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Abstract

Our main result is an elementary derivation of the spectral decomposition of hypermatrices
generated by arbitrary combinations of Kronecker products and direct sums of cubic hyperma-
trices of side length 2. The method is based on a generalization of Parseval’s identity. We use
this general formulation of Parseval’s identity to introduce hypermatrix Fourier transforms and
discrete Fourier hypermatrices. We extend to hypermatrices a variant of the Gram—Schmidt
orthogonalization process as well as Sylvester’s classical Hadamard matrix construction. We
conclude the paper with illustrations of spectral decompositions of adjacency hypermatrices of
finite groups and a short proof the hypermatrix Rayleigh quotient inequality.

1 Introduction

Hypermatrices are multidimensional arrays of complex numbers which generalize matrices. Formally,
we may define a hypermatrix to be a finite set of complex numbers whose members are indexed by
distinct elements of some fixed integer Cartesian product set of the form

{071)27"' )nl}x{071727"' ,nz}X"'X{O,l,Z,"' 7nm}‘

Such a hypermatrix is said to be of order m and of size (n; + 1) x (ng + 1) x -+ X (ny, + 1). Such
a hypermatrix is said to be cubic of side length n if ny = no = --- = n,, = n. In particular,
matrices are second order hypermatrices. Hypermatrix algebras arise from attempts to extend to
hypermatrices classical matrix algebra concepts and algorithms [MB94, [GKZ94] [Ker08, [GERII].
Hypermatrices are common occurrences in applications relating to computer science, statistics and
physics often embedded into multilinear forms associated with objective functions to be minimized
or maximized. While many hypermatrix algebras have been proposed in the tensor/hypermatrix

*Computer Science Department, Technion - Israel Institute of Technology
fDepartment of Mathematics, Purdue University, email: egnang@purdue.edu


http://arxiv.org/abs/1601.00029v1

literature [Lim13], our discussion here focuses on the Bhattacharya-Mesner (BM) algebra first de-
veloped in and the general BM algebra first proposed in [GER11]. The general BM
product is of interest because it encompasses as special cases many other hypermatrix products in
the literature including the usual matrix product, the Segre outer product, the contraction product,
the higher order SVD, and the multilinear matrix multiplication. In [GERII], the authors devised
a non-constructive proof of existence for the spectral decompositions of some special hypermatri-
ces as conjectured by P. Bhattacharya [Bha95]. Our main result here is a constructive method
for obtaining the spectral decomposition of hypermatrices generated by arbitrary combinations of
Kronecker products and direct sums of cubic hypermatrices of side length 2. The method is based
on a generalization of Parseval’s identity. We use this general formulation of Parseval’s identity to
introduce hypermatrix Fourier transforms and discrete Fourier hypermatrices. We extend to hyper-
matrices a variant of the Gram—Schmidt orthogonalization process as well as Sylvester’s classical
Hadamard matrix construction. We conclude the paper with illustrations of spectral decompositions
of adjacency hypermatrices of finite groups and a short proof of the hypermatrix Rayleigh quotient
inequality.

This article is accompanied by an extensive Sage [ST15] symbolic hypermatrix algebra package
which implements the various features of the general BM algebra. The package is made available
at the link https://github.com/gnang/HypermatrixAlgebraPackage
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2  Overview of the BM algebra

The Bhattacharya-Mesner product, or BM product for short, was first developed in MB94].
The BM product provides a natural generalization of the classical matrix product. The BM product
of second order hypermatrices therefore corresponds the usual matrix product. For notational
consistency, we will on occasion refer to the matrix product AWM . A@ a5 Prod (A(l), A(z)). The
BM product is best introduced to the unfamiliar reader by first describing the BM product of third
and fourth order hypermatrices. Note that the BM product of second order hypermatrices is a
binary operation, the BM product of third order hypermatrices is a ternary operation, the BM
product of fourth order hypermatrices takes four operands, and so on.

The BM product of three third order hypermatrices A, A® and A®) | denoted Prod (A(l), A®), A(3)),

is defined if
AWM g ny X k X ng, A® g ny X ng X k and A®) s | x N9 X Ng.
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The result is a hypermatrix of size ny X ng X ng, and specified entry-wise by

[Prod (A(l),A(2),A( ﬂ = Z Z1]Z3 zuzj 532)223

11,12,13 0<j<k

Similarly, the BM product of fourth order hypermatrices A A®  AG) and A@W, denoted
Prod (AW, A®) A®) A®W) is defined if

AW g ny X k X ng ><n4,A(2) IS n1 X ng X k X ny,

AB) g ni1 X ng X ng X k, and AW sk X Ng X N3 X Ny.

The result Prod (A(l), A AG) A(4)) will be of size n1 X ng X ng x ng and specified entry-wise by

[prod (Au), AD AB) A<4>)} -y A NONENOS

L i1 J 1314 2112 iq4 i11213 121304 "
11,12,13,14 0<j<k j J 37

The reader undoubtedly has already discerned the general pattern, but for the sake of completeness
we express the entries of the BM product of order m hypermatrices

1 m _ (t) (m)
[Prod (A( ) A A >] . Z 21313 i O s Qi (1)
0<j<k
An arbitrary m-tuple of order m hypermatrices (A(l), ,A(m)) for which the BM product is

defined is called BM conformable.

We recall a recent variant of the BM product called the general BM product. The general BM
product was first proposed in [GER11]. The general BM product encompasses as special cases many
other hypermatrix products in the literature, including the usual matrix product, the Segre outer
product, the contraction product, the higher order SVD, and the multilinear matrix multiplication
[Lim13]. In addition, the general BM product is of particular interest to our discussion because it
enables considerable notational simplification. The general BM product of order m hypermatrices
is defined for any BM conformable m-tuple (A(l), e ,A(m)) and an additional cubic hypermatrix
B called the background hypermatrix with side length & (the contracted dimension). This product
is denoted Prodg (A(l), ,A(m)) and has entries given by

M ... Alm) — }/ (1) o g A GD) o
[PrOdB <A s A T i e " Qi iy iy aim ™ W i 01
1, tm . X
0SJ]77,777’L<]€
(2)

For example, the general BM product of third order hypermatrices A®, A®) and A®) with the
background hypermatrix B denoted Prodg (A(l), A(2),A(3)) is defined if

AD isny X k X ng, A® isny X ng X k, A® sk x no X ng and B isk x k x k.
The result is a hypermatrix be of size n; X no X ng with entries given by

[ProdB (AU),A@),A(?’))] = > ) a® d®)

P i1 g1 13 Yiria g2 Y3 iniz YI17273"
VB 0< 2,03 <k
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Note that the original BM product of order m hypermatrices is recovered from the general BM
product by taking the background hypermatrix B to be the m-th order Kronecker delta hypermatrix
denoted A, whose entries are specified by

(Al i =

1 f0<iy=---=4, <n
0 otherwise

In particular, Kronecker delta matrices correspond to identity matrices.

We also recall for the reader’s convenience the definition of the hypermatrix transpose operations.
Let A be a hypermatrix of size nq X no X - -+ X n,, whose entries are
[A]il,iz,--- Jm—1,%m = @iy g i1 i

The corresponding transpose, denoted AT, is a hypermatrix of size ny X ng X - -+ X n,, X n; whose
entries are given by

T — . . .
(AT ] s = i1 iz
The transpose operation therefore performs a cyclic permutation of the indices. For notational
convenience we adopt the convention

T m m— T
AT = (A1) AT (A7) AT (A7) A
By this convention _ _
AT = A" if i=4j mod m.

It follows from the definition of the transpose that
T T T T
Prod (AW, A)" = Prod ((A@)) e (a)" (a) ) 7 3)
The identity [3] generalizes the matrix transpose identity

(A(1>.A<z>>T _ (A@))T. (A(1>)T,

Finally, for further notational convenience, we briefly discuss the use of the general BM product to
express multilinear forms and outer products.

Let A € CMox*nm-1 denote an arbitrary order m hypermatrix and consider an arbitrary set of m
vectors {xj € Cn]‘XlX"'X1}0§j<m . The general BM product

T(m=1) p(m-2) Ti Tt 70
Proda (XO , X1 s K s X9 Xy )

expresses the mulitlinear form associated with the hypermatrix A. As illustration, consider an
arbitrary third order hypermatrix A € C™*™*P and three vectors x € C™*!*1 y ¢ C"*!*1 and
z € CP*X1  The corresponding multilinear form of degree 3 is expressed as

Proda (XTQ,yTl,zTO): Z Z Z Qijk TiYj k-

0<i<m 0<j<n 0<k<p
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Similarly, for an arbitrary matrix A € C™*" and pair of vectors x € C™*! y € C™!, the
corresponding quadratic form is expressed by

1 0
ProdA<xT,yT>: Z Z aijxiyj:XT-A-y.

0<i<m 0<j<n

The general BM product also provides a convenient way to express outer products. For an arbitrary
BM conformable m-tuple (A(l), e ,A(m)), a BM outer product corresponds to a product of the
form

Prod (A(l) [t ,:],A(2) [ty ], ey A1) [0, ,t],A(m) [tyr,- - ,:]). (4)

In the product above we used the colon notation. In the colon notation, A®) [, t,:, -+ ,:] refers to
a hypermatrix slice of size ny X 1 X ng x - -+ X n,, where the second index is fixed to ¢ while all other
indices all allowed to vary within their prescribed ranges. Hypermatrix outer products will be a
common occurrence throughout our discussion. Fortunately, hypermatrix outer products are more

conveniently expressed in terms of the hypermatrices noted {A(t) }0< with entries such that
<t<n

i1, im 0 otherwise
=A= ) A0
0<t<k
Where A denotes here the order m Kronecker delta of side length k. Using the general BM product
we may more conveniently express the BM outer product in @l as Prod , ) (A(l), e ,A(m)). This

more convenient description of outer products also provides a natural extension to hypermatrices
of the notion of rank. Using this notation, we recall from linear algebra that a matrix B is of rank
r (over C) if there exists a conformable matrix pair X, X2 such that

B= Y Prody <X<1>,X<2>>,
0<t<r

and crucially there exists no conformable matrix pair YV, Y such that

B= Y Prodyu (Y(1>,Y(2>) .
0<t<r—1

This definition of rank extends verbatim to hypermatrices and is called the BM rank. An order m
hypermatrix B has BM rank r (over C) if there exists a BM conformable m-tuple (X(l), e ,X(m))

such that
B = Z Prod 5 (1 (X(l), . 7X(m)> 7
0<t<r



and crucially there exists no BM conformable m-tuple (Y(l), e ,Y(m)) such that

B= Y Prodye (Y<1>,--- ,Y<m>) .
0<t<r—1

Note that the usual notions of tensor/hypermatrix rank as well as the canonical polyadic rank dis-
cussed in the literature |[Lim13| correspond to constrained versions of the BM rank where additional
constraints are imposed on the hypermatrices in the m-tuple (X(l), e ,X(m)) .

3 General Parseval identity and Fourier transforms

3.1 Hypermatrix Parseval identity

The classical matrix Parseval identity states that if U is an n X n unitary matrix then for every
complex vectors x| x(2) e C"*! of length n,

(m)T <@ (m)T (U.X@)) '

When generalizing this to hypermatrices we can’t quite form the matrix-vector products U - x1 U-
x(?)_ Instead, notice that y) = U - x(1) and y® = U - x® satisfy

Wy = [0 [U-x9)] = Prodya ((m)T,U . x<2>>

This formulation generalizes to the hypermatrix case.

An m-tuple (A(l), e ,A(m)) of cubic order m hypermatrices each of side length n, forms an un-
correlated tuple if the corresponding BM product equals the Kronecker delta hypermatrix :

Prod (A<1>, . ,A<m>> A

In some sense, uncorrelated tuples extend to hypermatrices the notion of matrix inverse pair. Fur-
thermore, a cubic m-th order hypermatrix Q of side length n is orthogonal if the following holds

Prod (Q;QT(M71)7”’ 7QTk7”' 7QT27QT) =A.

Finally, a cubic hypermatrix U of even order say 2m and of side length n is unitary if the following
holds

__7(2m—1) 2k .
Prod(U,UT R “,UTQ’“,-..,UTQ,UT) N

Both orthogonal and unitary hypermatrices yield special uncorrelated tuples.



For an arbitrary uncorrelated m-tuple (A(l), ,A(m)), each of side length n, and some arbi-
trary m-tuple of vectors (xg, - ,Xm,—1), each of size n x 1 x --- x 1, the associated Parseval identity
is formulated in terms of BM outer products

Y0 <k<mn, Pj=Produ (A<1>, . ,A<m>) .

Proposition 1 : Let {X(j)}0<j<m C Crxbxexl and (A(l),"' ,A(m)) an arbitrary uncorrelated
m-~tuple, then for all vectors {y(j)}0<j<m C Cnx X X1 guch that
. T(m—1) NTI T0
VO<k<n, H y,(f) = Prodp, ((x(m_l)> g (x(])> S (x(0)> > ,
0<j<m

where Py = Prod 5 i) (A(l), e ,A(m)) and y,gj) denotes the k-th entry of the vector y(j), we have

Prod <<y<m—1>>T(m” L <y(j>)Tj L <y(0>>T°>

Prod ((Xw—l))T(ml) . (X(j>>Tj . (X(m)TO) ,

2)

In particular, in the matrix case where x(9,x(1) e C"*1 and AM, A are n x n matrix inverse

pairs, Parseval’s identity asserts that
v y(O)’y(l) c cnxl
such that

T
V0O<k<n, ylil) y,go) = Prodp, ((x(l)) ,x(0)> and Py = Prod ) <A(1), A(2)>

we have

Prod ((y(1)>T,y(0)> = Prod ((X(1)>T ,x(1)> .

Proof : The proof follows from the identity

Prod (A(l)y... 7A(m)) - Z Prod 4 (1) (A(l)j... 7A(m)) )

0<k<n
Consequently
() o m— T(m—1) T o )
0<§k;n 0<1j_£mykj — 0<§k;nProdpk <(x( 1)> o 7<X(J)> o 7(X(0)) > _



Prod(20§k<n P,) <[X(m—1)}T<m1) . [x(j)]Tj . [x(o)}T()) 7

where Py = Prod 4 ) (A(l), e ,A(m)). This yields the desired result

Prod <(y<m—1>>T“"” . <y(j>)Tj L (y(m)TO)

Prod ((Xm—l))T(m” L (Xm)Tj L <X<0>>T°> ,

3.2 Hypermatrix orthogonalization and constrained uncorrelated tuples

Applications of the proposed generalization of Parseval’s identity are predicated on the existence of
non—trivia orthogonal, unitary and uncorrelated hypermatrix tuples. We present here an algorith-
mic proof of existence of non-trivial orthogonal and uncorrelated hypermatrices of all orders and
side lengths. The main argument will be akin to proving the existence of non-trivial orthogonal
matrices by showing that the Gram—Schmidt process derives non-trivial orthogonal matrices from
generic input matrices.

More generally, we call orthogonalization procedures any algorithms which take as input some generic
hypermatrices and output either orthogonal, unitary, or uncorrelated hypermatrix tuples.

The first variant of the Gram—Schmidt process which extends to hypermatrices was proposed in
[Gnal3]. We will show here that this variant of the Gram-Schmidt process yields an algorithmic
proof of existence of non trivial orthogonal and non-trivial uncorrelated hypermatrix tuples.

Matriz orthogonalization problem:
Derive from a generic input matrix A € C™*™ a matrix X of the same size subject to

(1n><n - In) © (X : XT) = Onxn;

where o denotes the entry-wise product also called the Hadamard product, and 1,,«, denotes the
n X n all one matrix. (Equivalently, the rows z1,...,z, of X are pairwise orthogonal.)

Hypermatriz orthogonalization problem:
Derive from a generic order m input hypermatrix A € C"**" a hypermatrix X of the same size
subject to

(Lnxoon — A) o Prod (X,XT("H), . ,XT2,XT> — 0,

where o denotes the Hadamard product.

It is well-known that the Gram—Schmidt process yields a solution to the matrix orthogonalization

'Note that trivial orthogonal, unitary and uncorrelated hypermatrix tuples are obtained by considering diagonal
hypermatrices whose nonzero entries are roots of unity located at entries such that all their indices are equal.



problem. We describe here a variant of the Gram—Schmidt process which extends to hypermatrices
of all orders. Our proposed solution to the matrix orthogonalization problem is obtained by solving
for the entries of X in the following system of n(g) equations:

-1 § :
Tyt Tyt = Ayt Ayt — N Qys Qs
0<s<n 0<t<n

0<u<v<n

(It is not hard to check that any such solution is indeed orthogonal.)

For notational convenience, we rewrite the constraints above in terms of the general BM product.
The system of n(g) equations can be more simply expressed as

V0 <t<n, (Lyxp —I,) o Prod ¢ (X, XT) = Prod, ¢ (A, AT) —n~'Prod (A,AT), (5)

where 1,,%,, denotes the n x n all one matrix.

Similarly, a solution to the hypermatrix orthogonalization problem is obtained by solving for the
entries of X in the hypermatrix formultation of the constraints in [l given by

YO<t<n, (Lyx.xn—A)oProdyw <X,XT("H), . 7XT2,XT) _

(1px..xn —A)o (ProdA(t) (A, AT(m71)7 . 7ATZ,AT> —n~!'Prod (A,AT(mfl)y... 7AT2, AT)) .
(6)

(Again, it is not hard to check that any solution to this sytem is orthogonal.)

Both matrix and hypermatrix orthogonalization constraints in [Bl and [@] turn out to be monomial
constraints. General monomial constraints correspond to a system of equations which can be ex-
pressed in terms of a coefficient matrix A € C™*", a right-hand side vector b € C™*!, and an
unknown vector x of size n x 1. These constraints are of the form

IT = | =0 . (7)

0<t<n 1<i<m

Such constraints are in fact linear constraints as seen by taking the logarithm on both sides of the
equation for each constraint. However, we solve such systems without using logarithms to avoid
any difficulty related to branching of the logarithm. Instead, we solve such systems using a slight
variation of the Gauss-Jordan elimination algorithm, prescribed by the following elementary row
operations:

e Row exchange : R; <+ R;
e Row scaling : (R;)" — R;

e Row linear combination : (R;)" - (Rj) = R;



where k£ € C and R; denotes the particular constraint (Hogt “n x?“) = b;.

Proposition 2a : The solution X to the orthogonalization constraints for a generic input hyper-
matrix A yields a non-trivial orthogonal hypermatrix after normalization of rows of the solution
matrix X.

Proof : The proof follows directly from Gauss-Jordan elimination procedure. We deduce from
the reduced row echelon form of the orthogonalization constraints Blf] a criterion for existence of
solutions in terms of a single polynomial in the entries of A which should be different from zero for
some input. This condition will be generically satisfied, thereby establishing the desired result.

For example, in the case of a 2 X 2 matrix

Qa a
A= 00 01 7
aip aii

Gauss-Jordan elimination yields the solution

apoa10—ap1a11 __apoaip—apiail
X = 2x10 2x11 )

Z10 T1

The rows of X can be normalized to form an orthogonal matrix if no division by zero occurs and

[X . XT] 0,0 75 0, [X . XT] 1,1 75 0= (aooalo — a01a11) (a:%o + x%l) 10711 75 0.

Similarly for a 2 x 2 x 2 hypermatrix

A[Z,I,O] _ < apoo  a010 >’ A[Z,I,l] _ < apo1r  Ao11 >,

aipo aiio aipr aiii

Gauss-Jordan elimination yields the solution

(ao00ao01a100—G010@011G110)101  (@000@001@100—C01040114110)T111 Tool  Zoll
X[ 0] = @00141000101 —A011G1100111 @001a1004101 —a011G1100111 X[yl = 00 0 .
L @0014100a2101 —00114110a111 _ 00101000101 —001141100111 ’ L T101 L1111
2x0017101 2zo117111

The rows of X can be normalized to form an orthogonal matrix if no division by zero occurs and

[Prod <X,XT2,XT )] £ 0, [Prod (X,XT2,XT>} £0

0,0,0 1,1,1

-

(aoo1@100a101 — @o11a1100111) (@000Q001 G100 — @010G0110110) (!E‘i’m + xi}’u) (woo1101T0112111) 7 O

2A generic hypermatrix, is such that its entries do not satisfy any particular algebraic relation
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Note that the proposed orthogonalization procedure in the matrix case is somewhat more restrictive
in comparison to the Gram-Schmidt procedure. This is seen by observing that 0 # det (A) is not a
sufficient condition to ensure the existence of solutions to the orthogonalization procedure. However,
the proposed orthogonalization procedure has the benefit of obtaining a set of orthogonal row vectors
which depend on the ordering of the rows of the input A only up to sign.

More interestingly, the proposed orthogonalization constraints are special instances of a more gen-
eral problem called the constrained uncorrelated tuple problem. A solution to the constrained
uncorrelated tuple problem provides a proof of existence of non-trivial uncorrelated tuples. The
constrained uncorrelated tuple problem is specified as follows.

Constrained inverse pair problem.:
Derive from a generic input matrix pair A®, A®) e C"*" matrices X1, X@) of the same size
such that

(Lo = Tn) 0 Prod (XW, X)) = 0,

which minimizes

og;n H(I”X” —-I,)o0 (PrOdA(t) (A(1)7 A(2)> _ Pl"OdA(t) (X(l),X(2)))

2

lo

where o denotes the Hadamard product.

Constrained uncorrelated tuple problem:
Derive from a generic m-tuple of order m input hypermatrices (A(l), e ,A(m))C Cn> X" an m-

tulple of hypermatrices (X(l), e ,X(m)) of the same such that
(1n><---><n - A) o Prod (X(1)7 X(2)7 e 7X(m)) = On><---><n7

which minimizes

Og;n H(lnx---xn —A)o <Pr0dA(t) <A(1), NG 7A(m)) _ Prod <X(1), X ... ,X(m)>> Z

where o denotes the Hadamard product and the hypermatrix A denotes the Kronecker delta.

Proposition 2b : A solution to the constrained uncorrelated tuple problem is obtained by solving
for the entries of the m-tuple of hypermatrices (X(l), e ,X(m)) in the constraints
\V/O S t < rn/’ (1’fl><"'><’ﬂ — A) o ProdA(t) <X(1)’ X_(2)’ e ,X_(m)) =

(Lnsoosin — A) 0 [prOdA(t) (Au), AQ ... 7A(m)> o Prod (Au), AQ .. 7A(m))} C®)

For generic input hypermatrices (A(l), e ,A(m))c Cn* " the rows of (X(l), . ,X(m)) can be
normalized to obtain a non-trivial uncorrelated tuple.

11



Proof : The proof again follows directly from the Gauss-Jordan elimination procedure. The con-
straints in [§] correspond to a system of n™ monomial constraints in m - n™ variables. We solve such
a system via Gauss-Jordan elimination. By the argument used in the Proposition 2a we know the
hypermatrices (X(l), e ,X(m)) can be normalized to form non-trivial uncorrelated tuples. Finally
the fact that the obtained solution minimizes the sum

Oén H(l"x“'x" Ao <ProdA(t) <A<1>, A@ . ,A<m>) — Prod <X<1>, X@, .. ,X<m>>> Z

follows from the fact that the right-hand side of equalities in [§] expresses an orthogonal projection.

Our proposed solution to the uncorrelated tuple problem therefore yields an algorithmic proof
of existence of non trivial uncorrelated tuples. The following corollary follows from Proposition 2a

Corollary 2c : For every order m > 2 and every side length n > 2 there exists an orthogonal
hypermatrix having no zero entries.

Proof : By Proposition 2a, The reduced echelon form of the constraints Bl yields a criterion
for the existence of non trivial solution. The criterion is expressed as a non-zero single polynomial
of degree d in the entries of both A and possibly some free variables, which must not evaluate to
zero for our choice of input. A generic choice of A and the free variables will satisfy this.

Corollary 2d : For every positive integer n and every positive integer m, there exists an or-
der m orthogonal hypermatrix of side length 2" whose entries are roots of unity all of which are
scaled by the same normalizing constant.

Proof : By Lemma 3, it suffices to prove there exists for every positive integer m a hypermatrix of
side length 2 such that

(Lnx..xn — A) 0 Prod <X,XT("H), . ,XTQ,XT) — Oy
and
[Prod <X,XT("H)’ XTI XT )]00 = [Prod (X,XT("H)’ o ,XTQ,XT>]11 1

The proof exploits the very special structure of the hypermatrix orthogonalization constraints [Gl
The first observation is that for all indices (i1,--- ,%,,) in the constraints [6] the right-hand side
expressions associated with constraints whose left-hand side expressions are given by

Liy 05 im Lig 0ig-imir ~ " Lip 0dgim—1

and

12



Liy Lig-im Lig Lig-imir ~ " Lig Lig-im_1

will be identical, up to sign. The second observation is that by symmetry, for all indices (41,42 - ,im—1,im) ¢
{(0,0,---,0), (1,1,--- ,1)} it suffices to consider only two equations associated with each cyclic
orbit (41,72 yim—1,9m), (12, yim—1,9m,01) s (im, 01,92 ,im—1). The two equations asso-

ciated with each orbit are given by

.Z'i1 043 im ‘T’iz 0dg-imiy * " xim Qg g =
(1 ~A)o Prod 4 (o) (A(l), .. ,A(m)) — Prod @) (A(l), o ,A(m))
o 2 . . )
21,22 3, tm—1,tm
and
Ty Ligerim Lio Lig-imir *°° Lipy Lig-im_1 —
(Lo — A) o [ 220da0 (AD, ... A Prod e (AW, A(™) |
11,22 ytm—1,tm

Consequently the system has at most 2 (PmT_ﬂ + 2) distinct equations in the 2™ variables asso-
ciated with entries of X. Taking these two observations together we conclude that the solution X
obtained via Gauss-Jordan elimination to the orthogonalization procedure is made up of rows whose
of two entries correspond to monomials in some free variables both of which are scaled by a common
radical expression which depends only on the entries of A. Finally, the desired hypermatrix is ob-
tained by assigning to all free variables the value 1 and factoring out the common factor of each row.

3.3 Direct sums and Kronecker products of hypermatrices

Recall from linear algebra that the direct sum and the Kronecker product of square matrices A €
Cnoxmo B e C"*™ can both be defined in terms of bilinear forms. For notational convenience we
express here multilinear forms as general BM products.

T! 70
Prodass << * > ) < o ) > := Proda <X?1,X0TO> + Prodg <Y1T17.YOT0)
yi Yo
and
Prodass ((xl ® yl)T1 , (xo ® yo)TO) := Proda (xr{l,xgo) - Prodg <y{1,ygo> )

where {xg,x1} € C"*! and {yg, y1} € C™*!. These definitions conveniently extend to cubic
hypermatrices of all orders as illustrated below for third order hypermatrices:

2

T 7! 70
proanen ((32) 2 (30) 2 (30)) = pooan (<8 ) i (527 587).
Y2 Y1 Yo
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and
2 1 0 2 1 2 1 0
PI‘OdA@B <(X2 & Y2)T ) (Xl ® YI)T ) (XO X yO)T ) = PI‘OdA (Xg 7X{ 7X0 ) PI‘OdB <yg ,Y{ 7Yg > )

where {X07 X1, X2} C CnoxIxl gnd {y07 Vi, y2} C Cmx1xl

Lemma 3 : For any two arbitrary uncorrelated m-tuples of hypermatrices (A(l), e ,A(m)) and
(B(l), e ,B(m)) the following m-tuples

(Au) eBY ... AW gB® ... AW g B<m>)
and
(Aa) 2BV ... AW gB® ... AN g B(m))

also form uncorrelated hypermatrix tuples.

Proof: The fact that the m-tuple of hypermatrices (A(l) eBW ... AW gaBF ... Al g B(m))
forms an uncorrelated tuple (assuming that the m-tuples (A(l), e ,A(m)) and (B(l), e ,B(m))
form uncorrelated m-tuples) follows from the fact that the BM product is well behaved relative to
conformable block hypermatrix partitions. We express this fact as follows:

1 (1 (t) (m)
|:PI‘Od <U( )’ ’U( >:| Z PI‘Od <U11]7/3 Uil“‘itjit+2"'7;m Uj’i2~~~im> )
0<j<k
(t)
where {UZl iy g - } it denotes the conformable block partitions of the hypermatrices {U }1 <t<m

Finally, the fact that the m-tuple of hypermatrices
(Au) 2BY ... AW gB® ... AW g B<m>)
also forms an uncorrelated m-tuple follows from the easily verifiable BM-product identity

Prod (A1) & BY, .., AP g BO,... AW gBM) =

Prod (A(l),-u 7A(k)7... 7A(m)) ® Prod (B(l),--- 7B(k)7.” ’B(m)) )

The identity @ extends to hypermatrices the classical matrix identity

(Aa) 2 B<1>> . (A@) ® B(z)) _ (Aa) . A(z)) ® (Ba) . B<2>) ,

14



3.4 From matrix transformations to hypermatrix transformations

Recall from linear algebra that we associate with some matrix A € C"*" a matrix transformation
acting on C™*! defined by
A-x

In order to extend to hypermatrices the notion of transformation acting on a vector space, we
express matrix transformations as follows:

Tara : C =™

y =Tara (x) ©V0 <k <n, yp =/Prodp, (xT,x),

where Py = Prod 5 i) (AT, A). Consequently, up to sign,
y=A x.

(That is, this equation holds if we identify two complex numbers differing only by sign.)

Note that linear transformations such as Tar o are special cases of an equivalence classes of non-
linear transforms associated with an arbitrary pair of n x n matrices A®), A® defined by

TA(U,A(Q) . (Cnxl _)Cnxl

y=Tawam (X) & V0<k<n, y;=,/Prodp, (x7,x),

where Py, = Prod 5 ) (A(l),A(2)). Such equivalence classes of transformations naturally extend
to hypermatrices and are motivated by the general Parseval identity. We define for an arbitrary
m-~tuple of order m hypermatrices (A(l), e ,A(m)) the equivalence class of transforms TA(1)7,,, Am)
whose action on the vector space C**1**! is defined by

TA(l)’...7A(m) L QXXX XXX

such that

Yy = TA(1)7,,,7A(77L) (X)

~
V0 S k < n, Y = Ky PI‘Ode (XT(mil) 5 XT(miz)’ e ’XTj, e ’XTl,XTO)
where P = Prod 5 ) (A(l), e ,A(m)). The equivalence class of transforms associated with m-th

order hypermatrices is defined modulo multiplication of the each entry of the image vector y with
an arbitrary m-th root of unity.

15



3.5 Hypermatrix Fourier transforms

Hypermatrix transforms also motivate a natural generalization of Fourier transforms. To emphasize
the analogy between the hypermatrix Fourier transform and the matrix Fourier transform we briefly
recall here a matrix variant of the Fourier transform. Given an inverse pair of n X n matrices (i.e.
an uncorrelated pair of second order hypermatrices (A(l), A(2))) their induced Fourier transform,
denoted Tp 1) o), is defined as the map acting on the vector space C™*! defined by

TA(U,A(?) . (Cnxl N (Cnxl
such that
Yy=Taw ae (X) & V0 <k<n, yg=,/Prodp, (x7,x),

where Py = Prod 4 ) (A(l), A(2)). Although different choices of branches for the square root induce
different transforms we consider all such transforms to belong to the equivalence class of transforms
for which
VO<k<n, (y)* = Prodp, (XT,X) .
In linear algebra terms, we say that such maps are equivalent up to multiplication of the image
vector y by a diagonal matrix whose diagonal entries are either —1 or 1. Furthermore, by Parseval’s
identity we know that the transform TA(l)’ A(2) preserves the sum of squares of entries of the pre-
image X :
Yy = Taw a@ (X) & Prod (yT, y) = Prod (XT, x)

Similarly, we associate with some arbitrary uncorrelated m-tuples of hypermatrices (A(l), cee A(m)),
each of order m and having side length n, a hypermatriz Fourier transform denoted TA(1)7,,,7 Alm)
whose action on the vector space C**1**1 ig defined by

TA(1)7...7A(77L) . CnXIX"'Xl - (CTLXIX---XI

such that
Yy = TA(1)7,,,7A(77L) (X)
-~

VO<k< n, Yp= n{/PI‘Ode (XT(mil),XT(miz), ce ’XTj’ L. ’XTl’XTO)7

where Py = Prod 4 ) (A(l), e ,A(m)). Although different choices of branches for the m-th root
induce different transforms, we consider all such transforms to belong to the equivalence class of
transforms for which

(m—1) (m—2) j 1 0
VO<k<n, (yk)m:Prode(XTn X7 7...,XTJ7...,XT7XT)‘

These transform are equivalent up to multiplication of each entry of the image vector y with an
arbitrary m-th root of unity. By Proposition 1 it follows that the proposed transform preserves the
sum of m-th powers of entries of x:

Y =Taw,.. atm (X)
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=

T(mfl) T(m72) T T 70 T(mfl) T(m72) TI T 70
PI‘Od(X , X yr Xy, X0 X = Prod y Y LY LY LY .

3.6 Third order DFT hypermatrices

We recall from matrix algebra that the inverse matrix pairs associated with the Discrete Fourier
Transform (DFT) acting on the vector space C"*! corresponds to %FT where the entries of the

1 2
[Fl,. = 7 exp {z % uv} .

The definition crucially relies on the following geometric sum identity valid for every non zero integer

n
1 27 27 1 f0<u=v<n
— Z expst—ut—1—1twv = . )
" o<ten n n 0 otherwise

n X n matrix F are given by

-

exp{i%rut} exp{—i%”tv} 1 if0<fu=v<n
Z ( Vn ) ( Vn 1o otherwise ' (10)

0<t<n

. . =T . . . .
The equality above expresses the fact that the n x n matrices F and F~ are in fact inverse pairs (i.e.
uncorrelated pair of second order hypermatrices). We therefore understand the DFT to be a special
Fourier transform, in which the entries of the inverse matrix pairs are all roots of unity scaled by
the normalizing factor 1/\/n. By Lemma 3 if 7;, F7isa DFT then for every integer k > 1 the Fourier
transform 7T o =i is a also a DFT. Recall that ®* means k repeated Kronecker products.
Fek p

There is a third order hypermatrix identity similar to the identity in [I0, which is unfortunately
only valid for appropriately chosen values of n. The third order DFT hypermatrix identity crucially

relies on the following geometric sum identity

Y e i (uvi- Vi) 42 (uvi-ovE) 2 (Vo= viw) ) | -

0<t<n

)

1 f0<u=v=w<n
0 otherwise

for appropriately chosen values of n. The identity above can be rewritten as

exp {227” (u\/f— \/fw)z} exp {227” (u\/f—v\/f)z} exp {227” (\/fv — \/fw)2}
Vi Vi v

2.

0<t<n

17



1 f0<u=v=w<n
0 otherwise '
The identity above expresses a BM product of the uncorrelated triple (F, G, H). The entries of F,

G and H are all n-th roots of unity scaled by the same normalizing factor 1/3m. The entries of F,
G and H are thus given by

exp {125t (u — w)? exp {125t (u — v)?
[F]u,t,w = p{ - 2/(7_1 ) }’ [G]u,v,t = p{ né,/i—l ) }a [H]t,v,w =
(11)

As a result the transform Ty g g is a hypermatrix DFT acting on the vector space Cn1x1 . The
smallest possible choice for the integer n is 5. By Lemma 3, if Tp g, is a DFT over C™*1X1 then

exp {z%ﬂt (v— w)2}

\S/ﬁ

for every positive integer k > 1, 7}®k’G®k’H®k is also a DFT over the vector space Crixix1,
The following proposition determines necessary and sufficient condition on the positive integer n
which ensures that the hypermatrices in [I1] are uncorrelated.

Proposition 4 : The n x n x n hypermatrices F, G and H whose entries are specified by

exp 4 i2Zt (u— w)? exp {12t (u — v)? exp 4 i 25t (v — w)?
Fl, 1= p{”;(ﬁ - Gl 5w, o s )

form an uncorrelated triple if and only if the equation

22 +3y>=0 mod n,

admits no solution other then the trivial solution x =0 mod n and y =0 mod n.

Proof: The construction requires the following implication

- 2T - 2T

VO<u,v,w<n, u (e’T)z—l—v (e’T)l—i-w (ei%ﬂ)o #0= (u—0)+0—w)’+u—-w)?#0 modn.
Let = u — v and y = v — w, the implication becomes

Vae,yeN, 224>+ (2 +y)?#0 modn.

=VuzyelN, 2(m2+xy+y2) #0 mod n.

If n is even then the choice z = § and y = 0 always constitutes a counterexample. However if n is
odd the constraints may be stated as follows: for all integers z, ¥ not both zero mod n we require
that

2+ ay+y*#0 mod n.

:><x+%)2+3 (%)27&0 mod n.

from which the sought after result follows.

In particular, when n is prime we need —3 to be a quadratic non-residue modulo n. An easy
calculation shows that the primes of the forms 12m + 5 and 12m + 11 satisfy these conditions, and
in particular there are infinitely many such n. We leave the case of composite n to the reader.
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3.7 Hadamard hypermatrices

We discuss here Hadamard hypermatrices which are used to construct special DFT hypermatrices
which have real entries. In fact we extend to hypermatrices Sylvester’s classical Hadamard matrix

construction. Recall from linear algebra that a matrix H € {—1,1}"*" is a Hadamard matrix if

[H'HTL.].:{” lfOSZ—']<’I’L' (12)
’ 0 otherwise

Hadamard matrices are of considerable importance in topics relating to combinatorial design and the
analysis of boolean functions. They are also used to define the famous Hadamard-Rademacher—Walsh
transform which plays an important role in signal processing. Hadamard matrices are also common
occurrences in practical implementations of the Fast Fourier Transform. Furthermore, Hadamard
matrices are well-known to be optimal matrices relative to the Hadamard determinant inequality

|det ®] < (vn)",

valid over the set of all n x n matrices ® whose entries of are bounded in absolute value by 1.
Equality is achieved in Hadamard’s determinant inequality for Hadamard matrices. In 1867, James
Joseph Sylvester proposed the classical construction of an infinite family of Hadamard matrices of
size 2" x 2" for any integer n > 1. Sylvester’s construction starts with the 2 x 2 matrix

1 1
1 -1
and considers the sequence of matrices

®TL
1 1 27L><27L

By Lemma 3 we know that every matrix in the sequence above will satisfy the Hadamard criterion
Having defined in Section 3.1 orthogonal hypermatrices, it is relatively straightforward to extend
the Hadamard criterion to hypermatrices of arbitrary orders, which can be used to extend to

hypermatrices the Hadamard—Rademacher—Walsh transform. Formally, an order m hypermatrix
H e {-1,1}""" is Hadamard if

1<n<oo

[Prod(H,HT(mfl),---,HTk,---,HTz,HT)] :{n ifogz‘l:...:im<n. (13)

i1, i 0 otherwise

The following theorem extends the scope of both Sylvester’s constructions and the famous Hadamard
matrix conjecture.

Theorem 5 : For every positive integer n > 1 and every positive integer m which is either odd or
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equal to 2, there exists an order m Hadamard hypermatrix of side length 2". In contrast, if m is
an even integer larger than 2, then there is no order m Hadamard hypermatrix of side length 2.

Proof : By Lemma 3, it suffices to provide an explicit construction for odd order Hadamard hyper-
matrices of side length 2. For side length 2 hypermatrices of order m > 2, the Hadamard criterion
is expressed as follows

v(ila"' 7im)¢{(0707"' 70)7 (171"" ’1)}

(Piy 0igerimn P Oigeocimis * Py 0o 1) + (Piy Ligoiy Py Ligeosionin * i Ligein 1) = O
and

VO0<i<2,  (higiwii)" + (hitiai)" =2.
We can express the first set of constraints equivalently as
v(217 71771) ¢ {(0707 70)7 (1717 71)}
(hil 0igerim Pig 0ig-vimiy i 0igeiyy 4 )/(hi1 Vigeoim Pig Lig iy = Pig 1 i2"‘i7n71) =—1
For +1 solutions, the second set of constraints just states that
V0 <1< 2, (hl()z“)m = (hllzu)m =1.

For all ji,jo,..., jm—1,define Hj j,.j. 1\ = Rj 0jojm1 /M1 1jojm_r- The first set of constraints
simplifies to

”Himil"'im72 =-1 v(il"" 7im) ¢ {(070"" ’0)7 (171"" ’1)}

The second set of constraints states that

H; H;

192 Gm—1 411213 im

Clearly the original constraints (in k) have a +1 solution iff the new constraints (in H) have a +1
solution.

We now show that if m > 2 is even then there are no solutions. Let m = 2k, and consider the
constraint corresponding to iy = 1,49 = --- =4 = 0,ig4+1 = 1,942 = -+ = ip, = 0. This constraint
states that

2 2 2 2 _
Hiy..oHg..oHg..01 - Hoo.0 = —1,

which clearly has no £1 solution.

From now on, assume that m > 1 is odd. We immediately get that
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Ho..o=Hy.1=1

Call a binary word of length m a necklace if it is lexicographically smaller than all its rotations. Since
rotations of a word 77 - - - i,,, correspond to the same constraint, it is enough to consider constraints
corresponding to necklaces. For each word i1 - - - iy, a window consists of m —1 contiguous characters
(where contiguity is cyclic). Thus there are m windows, some of which could be the same.

If a necklace is periodic with minimal period p, then each window will appear (at least) m/p times.
The following lemma shows that periodicity is the only reason that a window repeats.

Lemma 5a : Suppose that a word wy ... wy,,—1 satisfies w; = w;_p, for i = 1,...,m — 1 (but not
necessarily for ¢ = 0). Then w has a period 7 (possibly m) such that p is a multiple of 7.

Proof of Lemma 5a : The proof is by induction on m. We can assume 0 < p < m. If m =1
then there is nothing to prove. If p divides m then the constraints imply that p is a period of w, so
again there is nothing to prove. Suppose therefore that ¢ = m mod p > 0. The constraints imply
that w has the form

Wwowy ... Wp—1WoW] - ..Wp—1 " WWYL .. W41,

and furthermore wy = Wg41,...,Wp—1 = Wp—14¢ mod p- That is, the word wy ... wp,_ysatisfies the
premise of the lemma with the shift ¢. By induction, wy...wp_1 has period 7 (which thus divides
p) and ¢ is a multiple of 7. It follows that 7 divides m and so is a period of wo, ..., wmy—1. This
completes the proof of the lemma.

The lemma 5a implies that indeed if a necklace has minimal period p (possibly p = m) then each

window appears m/p times, and so an odd number of times. We can thus restate the constraints
as follows, for 41 solutions:

For each non-constant necklace iy ...1n, the product of H-values corresponding to distinct non-
constant windows of iy ... 1, equals —1.

As an example, for m = 5 the non-constant necklaces are 00001, 00011,00101,00111,01011,01111,
and the corresponding constraints are

Hooo1Hoor0Ho100H1000 = —1

Hooo1Hoo11Ho110H1100H1000 = —1

Hoo10Ho101H1010Ho100H1001 = —1

Hoo11 Hor1 Hi110H1100Hi001 = —1

21



Ho101 Hi011Ho110H1101 Hio10 = —1

HoriHinoHvi01Hionn = —1

Consider now the graph whose vertex set consists of all non-constant necklaces, and edges connect
two necklaces z, y if some rotations of x, y have Hamming distance 1. For example, 00101 and 01011
are connected since 01010 and 01011 differ in only one position. It is not hard to check that each
non-constant window appears in exactly two constraints (corresponding to its two completions), and
these constraints correspond to an edge. Continuing our example, the window 0101 appears in the
constraints corresponding to the necklaces 00101,01011, and only there. (An edge can correspond
to several windows: for example (00001,00011) corresponds to both 0001 and 1000). We will show
that this graph contains a sub-graph in which all degrees are odd. If we set to —1 all variables
corresponding to the chosen edges (one window per edge) and set to 1 all the other variables, then
we obtain a solution to the set of constraints.

For example, the edges {(00001,00011), (00101,00111), (01011,01111)} constitute a matching in the
graph, and so setting Hpoor = Higo1 = Hip11 = —1 and setting all other variables to 1 yields a
solution.

A well-known result states that a connected graph contains a sub-graph in which all degrees are
odd iff it has an even number of vertice&ﬁ. To complete the proof, it thus suffices to show that the
number of necklaces (and so non-constant necklaces) is even. The classical formula for the number of
necklaces (obtainable using the orbit-stabilizer theorem) states that the number of binary necklaces
of length m is

LS ek

k|m

Here ¢ is Euler’s function. Since m is odd, it suffices to show that all summands are even. This is
clear for all summands with & < m. When k = m, we use the easy fact that p(m) is even for all
m > 2, which follows from the explicit formula for ¢(m) in terms of the factorization of m. This
completes the proof of Theorem 5.

We close this section with an explicit example of a 2 x 2 x 2 Hadamard hypermatrix:

H[:,:,O]:<_11 1) H[:,:,l]:(i 1)

3Here is a proof of the hard direction, taken from Jukna’s Exztremal combinatorics: partition the graph into a list
of pairs, and choose a path connecting each pair. Now take the XOR of all these paths.

22



4 Spectral decomposition of Kronecker products and direct sums
of side length 2 hypermatrices

We describe here elementary methods for deriving generators for the spectral elimination ideals,
which will be defined here. The method described here for computing generators for the first
spectral elimination ideal applies to matrices of all sizes but is unfortunately restricted to side
length 2 hypermatrices of order greater than 2.

4.1 The matrix case

We start by describing the derivation of generators for the spectral elimination ideal which we now
define. Let A € C?*2 having distinct eigenvalues. Recall that the spectral decomposition equation
is given by

T
< uil —uig >
<a00 a01>:[<u00 U(n).(,uo 0 )} —Up1 Uo0 '<I/0 0> (14)
ayp ai ug U1l 0 m UgoUL1 — U1 U10 0 un

The spectral constraints yield generators for the polynomial ideal Z5 in the polynomial ring

0o uo1 u10 Uil
u
I ugours —uotuio ? wooutl —uo1 w10’ WooUll —uolu10 ’ UooUIl —U01U10 ’ Hos H1

C |ugo, wo1, 10, v, v1|. The spec-
tral elimination ideal is defined as

Za N Cpo, p1, vo, 1]
The spectral decomposition constraints can thus be rewritten as

Upo-u11

UOOUL1 —UO1UL0 1
—Ug1-Ulp
UOOUbl—%Olulo aopo
—U00-U01
1000 UQOU11 —UO1UL0 0
U01-U00
0 100 ®< 1 1> . UooULL —U01U10 _ ao1 7
10°U11
0010 Hovo a1 UOOUL1 —UO1UL0 0
000 1 _ —uuio a10
UOOU11 —UO1UL0
—U10°U01 1
UQOU11 —UO1UL0
U11-U00 all
UQOUT1 —UO1ULO
from which it follows that
00 U11
UOOUTT —UO1U10 1
—Ug1-Ui0
Uo0U11 —U01U10 aoo
—U00-U01
Uo0U11—1U01U10 1000 1 0
01-U00 -
U011 —U01U10 _ 0100 ® 1 1 .| o1
— W00 0 0 1 0 v v 0
UOUT1 —ULULO Hovo  HiV1
_ —unuig 000 1 a0
UQOUT1 —UO1UL0
—U10-U01 1
UQO UL —UO1UL0
u11-UgQ aii

UooU11 —UO1UL0
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UupouU11 —uoouUQ1 uioull
3 UpouU11 —UOLUL0 upoU11 —UO1U10 UpouU11 —UOLUL0
Consequently, the entries of the vectors t , L) , T ,

Up1u10 01
UpoU11 —UQ1UL0 UooU11 —UO1UL0
—Uu10uU01
( UpoU11 —UQ1UL0 >
U11U00
UpoU11 —UQ1UL0

UpoU11 —UQ1UL0

can be expressed as rational functions in the variables pgvg and piv. The variables wugg, w1,
u19, u11 are further eliminated via the algebraic relation

(uoou11)(=u10u01) (—uoouo1)(u1ou11)
(uoou11—uo110)° _ (uoou11—uo110)*
(—uo1u10)(u11u00) (uo1u00)(—u11u10)
(uoou11 —uo1u10)> (uoou11—uo1u10)?

The algebraic relation above yields the characteristic polynomial

2
(p1vi—poro) — [ (mvi—powo)?
ap1a10 5

(p1v1—povo)

(15)

(aoo—povo) (@11 —povo)
(HlVl—HOVO)Q

(11v1—ago) (11 —ago) ( (—ao1)(—a10) >

Once the determinant polynomial is derived, the generator of the spectral elimination ideal is more
simply obtained by considering the polynomial

det (A — urvl,).
In particular, in the case n = 2 we have
det (A — pvIL,) = (uv)? = Tr (A) (uv) + det (A)

We point out this well-known fact only to emphasize the close analogy with the hypermatrix case
discussed in the next section.

Theorem 6 : Let A € C" "™ be a matrix generated by arbitrary combinations of direct sums and
Kronecker products of 2 x 2 matrices. Furthermore, assume that each 2 x 2 generator matrix admits
a spectral decomposition. Then A admits a spectral decomposition of the form

A = (U - diag (p)) - ((U—l)T - diag (u))T

Proof: From the fact that each 2 x 2 generator matrix admits a spectral deccomposition, it follows
that the spectral decomposition of A is obtained from the spectral decomposition of the generator
matrices by repeated use of Lemma 3.

4.2 The hypermatrix case

The spectral decomposition of a hypermatrix A € C?*2%2 is expressed in terms of uncorrelated an
triple U,V,W The 2 x 1 x 2 hypermatrix column slices {U [, k,:] , V [:,k,:], W [1,k,:] } g« oo collect
the “eigenmatrices” of A. We recall from [GERII]| that the spectral decomposition is expressed as

A = Prod (Prod (U, Dy, DY), Prod (V,D1,DT)""  Prod (W, Dy, DQT)T) , (16)
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where the 2 x 2 x 2 hypermatrices Dy, Dy, and D are third-order analogs of the diagonal matrices

o 0 ZV
0 )7\ 0 1

used in [I[4 The entries of the hypermatrices Dy, D1, and Dy are respectively given by

too 0 0 po1
Dy [;,:,0] = , Do 5,5, 1] = ,
o[:++0) < to1 0 ) ol 1) < 0 p11 >
.l Yo 0 o (0 vn
Dl ['7 70] - < Vo1 0 > ) Dl ['7-7 1] - < 0 11 > 5

w 0 0 w
DQ[:7:70]:<w2(1) 0>7D2[:7:71]:<0 w?i)

The spectral constraints yield generators for the polynomial ideal Zo in the polynomial ring
C w000, *++ 5 U111, V000, 5 V1115 W0005 *** 5 WILL, H00s H015 4115 Y005 Y015 V115 W00, Wol, Wi1]-
By analogy to the matrix derivation, generators for the spectral elimination ideal are generators for
the polynomial ideal
Za N C oo, fo1, H115 Y005 Vo1, V11, W00, Wo1, W1t -
The generators will therefore yield expressions for the 2 x 2 x 2 determinant as well as for the corre-

sponding characteristic polynomial. We rewrite the hypermatrix spectral decomposition constraints
as follows:

apoo

apo1
U0k * V000 * W00 0

Up10 - V010 - Wo10 aoio

@ L ® 1 1 Uiok - Vjoi - Wkoj | _ | @Go11
H0oi oK V0 V0iWokWo il M1V j1VilWE1Wj1 U1k * Vjli - WEk1j 0

0<i,j,k<2
a100

U101 * V101 * W101
U111 " V111 * W111

aiol

aiio

ai
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It therefore follows from the equality above that

apoo

apo1
UpOk - V000 * W000 0

Up10 - Vo10 - Wo10 a
010

Uik * Vj0i * Wkoj

| @ (ne 1 LYY || e
U1k * Vjli - WEk1j 0<i j k<2 H0i L0k V05 V0iWoEW0; il HE1Vj1VilWE1W 1 0 '
: - a100

U101 - V101 - W101
U111 - V111 - W111

aiol

aiio

ain

implicitly assuming that

0# H (NOiNOkVOjVOiWOkWOj - Miluk1vj11/i1wk1wj1)-
0<i,j,k<2

U0k * Vj0i * Wkoj
U1k - V515 - Wk1j
variables pioo, (01, 11, Yoo, Vo1, V11, Woo, Woi,w11. The variables ugoo, - -+, w111, ©000, " ** , V111, W000, " ** » W11l
are thus eliminated via the relation

Consequently the entries of the vectors { < > } are rational functions of the
0<i,j,k<2

( (UOOkUOOOWOOO) : (UOOI'UlOOwlOl) : (UIOIUOOIwIOO) : (UIOOUIOIU)OOI) >
(UOIkUOIO'wOlO) : (u0117)110w111) : (u111v011w110) : (u1000101w001)

< (1001000w100) - (L000V100W001) + (U100v001W000) - (W101V101W101) )
(uo11v010w110) - (wo10v110Wo11) - (110V011W010) - (W101V1I01WI01)

which yields the third order characterisitic polynomial

0 -2
< 0 = H (MOiMOkV(JjVOMOkw(Jj - Mil#kll/ﬂlfﬂwklwﬂ) X
0<i,j,k<2

2 2
< 0010104100 (M11V11w11) — 01141012110 (M01V01w01) + ap00@011@¢101A110 — A001G010G1000111 >
2 2 .

40010102100 (M01V01w01) — 401101014110 (IUOOVOOWOO) + apo0@011@¢101@¢110 — @00120104100G111

The generators for the spectral elimination ideal correspond to generators for the polynomial ideals

Za N C oo, to1, Y00, Vo1, woo,wo1] and Za N C [uoo, to1, Yoo, Vo1, wWoo, wot
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respectively given by

2 2
40010102100 (M01V01w01) — 401101014110 (IUOOVOOWOO) + apo0@011@¢101@¢110 — A001@0103¢100G111
and

2 2
00120104100 (,u11V11w11) — 401141014110 (M01V01w01) + app0@011@¢101@110 — A00140104¢100G111 -

The derivation suggests that the 2 x 2 x 2 hypermatrix characteristic polynomial is the polynomial

2 2
p (MOVOWO, ,ulVlwl) = app1@0102100 (,u17/1w1) —ap1101014110 (,uolfowo) +(aoooa011a1o1a110 - 0001001061100&111)

whose constant term aggoao11@¢101@110 — @po1@010a100a111 corresponds to the 2 x 2 x 2 hypermatrix
analog of the determinant polynomial. Note that the determinant polynomial is linear in the row,
column and depth slices. Furthermore, the 2 x 2 x 2 hyperdeterminant changes sign with a row,
column or depth slice exchange.

Theorem 7 : Let A € C""*™ be a hypermatrix generated by some arbitrary combination of
direct sums and Kronecker products of 2 x 2 x 2 hypermatrices. Furthermore, assume that each
2 x 2 x 2 generator admits a spectral decomposition. Then A admits a spectral decomposition of
the form

A = Prod <Prod (U, Dy, DY), Prod (V,D1,DT)"  Prod (W, Dy, DQT)T) ,

subject to
Prod (U, VTZ,WT) —A

Wik =pr; f0<i=k<n
[DO]ijk:{ ’ ’

0 otherwise

Dy, = vir =vg; if0<i=k<n
gk = 0 otherwise

D)., = wir =wp; f0<i=k<n
2Hijk — 0 otherwise

Proof: From the fact that each 2 x 2 x 2 generator admits a spectral decomposition, It follows that
the spectral decomposition of A is derived from the spectral decomposition of the generators by
repeated use of Lemma 3.

As in the matrix case, the characteristic polynomial can be obtained directly from the hyperde-
terminant of the cubic hypermatrix B whose entries are given by

[B]ijk = Qijk — Z (Hititk pi) (Vj'thiVi) (wkwktjwj)
0<t<n
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= [B]Z.jk = Qijk — Mif RV VWEW] E Witk Vjti Wt -
0<t<n

From the fact that Prod (U, V, W) = A it follows that

ayi — (piviw;)? i 0<i=j=k<n
[B]ijk = )
Ajjk otherwise

In particular, for n = 2 the characteristic polynomial is obtained by computing the hyperdeterminant
of B given by
Hyperdeterminant (B) =

2 2 17
ap012010¢100 (H11w1)” — apr1ai01a110 (Lovowo)” + (ao00@o11@101G110 — @o01@010G100G111) - (17)

The m-th order hyperdeterminant is derived from the family of spectral elimination ideals and
given by
Hyperdeterminant (A) =

H aj | — H a; |, (18)
je{o, 3t je{o 13t
Hj”z1 =0 mod 2 ”ij1 =1 mod 2

for an order m hypermatrix A of side length 2.

4.3 Spectra of adjacency hypermatrices of groups

As an illustration of naturally occurring hypermatrices we consider the adjacency hypermatrices of
finite groups. To an arbitrary finite group G of order n, one associates an n x n x n adjacency
hypermatrix A with binary entries specified as follows:

1 ifi-j=k in G

0 otherwise

\v/ivj7k76G7 aijk:{

As illustration, we consider here adjacency hypermatrices associated with the family of groups of
the form Z/2z X Z/27. x - -+ x Z/27. Note that by definition

AZ/zZXZ/zzxme/zz = A-Z/QZ ® AZ/QZ Q- AZ/QZ.
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Consequently, the spectral decomposition of the adjacency hypermatrix Az yz/onx...x2/07 18 de-
termined by the spectral decomposition of the 2 x 2 x 2 hypermatrix Az,,. The entries of the
hypermatrix Az, are given by

1 ifi+j7=k mod?2

0 otherwise

10 0 1
AZ/ZZ[:7:70]:<0 1>7 AZ/ZZ[:7:71]:<1 0>

By symmetry the hypermatrix A admits a spectral decomposition of the form

Vi k € 2oz, [Azp], . = {

Az, = Prod (Prod (Q, D, D) Prod (Q, D, D7 )™ Prod (Q.D, p")"),
where the the hypermatrix D is of the form

Aoo O 0 A
Dot = (37 4 ) - poti= (4 31,

and the hypermatrix Q is subject to the orthogonality constraints expressed by
Prod (Q, Q" QT) A

The spectrum of Az, is determined by the following parametrization of orthogonal hypermatrices

o[ @) %—Fl_% =
T AR AR KU G

as well as by the following parametrization for the hypermatrix D:

D[,:0] = (_x?»)% 0 D[, 1] = 0 (—x3)% .
a (~a®)s 0 ) 7 0 1

The parametrization above ensures that

Gl

1
1 -3 |
(x?’ + 1)

v (i,4,k) € {(1,0,0),(0,1,0),(0,0,1),(1,1,1)},

{Prod (Prod (Q, D, DT) , Prod (Q, D, DT)T2 , Prod (Q, D, DT)T)} o 0.
0.,

Finally, by symmetry, the spectral decomposition of A is obtained by solving for the parameter x
in the equation

[Prod (Prod (Q.D.D7) . Prod (.D.D")"" Prod (@.D.DY))]

"y
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[Prod <Prod (Q, D, DT) , Prod (Q, D, DT)T2 , Prod (Q’ D, DT)TH 011’

which yields the equation

(—1)%:13% — (—1)%:132 e/ 0
(xz—x—kl)%(a:—kl)% z?+1 7

for which the existence of complex roots follows immediately from the fundamental theorem of
algebra. Consequently, by Lemma 3 the spectral decomposition of the m-th order adjacency hyper-
matrix of the group 2/2z x Z/2z X --- x Z/27 is expressed as

AZ/2Z XZL[27,X - X Lf27, = (AZ/2Z) N

Prod (Prod (@, 0", (D")") ,Prod (Q", D", (D®")T)T2 Prod (@, D", (D®")T)T> .

5 General matrix and hypermatrix Rayleigh quotient

The Rayleigh quotient is central to many applications of the spectral decomposition of matrices.
We prove here a slight generalization of the matrix Rayleigh quotient, more specifically we do not
assume the matrices to be Hermitian. We then proceed to extend the formulation to hypermatrices.

Theorem 8 : Let A € C™" having non-negative eigenvalues. Let the spectral decomposition
of A be given by

A =U-diag : VT subject to I, =U-VT,
An—l

Let Py, = Prod y() (U, V) and S}, C C"*! x C"*! be such that V (x,y) € Si, Prodp, (x',y) >0,
then

i Proda (XT, y)
< —— 2 < .
v (xy) € 0<(]]<n S, Ogltgln()\t) ~ Prod (xT)y) — Orgtixn (M)

Proof : The proof follows from the inequality

Z Ao Prodp, (XT,y) < Proda (XT,y) < Z An—1Prodp, (XT,y) ,
0<k<n 0<k<n

= Ao Z Prodp, (XT,y) < Proda (XT,y) < A1 Z Prodp, (XT,y) ,
0<k<n 0<k<n
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which follows from the fact that V0 < k < n, Prodp, (XT, y) > 0. By the Parseval identity

Prod (XT,y) = Z Prodp, (XTaY) )
0<k<n

we have
Ao Prod (XT, y) < Proda (XT,y) < Ap_1 Prod (XT, y) ,

and the sought after result follows

T
Proda (x ,y) <O

<~ 7
0= "Prod (xT,y)

It is then easily verified that the bounds are attained for the choices
x=V[0, y=UL0
and
x=V[,n-1], y=U[,n—-1]

For practical uses of the general Rayleigh quotient it is useful to provide some explicit description
for vectors in the set

Vxy e () Seex= > aV[i,y= Y B Ul st {oBilocpen € Rxo.

0<k<n 0<i<n 0<j<n
Having reviewed the matrix formulation of the general Rayleigh quotient, we now discuss the hyper-
matrix formulation of the Rayleigh quotient. For notational convenience we restrict the discussion
to third order hypermatrices, but the formulation extends to hypermatrices of all orders.
Theorem 9 : Let A € C"*"™*" whose spectral decomposition is given by

A = Prod (Prod (U, Dy, DY), Prod (V,Dy,DT)"  Prod (W, D, DQT)T)

subject to

1 if0<i=j=k<n

U, V,W e C"™"" and [Prod <U’VT2’WT>LM - { 0 otherwise

where

,ujk:,ukao fo<i=k<n
[Do]ijk = .
0 otherwise

Vik=v; 20 if0<i=k<n
[Dl]ijk = .
0 otherwise
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wjk:wkao if0<i=k<n
[DZ]ijk = .
0 otherwise

Let Py, = Prod 5 ) (U,VT2,WT) and S, © CP¥IX1 5 Cnx1x1 o Cnx1x1 ho such that

V (x,y,z) € S, Prodp, (xTZ,yT,z) > 0.

Then V (x,y,2) € No<k<n Sk

2
Proda (xT ,yT,z)
min it otk VitVei WhtWtj) < < omax (Wit VitVit [kt bt
Ogivj,k7t<n(um Jen ) Prod (xT°,y7, z) OSi,j7k,t<n( : jtvit Hitt)

Proof : The proof argument is similar to the matrix case. Recall from the general Parseval identity

¥ (x,y,z) c (Cn><1><1 % (Cn><1><1 % (CnX1X1,
Prod (xTz,yT,z> = Z Prodp, (xTz,yT,z) ,
0<k<n
and from the inequalities expressed by

v (vavz) S ﬂ Ska

0<k<n

. T2 T T2 T
E min  { ik ViV Wiewy; } Prodp, (X Y 7Z> < Proda (X Y 72)
0<te 0<4,j,k<n

<t<n

and

T2 T T2 T
Proda (X Y =Z> < E max  { itk VitV Wiewi; b Prodp, (X Y 72)
0<t<n 0<i.jk<n

hence

: T2 T T2 T
min  { it fuek VeV Wierj b E Prodp, (X Y ,Z) < Proda <X 5% ,Z)
0<i,j,k,t<n 0<ten

and
2 2
Proda (XT 7yT7Z> < omax  { ik VitV Wit b Z Prodp, <XT ,YT,Z) )

= 0<ijkt<n
=0 0<t<n

which follows from the fact that V (x,y,z) € Sk, Prodp, <XT2,yT, z) > 0. By the Parseval identity

Prod (XT2,yT,Z> = Z Prodp, <XT2,YT,Z) )
0<k<n
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we have

. T2 T T2 T
min  { e fier VeV Wiewrj b Prod (X Y ,Z) < Proda <X Y ,Z)
0<i,j,k,t<n

and

T2 T T2 T
Proda (X Y ,Z> < max  { ik Vit Wrewy; b Prod <X Y ,Z) .
0<i,j,k,t<n

from which we obtain the sought after result

Proda (XT2 .y L, z)

min — { itk Vitlti Wity f < < omax  WiWit VitVit [kt g -
OSi,j7k,t<n{ ! S it Prod (x7*,yT, z) OSi,j7k,t<n{ ! Je it}

For practical uses of the hypermatrix formulation of the Rayleigh quotient it is useful to provide
some explicit description for vectors in the set

N Sk

0<k<n

We provide here such a characterization. Let U, V, W denote uncorrelated third order hypermatrix
triple. Let Py denote the outer product

P;, = Prod y (s (U, VTZ,WT) .

We first observe that for each Py there is a unique matrix My, (z) for which the following equality
holds ,
V0<k<2, Prodp, (xT,yT,z>:xT-Mk(z)-y

consequently the vector z must be chosen if at all possible to ensure that the n x n matrix My, (z)
is diagonalizable with positive eigenvalues for all 0 < k£ < n. In the special case n = 2 both of these
requirement are met when

VO <k<2,

Tr (M}, (z))* — 4det (M, (z)) > 0, Tr (M}, (z)) > 0 and det (M} (z)) > 0.
Tr (M, (z))? — 4det (My, (z)) = 0, Tr (Mg (z)) > 0 and My, (z) = MF (z).

Finally, provided that z is chosen such that My (z) is diagonalizable with positive eigenvalues for
all 0 < k < n, Theorem 7 provides a complete characterization for the possible vectors x and y for
each of the sets Sj.

Furthermore, for a symmetric n x n x n hypermatrix A whose spectral decomposition is expressed

by
A = Prod (Prod (Q.D,D?), Prod (Q,D,D)" , Prod (Q.D, DT)T> ,
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such that
Prod (Q,Q™,Q7) = A,
/\jk:)\kj>0 fo<i=k<n
[D]ijk = .
0 otherwise

where Q € R™*™ ™ and D € RZ§™", then

VO<k<n, (Mg(z)" =My;(z).

Consequently each My, (z) is diagonalizable and has real eigenvalues for all choices of the vector z.
In particular, for n = 2 it suffices to choose z such that

VO<k<2 Tr(Mg(z)) >0, det(Mg(z)) >0,
which asserts that
0070 + G0019100910120 + 40004001 410021 + G121 > O,
(qgoozo + QOOOQO01Q10021) (QO01Q1OOQ101ZO + q£1)’012’1) — (0009001910020 + QO01Q100LJ10121)2 >0,
do10%0 + Q0119110911120 + o109011q11071 + G31121 = 0,
(qglozo + QO10<J011Q11021) (QO11<J11OQ11120 + Q‘;’nzl) — (qo109011911020 + QO11Q110Q11121)2 > 0.
For all x, y and z chosen as indicated above we have

Proda (XT2 .y L, z)

: 2 12 2
min A5 A <
ogi,j,k,t<n{ i je Ak} < Prod

2 12 2
3T a) = ostiibicn i M)

By Lemma 3, this characterization of the domain of application of the hypermatrix Rayleigh quotient
bound extends to hypermatrices generated by arbitrary combinations of Kronecker product and
direct sums of symmetric 2 x 2 X 2 hypermatrices.

6 Some related algorithmic problems

6.1 Logarithmic least square

Let A € C™*" b € C™*! and consider the monomial constraints in the unknown x of size n x 1
vector

b= [[ =” . (19)
0sj<n 0<i<m

The logarithmic least square solution to [[9is obtained by solving for x in the modified system

ap; At Qtj
II e = 11 { II <
0<t<m 0<j<n \0<t<m 1<i<n
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By the least square argument the modified system is known to always admit a solution vector x

which minimizes )

Wis
> | I+
0<i<m 0<k<n

Such a solution is called the logarithmic least square solution of the system [[9 and can be obtained
via Gauss-Jordan elimination.

6.2 Logarithmic least square BM-rank one approximation

A solution to the general BM-rank p approximation of an order m hypermatrix H € C>*nxxn
( for some positive integer 0 < p < m ) is obtained by solving for an m-tuple of hypermatrices

(X(i))l “i<m of the same size as H which minimize the norm

H- Y Prodyo (X<1>, X®, ... ,X<m>>

0<t<p
Recall that
[A(t)] _ 1 f0<t=i1=-=ip<n
i1, im 0 otherwise
Consequently, the BM-rank of H over C is the smallest positive integer p for which we can solve for
the m-tuple (X(i))1<i<m subject to

H- Y Prodyo (X<1>,X<2>, ,X<m>> —0.
0<t<p

It is easy to see that for all order m hypermatrix H € C"*">*n
0 < BM-rank (H) < n.

In particular the necessary and sufficient condition for a side length 2 hypermatrix A to have
BM-rank 2 is given by
Hyperdeterminant (A) # 0,

where the hyperdeterminant refers to the polynomial described in

Finally BM-rank 1 approximation constraints are monomial constraints of same type as the ones
in[I9 The corresponding system admits no solution if BM-rank(H) > 1. The proposed BM-rank 1
approximation of H is thus obtained by solving the corresponding system in the logarithmic least
square sense.
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6.3 Logarithmic least square direct sum and Kronecker product approximation

Let A denote a cubic order m hypermatrix of side length n such that

A = @ AU

0<j<pB

where AU e C*2xx2 A direct sum and Kronecker product approximation of A is obtained
by solving for entries of a hypermatrix B subject to two constraints. The first of which asserts that
B must be generated by some a arbitrary combinations of Kronecker products and direct sums of
cubic side length 2 hypermatrices. The second constraint asserts that B should be chosen so as to
minimize the norm |[|[A — B||. The problem reduces to a system of the same form as [I9 given by

Vo<ij<pB, AU = ® X (),
0<i<j

where X(#9) e C2x2%x2 Consequently the system admits no solution if if A is not generated by
a combination of Kronecker product and direct sums of side length 2 hypermatrices. The proposed
direct sum and Kronecker product approximation of A is obtained by solving the corresponding
system in the logarithmic least square sense.
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