectors, ei,

i = 1, ..., 5, as

αi =
1√
2
(ei − ei+1), i = 1, ..., 4 & α5 =

√
2 e5 (5.18)

It is straightforward to list all possible adjoint breakings obtained by choosing a particular

mass configuration such that α(m) 6= 0 for only one of the five simple roots at each time.

Minimal adjoint breaking 1:

α1 6= 0 α2 α3 α4 α5
⇐⇒ sp(10) → u(1)⊕ sp(8).

(5.19)

Imposing the condition α1(m) 6= 0, α2(m) = α3(m) = α4(m) = α5(m) = 0, implies that we

have to set m2 = m3 = m4 = m5 = 0 in the generic (II∗, C5) curve (A.3)–(A.5). Studying

the behavior of geometry near the zero of its x discriminant we obtain

II∗ → {I1, I∗3}. (5.20)

Now we have to check that the splitting (5.20) is consistent with the expected flavor symmetry.

The sp(8) factor comes from the IR free su(2) gauge theory giving the I∗3 singularity. This is

the one with half-hypermultiplet representation content 8 ·3 and with charge rescaling factor

a = 1/2. Using (5.16), since all the fields are in the 3, we obtain that the CB charge for

these fields is Q = 1 and it is compatible with Dirac quantization and the existence of the I1
singularity. The I1 provides the remaining u(1) factor.

Minimal adjoint breaking 2:

α1 α2 6= 0 α3 α4 α5
⇐⇒ sp(10) → su(2)⊕ u(1)⊕ sp(6).

(5.21)

Imposing the condition α2(m) 6= 0, α1(m) = α3(m) = α4(m) = α5(m) = 0, implies that

we have to set m1 = m2 and m3 = m4 = m5 = 0. The splitting associated to this particular

value of the masses is:

II∗ → {I1, III∗}. (5.22)

This is one of the “minimal” RG flows recorded in (5.4). In this case it is easy to see that

the splitting (5.22) is consistent with the expected flavor symmetry: the u(1) factor comes as

usual from the I1 singularity, while the III
∗ singularity is the isolated CFT with flavor group

sp(6) ⊕ sp(2) ≃ sp(6) ⊕ su(2) matching exactly the remaining non-abelian component of the

flavor algebra.

Minimal adjoint breaking 3:

α1 α2 α3 6= 0 α4 α5
⇐⇒ sp(10) → su(3)⊕ u(1)⊕ sp(4).

(5.23)
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Imposing the condition α3(m) 6= 0, α1(m) = α2(m) = α4(m) = α5(m) = 0, implies that

we have to set m1 = m2 = m3 and m4 = m5 = 0. The splitting associated to this particular

value of the masses is:

II∗ → {I3, I∗1}. (5.24)

The IR free theory at the singularity I3 in (5.24) is a u(1) gauge theory with 3 hypermultiplets

with charge 1. This theory has a u(3) flavor symmetry. To match the rest of the flavor

symmetry, we need the I∗1 to be an IR free theory with sp(4) flavor symmetry. This is in

fact the case, as the I∗1 arises as a singularity for the IR free su(2) with half-hypermultiplet

representation content 4 · 3 and with charge rescaling factor a = 1/2. Again, since all the

fields are in the 3, from (5.16) the CB charge normalization is Q = 1. This is compatible

with Dirac quantization and the existence of the I3 singularity.

Minimal adjoint breaking 4:

α1 α2 α3 α4 6= 0 α5
⇐⇒ sp(10) → su(4)⊕ u(1)⊕ su(2).

(5.25)

Imposing the condition α4(m) 6= 0, α1(m) = α2(m) = α3(m) = α5(m) = 0, implies that

we have to set m1 = m2 = m3 = m4 and m5 = 0. The splitting associated to this particular

value of the masses is

II∗ → {I1, I∗3}. (5.26)

The I1 singularity in (5.26) provides the usual u(1) factor, so the semi-simple component of

the flavor symmetry should arise from the I∗3 . In fact this is the IR free su(2) theory with

charge normalization a = 1 and with half-hypermultiplet representation content 2 · 3 ⊕ 6 · 2
which has flavor group sp(2) ⊕ so(6) ≃ su(2) ⊕ su(4) as expected. The Dirac quantization

condition is trivially satisfied. Notice that in this particular case, because of the presence

of half-hypermultiplets in the fundamental representation of the su(2), an overall rescaling

of the charges for the I∗3 while allowed by the theory itself, would be incompatible with the

presence of the I1 singularity.

Minimal adjoint breaking 5:

α1 α2 α3 α4 α5 6= 0
⇐⇒ sp(10) → su(5)⊕ u(1).

(5.27)

Imposing the condition α5(m) 6= 0, α1(m) = α2(m) = α3(m) = α4(m) = 0, implies that

we have to set m1 = m2 = m3 = m4 = m5. The splitting associated to this particular value

of the masses is

II∗ → {I1, I4, I5}. (5.28)

The simple factor of the flavor symmetry comes from the I5 singularity in (5.28) if it repre-

sents an IR-free u(1) theory with 5 hypermultiplets with charge 1. Both the I1 and the I4
only provide u(1) factors being, respectively, the IR-free u(1) theory with a single charge 1

hypermultiplet and the IR-free u(1) with a single charge 2 hypermultiplet. Notice that Dirac

quantization is again satisfied.
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Minimal adjoint breaking RG flows for other submaximal deformations. We will

now simply list the results of similar analyses for the minimal adjoint breaking flows for the

remaining submaximal deformation CB geometries. We organize them according to the three

series shown in (5.4), (5.5), (5.6), and (5.7), which we will call the I4, I
∗
0 , I

∗
1 , and III∗/IV ∗

series, respectively. We will postpone the discussion of the I∗0 series until section 5.3 since it

requires special consideration. For economy of presentation, we will use the Dynkin names

for simple Lie algebras, and will denote u(1) factors by U1.

I4 series:

The minimal adjoint breakings of the II∗ → {I4, I16} geometry with C5 flavor symmetry

was analysed above.

The III∗ → {I4, I15} generic deformation pattern has flavor symmetry C3⊕C1, and gives

rise to minimal adjoint breaking flows

C3 ⊕ C1





→ C3 → {I∗2 , I1} ✓

→ A2 ⊕A1 → {I3, I2, I4} ✓

→ A1 ⊕A1 ⊕A1 → {I∗2 , I1} ✓

→ C2 ⊕A1 → {I∗1 , I2} ✓

(5.29)

(Here we have not written the u(1) factors in the adjoint breakings.) The checks or crosses

record whether each flow passes the RG flow test. In the first line it is consistent to identify

I∗2 ≃ su(2) with 6 · 3 having C3 symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

In the second line it is consistent to identify I3 ≃ u(1) w/ 3 · 1 having U1 ⊕ A2 symmetry,

I2 ≃ u(1) w/ 2·1 having U1⊕A1 symmetry, and I4 ≃ u(1) w/ 1·2 having U1 symmetry. In the

third line it is consistent to identify I∗2 ≃ su(2) with 4 ·2⊕2 ·3 having D2⊕C1 ≃ A1⊕A1⊕A1

symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry. In the fourth line it is consistent to

identify I∗1 ≃ su(2) with 4 · 3 having C2 symmetry, and I2 ≃ u(1) w/ 2 · 1 having A1 ⊕ U1

symmetry.

The IV ∗ → {I4, I14} generic deformation pattern has flavor symmetry C2⊕U1, and gives

rise to minimal adjoint breaking flows

C2 ⊕ U1

{
→ A1 → {I6, I12} ✓

→ A1 → {I4, I2, I12} ✓
(5.30)

In the first line it is consistent to identify I6 ≃ u(1) w/ 2 · 1 ⊕ 1 · 2 having U1 ⊕ U1 ⊕ A1

symmetry, and each I1 ≃ u(1) w/ 1 ·1 having U1 symmetry. In the second line it is consistent

to identify I4 ≃ u(1) w/ 1 ·2 having U1 symmetry, I2 ≃ u(1) w/ 2 ·1 having U1⊕A1 symmetry,

and each I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

The I∗0 → {I4, I12} or {I23} generic deformation patterns have as their flavor symmetry

A1, and no minimal adjoint breaking flows. In fact their only flow is precisely the generic

deformation pattern, so there is no nontrivial RG flow test for this theory.

I∗1 series:
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The II∗ → {I∗1 , I31} generic deformation pattern has as flavor symmetry BC3, by which

we mean either B3 or C3. It turns out that both B3 and C3 have the same pattern of adjoint

breakings and the curve gives rise to minimal adjoint breaking flows

BC3





→ A2 → {I∗1 , I3} ✓

→ A1 ⊕A1 → {III∗, I1} ✓

→ C2 → {I∗3 , I1} ✗

(5.31)

In the first line it is consistent to identify I∗1 ≃ su(2) w/ 1 · 4 having no symmetry, and

I3 ≃ u(1) w/ 3 · 1 having A2 ⊕ U1 symmetry. In the second line it is consistent to identify

III∗ ≃ (III∗, A1 ⊕A1) with A1 ⊕A1 symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

In the third line there is no IR free su(2) theory with flavor symmetry C2 and consistent with

the I∗3 singularity and the Q = 1 charge normalization forced by the I1 factor, and it thus

fails the test.

The III∗ → {I∗1 , I21} generic deformation pattern has as flavor symmetry A1 ⊕ A1, and

minimal adjoint breaking flows

A1 ⊕A1

{
→ A1 ⊕ U1 → {I∗1 , I2} ✓

→ U1 ⊕A1 → {I∗2 , I1} ✗
(5.32)

In the first line it is consistent to identify I∗1 ≃ su(2) w/ 1 · 4 having no symmetry, and

I2 ≃ u(1) w/ 2 · 1 having A1 ⊕ U1 symmetry. In the second line there is no IR free su(2)

theory with flavor symmetry A1 and consistent with the I∗2 singularity and the Q = 1 charge

normalization forced by the I1 factor, and it thus fails the test.

The II∗ → {I∗0 , I1} generic deformation pattern has as its flavor symmetry U1, and no

adjoint breaking flows. In fact its only flow is precisely the generic deformation pattern, so

there is no nontrivial RG flow test for this theory.

III∗/IV ∗ series:

The II∗ → {III∗, I1}, II∗ → {IV ∗, I2}, and III∗ → {IV ∗, I1} generic deformation

patterns all have flavor symmetry A1. Since this is rank 1, their only flows are precisely the

generic deformation patterns, so there are no nontrivial RG flow tests for these theories.

The II∗ → {IV ∗, I1
2} generic deformation pattern has as flavor symmetry the exceptional

G2 Lie algebra whose adjoint breakings give rise to the flows

G2

{
→ A1 ⊕ U1 → {III∗, I1} ✓

→ U1 ⊕A1 → {IV ∗, I2} ✓
(5.33)

In the first line it is consistent to identify III∗ ≃ (III∗, A1) with flavor symmetry A1, and

I1 ≃ u(1) w/ 1 · 1 having U1 symmetry. In the second line it is consistent to identify IV ∗ ≃
(IV ∗,−) as the frozen IV ∗ singularity with no flavor symmetry, and I2 ≃ u(1) w/ 2 ·1 having

U1 ⊕A1 symmetry.
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Note that in this series there are actually two different assumed frozen IV ∗ singularities:

one with charges coming in multiples of Q = 1 and one with charges multiples of Q =
√
2. The

first is the one that appears in the (II∗, G2) and (III∗, A1) deformations, while the second

is the one appearing in the (II∗, A1) deformation. So, if these deformations all correspond

to SCFTs, then there must be two distinct frozen rank-1 SCFTs corresponding to the IV ∗

singularity.

5.2 Non-adjoint breaking RG flows

There are further conditions that consistency under RG flow imposes. There can be special

patterns of masses for which some of the undeformable singularities will merge into other

singularities on the CB, even though there is no enhanced unbroken flavor symmetry. In

this case consistency requires that the new singularities correspond to IR SCFTs which are

compatible with the u(1)rank(F ) unbroken flavor symmetry along these flows. In every case

we have checked, we find that this consistency condition is satisfied.

These non-adjoint breaking special RG flows correspond to additional “accidental” colli-

sions of roots of the curve discriminant, and can be algebraically complicated to locate. We

have searched for such flows for geometries with just 2 relevant deformations:

(II∗, C2) geometry:

In this case there are just two non-adjoint breaking special flows. They are the ones

recorded in the last two lines of (5.8). In each both cases they satisfy the RG flow test to

reproduce the u(1) ⊕ u(1) flavor symmetry. The {II, I42} breaking is consistent with the

interpretation of the II singularity as the (II,−) CFT with no flavor symmetry, and each I4
as the IR free u(1) gauge theory with one charge-4 hypermultiplet with flavor symmetry U1.

Thus the total flavor symmetry is the expected U1⊕U1. The {I1, I4, I5} breaking is consistent

to identify: I1 ≃ u(1) w/ 1 · 1 having U1 symmetry, I4 ≃ u(1) w/ 1 · 2 having U1 symmetry,

and I5 ≃ u(1) w/ 1 · 1 ⊕ 1 · 2 having U1 ⊕ U1 symmetry. Thus the total flavor symmetry is

U1 ⊕ U1 ⊕ U1 ⊕ U1. This may seem like too many U1’s, but we recall that some of them can

be identified with global parts of the electric and magnetic charge u(1)’s.

(II∗, G2) geometry:

The non-adjoint special RG flows for this theory are:

(II∗, G2)

{
→ {IV ∗, I2} for m1 = 2m2, ✓

→ {IV ∗, II} for m1 = e2πi/3 m2. ✓
(5.34)

In the first line, the IV ∗ must be identified with the frozen IV ∗ CFT of the generic deforma-

tion, so contributes no flavor symmetry, while the I2 must be identified with the u(1) gauge

theory with 2 charge-1 hypermultiplets, so gives flavor symmetry A1⊕U1. This flow thus has

a larger than expected flavor symmetry. (The reason the I2 must be identified as above, and

not with the u(1) gauge theory with 1 charge-
√
2 hypermultiplet is that the generic deforma-

tion contains I1 singularities, and so forces charges to be integer on the CB.) In the second
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line, the IV ∗ again contributes no flavor symmetry, while the II can only be the (II,−) CFT,

which also has no flavor symmetry.

Even though at first glance it seems that these flows violate the RG flow conditions, they

nevertheless have consistent IR interpretations. Since the rank of the enhanced A1⊕U1 flavor

symmetry in the first line is the same as that of the expected U1 ⊕U1 flavor symmetry, there

are no “extra” relevant deformations to cause a mismatch between the spectra of light states

on the CB at the special masses and at generic masses. Indeed, unlike the enhanced-rank

cases discussed in section 5.1, here there is a consonant low energy description of the RG

flow. For at generic points there are two I1 singularities describing points with mutually

local massless charge-1 hypermultiplets. (That they have mutually local charges follows from

the presentation of the deformation monodromies given in (3.9).) So tuning a parameter for

these singularities to collide will give the I2 singularity with two charge-1 hypermultiplets

and an accidentally enlarged u(2) flavor symmetry acting on the light states on the CB. This

should be contrasted to the lack of a consistent low-energy description when the special flow

gave an enlarged-rank flavor symmetry, as in the second minimal adjoint breaking flow of the

II∗ → {I12, I42} example discussed in the last subsection.

The flow in the second line of (5.34) does not present an inconsistency in the low energy

action on the CB either. Here, instead of an accidentally enlarged IR flavor symmetry, there

is no flavor symmetry in the IR. This is possible if all the states which become massless on

the CB are neutral under the flavor symmetry. A sufficient condition for this to be the case is

if, at the IV ∗ or II singularity on the CB, none of the poles of the SW one form are located

at the same point on the SW curve (2.1) as the point where the branch cuts in the x-plane

collide. For if this condition is satisfied, it is easy to show that the vanishing cycles at the

singularities (whose homology class determines the EM and flavor charges of the light states

near the singularities) can all be taken to have vanishing flavor charges. This check is easy

to carry out using the explicit curve and one-form recorded in the appendix, and is satisfied.

(III∗, A1 ⊕A1) geometry:

The non-adjoint special RG flows for this theory are:

(III∗, A1 ⊕A1)

{
→ {I∗1 , II} for m1 =

√
8/3m2, ✓

→ {IV ∗, I1} for m1 = i/
√
3m2. ✓

(5.35)

In the first line, the I∗1 singularity must correspond to the frozen IR free su(2) w/ 1 ·4 theory

and no flavor symmetry, while the II is the (II,−) CFT. This is consistent with the U1 ⊕U1

flavor symmetry not acting on the light states on the CB, and can be checked as in the last

example from the curve and one-form.

In the second line, the IV ∗ singularity must be identified with the frozen (IV ∗, U1) CFT

since this is the only IV ∗ that deforms to a terminal I∗1 . The I1 is the u(1) gauge theory

with 1 charge-1 hypermultiplet1, with flavor symmetry U1. Thus this flow has the expected

U1 ⊕ U1 symmetry.
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5.3 Flows to frozen gauged rank-0 SCFTs

We now wish to carry out the RG flow test for minimal adjoint and special RG flows of

the I∗0 series of deformations. However, the I∗0 series requires a separate treatment. This

is because this set of submaximal deformations assume the existence in the first place of a

“frozen” I∗0 singularity. Recall that the I∗0 Kodaira singularity is actually a one-parameter

set of geometries, parameterized by τ taking values in a fundamental domain of the SL(2,Z)

action on the upper half plane. This singularity also has ∆(u) = 2, so, by the general

discussion of N = 2 deformations of superconformal field theories given in [1], these theories

will have a corresponding exactly marginal deformation parameter, f . As also argued in [1],

by holomorphy, τ(f) can either be a fixed value, or it will have to cover a fundamental τ

domain as f varies. In fact, a closer examination of the above flows shows that they can lead

to different values of τ for the I∗0 singularity, so τ(f) cannot be constant. As a result it must

be that the frozen I∗0 singularity includes the whole τ family, and, in particular, the τ = i∞
value for which the CB degrees of freedom are free.

If this weak coupling limit of the CB were due to the whole I∗0 theory becoming free,

then it would have to be a lagrangian theory. The only possible such theories are the familiar

Nf = 4 and N = 2∗ su(2) SCFTs (which are (I∗0 ,D4) and (I∗0 , C1) in our current notation).

These theories, however, have mass deformations, so are not frozen.

Therefore, a frozen I∗0 singularity with weakly coupled CB degrees of freedom must be an

example of a rank-0 SCFT coupled to a vector multiplet through gauging an su(2) subgroup

of its flavor group. In order for the singularity to be scale-invariant, the beta function of this

su(2) must vanish. In order for it to be frozen, there must be no commutant of the su(2) in

the rank-0 SCFT’s flavor group [40, 41].

Thus the whole I∗0 series of submaximally deformed CB geometries assumes from the

beginning the existence of a new interacting rank-0 SCFT , “X0”, coupled to an su(2) vector

multiplet. Thus using RG flow test as above, where we assumed the I∗n singularities all

corresponded to lagrangian IR free su(2) gauge theories, is not a consistent procedure. Rather,

we must include the new rank-0 SCFT as a new form of interacting “matter” that IR free su(2)

gauge fields can couple to. Thus the frozen I∗0 theory is intepreted as a scale-invariant “su(2)

w/ X0” gauge theory, where the X0 matter provides no flavor symmetry, and contributes

enough to make the su(2) beta function vanish.

Note that the same interpretation could be made of the I∗1 series of theories. I.e., in-

stead of interpreting the frozen I∗1 singularity as the IR free su(2) gauge theory with a half-

hypermultiplet in the 4 representation, we could try to interpret it as a rank-0 CFT, X1, with

flavor symmetry F , coupled to an su(2) vector multiplet which gauges an su(2) ⊂ F such

that the coefficient of the beta function of the su(2) is 1 and such that there is no commutant

of the su(2) in F . This new rank-0 SCFT can then also play the role of interacting matter in

IR free su(2) w/ X1 ⊕ . . . gauge theories, thus giving rise to new field theory interpretations

of the I∗n singularities. If we interpret the I∗3 arising in (5.13) in this way we can find a

consistent interpretation of the RG-flow (more below). Thus this could provide the sought I∗3
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non-langrangian theory mentioned above.

There is at present no direct evidence for the existence of rank-0 N = 2 SCFTs. It is

possible that N = 2 conformal bootstrap methods [7, 8, 42, 43] could conceivably provide

such evidence in the future. Also, it may be possible to adduce indirect evidence in favor of

their existence by the following strategy.

Start by assuming that deformations which fail the RG flow test — such as the (II∗, C2)

deformation discussed above — in fact correspond to consistent theories with the assumption

of the existence of new rank-0 SCFTs. One would then interpret some of the singularities

they flow to — such as the I∗3 discussed above — as weakly-gauged rank-0 SCFTs and

deduce some of their properties. For example, in the case of the I∗3 singularity, we would

learn that its rank-0 SCFT has a flavor group F with a maximal subgroup su(2)⊕ su(2)′ and

central charge kF satisfying Isu(2)→֒F kF = 10. If similar matching arguments for the u(2)R
symmetry are also possible, then constraints on the c and perhaps a central charges of the

rank-0 SCFT may also be deduced. Presumably many assignments of (F, kF , c, a) will be

consistent with these constraints. However, by repeating this procedure for many theories,

one might find that a small set of rank-0 CFT flavor and central charge assignments suffices

to explain many RG flows of higher-rank SCFTs. For instance, a given rank-0 SCFT might

show up in different guises as I∗n or In singularities according to whether different su(2) or

u(1) subalgebras, respectively, of its flavor algebra are weakly gauged.

To carry out such a program more generally would involve examining the RG flows implied

by all otherwise consistent deformations of scale-invariant Coulomb branch geometries. In

the rest of this section we analyse the RG flows of the I∗0 and I∗1 series in terms of su(2) gauge

theories coupled to rank-0 CFTs X0 and X1, respectively.

5.3.1 Minimal adjoint breaking flows

I∗0 series:

The II∗ → {I∗0 , I14} generic deformation pattern has as flavor symmetry the exceptional

simple algebra F4, and gives rise to minimal adjoint breaking flows

F4





→ C3 → {I∗3 , I1} ✓

→ A1 ⊕A2 → {I∗1 , I3} ✓

→ A2 ⊕A1 → {IV ∗, I2} ✓

→ B3 → {III∗, I1} ✓

(5.36)

In the first line, there is no IR free su(2) theory with flavor symmetry C3 and consistent

with the I∗3 singularity and the Q = 1 charge normalization forced by the I1 factor, and it

would fail the RG test if the I∗3 had to be interpreted as a lagrangian theory. However, the

I∗3 singularity must eventually split to the frozen I∗0 and other singularities. Thus we should

interpret the I∗3 singularity as being an IR free su(2) gauge theory coupled to a rank-0 SCFT,

X0, as well as to some massless hypermultiplets. In particular, it can be interpreted as the IR
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free theory: su(2) w/ X0⊕6 ·3. This has flavor group C3 since, by assumption, the X0 matter

contributes no flavor factor. With charge normalization factor a = 1/2 as in (5.16), the 6

adjoint half-hypermultiplets then contribute 12 to b0, giving an I∗3 singularity, and contribute

light charge Q = 1 states on the CB, consistent with Dirac quantization and the existence of

an I1 singularity.

In the second line in (5.36) it is similarly consistent to identify I∗1 ≃ su(2) w/ X0 ⊕ 2 · 3
having C1 ≃ A1 symmetry, and I3 ≃ u(1) w/ 3 · 1 having A2⊕U1 symmetry. In the third line

it is consistent to identify IV ∗ ≃ (IV ∗, A2) with A2 symmetry, and I2 ≃ u(1) w/ 2 · 1 having

A1 ⊕ U1 symmetry. In the fourth line it is consistent to identify III∗ ≃ (III∗, B3) with B3

symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

The III∗ → {I∗0 , I13} generic deformation pattern has as flavor symmetry B3, and mini-

mal adjoint breaking flows

B3





→ A2 → {IV ∗, I1} ✓

→ A1 ⊕A1 → {I∗1 , I2} ✓

→ C2 → {I∗2 , I1} ✓

(5.37)

In the first line it is consistent to identify IV ∗ ≃ (IV ∗, A2) with A2 symmetry, and I1 ≃
u(1) w/ 1 · 1 having U1 symmetry. In the second line it is consistent to identify I∗1 ≃
su(2) w/ X0⊕ 2 ·3 having A1 symmetry, and I2 ≃ u(1) w/ 2 · 1 having A1⊕U1 symmetry. In

the third line it is consistent to identify I∗2 ≃ su(2) w/ X0 ⊕ 4 · 3 having C2 symmetry, and

I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

The IV ∗ → {I∗0 , I12} generic deformation pattern has as flavor symmetryA2, and minimal

adjoint breaking flow

A2 → A1 → {I∗1 , I1} ✓ (5.38)

It is consistent to identify I∗1 ≃ su(2) w/ X0⊕2 ·3 having A1 symmetry, and I1 ≃ u(1) w/ 1 ·1
having U1 symmetry.

Thus, at least as far as adjoint breaking flows are concerned, the I∗0 series of theories

passes the RG flow test.

I∗1 series:

Now we will revisit the flows for the I∗1 series posit the existence of a non-lagrangian

frozen I∗1 ≃ su(2) w/ X1 singularity. The II∗ → {I∗1 , I31} generic deformation pattern has as

flavor symmetry BC3, and the curve gives rise to minimal adjoint breaking flows

BC3





→ A2 → {I∗1 , I3} ✓

→ A1 ⊕A1 → {III∗, I1} ✓

→ C2 → {I∗3 , I1} ✓

(5.39)

In the first line we must identify I∗1 ≃ su(2) w/ X1 having no symmetry, and I3 ≃ u(1) w/ 3 ·1
having A2⊕U1 symmetry. In the second line it is consistent to identify III∗ ≃ (III∗, A1⊕A1)
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with A1 ⊕ A1 symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry. In the third line it is

consistent to identify I∗3 ≃ su(2) w/ X1 ⊕ 4 · 3 having C2 symmetry, and I1 ≃ u(1) w/ 1 · 1
having U1 symmetry.

The III∗ → {I∗1 , I21} generic deformation pattern has as flavor symmetry A1 ⊕ A1, and

minimal adjoint breaking flows

A1 ⊕A1

{
→ A1 ⊕ U1 → {I∗1 , I2} ✓

→ U1 ⊕A1 → {I∗2 , I1} ✓
(5.40)

In the first line it is consistent to identify I∗1 ≃ su(2) w/ X1 having no symmetry, and

I2 ≃ u(1) w/ 2 · 1 having A1 ⊕ U1 symmetry. In the second line it is consistent to identify

I∗2 ≃ su(2) w/ X1 ⊕ 2 · 3 having A1 symmetry, and I1 ≃ u(1) w/ 1 · 1 having U1 symmetry.

The IV ∗ → {I∗1 , I1} generic deformation pattern has as its flavor symmetry U1, and no

adjoint breaking flows. In fact its only flow is precisely the generic deformation pattern, so

there is no nontrivial RG flow test for this theory.

Thus, at least as far as adjoint breaking flows are concerned, the I∗1 series of theories

passes the RG flow test if I∗1 is interpreted as su(2) w/ X1 instead of as su(2) w/ 1 · 4.

5.3.2 Non-adjoint breaking flows

We again only check the non-adjoint special flows for the theories with rank 2 flavor groups.

(IV ∗, A2) geometry:

The only non-adjoint special flow for this theory is

(IV ∗, A2) → {I∗0 , II} for m1 = e2πi/3 m2. ✓ (5.41)

In the first line, the I∗0 singularity must be identified with the frozen I∗0 CFT of the generic

deformation, so contributes no flavor symmetry, while the II can only be the (II,−) CFT,

which also has no flavor symmetry. This is consistent with the U1 ⊕ U1 flavor symmetry not

acting on the light states on the CB, and can be checked as in the last example from the

curve and one-form.

(III∗, A1 ⊕A1) geometry:

The non-adjoint special RG flows for this theory are:

(III∗, A1 ⊕A1)

{
→ {I∗1 , II} for m1 =

√
8/3m2, ✓

→ {IV ∗, I1} for m1 = i/
√
3m2. ✓

(5.42)

In the first line, the I∗1 singularity must correspond to the frozen IR free su(2) w/ X1 theory

and no flavor symmetry, while the II is the (II,−) CFT. This is consistent with the U1 ⊕U1

flavor symmetry not acting on the light states on the CB, and can be checked as in the

last example from the curve and one-form. In the second line, the IV ∗ singularity must be

identified with the frozen (IV ∗, U1) CFT since this is the only IV ∗ that deforms to a terminal
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I∗1 . The I1 is the u(1) gauge theory with 1 charge-1 hypermultiplet, with flavor symmetry

U1. Thus this flow has the expected U1 ⊕ U1 symmetry.

Thus the I∗0 and I∗1 series interpreted in terms of gauged rank-0 CFTs pass all RG flow

tests we have checked.

6 Summary and open questions

This is the second paper in a series of three. In the first we developed a strategy for classifying

physical rank-1 CB geometries of N = 2 SCFTs. In this paper we have shown how to carry

out this strategy computationally. We find that each geometry can be uniquely labeled (with

one exception) by its “deformation pattern” which simply lists the set of Kodaira singularities

the given initial scale invariant singularity splits into under generic deformation. The full list

is reported in table 1.

We developed a method for explicitly constructing the SW curves of the submaximal

deformations using the known curves for the maximal deformations. We also constructed SW

one-forms for each curve each by slightly generalizing a technique presented in [4, 5]. The

explicit curves and one-forms determine the flavor symmetry for each entry in table 1.

We discussed at length physical consistency of the geometries under arbitrary RG flows.

This is an extra, quite restrictive, condition that each geometry must satisfy. The geometries

which pass it do so in intricate and non-trivial ways, while those that do not are shown in

blue in table 1.

In section 5.3 we pointed out that if one assumes the existence of two isolated rank-0

SCFTs — which we labeled as X0 and X1 — then an extra 5 theories (the I∗0 and I∗1 series)

pass the RG flow test. We have also shown that the geometries which assume the existence

of frozen III∗ and IV ∗ singularities are physically consistent, and so their existence would

imply the existence of 4 more SCFTs (the III∗ and IV ∗ series).

Our constructions and results raise some questions:

• Uniqueness of curves with a given deformation pattern. It is not obvious that

the pattern of a deformation uniquely characterizes the monodromies of the deformation,

let alone the analytic form of the curve. There are three obvious braid and SL(2,Z)

invariants of a set of monodromies {Ka}:

– the deformation pattern,

– the SL(2,Z) conjugacy class [K0] of the total monodromy,

– and the number ℓ := gcd{〈za,zb〉,∀a, b}.

The “asymptotic charge invariant” ℓ was introduced in [17], who also conjectured that

the last two invariants uniquely characterize the orbit of the monodromy set {Ka} under
the combined action of the braid group and overall SL(2,Z) conjugation.10 In this paper

10In [17] only maximal deformation patterns were considered.
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we have ignored the asymptotic charge invariant. While we have no proof that ℓ can be

neglected in general, we have found no examples of deformations of Kodaira singularities

belonging to the same monodromy class [K0] with the same deformation patterns but

different ℓ.

Furthermore, we find only a single curve up to analytic equivalence for each deformation

pattern although we have no proof that this needs to be the case. In many cases we

performed lengthy direct searches for curves with appropriate discriminant factorization

patterns, and in each case only found a single solution.

• Theory of the SW one form. Our strategy for showing the existence of a SW

one-form using the MN ansatz was highly over-constrained, but in each case yielded

solutions. Furthermore, in most cases we find a multi-parameter family of solutions

which are nevertheless physically equivalent. This suggests we are missing a more

efficient global and possibly geometric argument for the existence of the one form.

• New exotic isolated SCFTs. We have pointed out that the assumption of the

existence of five new exotic frozen SCFTs leads to the existence of nine physically

consistent rank-1 CB geometries. These five SCFTs are: a frozen III∗ compatible with

Q = 1 charge quantization, a frozen IV ∗ compatible with Q = 1 and one compatible

with Q =
√
2 charge quantization, and two rank 0-theories X0 and X1, with flavor

groups F0,1 with maximal subgroup su(2) ⊂ F0,1. Using S-duality type techniques, we

can extract information on the value of the flavor central charges of the X0 and X1

singularities. Can other techniques support or rule out the existence of these theories?

• Generalization to higher ranks. In the rank 1 case the safely irrelevant conjec-

ture, together with the Dirac quantization conditions and the constraint of the total

monodromy, allowed for a consistent and complete classification. In principle our con-

struction can be generalized to any rank, but computationally, the problem becomes

considerably more complicated already at rank 2. This is due both to the more com-

plicated structure of singularities allowed for a 2-dimensional Coulomb branch and the

intricacy of the analysis of the conjugacy classes of sp(4,Z) EM duality group. We have

recently made progress in the classification of the rank 2 scale-invariant singularities

[15] but at the moment the classification of physical deformations appears out of reach.

Mathematical complications aside, it is an interesting question whether the set of phys-

ical conditions outlined in this paper would enable a complete classification of SCFT

CB geometries at ranks 2 and higher.
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A Curves and one forms

In this section we report the curves and the one-forms of all the deformations listed in table

1 except for those of the maximal deformations of the I∗0 , II
∗, III∗ and IV ∗ singularities

which can be found in [3–5].

Recall that in section 4 we introduced (xω, yω) which are proportional to the coordinates

(x, y) of the one-form pole, and are defined by

xω := ω(m)2 x, yω := ω(m)3 y, (A.1)

where rω(m) is the residue associated to the pole and depends linearly on the m. We

find explicit expressions for the one-form by solving for pole positions (xω, yω) depending

polynomially on the linear masses m and vev u. We restrict ourselves to searching for x pole

positions at most quadratic in u. If there is more than one solution for the pole position, we

label them by subscripts on their residues, as riωi. The coefficients ri can be reabsorbed into

the definition of ωi, as discussed in section 4, but it is more convenient to keep them explicit

in cases with multiple pole position solutions.

A.1 Deformations of the II∗ singularity

The undeformed II∗ singularity is given in table 2. It is easy to see that a linear u-dependence

for x cannot work for the II∗ singularity: if the pole location x depended on u linearly, we

would need to find a solution for y2 = P (u) with P (u) a fifth order polynomial in u, with

y polynomial in u, which is not possible. Throughout this subsection we thus consider only

poles of the form

x(u,m) = ω(m)−2
(
u2 +Ru+ S

)
, y(u,m) = ω(m)−3

(
u3 + Ju2 +Ku+ L

)
, (A.2)

where ω(m), R, S, J , K and L are polynomials of the linear masses we need to solve for.

Their mass dimensions are fixed by the u mass dimension: ∆(u) = 6 implies ∆(R) = 6,

∆(S) = 12, ∆(J) = 6, ∆(K) = 12, ∆(L) = 18, and ∆(ω(m)) = 1.

In the II∗ case ∆(u) > 2 so there is no µ parameter in the MN-ansatz (4.1).

A.1.1 {I61 , I4} with sp(10) flavor symmetry

The {I61 , I4} deformation of the II∗ singularity has curve

y2 = x3 + 3x
[
2u3M2 + u2

(
M2

4 − 2M8

)
+ 2uM4M10 −M2

10

]

+ 2
[
u5 + u4M6 + u3

(
2M3

4 − 3M4M8 − 3M2M10

)
(A.3)

+ 3u2M8M10 − 3uM4M
2
10 +M3

10

]
.
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Its spectrum of dimensions of mass invariants implies it has a discrete Weyl(B5) ≃ Weyl(C5)

group of symmetries acting on the linear masses m.

Choose a basis, m = mie
i, of the linear masses so that Weyl(BC5) ≃ S5 ⋉ Z

5
2 acts

by permutations and independent sign flips of the five mi, and define a standard basis of

Weyl(BC5) invariant polynomials by

N2k :=
∑

i1<···<ik

m2
i1 · · ·m2

ik
(A.4)

for k = 1, . . . , 5. Then either by restriction from the maximal deformation of the II∗ singular-

ity (described in section 3.2), or by solving the factorization condition for the MN ansatz for

the SW one-form, or by demanding increased zero multiplicities of the curve’s discriminant

when α(m) = 0 for α’s fixed by the Weyl group, we find the same dependence, Md(m), of

the invariant masses appearing in the curve (A.3) on the linear masses:

M10 = −2592N10,

M8 =
45

8
N4

2 − 45N2
2N4 + 90N2

4 + 216N8,

M6 = −9

2
N3

2 + 18N2N4 − 108N6, (A.5)

M4 = 3N2
2 − 12N4,

M2 = N2.

We solve for the one-form using the MN ansastz (4.1). We tried two choices11 for ω(m),

ω(m) = m1 +m2, (A.6)

and ω(m) = m1. (Note that the normalizations of these ω’s are arbitrary in the sense that

they can be absorbed in a rescaling of the coefficient r in the ansatz for xω.) There is no

solution to the curve factorization condition for the second choice. A single solution for the

first choice (A.6) is found by parameterizing the possible mass polynomials appearing in xω
and yω in terms of a basis of invariant polynomials for the stabilizer subgroup of ω(m) in

Weyl(BC5). This subgroup is Z2 ×Weyl(BC3) where the Z2 interchanges m1 and m2, while

Weyl(BC3) acts on m3,4,5 in the usual way. So define a basis of its invariant polynomials by

S1 := m1 +m2, S2 := m1m2, T2k :=
∑

i1<···<ik
3≤ij≤5

m2
i1 · · ·m2

ik
, k = {1, 2, 3}. (A.7)

11For all other deformations considered in this paper, the algebra is simple enough that we can take a general

linear ansatz for ω(m) and solve for it simultaneously with the curve factorization, and so do not need to make

additional choices restricting the possible residues.
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Then the solution for the pole position (xω, yω) for which the curve is a perfect square is

(i
√
6)2xω = u2 + 18u

[
S6
1 + S4

1 (5S2 − 2T2)− S2
1

(
2S2T2 − T 2

2 + 4T4

)
− 3S2

(
T 2
2 − 4T4

)]

+ 243S2
2

[
3S8

1 − 12S6
1T2 + 6S4

1

(
3T 2

2 − 4T4

)

− 4S2
1

(
3T 3

2 − 12T2T4 + 32T6

)
+ 3

(
T 2
2 − 4T4

)2]
,

(i
√
6)3yω = u3 − 27u2

[
3S6

1 + S4
1 (3S2 − 2T2) + 3S2

(
T 2
2 − 4T4

)
+ S2

1

(
2S2T2 − T 2

2 + 4T4

)]

− 729uS2

[
S10
1 + S8

1 (5S2 − 4T2)− 2S6
1

(
6S2T2 − 3T 2

2 + 4T4

)

+ 2S4
1

(
S2

[
3T 2

2 − 4T4

]
− 2

[
T 3
2 − 4T2T4 + 16T6

])

+ S2
1

([
T 2
2 − 4T4

]2 − 3S2

[
T 2
2 − 4T4

]2
+ 4S2

[
T 3
2 − 4T2T4 + 16T6

])]

− 19683S3
2

[
S4
1 − 2S2

1T2 + T 2
2 − 4T4

] [
S8
1 − 4S6

1T2 + S4
1

(
6T 2

2 − 8T4

)

+
(
T 2
2 − 4T4

)2 − 4S2
1

(
T 3
2 − 4T2T4 + 16T6

)]
. (A.8)

Weyl invariance of the curve implies that it factorizes for all ω’s in the orbit of (A.6).

Summing over these 40 poles in the x-plane in the MN ansatz (4.1) for the SW 1-form and

imposing the differential condition (2.2) (over-)determines the remaining parameters of the

1-form to be

a =
7

9
i
√
6, c = −10

9
i
√
6, W = 36i

√
6 (N2N4 − 6N6) , (A.9)

where we have fixed the overall normalization by choosing the 1-form normalization constant,

κ := 2a− c = 8
3 i
√
6.

The residues at the poles, ω(m), are

ω(m) = ±mi ±mj, for 1 ≤ i 6= j ≤ 5. (A.10)

The integral span of (A.10) is the root lattice of C5, and is not the B5 root lattice. Thus

we conclude that (A.3) describes a CFT with C5 ≃ sp(10) symmetry group. This conclusion

agrees with the identification of the flavor symmetry of the rank-5 deformation of the II∗

singularity based on S-dualities [40].

A.1.2 {I21 , I24} with sp(4) flavor symmetry

The {I21 , I24} deformation of the II∗ singularity has curve

y2 = x3 + x
[
u3L2 + u2L8 + uL14 + L20

]
+
[
2u5 + u3L12 + u2L18 + uL24 + L30

]
(A.11)
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where

L30 = − 1024

2278125
M15

2 +
8192

151875
M13

2 M4 −
38912

50625
M11

2 M2
4 +

2601472

455625
M9

2M
3
4 − 3891968

151875
M7

2M
4
4

+
6143488

84375
M5

2M
5
4 − 2227712

18225
M3

2M
6
4 +

896

9
M2M

7
4 ,

L24 = − 256

10125
M12

2 − 1024

10125
M10

2 M4 +
24704

10125
M8

2M
2
4 − 172544

10125
M6

2M
3
4 +

568384

10125
M4

2M
4
4

− 40064

405
M2

2M
5
4 +

160

3
M6

4 ,

L20 =
64

3375
M10

2 − 2048

3375
M8

2M4 +
55042

1125
M6

2M
2
4 − 64576

3375
M4

2M
3
4 +

5072

135
M2

2M
4
4 − 32M5

4 ,

L18 =
64

225
M9

2 − 1024

675
M7

2M4 +
1472

225
M5

2M
2
4 − 2656

225
M3

2M
3
4 +

544

27
M2M

4
4 ,

L14 =
32

225
M7

2 +
128

75
M5

2M4 −
272

25
M3

2M
2
4 +

208

9
M2M

3
4 ,

L12 = −112

135
M6

2 +
64

15
M4

2M4 −
824

45
M2

2M
2
4 +

560

27
M3

4 ,

L8 = −28

15
M4

2 +
32

15
M2

2M4 −
20M2

4

3
,

L2 = 4M2. (A.12)

Its spectrum of dimensions of mass invariants implies it has a discrete Weyl(C2) group of

symmetries acting on the linear masses m.

Choose a basis, m = mie
i, of the linear masses so that Weyl(C2) ≃ S2 ⋉ Z

2
2 acts by

permutations and independent sign flips of the twomi, and define a standard basis of Weyl(C2)

invariant polynomials

N2 := m2
1 +m2

2, N4 := m2
1m

2
2. (A.13)

Then either by solving the factorization condition for the MN ansatz for the SW one-form,

or by demanding increased zero multiplicities of the curve’s discriminant when α(m) = 0 for

α’s fixed by the Weyl group, we find the same dependence, Md(m), of the invariant masses

appearing in the curve (A.11) on the linear masses:

M4 = N4, M2 = N2. (A.14)

We find three solutions for pole positions for which the curve factorizes:

r1ω1(m) := r1m1,

(15i)2xω1 = 225u2 + u
(
30m6

1 − 180m4
1m

2
2 − 180m2

1m
4
2 − 120m6

2

)
− 24m12

1 + 88m10
1 m2

2

− 276m8
1m

4
2 + 464m6

1m
6
2 − 16m4

1m
8
2 + 48m2

1m
10
2 + 16m12

2 ,

(15i)3yω1 =
(
15u− 4m6

1 − 26m4
1m

2
2 + 4m2

1m
4
2 − 4m6

2

)2

·
(
15u− 4m6

1 + 4m4
1m

2
2 − 26m2

1m
4
2 − 4m6

2

)
;
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r2ω2(m) := r2m1,

(30i)2xω2 = 225u2 + u
(
−1320m6

1 + 2520m4
1m

2
2 − 180m2

1m
4
2 − 120m6

2

)
+ 336m12

1

− 992m10
1 m2

2 + 2784m8
1m

4
2 − 3856m6

1m
6
2 + 164m4

1m
8
2 + 48m2

1m
10
2 + 16m12

2 ,

(30i)3yω2 =
(
15u− 4m6

1 + 4m4
1m

2
2 − 26m2

1m
4
2 − 4m6

2

)2
(A.15)

·
(
15u+ 356m6

1 − 236m4
1m

2
2 + 34m2

1m
4
2 − 4m6

2

)
;

r3ω3(m) := r3 (m1 +m2),

(15i)2xω3 = 225u2 + u
(
30m6

1 + 300m5
1m2 − 30m4

1m
2
2 + 300m3

1m
3
2 − 30m2

1m
4
2 + 300m1m

5
2

+ 30m6
2

)
− 24m12

1 − 80m11
1 m2 + 48m10

1 m2
2 − 276m8

1m
4
2 − 520m7

1m
5
2

+ 204m6
1m

6
2 − 520m5

1m
7
2 − 276m4

1m
8
2 + 48m2

1m
10
2 − 80m1m

11
2 − 24m12

2 ,

(15i)3yω3 =
(
15u− 4m6

1 + 4m4
1m

2
2 − 26m2

1m
4
2 − 4m6

2

)

·
(
15u− 4m6

1 − 26m4
1m

2
2 + 4m2

1m
4
2 − 4m6

2

)

·
(
15u− 4m6

1 + 34m4
1m

2
2 + 90m3

1m
3
2 + 34m2

1m
4
2 − 4m6

2

)
.

Summing over the Weyl(C2) orbits of these poles in the x-plane in the MN ansatz (4.1)

for the SW 1-form, imposing the differential condition (2.2) and choosing the normalization

2a− c = i/2 gives a two-parameter family of solutions:

a =
i

12
(r1 + 4r2 + 2r3) , c =

i

3
(2r1 − r2 − 2r3) , 1 = −r1 + 2r2 + 2r3,

W =− i

15
N2

{
(2r1 + 8r2 + 4r3)N

2
2 − (8r1 + 17r2 + 16r3)N4

}
. (A.16)

A.1.3 {I41 , I∗0} with F4 flavor symmetry

The {I41 , I∗0} deformation of the II∗ singularity has curve

y2 = x3 + 3x[2u3M2 + u2M8] + 2[u5 + u4M6 + u3M12] (A.17)

The spectrum of dimensions of the masses is {2, 6, 8, 12} which implies that the curve has a

discrete Weyl(F4) group of symmetries acting on the linear masses m.

To construct a standard basis of Weyl(F4) invariant polynomials, first choose a basis,

m = mie
i, of the linear masses so that Weyl(BC4)≃ S4 ⋉ Z

4
2 acts by permutations and

independent sign flips of the four mi, and define the standard basis of Weyl(BC4) invariant

polynomials:

P2k :=
∑

i1<..<ik

m2
i1 ...m

2
ik

(A.18)

for k = 1, ..., 4. Now exploit the fact that Weyl(F4) is Weyl(BC4) plus two extra generators

{O1,O2} which act on the mi as

O1 :=





m1 → 1
2 ( m1 −m2 −m3 −m4)

m2 → 1
2 (−m1 +m2 −m3 −m4)

m3 → 1
2 (−m1 −m2 +m3 −m4)

m4 → 1
2 (−m1 −m2 −m3 +m4)

, O2 :=





m1 → 1
2(m1 +m2 +m3 +m4)

m2 → 1
2(m1 +m2 −m3 −m4)

m3 → 1
2(m1 −m2 +m3 −m4)

m4 → 1
2(m1 −m2 −m3 +m4)

.

(A.19)
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A basis of Weyl(F4) invariant polynomials is then independent combinations of the P2k’s in

(A.18) which are invariant under the (A.19) action. One such basis is

N2 = P2, N8 = 12P8 − 3P2P6 + P 2
4 , (A.20)

N6 = 6P6 − P2P4, N12 = 288P4P8 − 27P 3
2 P6 − 8P 3

4 + 12P 2
2 P

2
4 .

Then either by solving the factorization condition for the MN ansatz for the the SW

one-form, or by demanding increased zero multiplicities of the curve’s discriminant when

α(m) = 0 for α’s fixed by the Weyl group, we find the following dependence of the Md on

the linear masses:

M2 = N2, M8 = −36N8, (A.21)

M6 = −18N6, M12 = −81N2
6 − 243N2

2N8 + 27N12.

We find two solutions for pole positions for which the curve factorizes:

r1 ω1(m) := r1 (m1 +m2),

(i
√
3)2xω1 = u2 + 18u(m1 +m2)

2
(
2m2

1m
2
2 − (m2

1 +m2
2)(m

2
3 +m2

4) + 2m2
3m

2
4

)
,

(i
√
3)3yω1 = u3 − 54u2(m1 +m2)

2
(
m1m2(m

2
1 +m2

2 +m1m2 −m2
3 −m2

4)−m2
3m

2
4

)
,

r2 ω2(m) := r2 (2m1), (A.22)

(i
√
3)2xω2 = u2 + 36u(9m6

1 − 5m4
1S2 +m2

1S4 + 3S6) + 2916T 2
6 ,

(i
√
3)3yω2 = u3 − 54u2(15m6

1 − 3m4
1S2 −m2

1S4 − 3S6)

− 2916u(9m6
1 − 5m4

1S2 +m2
1S4 + 3S6)T6 − 157464T 3

6 ,

where

S2k :=
∑

2≤j1<..<jk≤4

m2
j1 ...m

2
jk
, T6 :=

∏

2≤j≤4

(m2
1 −m2

j). (A.23)

Summing over the Weyl(F4) orbits of these poles in the x-plane in the MN ansatz (4.1)

for the SW 1-form, imposing the differential condition (2.2) and choosing the normalization

2a− c = −i4
√
3 gives a unique solution for the SW one-form:

a = 0, c = 4i
√
3, W = 18i

√
3(4N6 +N3

2 ), r1 = −4, r2 = 1. (A.24)

Note that the residues fill out the F4 root lattice.

A.1.4 {I31 , I∗1} with sp(6) or so(7) flavor symmetry

The {I31 , I∗1} deformation of the II∗ singularity has curve

y2 = x3 + 3xu2(2uM2 −M2
4 ) + 2u3(u2 +M3

4 + uM6). (A.25)

From the spectrum of theM ’s, {2, 4, 6}, we infer that the curve is invariant under the reflection
group S3 ⋉ Z

3
2 ≃ Weyl(B3) ≃ Weyl(C3) and thus the curve corresponds to a conformal field
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theory with flavor symmetry group either B3 ≃ so(7) or C3 ≃ sp(6). Introducing a basis of

homogeneous Weyl(BC3) invariant polynomials,

N2 = m2
1 +m2

2 +m2
3, N4 = m2

1m
2
2 +m2

2m
2
3 +m2

1m
2
3, N6 = m2

1m
2
2m

2
3, (A.26)

we find that

M2 = N2, M4 =
3

2
N2

2 − 6N4, M6 = −9

2
N3

2 + 18N2N4 − 108N6. (A.27)

The following pole positions solve the curve factorization problem:

r1 ω1(m) := r1m1,
(
i
√
6
)2

xω1 = u2 + 18u m2
1

(
m4

1 − 2m2
1(m

2
2 +m2

3) + (m2
2 −m2

3)
2
)
,

(
i
√
6
)3

yω1 = u3 − 27u2m2
1

(
3m4

1 + 2m2
1(m

2
2 +m2

3)− (m2
2 −m2

3)
2
)
,

r2 ω2(m) := r2 (m1 +m2 +m3),
(
i
√

3/2
)2

xω2 = u2 − 9

4
u(m1 +m2 +m3)

2
(
m4

1 − 2m2
1(m

2
2 +m2

3) + (m2
2 −m2

3)
2
)
,

(
i
√

3/2
)3

yω2 = u3 − 27u2(m1 +m2 +m3)
3m1m2m3,

r3 ω3(m) := r3 (m1 +m2), (A.28)
(
i
√
6
)2

xω3 = u2 + 18u(S2 −m2
3)
(
(S2 − 2m1m2)(S2 + 5m1m2)− (S2 − 3m1m2)m

2
3

)

+ 729m2
1m

2
2(S2 −m2

3)
4,

(
i
√
6
)3

yω3 = u3 − 27u2
(
3S2

2(S2 +m1m2)− 2S2(S2 −m1m2)m
2
3 − (S2 − 3m1m2)m

4
3

)

− 729um1m2(S2 −m2
3)

3
(
S2(S2 + 5m1m2)− (S2 − 3m1m2)m

2
3

)

− 19683m3
1m

3
2(S2 −m2

3)
6,

where S2 := (m1 +m2)
2.

After solving the differential equation, we obtain a two-parameter family of solutions for

the SW one-form:

a =
i

6
√
6
(−3r1 + 4r2 + 18r3), c =

i

3
√
6
(3r1 − 8r2 − 6r3),

W = −i36
√
6(N4N2 + 6r3N6), 1 = r1 − 2r2 − 4r3, (A.29)

where we imposed the 1-form normalization 2a− c = −i
√

2/3.

Choosing particular values of the ri’s, we find solutions of the residues which generate

both the C3 and B3 root lattices. For example, for (r1, r2, r3) = (1,−1, 1/2) the residues in

(A.28) generate a face-centered cubic lattice (C3 root lattice), while for (r1, r2, r3) = (1, 0, 0)

a simple cubic lattice (B3 root lattice). Thus in this case, there are two distinct physical CB

geometries, one corresponding to flavor symmetry B3 and the other to C3.
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A.1.5 {I21 , IV ∗} with G2 flavor symmetry

The {I21 , IV ∗} deformation of the II∗ singularity has the form:

y2 = x3 − 1

8
x(2u−M6)

3M2 −
1

8
(2u−M6)

4(u+ 2M6). (A.30)

In this case the spectrum of dimensions of the masses, {2, 6}, indicates that the curve is

invariant under the action of the Weyl(G2) ≃ D6, where D6 is the dihedral group of order 6.

Thus this curve describes a CFT with G2 flavor group.

Choose a basis of the linear masses, m = sum3
i=1mie

i with
∑3

i=1 mi = 0, so that

Weyl(G2) acts as permutations of the three mi and by an overall sign change. Then a

basis of Weyl(G2)-invariant polynomials is

N2 := m2
1 −m1m2 +m2

2, N6 := m2
1(m1 −m2)

2m2
2. (A.31)

Then we find the same dependence of the Md on the linear masses to be simply

M2 = N2, M6 = N6. (A.32)

We find two solutions for pole positions for which the curve factorizes:

r1 ω1(m) := r1 m1,

(10i)2 xω1 = (10u−M6)
2,

(10i)3 yω1 = (10u−M6)
2
(
10u+m2

1(m1 −m2)m2(9m
2
1 +M2)

)
,

r2 ω2(m) := r2 (m1 +m2),

(10i)2 xω2 = 100u2 − 60um2
1m

2
2(7m

2
1 + 6m1m2 + 7m2

2) (A.33)

+m4
1m

4
2(41m

4
1 − 44m3

1m2 + 406m2
1m

2
2 − 44m1m

3
2 + 41m4

2),

(10i)3 yω2 = 1000u3 + 300u2m1m2(10m
4
1 + 19m3

1m2 + 42m2
1m

2
2 + 19m1m

3
2 + 10m4

2)

− 30um3
1m

3
2(20m

6
1 −m5

1m2 + 424m4
1m

2
2 + 314m3

1m
3
2 + 424m2

1m
4
2

−m1m
5
2 + 20m6

2)

+m5
1m

5
2(30m

8
1 − 61m7

1m2 + 1266m6
1m

2
2 − 1395m5

1m
3
2 + 8320m4

1m
4
2

− 1395m3
1m

5
2 + 1266m2

1m
6
2 − 61m1m

7
2 + 30m8

2).

Summing over the Weyl(G2) orbits of these poles in the x-plane in the MN ansatz (4.1)

for the SW 1-form, imposing the differential condition (2.2) and (arbitrarily) choosing the

normalization 2a− c = 2i gives a unique solution for the SW one-form:

a =
i

2
, c = −i, W =

3i

10
M6, r1 = 1, r2 = 0. (A.34)
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A.1.6 {I2, IV ∗} with su(2) flavor symmetry

The {I2, IV ∗} deformation of the II∗ singularity has the form:

y2 = x3 − 6xM2

(
5u− 2

5
M3

2

)3

− 2

(
u− 2

5
M3

2

)4(
u+

8

5
M3

2

)
. (A.35)

From the spectrum of its mass invariants, namely {2}, it follows that this curve is invariant

under the action of Weyl(A1) ≃ Z2. In this case the root lattice is only one dimensional and

thus there is no ambiguity in defining the invariant polynomial M2 in terms of a linear mass

(the overall normalization is irrelevant),

M2 = m2, (A.36)

where Weyl(A1) acts on m by a sign change.

The factorization solutions for the curve are:

r1ω1(m) := r1m,

(i)2 xω1 =

(
u− 1

160
m6

)2

,

(i)3 yω1 =

(
u+

39

160
m6

)(
u− 1

160
m6

)2

,

r2ω2(m) := r2m, (A.37)

(i/2)2 xω2 =

(
u− 1

160
m6

)2

,

(i/2)3 yω2 =

(
u− 3

80
m6

)(
u− 1

160
m6

)2

,

r3ω3(m) := r3m,

(3i/2)2 xω3 = u2 − 141

80
um6 +

1881

25600
m12,

(3i/2)3 yω3 =

(
u− 3

80
m6

)(
u2 − 399

80
um6 − 13599

25600
m12

)
.

Summing over the Weyl orbits of these pole solutions in the MN ansatz (4.1) for the

SW 1-form and imposing the differential condition (2.2) we find a two-parameter family of

solutions for the one-form:

a =
i

18
(9r1 + 36r2 + 20r3), c =

i

9
(−3r1 − 18r2 − 10r3),

W =
i

160
(−3r1 − 12r2 + 20r3)M

3
2 , 1 = 2r1 + 9r2 + 5r3, (A.38)

where we have arbitrarily normalized the 1-form so that 2a− c = 2i/3.
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A.1.7 {I1, III∗} with su(2) flavor symmetry

The {I1, III∗} deformation of the II∗ singularity has the form

y2 = x3 − 2xu3M2 − 2u5. (A.39)

The spectrum of the mass invariants implies that this curve is invariant under the action of

the Weyl(A1) ≃ Z2 group. So we can take

M2 = m2, (A.40)

where Weyl(A1) acts on m as a sign change.

We find only two inequivalent solutions for the pole positions,

r1 ω1(m) := r1m,

(i)2 xω1 = u2,

(i)3 yω1 = u3,

r2 ω2(m) := r2m,

(2i)2 xω2 = u2 − 12um6 + 4m12,

(2i)3 yω2 = u3 + 30u2m6 − 36um12 + 8m18.

Summing over the Weyl orbits of these pole solutions in the MN ansatz (4.1) for the

SW 1-form and imposing the differential condition (2.2) we find a one-parameter family of

solutions for the one-form:

a =
i

12
(4r1 − 11r2), c =

i

6
(−2r1 + r2), W = ir2M

3
2 , 1 = r1 − 2r2, (A.41)

where we have normalized the one form by choosing 2a− c = i.

A.2 Deformations of the III∗ singularity

Both the quadratic and linear ansatz are consistent for the x pole position for the III∗ curve.

In this subsection we will thus consider poles of the form

x = ω(m)−2 (u2 +Ru+ S), y = ω(m)−3 (u3 + Ju2 +Ku+ L), (A.42)

for the quadratic ansatz, and

x = R′u+ S′, y = T ′u2 +K ′u+ L′, (A.43)

for the linear ansatz. Here the coefficients are polynomials of the linear masses we will solve

for. ∆(u) = 4 implies ∆(R) = 4, ∆(S) = 8, ∆(J) = 4, ∆(K) = 8, ∆(L) = 12, ∆(R′) = 2,

∆(S′) = 6, ∆(T ′) = 1, ∆(K ′) = 5 and ∆(L′) = 9. Furthermore, from the form of the III∗

curve (see table 2), it easily follows that T ′ ∝ ω(m) and R′ ∝ ω(m)2.

Also in the III∗ case ∆(u) > 2 so there is no µ parameter in the MN-ansatz (4.1).
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A.2.1 {I51 , I4} with sp(6)⊕ su(2) flavor symmetry

The {I51 , I4} deformation of the III∗ singularity has curve

y2 = x3 + x[12u3 + u2(−4M2
2 −M4) + 12uM2M6 − 3M2

6 ] (A.44)

− 12u4(2M2 + 3M̃2) + 2u3(M2M4 + 6M6)− u2(16M2
2 +M4)M6 + 12uM2M

2
6 − 2M3

6 .

Its spectrum of dimensions, {2, 2, 4, 6}, of mass invariants implies it has a discrete Weyl(BC3⊕
A1) group of symmetries acting on the linear masses m.

Choose a basis, m = m̃ẽ+
∑3

i=1 mie
i, of the linear masses so that Weyl(BC3) ≃ S3⋉Z

3
2

acts by permutations and independent sign flips of the three mi, and Weyl(A1) ≃ Z2 acts by

sign flip of the m̃ mass. Then a standard basis of Weyl(BC3 ⊕A1) invariant polynomials is

Ñ2 := m̃2, N2 :=
∑

i

m2
i , N4 :=

∑

i>j

m2
im

2
j , N6 := m2

1m
2
2m

2
3. (A.45)

Then either by solving the factorization condition for the MN ansatz for the SW one-form,

or by demanding increased zero multiplicities of the curve’s discriminant when α(m) = 0 for

α’s fixed by the Weyl group, we find the same dependence, Md(m), of the invariant masses

appearing in the curve (A.44) on the linear masses:

M̃2 = 24Ñ2, M2 = 6(N2 − 4Ñ2), M4 = 1296N4 − 36(N2 − 4Ñ2)
2, M6 = 2592N6.

(A.46)

Solving for the one-form using the MN ansatz (4.1) trying both a quadratic and a linear

ansatz for the pole position and we find four solutions for pole positions for which the curve

factorizes,

r1 ω1(m) := r1 m̃,

(i
√
6 m̃)−2xω1 = 2u(4m̃2 −N2) + 432N6,

(i
√
6 m̃)−3yω1 = 2u2m̃;

ω2(m) := r2 m̃+ r′2m1,

(i
√
6ω2)

−2xω2 = 2u
[
U1(U1 + 4m1)− T2

]
+ 324m2

1

[
3U4

1 − 6U2
1T2 + 3T 2

2 − 8T4

]
,

(i
√
6ω2)

−3yω2 = u2
[
U1 +m1

]
+ 54um1

[
U3
1 (U1 + 4m1)− 2U1(U1 + 2m1)T2

+ T 2
2 − 4T4

]
+ 5832m3

1

[
U2
1 − T2

]
·
[
U4
1 − 2U2

1T2 + T 2
2 − 4T4

]
,

r3 ω3(m) := r3 m̃, (A.47)

(i
√
6)2xω3 = u2 − 18u

[
80m̃4 − 8m̃2N2 − 3N2

2 + 12N4

]
+ 243

[
768m̃8 − 768m̃6N2

+ 96m̃4(3N2
2 − 4N4)− 16m̃2(3N3

2 − 12N2N4 + 32N6) + 3(N2
2 − 4N4)

2
]
,

(i
√
6)3yω3 = u3 + 27u2

[
48m̃4 + 8m̃2N2 + 3N2

2 − 12N4

]
− 729u

[
1280m̃8 − 768m̃6N2

+ 32m̃4(3N2
2 − 4N4) + 16m̃2(N3

2 − 4N2N4 + 16N6)− 3(N2
2 − 4N4)

2
]

+ 19683(16m̃4 − 8m̃2N2 +N2
2 − 4N4)

[
256m̃8 − 256m̃6N2
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+ 32m̃4(3N2
2 − 4N4)− 16m̃2(N3

2 − 4N2N4 + 16N6) + (N2
2 − 4N4)

2
]
;

r4 ω4(m) := r4 (m1 +m2),

(i
√
6)2xω4 = u2 − 72u

[
S2
1(S2 + S2

1) + (3S2 − S2
1)(4m̃

2 −m2
3)
]

+ 3888S2
2

[
3(4m̃2 −m2

3)
2 − 2S2

1(12m̃
2 +m2

3) + 3S4
1

]
,

(i
√
6)3yω4 = u3 − 108u2

[
(4m̃2 −m2

3)(3S2 − S2
1) + S2

1(S2 − S2
1)
]
− 11664uS2

[
S4
1(S

2
1 + S2)

(4m̃2 −m2
3)

2(S2
1 − 3S2)− 2(4m̃2 +m2

3)S
2
1(S

2
1 − S2)

]

− 1259712S3
2

[
4m̃2 −m2

3 − S2
1

]
·
[
(4m̃2 −m2

3)
2 − 2S2

1(4m̃
2 +m2

3) + S4
1

]
,

where U1 := 2m̃ +m1, T2 := m2
2 +m2

3, T4 := m2
2m

2
3, S1 := m1 +m2 andS2 := m1m2. Since

the second pole solution has two independent normalizations for its residues, r2 and r′2, we

have included them in the definition of ω2, unlike in the other cases. The “ω2” appearing in

the prefactors of xω2 and yω2 stands for ω2(m).

Summing over the Weyl orbits of these poles in the x-plane in the MN ansatz (4.1) for

the SW 1-form and imposing the differential condition (2.2), we find a 3-parameter family of

solutions

a = 8

√
3

2
(4r1 − 16r2 − 5r3 − 5r4), c =

3

4

√
3

2
(r3 + 4r4),

W =

√
2

3

(
r3N

2
2 − (16r2 − 2r3)N4

)
, 3 = r1 − 4r2 − 2r3 − 4r4, (A.48)

where we have arbitrarily chosen to normalize the one-form by setting 2a− c = 3
√

3/2.

A.2.2 {I31 , I∗0} with so(7) flavor symmetry

The {I31 , I∗0} deformation of the III∗ singularity has curve

y2 = x3 + 3x(u3 + u2M4) + 2(u4M2 + u3M6) (A.49)

The spectrum of dimensions of invariant masses is {2, 4, 6} which implies that the curve has

a discrete Weyl(BC3) group of symmetries acting on the linear masses m.

Choose a basis, m = mie
i, of the linear masses so that the Weyl(BC3) ≃ S3 ⋉ Z

3
2 acts

by permutations and sign flips of the three mi. Then a basis of invariant polynomials is

N2k =
∑

i1<...<ik

m2
i1 ...m

2
ik

(A.50)

for k = 1, 2, 3. Then either by solving the factorization condition for the MN ansatz for the

the SW one-form, or by demanding increased zero multiplicities of the curve’s discriminant

when α(m) = 0 for α’s fixed by the Weyl group, we find the following dependence of the

invariant mass polynomials Md(m)

M2 = N2, M4 = −4

9
N2

2 +
4

3
N4, M6 = − 8

27
N3

2 +
4

3
N2N4 − 4N6. (A.51)
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We find pole positions for which the curve factorizes:

r1 ω1 = r1 m1,

(
√

2/3m1)
−2 xω1 = u (2m2

1 −m2
2 −m2

3),

(
√

2/3m1)
−3 yω1 =

9

2
u2m1,

r2 ω2(m) = r2 (m1 +m2 +m3),

(
√

2/3S1)
−2xω2 = 2u (S2

1 + S2) + 4S2
3 ,

(
√

2/3S1)
−3yω2 =

9

2
u2S1 + 6uS3(S

2
1 + S2) + 8S3

3 ,

r3 ω3(m) = r3 m1,
(
2
√

2/3
)2

xω3 = u2 − 8

9
u (5m4

1 −m2
1T2 − 3T4) +

16

9
(m4

1 −m2
1T2 + T4)

2, (A.52)

(
2
√

2/3
)3

yω3 = u3 − 16

9
u (m4

1 −m2
1T2 + T4)(5m

4
1 −m2

1T2 − 3T4)

+
4

3
u2(3m4

1 +m2
1T2 + 3T4) +

64

27
(m4

1 −m2
1T2 + T4)

3,

r4 ω4(m) = r4 (m1 +m2),
(√

2/3
)2

xω4 = u2 − 4

9
u (m1 +m2)

2(m2
1 +m2

2 − 2m2
3),

(√
2/3
)3

yω4 = u3 +
4

3
u2 (m1 +m2)

2(m1m2 +m2
3),

where S1 := m1+m2+m3, S2 := m1m2+m2m3+m3m1, S3 := (m1+m2)(m2+m3)(m3+m1),

T2 := m2
2 +m2

3, and T4 := m2
2m

2
3.

Summing over the Weyl orbits of these poles in the MN ansatz for the one-form and

solving the differential constraint gives a 3-parameter family of solutions,

a =
1

8

√
3

2
(4r1 − 16r2 − 5r3 − 4r4), c =

3

4

√
3

2
(r3 + 4r4), (A.53)

W =

√
2

3

(
r3N

2
2 − (16r2 + 3r3)N4

)
, 3 = r1 − 4r2 − 2r3 − 4r4,

where we have chosen the convenient normalization 2a − c = 3
√

3/2. Here we have a sit-

uation similar to the II∗ deformation with either so(7) or sp(4) flavor symmetry, described

in appendix A.1.4. In fact for particular choices of the ri’s the lattice of residues can be

either face-centered cubic (≃ C3 root lattice) or simple cubic (≃ B3 root lattice). Yet we can

still make a case that the theory described by (A.49) has a B3 ≃ so(7) flavor symmetry by

studying the minimal adjoint breaking flows (5.36) from the II∗ deformation with F4 flavor

symmetry described in appendix A.1.3.

– 64 –



A.2.3 {I21 , I∗1} with su(2)⊕ su(2) flavor symmetry

The {I21 , I∗1} deformation of the III∗ singularity has curve

y2 = x3 + 3x(u3 − u2M̃2
2 ) + 2(u4M2 + u3M̃3

2 ) (A.54)

The spectrum of dimensions of the invariant masses is {2, 2} which implies that the curve has

a discrete Weyl(A1 ⊕A1) group of symmetries acting on the linear masses m.

Choose a basis, m = me+ m̃ẽ, of the linear masses so that the Weyl(A1 ⊕A1) ≃ Z
2
2 acts

by independent sign flips of m and m̃. Then a basis of invariant polynomials is given by

N2 := m2, Ñ2 := m̃2. (A.55)

Then by solving the factorization condition for the MN ansatz for the the SW one-form, we

find the invariant masses in terms of the linear masses to be

M2 = N2 + Ñ2, M̃2 =
1

3
(N2 − 2Ñ2). (A.56)

Note that in this case, if instead one demands increased zero multiplicities of the curve’s

discriminant when α(m) = 0 for α’s fixed by the Weyl group, instead of finding only (A.56),

one also finds eight other possible linear mass dependencies. It turns out that none of these

other eight curves have a SW one form.

We find six solutions for pole positions:

r1 ω1(m) = r1m,

m−2 xω1 =
1

3
u (m2 − 2m̃2),

m−3 yω1 =
√
3u2 m,

r̃2 ω2(m) = r̃2 m̃/
√
2,

(
√
2/m̃)2 xω2 = −2

3
u (m2 − 2m̃2),

(
√
2/m̃)3 yω2 =

√
6u2 m̃,

ω3(m) = r3m+ r̃3m̃/
√
2,

(S1/ω3)
2 xω3 = 2u (10m4 + 22

√
2m3m̃+ 33m2m̃2 + 10

√
2mm̃3 + 2m̃4)

+ 4m2(2m6 + 10
√
2m5m̃+ 41m4m̃2 + 44

√
2m3m̃3 + 52m2m̃4

+ 16
√
2mm̃5 + 4m̃6),

(S1/ω3)
3 yω3 = 9u2 (4

√
2m4 + 16m3m̃+ 12

√
2m2m̃2 + 8mm̃3 +

√
2 m̃4)

+ 6um(10
√
2m7 + 94m6m̃+ 183

√
2m5m̃2 + 381m4m̃3 + 228

√
2m3m̃4

+ 156m2m̃5 + 28
√
2mm̃6 + 4m̃7)

+ 8m3(2
√
2m9 + 30m8m̃+ 99

√
2m7m̃2 + 377m6m̃3 + 456

√
2m5m̃4

+ 726m4m̃5 + 380
√
2m3m̃6 + 252m2m̃7 + 48

√
2mm̃8 + 8m̃9),
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r4 ω4(m) = r4m,

(2/
√
3)2 xω4 = u2 − 8

9
um2(m2 − 2m̃2), (A.57)

(2/
√
3)3 yω4 = u3 +

4

3
u2m2(m2 + 2m̃2),

r̃5 ω5(m) = r̃5 m̃/
√
2,

(4/
√
3)2 xω5 = u2 +

2

9
u (3m4 + 4m2m̃2 − 20m̃4) +

1

9
(m2 − 2m̃2)2,

(4/
√
3)3 yω5 = u3 +

1

3
u2 (3m4 + 4m2m̃2 + 12m̃4) +

1

9
u (m2 − 2m̃2)3(3m2 + 10m̃2)

+
1

27
(m2 − 2m̃2)6,

ω6(m) := r6 m+ r̃6 m̃/
√
2,

(T1/ω6)
2 xω6 = u2 +

1

9
u (m2 − 2m̃2)(m2 + 2

√
2 m̃+ 2m̃2),

(T1/ω6)
3 yω6 = u3 +

1

3
u2m(m3 + 3

√
2m2m̃+ 6mm̃2 + 2

√
2 m̃3),

where S1 :=
√
3 (

√
2m+ m̃) and T1 := (m+

√
2 m̃)/

√
3.

Summing over the Weyl orbits of these poles in the MN ansatz for the one-form, and

solving the differential condition, we find

a =

√
3

8
(4r1 + 8r3 − 6r4 + r̃5), c =

√
3

4
(2r4 + r̃5 + 4r6)

W =
1

2
√
3

[
(8r3 + r̃5)m

4 + 4(4r3 + 4r̃3 − r̃5)m
2m̃2 + 4r̃5m̃

4
]

0 = r1 − r̃2 + 2r3 − r̃3 − 2r4 + 2r̃5 + r6 = 2r6 − r̃6, 1 = r1 + 2r3 − 2r4 − r6, (A.58)

where the last relation comes from choosing the normalization 2a − c =
√
3. This is thus a

5-parameter family of solutions.

A.2.4 {I1, IV ∗} with su(2) flavor symmetry

The {I1, IV ∗} deformation of the III∗ singularity has curve

y2 = x3 − 2u3x− u4M2. (A.59)

The spectrum of the mass invariants implies that this curve is invariant under the action of

Weyl(A1) ≃ Z2. So we write, without loss of generality,

M2 = m2, (A.60)

where Weyl(A1) acts on m by a sign change.
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We find two pole solutions,

r1 ω1(m) := r1 m,

xω1 = 4m4(u−m2),

yω1 = im4(3u2 − 12m4u+ 8m8), (A.61)

r2 ω2(m) := r2 m,

xω2 = −u2,

yω2 = iu2 (u−m4).

Summing over the Weyl orbits of these poles in the MN ansatz for the 1-form and imposing

the differential condition, we find a 1-parameter family of solutions for the one-form:

a =
i

12
(12r1 + 5r2), c = − i

2
r2, W = m4, 1 = 3r1 + 2r2, (A.62)

where we have chosen the normalization 2a− c = 2i/3.

A.3 Deformations of the IV ∗ singularity

Both the quadratic and linear ansatz are consistent for the x pole position for the IV ∗ curve,

so we will consider pole positions of the form (A.42) and (A.43). ∆(u) = 3 implies ∆(R) = 3,

∆(S) = 6, ∆(J) = 3, ∆(K) = 6, ∆(L) = 9, ∆(R′) = 1, ∆(S′) = 4, ∆(T ′) = 0, ∆(K ′) = 3

and ∆(L′) = 6. Also in the IV ∗ case ∆(u) > 2 so there is no µ parameter in the MN-ansatz

(4.1).

A.3.1 {I41 , I4} with sp(4)⊕ u(1) flavor symmetry

The {I41 , I4} deformation of the IV ∗ singularity has curve

y2 = x3 + x
[
−3u2(M2

1 +M2)− 12uM1M4 − 3M2
4

]
(A.63)

− 864u4 + 2u3M1(M
2
1 − 3M2)− 3u2(5M2

1 +M2)M4 − 12uM1M
2
4 − 2M3

4 .

Its spectrum of mass dimensions, {1, 2, 4}, implies it has a discrete Weyl(C2 ⊕ U1) group of

symmetries acting on the linear masses m. M2 and M4 are a basis of invariant polynomials

for Weyl(C2) and M1 is just the linear mass parameter associated to a U(1) flavor group

(with Lie algebra R) which has trivial Weyl group.

Choose a basis, m = m̃ẽ+
∑2

i=1 mie
i, of the linear masses so that Weyl(C2) ≃ S2 ⋉ Z

2
2

acts by permutations and independent sign flips of the two mi, and m̃ is invariant. Then a

standard basis of invariant polynomials is

N1 := m̃, N2 := m2
1 +m2

2, N4 := m2
1m

2
2. (A.64)

Then either by solving the factorization condition for the MN ansatz for the SW one-form,

or by demanding increased zero multiplicities of the curve’s discriminant when α(m) = 0 for
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α’s fixed by the Weyl group, we find the same dependence, Md(m), of the invariant masses

on the linear masses:

M1 = 48N1, M2 = 1728N2, M4 = 10368N4. (A.65)

(The coefficients 48 and 1728 appearing in M1 and M2 are arbitrary normalization factors

chosen to simplify some coefficients in the following formulas.)

We find four solutions for pole positions for which the curve factorizes,

r1ω1(m) := r̃1 m̃,

(i
√
6 m̃)−2xω1 = 16u m̃+ 1728N4,

(i
√
6 m̃)−3yω1 = 2u2;

r2ω2(m) := r̃2 m̃,

(i
√
6 m̃)−2xω2 = −32u m̃+ 20736m̃4 − 10368m̃2N2 + 432(3N2

2 − 8N4),

(i
√
6 m̃)−3yω2 = 2u2 − 1728u m̃(4m̃2 −N2)

+ 46656(4m̃2 −N2)(4m̃
2 − [m1 −m2]

2)(4m̃2 − [m1 +m2]
2);

ω3(m) := r̃3 m̃+ r3 m1,

(i
√
6ω3)

−2xω3 = 8u (2m̃ − 3m1) + 1728m2
1(12m̃

2 − 12m̃m1 + 3m2
1 − 2m2

2),

(i
√
6ω3)

−3yω3 = 2u2 − 864um1(4m̃
2 − 8m̃m1 + 3m2

1 −m2
2) (A.66)

− 373248m3
1(2m̃−m1)(2m̃−m1 −m2)(2m̃−m1 +m2);

ω4(m) := r̃5 m̃+ r5 (m1 +m2),

(i
√
6ω4)

−2xω4 = −4u (2m̃+ 3S1) + 1728S2
2 ,

(i
√
6ω4)

−3yω4 = 2u2 − 864u (2m̃ + S1)S2;

r5ω5(m) := r5 (m1 +m2),

(i
√
6)2xω5 = u2 + 576u m̃(S2

1 − 3S2) + 124416(6m̃2 − S2
1)S

2
2

(i
√
6)3yω5 = u3 + 864u2 m̃(S2

1 − 3S2)− 186624u (4m̃2 [S2
1 − 3S2]− S2

1 [S
2
1 − S2])S2

− 161243136m̃(4m̃2 − S2
1)S

3
2

where S1 := m1 +m2 and S2 := m1m2. Summing over the Weyl orbits of these poles in the

x-plane in the MN ansatz and imposing the differential condition gives a 5-parameter family

of 1-forms,

a =
i

3

√
2

3
(3r3 + 3r4 + 4r5), c = −4i

3

√
2

3
r5,

W = 144i
√
6 m̃([r̃2 + 2r3 − r̃3]M2 − 4r̃2m̃

2), (A.67)

0 = 2r̃1 − 4r̃2 + 2r3 + 2r̃3 + 2r4 − r̃4 + 4r5, 1 = r3 + r4 + 2r5,

where the last relation comes from choosing the normalization 2a− c = 2i
√

2/3.
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A.3.2 {I21 , I∗0} with su(3) flavor symmetry

The {I21 , I∗0} deformation of the IV ∗ singularity has curve

y2 = x3 + u2xM2 + 2u4 + u3M3. (A.68)

The spectrum of its mass dimensions implies that the curve is invariant under Weyl(A2) ≃ S3.

Choose a basis of linear masses, m =
∑3

i=1mie
i where

∑
mi = 0, and define the basis of

Weyl invariants

N2 := m1m2 +m2m3 +m3m1, N3 := m1m2m3. (A.69)

Then we find that

M2 = N2, M3 = −N3. (A.70)

We find two pole solutions:

r1 ω1(m) = r1 (m1 +m2),

(
√
2/ω1)

2 xω1 = −2u (m1 +m2),

(
√
2/ω1)

3 yω1 = 4u2, (A.71)

r2 ω2(m) = r2 (m1 +m2),

(2
√
2/ω2)

2 xω2 = 16u (m1 +m2) + (2m1 +m2)
2(m1 + 2m2)

2,

(2
√
2/ω2)

3 yω2 = 32u2 + 24u (2m3
1 + 7m2

1m2 + 7m1m
2
2 + 2m3

2) + (2m2
1 + 5m1m2 + 2m2

2)
3.

Summing over their Weyl orbits in the MN ansatz and solving the differential equation, we

find a 1-parameter family of one forms,

a = −
√
2 (r1 − 2r2), c = 0, W = − 9

2
√
2
N3 r2, 1 = r1 − 2r2, (A.72)

where the last constraint comes from choosing the normalization 2a− c = −2
√
2.

A.3.3 {I1, I∗1} with u(1) flavor symmetry

The {I1, I∗1} deformation of the IV ∗ singularity has the curve

y2 = x3 − 3u2xM2
1 + 2u3(u+M3

1 ). (A.73)

The fact that there is only a single mass of dimension 1 implies that there is a u(1) flavor

symmetry wiht trivial Weyl group. Without loss of generality, we take M1 := m to be the

linear mass.
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The poles are given by

r1 ω1(m) := r1m,

(
√
2/m)2 xω1 = 2um,

(
√
2/m)3 yω1 = 4u2;

r2 ω2(m) := r2m,

(
√
2/m)2 xω2 = −4um,

(
√
2/m)3 yω2 = 4u2; (A.74)

r3 ω3(m) := r3m,

(2
√
2/m)2 xω3 = 32mu+ 81m4

(2
√
2/m)3 yω3 = 32u2 + 432m3u+ 729m6;

r4 ω4(m) := r4m,

(3
√
2)2 xω4 = 16u2 + 18m3u,

(3
√
2)3 yω4 = 32u3 + 108m3u2.

Summing over these poles in the MN ansatz for the SW 1-form and imposing the differential

condition we find a three-parameter family of solutions for the one-form:

a =

√
2

36
(3r1 − 6r2 + 12r3 − 5r4), c =

2
√
2

9
r4, (A.75)

W =
9

4
√
2
m3r3, 1 = r1 − 2r2 + 4r3 − 3r4,

where the last relation comes from choosing the normalization 2a− c = 1/(3
√
2).

A.4 Deformations of the I∗0 singularity

There are three deformations of the I∗0 singularity: I∗0 → {I16}, {I23}, and {I12, I4}. We

present here the curves and one forms for the second and third (submaximal) deformations.

Even though a curve and 1-form for the second deformation was constructed in [3], we re-

compute it using the MN ansatz for comparison.

Both the quadratic and linear ansatz are consistent for the x pole position for the I∗0
curve, so we will consider pole positions of the form (A.42) and (A.43). Since the I∗0 singularity

depends on a dimensionless parameter, τ , the coefficients in the MN ansatz may also depend

on it. Since ∆(u) = 2, we have ∆(R) = 2, ∆(S) = 4, ∆(J) = 2, ∆(K) = 4, ∆(L) = 6, and

∆(R′) = 0, ∆(S′) = 2, ∆(K ′) = 1 and ∆(L′) = 3. Note that in this case there is no u2 term

in y in the linear ansatz.
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A.4.1 {I12, I4} with sp(2) flavor symmetry

The {I12, I4} deformation of the I∗0 singularity has curve

y2 = x3 − 1

3
x[u2(1 + 3α2) + 8um2α2 + 4m4α4] (A.76)

− 2

27

[
u3(9α2 − 1) + 3u2m2α2(5 + 3α3) + 24um4α4 + 8m6α6

]
.

Here α is the marginal coupling. There is just a single dimension-2 mass, implying that the

curve has a discrete Weyl(C1) ≃ Z2 group of symmetries acting on the linear masses. Thus

without loss of generality we have taken this mass polynomial to be m2 in terms of a linear

mass, m.

We find four pole positions for which the curve factorizes,

r1 ω1(m) := r1 m,

m−2 xω1 = −2

3
(u+m2(3− 2α2)),

m−3 yω1 = i
√
2(α2 − 1)m (u+ 2m2);

r±ω±(m) := r±m,

m−2 xω± =
1

3

(
(1± 3α)u− 2m2α2

)
,

m−3 yω± = i
√
2α(α ± 1)mu

r2 ω2(m) := r2 m,

xω2 = −1

6
(3u2 + 4m2u+ 4m4α2),

yω2 =
i

2
√
2
u2(u+ 2m2).

Combining these with their transforms under the C1 Weyl group, we can solve for the

one-form constraints. Choosing, for convenience, a normalization 2a− c = −i/
√
2 we get:

a =
i

4
√
2
(2r1 − r+ − r− − r2), c =

i

2
√
2
r2,

r2 = 1 + r1 −
1

2
r+ − 1

2
r−, W =

i

2
√
2
m2(2r1 + αr+ − αr−). (A.77)

a 3-parameter family of solutions. Rational (r1, r±) then give solutions consistent with the

interpretation as the low energy theory on the CB of an N=2 SCFT.

A.4.2 {I23} with sp(2) flavor symmetry

The {I23} deformation of the I∗0 singularity was found in [3] to have a curve

Y 2 =
3∏

j=1

(Ξ− ejU − ejM
2). (A.78)
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The ej(τ) are modular forms of the marginal coupling, and M = m/2, U = ũ, Y = y, and

Ξ = x in the notation of [3]. The curve is invariant under permutations of the ej, and the ej
satisfy 0 =

∑
j ej . In Weierstrass form the curve becomes

Y 2 =
∏

j

[
X − Uej −M2

(
e2j −

1

3

∑

k

e2k

)]
(A.79)

in terms of a shifted coordinate X = Ξ− (1/3)M2
∑

k e
2
k.

We now solve for the one-form using the MN ansatz (4.1), trying both a quadratic and a

linear ansatz for the pole position. We find five pole solutions for which the curve factorizes,

rj ωj(m) := rj M, for j = 1, 2, 3

M−2Xωj
= Uej −M2

(
2e2j −

1

6

∑

k

e2k

)
,

M−3Yωj
= i

(
3e2j −

1

2

∑

k

e2k

)
M(U −M2ej);

r4 ω4(m) := r4M,

M−2Xω4 = − 1

M2

(
1

4
U2 +

1

3
M4

∑

k

e2k

)
, (A.80)

M−3Yω4 = − i

M3

∏

j

(
1

2
U +M2ej

)
.

r5 ω5(m) := r5M,

i−2Xω5 = U2 − 1

6
M4

∑

k

e2k,

i−3Yω5 =
∏

j

(U −M2ej).

Sum over the Weyl(C1) orbits of these poles in the MN ansatz and solve the one-form con-

straint to find a 4-parameter family of solutions,

a = − i

8


2

3∑

j=1

rj + 3r4


 , c =

i

4
(r4 + 2r5),

r5 = 1− 2r4 −
3∑

j=1

rj , W =
i

2
M2

3∑

j=1

ejrj, (A.81)

where we have chosen, for convenience, the normalization 2a − c = −i/2. Rational (rj , r4)

give solutions consistent with the interpretation as the low energy theory on the CB of an

N=2 SCFT. The 1-form found in [3] corresponds to rj =
1
3 and r4 = 0.
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A.5 Deformation of the IV singularity

In this case only the quadratic ansatz (A.43) for the pole positions can work, where the

coefficients are polynomials in the linear masses and chiral deformation parameter, M1/2.

∆(u) = 3/2 implies ∆(R) = 3/2, ∆(S) = 3, ∆(J) = 3/2, ∆(K) = 3 and ∆(L) = 9/2.

A.5.1 {I41} with su(3) flavor symmetry

The {I41} deformation of the IV singularity has curve

y2 = x3 + x(uM1/2 +M2) + (u2 +M3). (A.82)

Choose a basis, m =
∑3

i=1 mie
i where

∑
mi = 0, of the linear masses so that Weyl(A2) acts

by permutations of the three mi. A basis of Weyl invariants of the linear masses is

N2 := m1m2 +m2m3 +m1m3, N3 := m1m2m3. (A.83)

Then either by solving the factorization condition for the MN ansatz for the SW one-form,

or by demanding increased zero multiplicities of the curve’s discriminant when α(m) = 0 for

α’s fixed by the Weyl group, we find that the parameters in the curve are related to the linear

masses by

M3 = − 1

1728
M6

1/2 −
1

12
M6

1/2N2 +N3, M2 =
1

48
M4

1/2 +N2. (A.84)

The solution for the pole position in this case is:

r1ω(m) := r1 (m1 −m2),

(12)2xω = 576u2 + u
(
−288(m1 +m2)M1/2 + 48M3

1/2

)
+ 144(m1 −m2)

2(m1 +m2)

+ 12(m2
1 + 10m1m2 +m2

2)M
2
1/2 − 12(m1 +m2)M

4
1/2 +M6

1/2,

(12)3yω = 13824u3 − u2
(
10368(m1 +m2)− 1728M2

1/2

)
M1/2 (A.85)

+ u
(
+5184(m1 −m2)

2(m1 +m2) + 1728(m2
1 + 4m1m2 +m2

2)M
2
1/2

− 864(m1 +m2)M
4
1/2 + 72M6

1/2

)
− 864(m1 −m2)

2(m2
1 + 4m1m2 +m2

2)M1/2

+ 216(m1 +m2)(m
2
1 − 6m1m2 +m2

2)M
3
1/2 + 72(m2

1 + 4m1m2 +m2
2)M

5
1/2

− 18(m1 +m2)M
7
1/2 +M9

1/2.

Summing over the Weyl orbit of this solution and imposing the arbitrary normalization of

2a− c = 6, we find the unique solution for the one-form:

a = 1, c = −4. W =
1

24
M3

1/2, b =
1

3
, r1 = −1

2
. (A.86)

A.6 Deformation of the III singularity

Also in the case of deformations of the III singularity we can only apply the quadratic ansatz

(A.43) for the pole positions. ∆(u) = 4/3 implies ∆(R) = 4/3, ∆(S) = 8/3, ∆(J) = 4/3,

∆(K) = 8/3 and ∆(L) = 4.
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A.6.1 {I31} with su(2) flavor symmetry

The {I31} deformation of the III singularity has curve

y2 = x3 + ux+ uM2/3 −M2. (A.87)

We find that

M2 = m2 −M3
2/3 (A.88)

in terms of a linear mass m on which Weyl(A1) acts by a sign change. We find the pole

solution

r1 ω1(m) := r1m1,

(2i)2xω = u2 − 6uM2/3 + 8m2
1M2/3 − 9M4

2/3, (A.89)

(2i)3yω = u3 + 9u2M2
2/3 − 3uM2/3(4m

2
1 − 9M3

2/3) + 8m4
1 − 36m2

1M
3
2/3 + 27M6

2/3.

Summing over the Weyl orbit of this pole, we obtain the unique solution for the one-form

(having normalized 2a− c = 2i):

a = i
5

8
, c = −i

3

4
, W = i

9

8
M2

2/3, b = −i
7

8
, r1 = 1. (A.90)

A.7 Deformation of the II singularity

For the II singularity we do not need to introduce an ansatz for the pole positions since there

are no poles in the only possible deformation of this singularity.

A.7.1 {I21} with no flavor symmetry

The curve for the II → {I21} deformation is

y2 = x3 + xM4/5 + u. (A.91)

There is no flavor symmetry, so no poles or residues in the one-form. It is then straightforward

to solve for the differential constraint for the one-form to find

a = 1, c = 0, W = 0, b = 0. (A.92)
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[1] P. Argyres, M. Lotito, Y. Lü, and M. Martone, Geometric constraints on the space of N=2

SCFTs I: physical constraints on relevant deformations, arXiv:1505.04814.

[2] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and confinement

in N=2 supersymmetric Yang-Mills theory, Nucl.Phys. B426 (1994) 19–52, [hep-th/9407087].

[3] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2

supersymmetric QCD, Nucl.Phys. B431 (1994) 484–550, [hep-th/9408099].

– 74 –

http://arxiv.org/abs/1505.04814
http://arxiv.org/abs/hep-th/9407087
http://arxiv.org/abs/hep-th/9408099


[4] J. A. Minahan and D. Nemeschansky, An N=2 superconformal fixed point with E(6) global

symmetry, Nucl.Phys. B482 (1996) 142–152, [hep-th/9608047].

[5] J. A. Minahan and D. Nemeschansky, Superconformal fixed points with E(n) global symmetry,

Nucl.Phys. B489 (1997) 24–46, [hep-th/9610076].

[6] L. Bhardwaj and Y. Tachikawa, Classification of 4d N=2 gauge theories, JHEP 12 (2013) 100,

[arXiv:1309.5160].

[7] C. Beem, M. Lemos, P. Liendo, L. Rastelli, and B. C. van Rees, The N = 2 superconformal

bootstrap, arXiv:1412.7541.

[8] P. Liendo, I. Ramirez, and J. Seo, Stress-tensor OPE in N=2 Superconformal Theories,

arXiv:1509.00033.

[9] O. Chacaltana and J. Distler, Tinkertoys for Gaiotto Duality, JHEP 11 (2010) 099,

[arXiv:1008.5203].

[10] O. Chacaltana and J. Distler, Tinkertoys for the DN series, JHEP 02 (2013) 110,

[arXiv:1106.5410].

[11] O. Chacaltana, J. Distler, and A. Trimm, Tinkertoys for the E6 theory, JHEP 09 (2015) 007,

[arXiv:1403.4604].

[12] O. Chacaltana, J. Distler, and A. Trimm, A Family of 4D N = 2 Interacting SCFTs from the

Twisted A2N Series, arXiv:1412.8129.

[13] D. Xie and S.-T. Yau, 4d N=2 SCFT and singularity theory Part I: Classification,

arXiv:1510.01324.

[14] D. Xie and S.-T. Yau, Semicontinuity of 4d N=2 spectrum under renormalization group flow,

arXiv:1510.06036.

[15] P. Argyres, D. Kulkarni, C. Long, Y. Lü, and M. Martone, to appear, .
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