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Abstract. For any finite-dimensional corepresentation V' of a coalgebra C coacting prin-
cipally on an algebra A, we can form an associated finitely generated projective module
AOV over the coaction-invariant subalgebra B. The module A0V is the section module
of the associated noncommutative vector bundle. Any equvariant (colinear) algebra homo-
morphism A — A’, where A’ is an algebra with a principal coaction of C and the coaction-
invariant subalgebra B’, restricts and corestricts to an algebra homomorphism B — B’ mak-
ing B a (B — B’)-bimodule. Our main result is that the finitely generated left B’-modules
B ®p (AOV) and A'OV are isomorphic. As a corollary, we conclude that, for any equiv-
ariant *-homomorphism f : A — A’ between unital C*-algebras equipped with a free action
of a compact quantum group, the induced K-theory map f.: Ko(B) — Ky(B'), where B
and B’ are the respective fixed-point subalgebras, satisfies f.([AOV]) = [A'OV]. As a key
application, we show that any finitely-iterated equivariant noncommutative join of SU,(2)
with itself is not trivializable as an SU,(2)-compact quantum principal bundle.

Our result is motivated by the search of Kjy-invariants. The main idea is to use equivariant
homomorphisms to facilitate computations of such invariants by moving them from more com-
plicated to simpler algebras. This strategy was recently successfully applied in [12] to distinguish
the Ky-classes of noncommutative line bundles over two different types of quantum complex
projective spaces. Herein we generalize from associated noncommutative line bundles to asso-
ciated noncommutative vector bundles. Then we apply our general result to a vector bundle
associated through the fundamental represention of SU,(2) with a finitely-iterated equivariant
noncommutative join of SU,(2) with itself. Thus we prove the Borsuk-Ulam-type conjecture [I,
Conjecture 2.3 type 2| in this case: there does not exist an equivariant *-homomorphism from
the C*-algebra C'(SU,(2)) to the C*-algebra of the finitely-iterated equivariant noncommutative
join of C'(SU,(2)) with itself.

A classical argument proving the non-triviality of a vector bundle associated with a principal
bundle by restricting the vector bundle to an appropriate subspace uses the fact that the thus
restricted vector bundle is associated with a restricted principal bundle. The latter restriction
is encoded by an equivariant map of total spaces of principal bundles, which induces a natu-
ral transformation of Chern characters of the vector bundles in question. The present paper
generalizes this reasoning to the noncommutative setting.

We begin by stating our main result in the standard and easily accessible Hopf-algebraic
setting. Then we state and prove two slightly different coalgebraic versions of the result: one
based on faithful flatness and coflatness, and one based on Chern-Galois theory [3]. Next we
use the Peter-Weyl functor to make the result applicable to free actions of compact quantum
groups on unital C*-algebras [2]. In the C*-algebraic setting we consider our example and main
application: the finitely-iterated equivariant noncommutative join of C'(SU,(2)) with itself.


http://arxiv.org/abs/1601.00021v1
mailto:pmh@impan.pl
http://www.impan.pl/~pmh/
mailto:t.maszczyk@uw.edu.pl

2 P. M. Hajac and T. Maszczyk

1 Modules associated with Galois-type coactions

Let C be a coalgebra, yr: M — M ®C a right coaction, and yd: N — C® N a left coaction. The
cotensor product of M with N is MOYN := ker(6); ®id —id® y6). In what follows, we will also
use the Heyneman-Sweedler notation (with the summation sign suppressed) for comultiplications
and right coactions:

Ale) =t c1y @ c2), Om(m) =:m@y @m) .

Next, let H be a Hopf algebra with bijective antipode S, comultiplication A, counit . Also,
let 04: A - A®H be a coaction rendering A a right H-comodule algebra. The subalgebra
of coaction invariants {b € A | J4(b) = b ® 1} is called the coaction- invariant (or fixed-point)
subalgebra. We say that A is a principal comodule algebra iff there exists a strong connection
[10l [7], i.e., a unital linear map ¢ : H — A ® A satisfying:

(1) ([d®ds)ol=(l@id)o A, (5! ®id)oflipods) ®id) ol = (id® ) o A;
(2) mol =e¢e, where m: A® A — A is the multiplication map.

Let ‘H be a Hopf algebra with bijective antipode. In [II] the principality of an H-comodule
algebra was defined by requiring the bijectivity of the canonical map (see Definition [I1] (1))
and equivariant projectivity (see Definition (2)). One can prove (see [5] and references
therein) that an H-comodule algebra is principal in this sense if and only if it admits a strong
connection. Therefore we will treat the existence of a strong connection as a condition defining
the principality of a comodule algebra and avoid the original definition of a principal comodule
algebra. The latter is important when going beyond coactions that are algebra homomorphisms
— then the existence of a strong connection is implied by principality but we do not have the
reverse implication [3].

Theorem 1.1. Let A and A’ be right H-comodule algebras for a Hopf algebra H with bijec-
tive antipode, and V be a finite-dimensional left H-comodule. Denote by B and B’ the respective
coaction-invariant subalgebras. Assume that A is principal and that there exists an H-equivariant
algebra homomorphism f: A — A’. The restriction-corestriction of f to B — B’ makes B’ a
(B' — B)-bimodule such that the associated left B'-modules B' ®p (ATV) and A'OCV are iso-
morphic. In particular, the induced map f.: Ko(B) — Ko(B') satisfies f.([ADCV]) = [A'TV].

As will be explained later on, the above Theorem [ Tlspecializes Theorem [I.3], and Theorem 2.1
is a common denominator of Theorem and Theorem [[11

1.1 Faithfully flat coalgebra-Galois extensions

Definition 1.1. [5] Let C be a coalgebra coaugmented by a group-like element e € C, and A
an algebra and a right C-comodule via 64 : A - A®C. Put B:={b e A| Ja(b) = b® e}
(coaction-invariant subalgebra). We say that the inclusion B C A is an e-coaugmented C-Galois
extension iff

(1) the canonical map can: A@g A=A A, a®ad +— ada(a’) is bijective,

(2) d4(l) =1®e.

Theorem 1.2. Let B C A and B' C A’ be e-coaugmented C-Galois extensions, let V be a
left C-comodule. Assume that A’ is faithfully flat as a left B'-module and that coalgebra C is
cosemisimple. Then every C-equivariant algebra map f : A — A’ restricts and corestricts to an
algebra homomorphism B — B, and induces an isomorphism

B'op(ADCV) = A0V

of left B'-modules that is natural in V.
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Proof. Since A’ is a faithfully flat right B’-module, the map of left B’-modules right C-comodules
fi=myo(dg @pf): B ogA— A, muyl @d)=0bd,
is an isomorphism if and only if the map of left A’-modules right C-comodules
idy ®p f: A @p B ogA— A op A

is an isomorphism. Replacing the left-hand-side B’ by A, the latter is an isomorphism if and
only if
idy@a(fep fl: Aog A A — A 25 A

is an isomorphism. Thus, from the commutativity of the diagram

id y®@a(f®p f)

A @4 A®p A A @p A
id /®a4 canl lcan/
ARAARC = A®C

and the bijectivity of the canonical maps, we infer that fis an isomorphism.
Furthermore, as f is a homomorphism of left B-modules right C-comodules, we conclude that

foCdy : (B @5 A)DV — ATV

is an isomorphism of left B’-modules. Finally, since C is cosemisimple, and any comodule over
a cosemisimple coalgebra is injective [6l Theorem 3.1.5 (iii)|, whence coflat [6 Theorem 2.4.17
(i)-(iii)], the balanced tensor product B’ ®5 (—) and the cotensor product (—)O°V commute.
Therefore, there is a natural in V' isomorphism of left B’-modules

B'@p(ADV) = (B'opA)OV = A0,

as claimed. [ |

1.2 Principal coactions

Definition 1.2. [3] Let B C A be an e-coaugmented C-Galois extension. We call such an
extension a principal C-extension iff

1) Y:COA-ARC, c®ar> can(can™' (1 ® c)a) is bijective (invertibility of the canonical
entwining),

(2) there exists a left B-linear right C-colinear splitting of the multiplication map B® A4 — A
(equivariant projectivity).

Using the invertibility of the canonical entwining 1, one can define a left coaction
WA= CRA A0 =v Ha®e). (1)

Lemma 1.1. Let A and A’ be e-coaugmented C-Galois extensions with invertible canonical en-
twinings. Then, if an algebra map f: A — A’ is right C-colinear, it is also left C-colinear.

Proof. If f: A — A’ is a C-colinear algebra homomorphism, then it intertwines the canonical
maps can and can’ of A and A’ respectively in the following way:

(f @id¢) o can = can’ o (f @5 f). (2)
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Since both can and can’ are invertible, this implies that

(can) ™' o (f ®@ide) = (f ®p f)ocan™". (3)

Therefore, canonical entwinings 1 and 1)/ are related as follows:

(f®ide) o) (c®a) = (f ®ide) (can((can (1® c)a)))
= (can’ o (f @5 [)) (can '1®c)a)
)

(4)
(5)
—can(f®3f (can (1 ® c)a) (6)
/(f®8f(ccm 1®c)f(a) (7)
_ ( ((can’) (a)> (8)
can’( can’) (1@ c)) ) (9)
=1/ (c® f(a)) (10)
= (¢ o (ide ® f))(c® a). (11)
As c and a are arbitrary, we conclude that
(f®ide) o =4’ o (ide @ f). (12)
Now it follows from the invertibility of the entwinings that
(W) o (f®ide) = (ide @ f) o (13)
Finally, evaluating the above equation on a ® e, we get
(@) o (f@ide))(@®e) = ((de® f)ov™!)(a®e), (14)
which reads
(00 f)(a) = ((ide ® f)o4d)(a). (15)
Since a is arbitrary, we infer the left C-colinearity of f as claimed. |

Note that in the Hopf-algebraic setting of comodule algebras, the invertibility of the canonical
entwining 1) is equivalent to the bijectivity of the antipode S. Then the left-coaction formula ()
reads 46 = (S™! ®id) o flip o 64, and the above lemma is trivially true.

Next, let us consider A ® A as a C-bicomodule via the right coaction id ® 04 and the left
coaction 46 ® id, and C as a C-bicomodule via its comultiplication.

Definition 1.3. A strong connection is a C-bicolinear map £ : C — A® A such that f(e) = 1®1
and mol = ¢, where m and ¢ stand for the multiplication in A and the counit of C, respectively.

It is clear that the above definition of a strong connection coincides with its Hopf-algebraic
counterpart by choosing e = 1 (see the beginning of Section 1).

Theorem 1.3. Let B C A and B' C A’ be principal C-extensions, and V a finite-dimensional
left C-comodule. Then every C-equivariant algebra map f: A — A’ restricts and corestricts to an
algebra homomorphism B — B, and induces an isomorphism of finitely generated projective left
B’-modules

'@p(ADCV) = ATV
that is natural in V. In particular, the induced map fi: Ko(B) — Ko(B') satisfies

£(JAQV]) = [A'DV].
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Proof. Note first that combining [3, Lemma 2.2| with [3, Lemma 2.3] implies that a principal
C-extension always admits a strong connection:

0:C— AR A, Z a, @ryu(c) :==4L(c) =:¢ ()M @ ¢(c)? (summation suppressed), (16)

where {a,}, is a basis of A. Given a unital linear functional ¢ : A — C, one can construct [I1]
a left B-linear map o : A — B,

o(@) = af ()" ¢ (¢ () ®) (17)

such that o(b) = b for all b € B. For a finite-dimensional left C-comodule V' with a basis
{vi}i, we define the coefficient matrix of the coaction p: V' — C ® V' with respect to {v;}; by
o(vi) =: >, ¢ij ®vj. By [3, Theorem 3.1, we can now combine ([I6) and [I7) with the ¢;; to
obtain a finite-size (say V) idempotent matrix e with entries

(i) (vyj) = O (Tulcij)ay) € B

such that AOCV = BNe as left B-modules. Consequently, AOCV is finitely generated projective,
and its class in Ky(B) can be represented by e.
Since f : A — A’ satisfies the assumptions of Lemma [T}

=(fa@f)ol:C— A A (18)

is a strong connection on A’". Next, we choose bases {a, | 4 € J} and {a), | p € J'} of A and A’
respectively in such a way that

{a;, = f(ay) | p eI} isabasis of f(A) and {a, | p &I} is a basis of ker f.

Under the above choices, using (I0) and (I8) we compute
2 @)= 000 = 3 flan) @ Jrude) = 2 £(rul)
n

Thus we obtain 7,(h) = f(r,(h)) for all u € I.
Now we choose a unital functional ¢’ on A" and take ¢ := ¢’ o f. For ¢’ produced from ¢’
and ¢ as in ([I7), we check that the diagram

C
7N
A/

A
O'<UI UI>0”
fls

B B,

commutes by the following calculation. First we compute

S
—
—
~—
—~
[
~
~—
Al
—~
~
—~
~
—
S
—
—
—
~—
—~
V)
~
~—
~—
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Next we plug in a’ = f(a) to get

Hence

f (e(u,z‘)(u,j)) = f (o (ru(cij)ay)) = ( (ru(cij)ay))
=0 (f (Tu(cij) au) =0 ( ng ) .
Note that f (e(u,i)(,,’j)) is zero for v ¢ I because then f(a,) = 0.

Furthermore, applying [3, Theorem 3.1] to the strong connection ¢, the basis {aL}M, and the
matrix coefficients ¢;;, for all p,v € I, 4,5 € {1,...,dimV'}, we obtain

o' (ruleij)ay,) =t € -

where the e’(u D) BT€ the entries of an idempotent matrix ¢’ such that BN ¢/ = A/OCV as left

B’-modules. Thus, in the block matrix notation, we arrive at the following crucial equality

e 0
ro=(4970)-
where d is unspecified. Now, taking into account that f(e) is an idempotent matrix, we derive
the equality de’ = d, which allows us to verify that

<e’ 0>:<1 0><e’ 0><1 0)‘1
d 0 d 1 0 0 d 1 ’
Hence the corresponding finitely generated projective left B’-modules are isomorphic:
B @5 (ADCV) = B @p (BNe) = BN f(e) 2 BN'¢ =~ ATV,
In particular, (f|), [e] := [f(e)] = [¢/] € Ko(B'). [ ]

The importance of the above theorem relies on a possibility to apply an explicit formula for
the Chern-Galois character [3] to show that a given principal extension is not cleft [I3] §8.2].

1.3 The Hopf-algebraic case revisited

We end this section by arguing that Theorem [[3]specializes to Theorem [[L.Tin the Hopf-algebraic
setting. First, observe that the lacking assumption of the principality of A’ in Theorem [I1] is
redundant. Indeed, if £ is a strong connection on A and f: A — A’ is an H-equivariant algebra
homomorphism, then (f ® f) o ¢ is immediately a strong connection on A’. Furthermore, the
bijectivity of the antipode S is equivalent to the invertibility of the canonical entwining, and
the coaugmentation is readily provided by 1 € H. Finally, as is explained at the beginning of
Section 1, the existence of a strong connection implies both the bijectivity of the canonical map
and equivariant projectivity.
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2 Noncommutative vector bundles associated with free actions of
compact quantum groups

Let (H,A) be a compact quantum group [I5]. Let A be a unital C*-algebra and d4 : A — A ®@uin H
an injective unital x-homomorphism. We call 64 a right coaction of H on A (or a right action of
the compact quantum group on a compact quantum space) iff

(1) (04 ®idg)oda = (idg ® A) o da (coassociativity),
(2) {0a(a)h|a€ A, he H} = A @ H (counitality).

Furthermore, a coaction 4 is called free [9] iff

{ada(@) | a,a € A}™ = A ® H, where “cls” stands for “closed linear span”.
min
Given a compact quantum group (H,A), we denote by O(H) its dense cosemisimple Hopf
x-subalgebra spanned by the matrix coefficients of irreducible (or finite dimensional) unitary
corepresentations [I5]. In the same spirit, we define the Peter-Weyl subalgebra [2] of A as

Pr(A):={a€ Alos(a) e A O(H)}.

It follows from Woronowicz’s definition of a compact quantum group that the left and right coac-
tions of H on itself by the comultiplication are free. Also, it is easy to check that Py (H) = O(H),
and Pg(H) becomes a right O(H)-comodule via the restriction-corestriction of d4 [2]. Its
coaction-invariant subalegbra coincides with the fixed-point subalgebra

B:={be A|ss(b) =be1}.

A fundamental result concerning Peter-Weyl comodule algebras is that the freeness of an action
of a compact quantum group (H,A) on a unital C*-algebra A is equivalent to the principality
of the Peter-Weyl O(H )-comodule algebra Pr(A) [2]. The result bridges algebra and analysis
allowing us to conclude from Theorem [[.1] the following crucial claim.

Theorem 2.1. Let (H,A) be a compact quantum group, let A and A" be (H,A)-C*-algebras, B
and B’ the corresponding fized-point subalgebras, and f : A — A’ an equivariant *~homomorphism.
Then, if the coaction of (H,A) on A is free and V is a representation of (H,A), the following
left B'-modules are isomorphic

B'®p (Pu(A)0CHV) = py(A)pCHy,
In particular, if V is finite dimensional, then the induced map f.: Ko(B) — Ko(B') satisfies
fe([Pu(A)B2IV]) = [Pu(A)BUV].

Proof. Note that, since O(H) is cosemisimple, any comodule is a direct sum of finite-dimensional
comodules, so that it suffices to prove the theorem for finite-dimesional representations of (H, A).
By [2], the freeness of the (H, A)-action is equivalent to principality of the Peter-Weyl comodule
algebra Py (A), which (as explained at the beginning of Section 1) is tantamount to the existence
of a strong connection: ¢ : O(H) — Pr(A) ® Pr(A). Now the claim follows from Theorem L]
applied to the case A =Py (A), H =0O(H), and B = B. [ |

Recall that the existence of a strong connection implies equivariant projectivity, which (by
[14]) is equivalent to faithful flatness. Combining this with the cosemisimplicity of O(H), we can
view the above Theorem 2.1] as a specialization of Theorem L2l
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2.1 Equivariant noncommutative join construction

Definition 2.1. [8] For any compact quantum group (H,A) acting freely on a unital C*-
algebra Aviady: A — AQminH, we define its equivariant join with H to be the unital C*-algebra

A@ H = {f e (0,1, AC | f(0)eCe H, f(1) e 5A(A)} .
Theorem 2.2. [2] The *homomorphism

idoA: 0([0,1,4) © H — C([0,1,4) ® H ® H

min min  min
restricts and corestricts to *-homomorphism

or: A®’A H — (A®’4 H) ® H

min

defining a free action of the compact quantum group (H,A) on the equivariant join C*-algebra
A®°A H.

The following proposition relates associated noncommutative vector bundles and the Borsuk-
Ulam type 2 conjecture of non-existence of equivariant maps from an equivariant join with a
compact quantum group to the compact quantum group group itself m

Proposition 2.1. Let (H,A) be a compact quantum group acting freely on a unital C*-algebra A.
Assume that there exist an equivariant *-homomorphism F : A — A’ of (H,A)-C*-algebras
and a finite-dimensional representation V' of (H,A) such that the finitely generated projec-
tive module Pr (A’ @°4’ H)DO(H)V 1s not stably free. Then there does not exist an equivariant
*_homomorphism H — A®%A H.

Proof. Since the *-homomorphism F' is equivariant, the *-homomorphism

de Feid: C([0,1])) ® A @ H— C([0,1]) ® A’ ® H

min min min min

restricts and corestricts to an equivariant *-homomorphism f : A®%4 H — A’®%4+ H. Hence, by

Theorem and Theorem 2.1
Pr(A'@+ YoMy = B’ op (Pr(Ae® H)DOUHV) (19)

as left B’-modules. (Here B and B’ are the respective fixed-point subalgebras.)

If there would exist a *-homomorphism H — A®°%4 H, then, by [I, Proposition 3.2], the
associated module Py (A®%4 H)OOHV would be free. Through (), this would contradict our
assumption that Py (A’ @%4 H)OPH)V is not stably free. |

2.2 Iterated equivariant noncommutative join of SU,(2)

Theorem 2.3. Let A be any finitely iterated equivariant join of C(SU4(2)) with itself. Then
there does not exist an equivariant *-homomorphism C(SU,(2)) — A®%2C(SU,(2)).

Proof. Let (H,A) be a compact quantum group such that the C*-algebra H admits a charac-
ter x. Then
evy @x®id: H®®H — H

is an equivariant *-homomorphism. More generally, applying character x to the leftmost factor
in an arbitrary finitely iterated equivariant join of H with itself, we obtain an equivariant map
to the iterated join consisting of one less number of copies of H. Composing all these maps, we
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obtain an equivariant map A — H. Now, by the preceding Proposition 2] and Theorem 2.2] it
suffices to show that there exists a finite-dimensional representation V' of (H,A) such that the
module Py (H®* H)OPUHV is not stably free.

For H = C(SU,4(2) we have a circle of characters. Moreover, if V' is a fundamental represen-
tation of SU,(2), then applying to it [I, Theorem 3.3] combined with an index computation in
[8] shows that the module Py (H®*H)O®HV is not stably free, as desired. (See [I, Section 3.2
for details.) |
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