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Abstract
Ramsey’s theorem for n-tuples and k-colors (RT}) asserts that every k-coloring of [N]”
admits an infinite monochromatic subset. We study the proof-theoretic strength of Ramsey’s
theorem for pairs and two colors, namely, the set of its II consequences, and show that RT%
is II§ conservative over IX{. This strengthens the proof of Chong, Slaman and Yang that RT3
does not imply IX9, and shows that RT3 is finitistically reducible, in the sense of Simpson’s
partial realization of Hilbert’s Program. Moreover, we develop general tools to simplify the

proofs of II3-conservation theorems.

1 Introduction

Ramsey’s theorem for n-tuples and k-colors (RT}) asserts that every k-coloring of [N]™ admits an
infinite monochromatic subset. In the study of reverse mathematics, determining the strength of
Ramsey’s theorem for pairs is a long-term open problem. Hirst[22] showed that RTg implies the
¥9-bounding principle (BX9). On the other hand, Cholak, Jockusch and Slaman [6] showed that
WKLo + RT3 + I¥9 is a IT}-conservative extension of IX9, where WKLg stands for weak Konig’s
lemma and 12 is the ¥2-induction scheme. Thus, the first-order strength of Ramsey’s theorem
for pairs and two colors is in between BXJ and IX9. After this work, the project of deciding the
first-order strength of RT3 has been strongly carried out using forcing constructions or priority
arguments on nonstandard models of BX9, mainly by Chong, Slaman and Yang [10, 9]. They
proved in particular that WKLy 4+ RT3 does not imply I%9 [4].

In this paper, we use a hybrid of forcing construction, indicator arguments, and proof-theoretic
technique to show that RT3 + WKLy is a II3-conservative extension of IX). This answers Ques-

tion 13.2 of Cholak, Jockusch and Slaman [6], and strengthens the above recent result by Chong,
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Slaman and Yang since the I13-consequences of 139 are different from those of IX9. Our conser-
vation result gives actually a weak answer to the original question, namely, the proof-theoretic
strength of RT3 is the same as BXY, since BYY is a IT3-conservative extension of IX{. By the
proof-theoretic strength of a theory T we mean the set of II{ sentences which are provable in T,
or the proof-theoretic ordinal of T" which is decided by the I13-consequences of T. Deciding the
proof-theoretic strength of RT% is an important problem from a philosophical point of view. In
the sense of Simpson’s partial realization [40] of Hilbert’s Program, one would conclude that RT?

is finitistically reducible.

1.1 Reverse mathematics

Reverse mathematics is a vast foundational program that seeks to determine which set existence
axioms are needed to prove theorems from “ordinary” mathematics. It uses the framework of
subsystems of second-order arithmetic. Indeed, Friedman realized that a large majority of theorems
admitted a natural formulation in the language of second-order arithmetic. The base theory RCAy,
standing for Recursive Comprehension Axiom, contains the basic axioms for first-order arithmetic
(axioms of discrete ordered semi-ring) together with the A{-comprehension scheme and the X9-
induction scheme. RCAg can be thought of as capturing computable mathematics.

Since then, thousands of theorems have been studied within the framework of reverse math-
ematics. A surprising phenomenon emerged from the early years of reverse mathematics: Most
theorems studied require very weak axioms. Moreover, many of them happen to be equivalent to
one of five main sets of axioms, that are referred to as the Big Five, namely, RCAg, weak Konig’s
lemma (WKLg), the arithmetic comprehension axiom (ACAg), arithmetical transfinite recursion
(ATRp), and II}-comprehension axiom (II}-CAg). See Simpson [11] for an extensive study of the
Big Five and mathematics within them. In this paper, we shall consider exclusively theorems which
are provable in ACAq. See Hirschfeldt [20] for a gentle introduction to the reverse mathematics
below ACA,.

1.2 Ramsey’s theorem and its consequences

Ramsey theory is a branch of mathematics studying the conditions under which some structure
appears among a sufficiently large collection of objects. In the past two decades, Ramsey theory
emerged as one of the most important topics in reverse mathematics. This theory provides a large
class of theorems escaping the Big Five phenomenon, and whose strength is notoriously hard to

gauge. Perhaps the most famous such theorem is Ramsey’s theorem.

Definition 1.1 (Ramsey’s theorem). A subset H of N is homogeneous for a coloring f : [N]" — k
(or f-homogeneous) if all the n-tuples over H are given the same color by f. RT} is the statement

“Every coloring f : [N]™ — k has an infinite f-homogeneous set”.

Jockusch [23] conducted a computational analysis of Ramsey’s theorem, later formalized by
Simpson [41] within the framework of reverse mathematics. Whenever n > 3, Ramsey’s theorem
for n-tuples happens to be equivalent to ACAg. The status of Ramsey’s theorem for pairs was open
for decades, until Seetapun [39] proved that RT3 is strictly weaker than ACAq over RCAg. Cholak,
Jockush and Slaman [7] extensively studied Ramsey’s theorem for pairs.

In order to better understand the logical strength of RT3, Bovykin and Weiermann [4] decom-
posed Ramsey’s theorem for pairs into the Erdés-Moser theorem and the ascending descending

sequence principle. The Erdés-Moser is a statement from graph theory.



Definition 1.2 (Erds-Moser theorem). A tournament 7T is an irreflexive binary relation such that
for all z,y € N with x # y, exactly one of T'(z,y) or T'(y, z) holds. A tournament T is transitive if
the corresponding relation 7T is transitive in the usual sense. EM is the statement “Every infinite

tournament 7" has an infinite transitive subtournament.”

Definition 1.3 (Ascending descending sequence). Given a linear order (i.e., a transitive tourna-
ment) <z on N, an ascending (descending) sequence is a set S such that for every x <y y € S,
x <py (r>ry). ADS is the statement “Every infinite linear order admits an infinite ascending

or descending sequence”.

The Erdds-Moser theorem provides together with the ascending descending principle an alter-
native decomposition of Ramsey’s theorem for pairs. Indeed, every coloring f : [N]?2 — 2 can be
seen as a tournament R such that R(x,y) holds if x < y and f(z,y) =1, or > y and f(y,z) = 0.
Then, EM is saying “Every coloring f : [N]™ — k has an infinite transitive subcoloring” and
ADS is saying “Every transitive coloring f : [N]™ — k has an infinite f-homogeneous set”. (In
what follows, we always consider EM and ADS as these forms.) We therefore obtain the following

equivalence.
Theorem 1.1 (Hirschfeldt/Shore [21], Bovykin/Weiermann [4]). RCAq - RT3 <+ ADS + EM.

The ascending descending sequence has been introduced by Hirschfeldt and Shore [21]. They
proved that ADS is strictly weaker than Ramsey’s theorem for pairs. On the other hand, Lerman,
Solomon and Towsner [30] proved that the ErdSs-Moser theorem is strictly weaker than RT2. For
technical purposes, we shall consider a statement equivalent to the ascending descending principle.
Pseudo Ramsey’s theorem for pairs has been introduced by Murakami, Yamazaki and the second
author [33] to study a factorization theorem from automata theory.

Definition 1.4 (Pseudo Ramsey’s theorem for pairs). A set H is pseudo-homogeneous for a
coloring f : [N]? — k if there is a color ¢ < k such that every pair {z,y} € [H]? are the endpoints
of a finite sequence xg < 1 < --- < x, such that f(z;,x;,1) = c for each i < n. psRT} is the
statement “Every coloring f : [N]” — k has an infinite f-pseudo-homogeneous set”.

In particular, if f : [N]? — 2is a transitive coloring, then any set H pseudo-homogeneous for f is
already homogeneous for f. Thus, RCAg + psRT3 implies ADS (see [33]). The first author [38] and
Steila (see [12]) independently proved the reverse implication, namely, RCAg + ADS implies psRT3.

1.3 Proof strength and conservation results

In the study of reverse mathematics, deciding the first-order or proof-theoretic strength of axioms
and mathematical principles is one of the main topic. Especially, the conservation result for weak
Konig’s lemma always plays the central role as a large part of mathematics can be proven within
WKLo (see Simpson [11]). The following theorems show that one can use weak Konig’s lemma

almost freely to seek for first-order consequences.
Theorem 1.2 (Harrington, see [11]). WKLg is a II3-conservative extension of 139,
Theorem 1.3 (Friedman[14], see [11]). WKLg is a I19-conservative extension of PRA.

The X9-bounding principle (BX9) informally asserts that a finite union of finite sets is finite.
Many mathematical reasonings make an essential use of BX9 and in particular RT3 implies BX9.
The strength of the ¥9-bounding principle is therefore important for the study of combinatorial
principles.



Theorem 1.4 (H4jek[16]). WKLo + BXY is a I} -conservative extension of BXS.

Thankfully, BL9 can be freely used for a restricted class of formulas. Let ﬁg be a class of
formulas of the form VX ¢(X) where ¢ is a I13-formula. The following is a parameterized version

of the Parsons/Paris/Friedman conservation theorem.
Theorem 1.5 (see, e.g., [5] or [27]). BXY is a T13-conservative extension of 1%9.

Note that the above four conservation theorems are frequently used in this paper, and so we
shall not mention them explicitely.

There are many advanced studies to investigate the first-order strength of Ramsey’s theo-
rem and related combinatorial principles. One of the most important methods for these stud-
ies consists in adapting computability-theoretic techniques for combinatorial principles. By this
method, Chong, Slaman and Yang [10] showed that two weaker combinatorial principles, namely,
the ascending descending sequence (ADS) and the chain antichain principle (CAC), introduced by
Shore/Hirschfeldt[21], are TT}-conservative over WKLg. In [], they showed that WKLg +SRT? does
not imply IX9, and they improved the result and proved that WKLq + RT% does not imply IX9
in [8]. More recently, Chong, Kreuzer and Yang [unpublished] showed that SRT3 is TT3-conservative
over WKLy + WF(w*), where WF(w*) asserts the well-foundedness of w®.

Besides the computability-theoretic techniques, many other significant approaches can be found
in the literature. Kohlenbach/Kreuzer [27] and Kreuzer [29] characterized the TI3-parts of RT3 and
CAC with several different settings by proof-theoretic approaches. Bovykin/Weiermann [4] and
the second author [47] showed that indicators defined by Paris’s density notion can approach the
proof-theoretic strength of various versions of Ramsey’s theorem, and by a similar method, the
second author [15] also showed that RT} + WKL} is fairly weak and is a I13-conservative extension
of RCA}, where RCA} is RCAq with only ¥J-induction and the exponentiation. In addition, the

study of the II-parts of Ramsey-type theorems has some application to computer science [12].

1.4 Second-order structures of arithmetic and their cuts

A structure for the language of second-order arithmetic L5 is a pair (M, S) where M = (M, + s, - 01,
Onr, Lo, <ar) is a structure for the language of first-order (Peano) arithmetic Lpa, and S is a subset

of the power set of M.

Definition 1.5 (Cut). Given a structure M of the first-order arithmetic, a substructure I C M
is said to be a cut of M (abbreviated (I C. M)) if I ={a e M |3b e I(a <y b)}.

Here, the standard first-order structure w can be considered as the smallest cut of any first-order
structure. Given a structure (M, S), a cut I C, M induces the second-order structure (I,S[I),
where S|I := {X NI | X € S} We sometimes consider S as a family of unary predicates on
M and identify (M,S) as an Lpa U S-structure. Accordingly, (I, S[I) can be considered as an
Lpa U S-substructure of (M, S). Note that S|/ may then be a multiset on I, but this is harmless
without second-order equality. In this sense, one can easily check that (I, S[I) is a ¥J-elementary
substructure of (M, S) if I is closed under + ), and ;.

We write Cod(M) for the collection of all M-finite subsets, i.e., subsets of M canonically coded
by elements in M (as the usual binary expansion). Given some cut I C, M, we write Cod(M/I)
for Cod(M)[I. If I C M, then Cod(M/I) = S|I for any S C P(M) such that (M, S) = RCA,
thus (I, S[I) only depends on M and I.



A cut I C, M is said to be semi-reqular if T N X is bounded for any X € Cod(M) such
that |X| € I, where |X| denotes the cardinality of X in M. A semi-regular cut is one of the
central notions in the study of cuts, especially with the connection to second-order structures,
since it characterizes the models of WKLy. We will use the following theorem throughout this

paper without mentioning it explicitely.

Theorem 1.6 (see, e.g., [28]). Let I be a cut of a first-order structure M. Then, I is semi-reqular
if and only if (I, Cod(M/I)) = WKLyg.

Bounding principles are also characterized by cuts with some elementarity condition. In this

paper, we will use the following characterization.

Theorem 1.7 (Folklore, essentially due to Paris/Kirby[35], see also [45]). Let n > 1. Let (M, S)
be a model of IX? and let I be a cut of M such that (I, S]I) be a X0 -elementary substructure

n—1-

of (M, S). Then, (I,S]I) =BX?_,.

1.5 Hilbert’s program and finitistic reductionism

During the early 20th century, mathematics went through a serious foundational crisis, with the
discovery of various paradoxes and inconsistencies. Some great mathematicians such as Kronecker,
Poincaré and Brouwer challenged the validity of infinitistic reasoning. Hilbert [18] proposed a
three-step program to answer those criticisms. First, he suggested to identify the finitistic part of
mathematics, then to axiomatize infinite reasoning, and eventually to give a finitistically correct
consistency proof of this axiomatic system. However, his program was nip in the bud by Godel’s
incompleteness theorems [15].

In 1986, Simpson [410] proposed a formal interpretation of Hilbert’s program by taking primitive
recursive arithmetic (PRA) as the base system for capturing finitistic reasoning. This choice was
convincingly justified by Tait [43]. Simpson took second-order arithmetic (Z2) as the big system
capturing infinitistic reasoning, based on the work of Hilbert and Bernays [19]. In this setting,
finitistic reductionism can be interpreted as proving that Z, is II)-conservative over PRA. By
Godel incompleteness theorem, this cannot be the case. However, Simpson proposed to consider
I1Y-conservation of subsystems of second-order arithmetic over PRA as a partial realization of
Hilbert’s program. He illustrated his words with weak Konig’s lemma (WKL) which was proven
by Friedman to be II9-conservative over PRA (Theorem 1.3). In this paper, we contribute to
Hilbert’s program by showing that WKLy + RT% is TI9-conservative over PRA, and therefore that
RT3 is finitistically reducible. Moreover, we develop general tools to simplify the proofs of 13-
conservation theorems, and thereby contribute to the simplification of the realization of Hilbert’s

program.

1.6 Notation

In order to avoid confusion between the theory and the meta-theory, we shall use w to denote the
set of (standard) natural numbers, and N to denote the sets of natural numbers inside the system.
Accordingly, we shall write for the ordinal w in the system. We write [a, bl (a, b)), (a,00)N, - . -
for intervals of natural numbers, e.g., (a,bln = {z € N | a < 2 < b}. Given aset X and somen € N,

[X]™ is the collection of all sets of size n. [X]<M is the union |J, [X]".



We use II,,, ¥, A, to denote first-order formulas without set parameters, whereas 119, %0,
AY are second-order formulas, i.e., with set parameters. A ﬁ%—formula is a second-order formula
of the form (VX )p(X) where ¢ is a I19-formula.

Given two sets A,B, A® B ={2z |z € A}JU{2x+ 1|2 € B}, A Csn B means that A is
a finite subset of B, and A C* B means that the set A is included, up to finite changes, in B.
We write A < B for the formula (Vx € A)(VYy € B)z < y. Whenever A = {z}, we shall simply
write x < B for A < B. A set X can be seen as an infinite join X = @, X;, where z € X; iff
(i,2) € X. We then write X[i] for X;. Given a set X or a string ¢ and some integer m € w, we

write X [m for the initial segment of X (resp. o) of length m.

1.7 Structure of this paper
The main target of this paper is the following conservation theorem.
Theorem. WKLg + RT3 is a ﬁg—conservative extension of IX9.

We will prove this in the following way.

In Sections 2 and 3, we will explain that ﬁg—consequences of Ramsey’s theorem and its variations
are characterized by some largeness notions of finite sets. We will introduce largeness notion for
T", where T" is any of RT%, psRTg (which is equivalent to ADS), and EM. Roughly speaking,
giving a bound for largeness for T' within IX{ provides I3-conservation for WKLy 4+ I' over I%9
(Theorem 3.1).

According to the decomposition of RT3 into ADS and EM and the amalgamation theorem
(Theorem 3.5), the conservation for RT3 can be decomposed into the conservation for ADS and the
conservation for EM. In Section 4, we give a bound for the largeness notion for psRT% (Lemma 4.4)
by using the Ketonen/Solovay theorem. It actually provides the conservation result for ADS
(Corollary 4.5).

It is rather complicated to give a bound for the largeness notion for EM. For this, we will
introduce a new combinatorial principle called the grouping principle. We mainly focus on the
grouping principle for pairs and two colors GP3. Section 5 is devoted to the reverse mathematical
study of GP%, especially from the view point of computability theory. In Section 6, we will prove
a conservation theorem for GP3 (Theorem 6.5). For this, we will modify the construction of a low
solution for the stable version of GP3 (Theorem 5.2) presented in the previous section.

In Section 7, we give a bound for the largeness notion for EM (Lemma 7.2) by using a finite
version of the grouping principle, which is a consequence of GP%. It provides the conservation
result for EM (Theorem 7.3). Then, combining this with the conservation result in Section 4 by
the amalgamation theorem, we obtain the main theorem.

The main theorem can be formalized within WKL, and that leads to the consistency equivalence
of IX9 and RT3. This is argued in Section 8.

2 Largeness

A family of finite sets of natural numbers L C [N]<N is said to be a largeness notion if any infinite
set has a finite subset in L and L is closed under supersets. A finite set X € [N]<N is said to be
L-large if X € L. A (possibly largeness) notion L C [N]<N is said to be regular if for any L-large
set F', any finite set G Cg, N for which there exists an order-preserving injection h : F — G such
that (Vo € F)h(z) < z, then G € L. A Ag-definable notion L C [N]<N is said to be a (regular)



largeness notion provably in IXY if IX{ L is a (regular) largeness notion”. In this paper, we shall

mainly consider regular largeness notions provably in IX?.

Example 2.1. The family L, = {X Can N : |X| > min X'} is a regular largeness notion provably
in 139,

The notion of largeness enjoys a property similar to the pigeonhole principle, as states the

following lemma.

Lemma 2.1 (WKLo + BX9). For any largeness notion L, for any infinite set X and for any
k, No € N, there exists N1 € N such that for any partition X N[Ny, N1|y = Xo U - - U Xj_1, there
exists an L-large set F' such that F C X; for some i < k.

Since WKLy +BX is a ﬁg—conservative extension of IXY, this lemma for a A;-definable largeness
notion provably in IX? is provable in I39.

Proof. By BX9, for any partition X N [Ng, 00)y = Xo U -+ X;_1, one of the X;’s is infinite and
thus it contains an L-large subset. Thus, a bound for such an L-large set can be obtained by the

usual compactness argument which is available within WKLy. O

Note that the use of BXJ in the previous lemma is essential. If B9 fails, there exists a partition
X = XoU---U Xj—1 such that each of the X,’s is finite. Then, L = {F | Vi < k(F € X;)} is
a largeness notion failing the lemma. The use of WKLg is not essential since the argument can
be formalized within RWKL + BXY, where RWKL denotes the Ramsey-type weak Kénig’s lemma
introduced by Flood [13].

2.1 «a-largeness

From now on, we fix a primitive recursive notation for ordinals below €y. In this paper, we actually
ick < ® where n; € N and ng > -+ > ng_1. (We write 1
for % and ™-kfor Y, , ™) Foragiven a < * and m € N, define 0[m] = 0, a[m] = B if
a=B+1land afm]=8+ "1-mifa=8+ " for somen > 1.

use ordinals of the form o =

Definition 2.2 (IX9). Let a < ®. Aset X = {29 < - < my_1} Cgn N is said to be a-large if

alxo] ... [ze—1] = 0. In other words, any finite set is 0-large, and X is said to be a-large if
e X\ {min X} is f-large if « = S+ 1,
e X\ {minX}is (B+ ™! minX)largeifa =5+ ".

We let L, = {X Cqn N | X is a-large}.

In particular, a set X is m-large iff | X| > m and -large iff | X| > min X. See [17] for the
general definition of a-largeness. One can easily see that if X C Y for some a-large set X and
some finite set Y, then Y is a-large.

We say that X is a-small if it is not a-large. The following basic combinatorics have been
proven in [17, Theorem I1.3.21] in their full generality.

Lemma 2.2 (IXY). Fiz any k,n € N.
(i) Aset X is ™-k-large if and only if it is a union of some "-large finite sets Xo < -+ < Xp—1.

(i) A set X is ™-k-small if it is a union of ™-small finite sets Xo < -+ < Xg—1.



In particular, {k} U XoU---U X;_1 is "Fl-large if each of X; is "-large and k < Xp < --- <
Xj—1. Similarly, if {k}UXoU---UXj_1is "Hllarge and k < Xo < --- < Xj_1, then one of X;’s
is  "-large.

The following theorem corresponds to the well-known fact that the proof-theoretic ordinal of
IE? is w*.

Theorem 2.3. For any n € w, I1%Y proves that Ly is a reqular largeness notion.

Proof. One can easily check the regularity within 139, We will see that IX{ F “any infinite set
contains an "-large subset” by (external) induction. The case n = 0 is trivial. We show the case
n =k + 1. Within IX?, let an infinite set X be given. Then, by the induction hypothesis and 9-
induction, one can find min X-many k—large sets F; C X such that min X < Fy < --+ < Finx—1-
By Lemma 2.2 and the discussion below it, {min X} U Fy U+ U Fuinx—1 is  **l-large. O

2.2 Largeness for Ramsey-like statements

Many Ramsey-type theorems studied in reverse mathematics are statements of the form “For every
coloring f : [N]™ — k, there is an infinite set H satisfying some structural properties”. The most
notable example is Ramsey’s theorem, which asserts for every coloring f : [N]" — k the existence
of an infinite f-homogeneous set. These statements can be seen as mathematical problems, whose
instances are coloring, and whose solutions are the sets satisfying the desired structural properties.

Definition 2.3. A Ramsey-like-I13-formula is a II3-formula of the form
(Vf : [N]" = E)(FY)(Y is infinite A U(f,Y))

where n,k € w and ¥(f,Y) is of the form (VG Cqn Y)Wo(f][[0, max G|n]", G) such that ¥y is a
AJ-formula.

In particular, RT} is a Ramsey-like-IIi-statement where ¥(f,Y") is the formula “Y is homoge-
neous for f”. Similarly, psRTi and EM are Ramsey-like-IT statements. On the other hand, SRT%
is not a Ramsey-like-TIi-statement. However, SRT% is equivalent to the Ramsey-like-IIi-formula
saying “for any 2-coloring f on [N]?, there exists an infinite set Y such that Y is homogeneous for
f or there exists a < minY witnessing the non-stability of f, that is, such that for any z,y € Y
there exist b, ¢ € [z, y)n such that f(a,b) # f(a,c)”. Although the definition of a Ramsey-like-I13-

formula seems very restrictive, we can show that it entails a much larger class of II3-statements.

Definition 2.4. A restricted-113-formula is a II3-formula of the form VX3YO(X,Y) where O is a
¥9-formula.

Proposition 2.4. For any restricted-I13-formula VX3YO(X,Y), there exists a Ramsey-like-T13-
formula VX3Z(Z is infinite N V(X, Z)) such that

WKL F VX (3YO(X,Y) « 3Z(Z is infinite N ¥ (X, Z))).
(Here, X is considered as a function X : [N]* — 2 in the definition of Ramsey-like-I13-formula.)

Proof. We work within WKLg. Let VX3YO(X,Y) be a restricted-I13-formula. Without loss of
generality, one can write O(X,Y) = VnImd(X |m,Y [m,n,m) where 6 is X9 since existential



number quantifier can be replaced with an existential set quantifier. Define a formula ¥ (X, 7) as

follows:
U(X,Z)=VF Can Z(F #0 — (o € 22F)(Vn < |F|)(3m < max F)O(X [m,o[m,n,m)).

We now show that IYO(X,Y) <> 3Z(Z is infinite A ¥ (X, Z)).

To show the left to right implication, take Y C N such that Yn3m8(X |m,Y [m,n,m). Define
an infinite increasing sequence (z; | i € N) as zop = min{m + 1 | (X [m,Y [m,0,m)}, and z;41 =
min{m > z; | (X [m,Y m,i+1,m)}. Let Z = {z; | i € N}, then we have Z is infinite A U(X, Z)
(given a non-empty set F' Cqy Z, set 0 = Y[ max F).

To show the right to left implication, take Z C N such that Z is infinite A U(X, Z). Define a
tree T' as

T={ocec2MN|VFCZn[0,|o||n(F #0 — (Vn < |F|)(3m < max F)0(X [m, o m, k,n,m))}.

Then, since ¥(X, Z) holds, the tree T is infinite. By WKLy, take Y € [T]. One can check that
YnIml(X [m,Y Im,n,m) since Z is infinite. O

Definition 2.5 (IX{). Fix an ordinal « < © and a Ramsey-like-II3-statement (Vf : [N]* —
E)3Y)(Y is infinite AU (f,Y)). Aset Z Cap Nissaid to be a-large(T) if for any f : [[0, max Z]n]" —
k, there exists an a-large set Y C Z such that ¥(f,Y) holds.

By the definition of a Ramsey-like-II3-formula, if Z’ O Z and Z is a-large(T'), then Z’ is
a-large(T).

Example 2.6. A set Z is a-large(RTY) if for every coloring f : [[0, max Z]n]™ — k, there is an
a-large f-homogeneous set Y C Z.

Note that a-largeness(I") for I' € {RT}, psRT%, EM} are all Ag-definable notions, and I%{
proves that they are all regular. However, it is not obvious within I3} that they are all largeness
notions. Actually, showing within IX{ that a-largeness(RTg) is a largeness notion is the key to
know the I1$-part of RT3. Our approach is to measure the size of a-large(T") sets by comparing
them with a-large sets. The following classical theorem is fundamental for this purpose. (It is not
hard to check that the proof works within 1%.)

Theorem 2.5 (Ketonen/Solovay[26, Section 6]). Let k € w. The following is provable within I1%9.
If a finite set X is *+-large and min X > 3, then X is -large(RT3 ).

3 Density and IIJ-conservation

The goal of this section is to prove the following theorem.

Theorem 3.1 (Conservation through largeness). Let ' be a Ramsey-like-I1}-statement. If *-

large(T)ness is a largeness notion provably in IXY for any k € w, then, WKLy + T is a ﬁg-

conservative extension of 1X9.

For this, we will introduce an iterated version of a largeness notion which is called “density”.

This notion is introduced by Paris in [34].



Definition 3.1 (IX9, Density notion). Fix a Ramsey-like IT3-statement
I'=Mf:[N" = k)3Y)(Y is infinite A U(f,Y)).

We define the notion of m-density(T") of a finite set Z C N inductively as follows. First, a set Z is
0-dense(T") if it is -large and min Z > 1. Assuming the notion of m-density(T") is defined, a set Z
is (m+ 1)-dense(T) if

e for any f : [[0,max Z]n]" — max Z, there is an m-dense(I") set Y C Z such that ¥(f,Y)
holds, and,

e for any partition Zp Ll --- U Zx—1 = Z such that k¥ < Zy < -+ < Zg_1, one of Z;’s is
m-dense(T).

Note that there exists a Ag-formula 6(m, Z) saying that “Z is m-dense(I').” (Here, we always
assume min Z > 1 to avoid technical annoyances.)

In case T is psRT; or RT} for some n, k > 2, the second condition is implied from the first
condition as follows: for a given partition ZoU---UZk_1 = Z, set f(z,y) = 1if 2,y € Z; for some
i < k and f(z,y) = 0 otherwise, then, f is a transitive coloring and any -large homogeneous set
H C 7 is included in some Z;’s. (For more precise explanations, see [34] or [4].) On the other

hand, the density notion for EM without the second condition does not work well (see [4]).

Definition 3.2. Let I' be a Ramsey-like-II3-statement. Then, the statement m—l;ﬁ(l") asserts
that for any Xy C N, if X is infinite then there exists an m-dense(T") set X such that X Cg, Xo.

The density notion for I'" provides a cut to be a model of WKLy +T'.

Lemma 3.2. Let I' be a Ramsey-like-11}-statement. Given a countable nonstandard model M of
1Y, and an M-finite set Z C M which is a-dense(T') for some a € M \ w, then there exists an
initial segment I of M such that (I,Cod(M/I)) = WKLy + T and I N Z is infinite in I.

Proof. Let I' be a Ramsey-like-TI-statement of the form
(Vf : [IN]™ — k)(3Y)(Y is infinite A U(f,Y))

where n,k € w and ¥ is of the form in Definition 2.3. Let M = I3, be a countable nonstandard
model, and Z C M be M-finite set which is a-dense(T") for some a € M \ w. Let {E;}ic, be
an enumeration of all M-finite sets such that any M-finite set appears infinitely many times, and
{fi}icw be an enumeration of all M-finite functions from [[0, max Z]n]™ to max Z such that ®(f;)
holds.

In the following, we will construct an w-length sequence of M-finite sets Z =2y 2 Z7 2 ... so
that for each ¢ € N, Z; is (a — ¢)-dense(T"), min Z; < min Z, 13, U(f;1[[0, max Zs;]n]", Z3i41), and
(min Z3;49, max Z3;12)n N F; = 0 if |E;| < min Z3;41.

At the stage s = 3i, let Z3; and f; be given. Then, one can find Z3;41 C Z3; which is
(a — 3i — 1)-dense(T") such that U(f;[[[0, max Z3;]]™, Z3;+1) by the definition of density(T").

At the stage s = 3i + 1, let Z3;41 and E; be given. If min Z3;11 < |E;|, let Zsi49 = Z3i41. If
min Z3; 11 > |E;l, let E; = {eg,...,e;_1} whereeg < e < --+ < e;_1, and put WO = Z3,,1N[0, eo),
W = Zs;i1Nlej_1,ej)w for 1 < j <1, and Wl = Z3; 1N[e;_1,00)n. Then, Zs;41 = WOLI---LUW!,
thus one of W;’s is (a — 3i — 2)-dense(I"). Put Z3;12 to be such Wj.

At the stage s = 3i + 2, Put Z3,43 = Z3i42 \ {min Z5;42}.

10



Now, let I = sup{minZ; | i € w} C. M. By the construction of the steps s = 3i + 1, I is a
semi-regular cut, thus (I, Cod(M/I)) E WKLg. By the construction of the steps s =3i+2, Z; N1
is infinite in I for any ¢ € w. To check that (I,Cod(M/I)) =T, let f : [I|" — k € Cod(M/I).
Then, there exists f; such that f = f; N I. By the construction, M = U(f;][[0, max Z3;]n]"™, Z3i+1)
holds, thus we have (I, Cod(M/I)) = (f, Zsix1 NI) A Zs;41 N T is infinite. O

Theorem 3.3. Let I' be a Ramsey-like-113-statement. Then, WKLo + T is a ﬁg—conservative
extension of RCAg + {m-PH(T) | m € w}.

By Theorem 3.3 and Proposition 2.4, one can characterize the ﬁg-part of any restricted-I13-
statement. This is actually a (generalization of a) special case of the well-known indicator argu-
ments (see, e.g., [34, 25]). In general, one can replace the second condition and the initial condition
for O-density in Definition 3.1 with suitable indicator conditions for a base system 7', then the par-
tial conservation for T+ I' over T + {m-PH(I') | m € w} holds, and one can even consider the

I19-part in some cases. See [17, 13].

Proof of Theorem 3.3. By the usual compactness argument, one can easily check that WKLy + T"
implies m-PH(T) for any m € w. Thus, WKLo + I" is an extension of RCAq + {m-PH(T') | m € w}.

To see that it is a I13-conservative extension, let o = YXVrIyVzo(X|2],z,y,2) be a M-
sentence which is not provable in RCAq + {m-PH(I) | m € w}, where ¢ is 29. Take a countable
nonstandard model (M, S) = RCAq + {m—ﬁ{(F) | m € w} 4+ —po. Then, there exist A € S and
a € M such that (M, S) = Yy3z—¢(A[z],a,y,z). In (M, S), define a sequence (x; | i € M) so that
o = a and x;41 = min{z > z; | Yy < 2,32 < z-p(A[z],q,y,2)}. By recursive comprehension
in (M,S), put X ={x; | i € M} € S. Then, X is infinite in (M, S). By m—l;ﬁ(l") for m € w,
there exist m-dense(I") finite subsets of X for any m € w. Thus, by overspill for X{-statement,
there exists an m-dense(I") finite subset Z of X for some m € M \ w. Now, by Lemma 3.2,
there exists I C. M such that (I, Cod(M/I)) = WKLy + T and Z NI is infinite in I. Note that
Cod(M/I) ={WNI|WisMAinite} ={WnI|W e S} Since ZC X,a<minZ € I and
for any w,w’ € Z NI such that w < w’, (I,Cod(M/I)) E Vy < w3z < w'—p(ANIz],a,y,z).
Since Z N I is unbounded in I, we have (I, Cod(M/I)) = VyIz—p(A N I[z],a,y, z), which means
(I,Cod(M/I)) = —po. Thus, WKLo + T" does not prove ¢g. O

The following generalized version of the Parsons theorem plays a key role in this section.
Theorem 3.4 (Generalized Parsons theorem). Let ¢(F) be a Ag-formula. Assume that
X0 F VX C N(X is infinite — 3F Cg, X9(F)).
Then, there exists n € w such that
I¥) FVZ Cap (0,00)n(Z is ™-large — IF C ZyY(F)).

Note that one can apply this theorem for any ﬁg—conservative extension of IXY, e.g., WKLy +
BXY.

This theorem quickly implies the Parsons theorem (see, e.g., [5]), namely, any IIs-statement
provably in I¥; is bounded by a primitive recursive function, as follows. If a Ils-statement
Va3yf(x,y) is provable within IX?, then put ¢(F) := (V2 < min F)(3y < max F)0(z,y). Then,
139 proves that any infinite set contains a finite set I’ such that )(F) holds. By this theorem, there
exists n € w such that (Z is "-large - IF C Z(F')). One can easily find a primitive recursive
function h such that [a, h(a)]y is "-large for any a € w. Thus, we have I¥; - Va3y < h(z)0(x,y).
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The following proof is a generalization of the proof of Theorem 1.3, which is the Parsons theorem
extended into WKLg.

Proof of Theorem 3.4. Assume that IX; / VZ Cgqy (0,00)n(Z is  ™-large — IF C Zy(F)) for any
n € w, where U(F') is ¥1. Then, there exists a countable model M |= 1% + {37 Cgj (0, 00)n(Z is

"large AVF C Z-)(F)) | n € w} such that M 2 w. By overspill, there exist a € M \ w and an
M-finite set Z C M with min Z > 0 such that Z is “-large and VF C Z—)(F). Let {E;}ic., be an
enumeration of all M-finite sets such that any M-finite set appears infinitely many times. Now, we
will construct an w-length sequence of M-finite sets Z = Zy D Z; O ... so that Z; is ® ‘-large,
min Z; < min Z; 1 and (min Z; 11, maxZ; 1) N E; = 0 if |E;| < min Z;. Let Z; and E; be given
such that Z; is 2‘-large. If min Z; < |E;|, let Z;41 = Z; \ {min Z;}, then Z;,1 is """ L-large.
If min Z; > |E;|, let E; = {eg,...,e;—1} where eg < e; < --- < e;_1, and let W = Z; \ {min Z;},
WO =WnI0,e0)n, W/ =W nej_1,ej)n for 1 < j <1, and W!=WnNe_1,00)n. Then, W is
( @==1.min Z;)-large and W = WO Li--- W', Since [ + 1 < min Z;, there exists j < [ such that
Wiis e~=Lllarge by Lemma 2.2. Then, set Z;;; = W7.

Now, let I = sup{minZ; | i € w} C. M. By the construction, I is a semi-regular cut, thus
(I,Cod(M/I)) = I£9. On the other hand, Z NI € Cod(M/I) and (I,Cod(M/I)) = Z N1 is
infinite AVF C Z N I-)(F) since =p(F) is II;. This contradicts to 1% - VX C N(X is infinite
— 3F Can XY(F)). O

We are now ready to prove the main conservation theorem of the section.
Proof of Theorem 3.1. Let I' be a Ramsey-like-IT3-statement, and assume that for any k € w,
XY VX C N(X is infinite — 3F Cg, X (F is  *-large(T))).
Then, by Theorem 3.4, for each k € w there exists nj such that
X FVZ Chp (0,00)n(Z is ™*-large — Z is  *-large(T)).
Now, put h:w — w as h(0) = 1 and h(m + 1) = max{np(m), h(m) + 1}. We will check

129 FVZ Cay (0,00)n(Z is M™)-large — Z is m-dense(T)).

by induction. The case m = 0 follows from the definition. The case m = m’ + 1, h(m/)—large
sets are m/-dense(I") by the induction hypothesis. Then, the first condition of the m’ + 1-density
follows from h(m’ + 1) > (), and the second condition follows from A(m’+41) > h(m’) 41 and
Lemma 2.2. Thus, by Theorem 2.3, IX{ proves that any infinite set contains an m-dense(I") set

for any m € w. Hence, by Theorem 3.3, WKLy + I' is a I13-conservative extension of I%9. O

When two conservation results are obtained, one can often amalgamate those results. For
example, if two H%-theories T, and T, are H}-conservative over a base H%-theor‘y To, then Ty + T5
is also IT}-conservative over Ty (see [40]). Similar amalgamation property holds for T13-conservation
as follows.

Theorem 3.5 (Amalgamation). Fiz n > 1. Let T be a theory extending 1%9 which consists of
sentences of the form YX3IYO(X,Y) where 0 is H91+2’ and let I'y and 'y be sentences of the same
form asT. If T +1T; is a ﬁ%+2—conservative extension of T for i = 1,2, then, T +T'1 + '3 is a
ﬁ%+2-conservative extension of T'.
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Proof. The proof is essentially the same as the case for the amalgamation of two I13-theories which
are IIi-conservative over a base theory in [16]. Here, we consider the Lp-structure (M, S) as a
two-sorted structure, namely, M and S are disjoint sets and € is a relation on M x S. In this
understanding, 119 4 o-conservation implies that any model of T has a X9 ,-elementary extension
which is a model of T+ T'; for ¢ = 1,2. (This is because if (M, S) E T, then Thz,upmus(M,S) N
Y9 . o4+ T +T; is consistent.) Now, assume T' I/ VX (X) where ¢ is 119, and take a model
(Mo, So) = T+3X—)(X). Then, one can construct a X9 | ,-elementary chain of models (My, So) C
(M, 51) C ... such that (Majys, S2j4:) =T + 1T for i = 1,2 and j € w. By the usual elementary
chain argument, (M, S) = (Upeco Mis Upeo, Sk) is a B0 y-elementary extension of (Mo, Sp), and
therefore (M, S) =T + Ty + 'y + 3X—1)(X). Hence T + Ty + I'y I/ VX9 (X). O

Note that IX9, WKLy and any Ramsey-like statement is of the form YX3Y0(X,Y) where 0 is
I19. Therefore, one can always use the amalgamation theorem for ﬁg-conservation. In particular,
to prove the ﬁg—conservation theorem for RT%, we only need to prove ﬁg—conservation theorems
for ADS and EM.

4 Conservation theorem for ADS

In this section, we will show that WKLy 4+ ADS is a I13-conservative extension of 129, Actually,
this is just a weakening of the following theorem by Chong, Slaman and Yang, where CAC is the

chain antichain principle, since ADS is a consequence of CAC over RCAq [21].
Theorem 4.1 (Chong, Slaman, Yang [10]). WKL + CAC is a 11} -conservative extension of BXS.

Here, we will give an alternative proof by calculating the size of k—large(psRTg) sets. To

simplify the proof below, we will use a slightly modified a-largeness notion.

Definition 4.1 (IXY). Any set is said to be O-large*. Given some o < ®, X Cgp, N is said to be

a-large* if
o X\ {min X} is g-large* if a = B+ 1,
e Xis (B+ ™! minX)-large* if a =3+ ™.
Trivially, if X Cg, N is a-large, then X is a-large*.

k

Lemma 4.2. For any k € w, the following is provable within 1%9. For any o < and for any

X Cau N, X is a-large if X is o+ 1-large*.
Proof. By I{-transfinite induction up to *, which is available within RCA,. O

Lemma 4.3. The following is provable within 129. For any k,n € N, if X is a disjoint union
of Xo,...,Xp—1 such that X; < X1 for any i < k —1 and each X; is "-large*, then X is
™. k-large*. Thus, if k < min Xg, X is "tl-large*.

Proof. Similar to Lemma 2.2. O

Lemma 4.4. For any k € w, the following is provable within 1%9. If a finite set X C N is
2k+6_large and min X > 3, then X is  *-large(psRT3).
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Proof. Given a coloring f : [[0, max X]y]? — 2, define the coloring f : [X]? — 2k + 2 as f(z,y) =
2j+iif f(z,y) =iand j = min{j’ < k| ~(3H C [z,y)nNX x € H, His 7 t'large* and HU{y}
is pseudo-homogeneous for f with the color ¢)} U {k}.

By Theorem 2.5, take Y C X such that Y is -large and f-homogeneous. Let Y = {yo < y1 <
- <y}, and f([Y]?) =25 +i. Then, [ > yo. By the definition of f, for s =0,...,1 — 1, one can
take Hy C [ys,ys+1)w such that y, € Hy, Hyis I-large* and [HsU{ys+1}]? is pseudo-homogeneous
for f with the color i. By Lemma 4.3, H = Uls_:lo Hgis J*llarge*, and [H U {yx}])? is pseudo-
homogeneous for f with the color i. This H assures that f(yo,yr) # 27 + i or j = k. Thus, we

k+1

have j = k. Hence H is pseudo-homogeneous for f and -large*, thus it is *-large. O

Corollary 4.5. WKLy + psRT%, or equivalently, WKLy + ADS is a ﬁg—conservative extension of
9.

Proof. By Theorems 2.3, 3.1 and Lemma 4.4. O

Note that we could have proven Corollary 4.5 by working with ADS directly. However, the
unnatural formulation of ADS as a Ramsey-like-II3-statement introduces additional technicalities
in the proof. Indeed, the standard formulation of ADS involves linear orders, whereas a Ramsey-
like statement is about arbitrary coloring functions. In this framework, a solution to ADS is either
an infinite homogeneous set, or a set whose minimal element witnesses the non-transitivity of the

coloring.

5 Grouping principle

In this section, we introduce the grouping principle, which is a consequence of Ramsey’s theorem.
The grouping principle will be used in the conservation proof of the Erdés-Moser theorem, although
it is currently unknown how the two statements relate in reverse mathematics. The grouping
principle seems interesting to study in its own right, and we conduct a study of its relations with

other Ramsey-type principles already studied in reverse mathematics.

Definition 5.1 (RCAy, grouping principle). Given a largeness notion L and a coloring f : [X]|" — k,
an L-grouping for f is an infinite family of L-large finite sets {Fy < F1 < ...} C L such that

Vip < - <ipde< kVax, € Fyy,...,Vo, € F;, f(z1,...,2,) =¢

Now GPj (L) (grouping principle for L) asserts that for any coloring f : [N]™ — k, there exists an
infinite L-grouping for f. We write GP} for the statement saying that for any largeness notion L,
GPj (L) holds, GP™ for VkGP},, and GP for VnGP".

Note that being a largeness notion is a IIl-statement. Therefore, an instance of GP2 is a
pair (L, f) where L is a collection of finite sets, and f : [N]> — 2 is a coloring. A solution to an
instance (L, f) is either an L-grouping for f, or an infinite set witnessing that L is not a largeness
notion, that is, an infinite set with no finite subset in L.

In order to simplify the analysis of Ramsey’s theorem for pairs, Cholak, Jockusch and Slaman [7]
split the proof of RT3 into cohesiveness and a stable restriction of RT5. A coloring f : [N]? — k is

stable if for every x, lim, f(x,y) exists. SRT? is the restriction of RT3 to stable colorings.

Definition 5.2 (Cohesiveness). An infinite set C is R-cohesive for a sequence of sets Ry, R, ...
if for each i € N, C C* R; or C C* R;. COH is the statement “Every uniform sequence of sets R
has an R-cohesive set.”
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Cohesiveness is a statement from standard computability theory. Cholak, Jockusch and Sla-
man [7] claimed with an erroneous proof that it is a strict consequence of RT3 over RCAq. Mileti [31]
fixed the proof. Hirschfeldt and Shore [21] proved that COH is a consequence of ADS. Since
then, many statements in reverse mathematics have been split into their cohesive and their sta-
ble part [21]. Accordingly, we will consider the stable version SGP% which stands for GP% for
stable colorings. One can prove that RCAq - COH + SGP2 — GP2 by the same argument as
RCA¢ F COH +SRT3 — RT3 [7]. Stable Ramsey’s theorem for pairs admits a nice computability-
theoretic characterization in terms of infinite subsets of a A9 set. We can give a similar character-

ization for the stable grouping principle for pairs.

Definition 5.3 (RCAg). Given a largeness notion L, an L-grouping for a set A is an infinite family
of L-large finite sets {Fy < Fy < ...} C L such that (Vi)[F; C AV F; C 4]

The argument can be carried-out within BX9. Unlike SRT3, it is currently unknown whether SGP3
implies BXJ over RCA.

Lemma 5.1. RCAy + BXY SGP%(L) < “Bvery AY set has an infinite L-grouping”.

We will now show the existence of an w-model of SGP3 containing only low sets. Recall that
an instance is a pair (L, f), and a solution is either a witness that L is not a largeness notion, or an
L-grouping for f. We need therefore to show that given any computable collection of finite sets L
and any AY set A, there is either an infinite low set Y witnessing that L is not a largeness notion,

or a low L-grouping for A. In what follows, we denote by LOW the collection of all low sets.

Theorem 5.2. For every computable set L which is a largeness notion on (w, LOW), every AY set

has an infinite low L-grouping.

Proof. Fix a AY set A. We will construct an infinite low L-grouping for A by an effective forcing

notion whose conditions are tuples ¢ = (Fu, ..., Fi, Xo, ..., Xm) such that
(i) F; € L and F; Cgn A or F; Cgy A for each i < k,
(il) F; < Fy41 for each i <k,
(iil) XoU---U X, is a low partition of w.

A condition d = (Fy, ..., Fy,Yo,...,Y,) extends a condition ¢ = (Fy, ..., Fr, Xo,..., Xm) (writ-
tend < ¢)if ¢ > k, for every i € (k,{]n, F; C X, for some j < nand Y, ...,Y, refines Xo, ..., X,
that is, for each ¢ < n, there is some j < m such that ¥; C X;. An index of the condition c is a
tuple (Fy, ..., Fk,e) where CIDQ/ decides the jump of the partition Xy, ..., X,,. We first claim that
the finite sequence of sets can be extended.

Claim. For every condition ¢ = (Fy,..., Fx, Xo,...,Xn), there is an extension d = (Fy, ..., Fy,
Xo,...,Xm) of ¢ such that £ > k. Moreover, an index of d can be found §'-uniformly in an index
of c.

Proof of the claim. We first show that there is a set F' > F}, such that F' € LN X; for some i < n
and F C A or F C A. Let i < n be such that X; is infinite. We claim that there is some finite
set F' € L such that F C X;NA\ [0, max(F})]y or F C X;NA\ [0, max(F)]n. Suppose for the sake
of contradiction that there is no such set. Then the II)"** class of all sets Z such that for every
Fel, FZ X;NZ\[0,max(Fg)]ny and F € X; N Z \ [0, max(F})] is non-empty. By the low basis
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theorem, there is a Z such that Z & X; is low over X;, hence low. The set Z or its complement
contradicts the fact that L is a largeness notion on (w, LOW).

Knowing that such a set F' exists, we can find it (/-uniformly in ¢ and a AS index of the set A.
The condition (Fy,..., F, F, Xo,...,X,) is a valid extension of ¢. Note that such a set F' does
not need to be part of an infinite X; N A or X; N'A. The choice of an infinite part has simply been

used to claim the existence of any such set. o

We say that an L-grouping for A (Ey < E1 < ...) satisfies a condition ¢ = (Fy, ..., Fi, Xo,..., Xm)
if By = Fo, ..., By, = F}, and for every ¢ > k, there is some j < m such that E; C X;. A condition c
forces formula ¢(@Q) if p(E) holds for every L-grouping E satisfying c.

Claim. For every condition ¢ and every index e € w, there is an extension d forcing either ®% (e) |

or ®%(e) 1. Moreover, an index of d can be found (' -uniformly in an index of ¢ and e.

Proof of the claim. Fix a condition ¢ = (Fy, ..., Fi, Xo,..., Xm). We have two cases.

In the first case, for every 2-partition ZyU Z; = w, there is a sequence of finite sets Fj41, ..., F}
such that Fy < Fppq < -+ < Fp, ®Fo-Fe(e) |, and for every i € (k,f], F; € L and there is
some j <m F; C ZyNX; or F; C Z; N Xj. In particular, taking Zo = A and Z; = Z, there is
a sequence of finite sets Fj1,...,Fy such that d = (Fo, ..., Fy, Xo,..., Xm) is a valid extension
of ¢ and ®fo-+Fe(e) |. Such an extension can be found (/'-uniformly in an index of ¢, e and a A
index of A. B

In the second case, the I class of all the 2-partitions ZoU Z; = w such that ®£o-F¢(e) 4 for
every sequence of finite sets Fj41,. .., Fy such that F, < Fi41 < --- < Fy, and for every i € (k, {]n,
F; € L and there is some j < m F; C ZyN X; or F; C Z; N X; is non-empty. By the low basis
theorem [21] relativized to X, there is a such a 2-partition Zy U Z; = w such that Zo & Z; & X
is low. Moreover, a lowness index for Zy & Z; @ X can be found uniformly in a lowness index
for X. The condition d = (Fo, ..., Fie, Xo N Zo, Xo N Z1, ..., Xm N Zy, X, N Z7) is an extension
of ¢ forcing ®% (e) 1. )

Moreover, we can X'-decide (hence (-decide) whether the TI9% class is empty, thus we can

find the extension d ('-effectively in an index of ¢ and e. O

Thanks to the claims, define an infinite, uniformly (’-computable decreasing sequence of condi-
tions cg = (g,w) > ¢1 > ¢ca > ..., where ¢; = (Fo, ..., Fy,, X§,..., X, ) such that for each s € w
(a) ks > s
(b) csy1 forces ®%(s) T or % (s) |

This sequence yields a L-grouping for A (Fy, F1,...) which is infinite by (a) and whose jump is AY
by (b). This finishes the proof of Theorem 5.2. O

Corollary 5.3. SGP3 + SADS + WKLy has an w-model with only low sets.

Proof. By Lemma 5.1 and and the low basis theorem [24] in a relativized form. As explained,
for every collection L and every stable coloring f : [w]?> — 2, one need either to add a low set

witnessing that L is not a notion of largeness, or to add an infinite low L-grouping for f. O

Corollary 5.4. RCAq + SGP3 4+ SADS + WKLy implies neither SRT3, nor SEM.
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Proof. Downey, Hirschfeldt, Lempp and Solomon [12] built a computable instance of SRT% with
no low solution. Corollary 5.3 enables us to conclude that RCAg 4+ SGP3 + SADS + WKLg does not
imply SRT3. Since RCAq+SADS+SEM implies SRT}3 (see [30]) then RCAg+SGP3+SADS+WKL,
does not imply SEM. O

Among the computability-theoretic properties used to separate Ramsey-type theorems in re-
verse mathematics, the framework of preservation of hyperimmunity has been especially fruitful.

Definition 5.4 (Hyperimmunity). The principal function of a set B = {xg < x1 < ...} is the
function pp defined by pg(i) = z; for each i € N. A set X is hyperimmune if its principal function
is not dominated by any computable function.

Wang [44] recently used the notion of preservation of the arithmetic hierarchy to separate
various theorems in reverse mathematics. The first author showed [30] that a former separation
of the Erdés-Moser theorem from stable Ramsey’s theorem for pairs due to Lerman, Solomon and
Towsner [30] could be reformulated in a similar framework, yielding the notion of preservation of

hyperimmunity.

Definition 5.5 (Preservation of hyperimmunity). A IIi-statement P admits preservation of hy-
perimmunity if for each set Z, each Z-hyperimmune sets Ag, A1, ..., and each P-instance X < Z,

there is a solution Y to X such that the A’s are Y & Z-hyperimmune.

In particular, if a ITi-statement P admits preservation of hyperimmunity but another state-
ment Q does not, then P does not imply Q over RCAg. We now show that the grouping principle
enjoys preservation of hyperimmunity and deduce several separations from it.

Theorem 5.5. SGP% admits preservation of hyperimmunity.

Proof. Let C be a set and By, By, ... be a sequence of C-hyperimmune sets. Let .S be the collection
of all sets X such that the B’s are X @& C-hyperimmune. By Lemma 5.1, it suffices to show that
for every Ag’c set A and every C-computable largeness notion L on (w,.S) there is an infinite
L-grouping F = (Fy < Fy < ...) for A such that the B’s are Fao C-hyperimmune. Therefore,
every instance (L, A) will have a solution Y € S, which will be either a witness that L is not a
largeness notion, or an L-grouping for A.

Fix A and L. We will construct an infinite L-grouping for A by a forcing argument whose

conditions are tuples (Fp, ..., Fi, X) where
(i) F; € L and F; Cgn A or F; Cgy, A for each i < k.
(il) F; < Fy41 for each i < k
(iii) X is an infinite set such that the B’s are X @& C-hyperimmune.

A condition d = (Fyp, ..., Fp,Y) extends a condition ¢ = (Fp,..., Fy, X) (written d < ¢) if £ > k
and for every i € (k,f|n, F; € X. The proof of the following claim is exactly the same as in

Theorem 5.2, using the hyperimmune-free basis theorem instead of the low basis theorem.

Claim. For every condition ¢ = (Fy,...,Fy, X), there is an extension d = (Fy,...,Fp,Y) of ¢
such that £ > k.

The following claim shows that every sufficiently generic filter yields a sequence F such that
the B’s are F & C-hyperimmune. The notion of satisfaction and of forcing a formula ¢(G) are
defined as in Theorem 5.2.
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Claim. For every condition ¢ and every pair of indices e,i € w, there is an extension d forcing

®EOY not to dominate pp, .

Proof of the claim. Fix a condition ¢ = (Fy,..., Fi, X). Let f be the function which on input z,
searches for a finite set of integers U such that for every 2-partition Zg U Z; = X, there is some
finite sequence of sets Fyi1,...,F; such that F < -+ < Fy, @gFO""’FE)EBC(:c) $€ U and for
every i € (k,lln, F; € LN Zy or F; € LN Z;. If such a set U is found, f(z) = 1+ max(U),
otherwise f(z) 1. The function f is partial X & C-computable. We have two cases.

e Case 1: f is total. By X & C-hyperimmunity of B;, there is some z such that f(z) < pp, ().
Let U be the finite set witnessing f(x) |. By taking Zo = X N A and Z; = X N A, there is a
finite sequence of sets Fyy1,..., Fy such that @gFO""’FE)QBC(:c) JeU and d = (Fy,..., Fy, X)
is a valid extension of ¢. The condition d forces ®S®C (z) < f(x).

e Case 2: there is some z such that f(z) 1. By compactness, the H?’X@C class C of sets Zy® 71
such that Zo U Z; = X and <I>£F° """ F’Z)@C(ac) 1 for every finite sequence of sets Fyy1,...,Fy
such that Fy, < --- < Fy and for every i € (k,{]n, F; € LN Zy or F; € LN Z; is not empty.
By the hyperimmune-free basis theorem [24], there exists some partition Zy ® Z; € C such
that the B’s are Zy ® Z; © C-hyperimmune. The set Z; is infinite for some j < 2 and the

condition d = (Fy, ..., F, Z;) is an extension of ¢ forcing 5% (z) 1.
O

Let F be a sufficiently generic filter for this notion of forcing. The filter F yields a sequence F =
(Fy, Fi,...) which is infinite by the first claim, and such that the B’s are Feo C-hyperimmune by

the second claim. This finishes the proof of Theorem 5.5. O
Corollary 5.6. RCAq + GP3 + COH + EM + WKLg does not imply ADS.

Proof. By the hyperimmune-free basis theorem [24], WKLg admits preservation of hyperimmunity.
The first author proved in [36] that COH and EM admit preservation of hyperimmunity, but that
ADS does not. Last, GP% admits preservation of hyperimmunity since COH + SGP% implies GP%
over RCA. O

Definition 5.6 (Diagonally non-computable function). A function f is diagonally non-computable
(d.n.c.) relative to X if for every e, f(e) # ®X (e). 2-DNC is the statement “For every set X, there

is a function d.n.c. relative to the jump of X”.

Beware, the notation 2-DNC may cause some confusion with DNCs, the restriction to {0,1}-
valued d.n.c. functions which is equivalent to WKLy over RCAg. The following proof is an adaptation
of the proof that the Erdds-Moser implies 2-DNC over RCAq [37].

Theorem 5.7. RCAq - GP3(L,,) — 2-DNC

Proof. Fix a set X. Let g(.,.) be a total X-computable function such that ®X’(e) = lim, g(e, s) if
the limit exists, and ®X’(e) 1 if the limit does not exist. Also fix for each e € N an enumeration
Deo,De 1, ... of all finite sets of cardinal 371, We define the function f : [N]*> — 2 by primitive
recursion. Let fy be the function nowhere defined. At stage s + 1, do the following. Start with
fs+1 = fs. Then, for each e < s, take the first pair {z,y} € [(De,g(e,s) N[0, 5)n) \ Up<e Dkﬁg(kﬁs)]Q
if it exists, and set fs11(z,s) = 0 and foy1(y,s) = 1. Finally, set f(z,s) = 0 for any z < s such
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that fsy1(s,z) remains undefined. This finishes the construction of fs11. Note that f, is defined
on [[0, s]n]%. Thus, f =J, fs must exist and is total on [N]2.

By GP2(Ly), let F = (Fy, Fy,...) be an infinite L,-grouping for f. Let h(e) be such that
D¢ pey C F for some F € F. Such an F exists since Deco,Dec1,... enumerates all finite sets of
cardinality 371, and F' contains sets of arbitrary size. We claim that h(e) # ®X'(e) for all e, which
would prove 2-DNC. Suppose otherwise, i.e., suppose that @f/(e) = h(e) for some e. Let F € F
be such that D,y € F. Then there is a stage so such that h(e) = g(e,s) for all s > s or
equivalently D, y.s) = Den(ey © F for all s > sg. We claim that for any s be bigger than both
max(F) and sg, there are some x,y € D, p() € F such that f(z,s) # f(y,s), which contradicts
the fact that F is an L,,-grouping for f.

To see this, let s be such a stage. At that stage s of the construction of f, a pair {z,y} €
[(Deg(e,s) N[0, )0) \ Up<e Drg(r,s)]* is selected by a cardinality argument since |De s N[0, $)n| =
|De,s| =37 >3, 035 = [Ujco Diog(h,s) |- Since D g(c.s) = De ey C F, this pair is contained
in F. At this stage, we set f(z,s) # f(y, s), therefore, F is not an L,,-grouping for f, contradiction.

O

In particular, SRT3 does not imply GP3(L,,) over RCAq since Chong, Slaman and Yang [9] built
a (non-standard) model of SRT3 + BXY containing only low sets, whereas provably in RCAg, there
is no AY d.n.c. function relative to .

Definition 5.7 (Rainbow Ramsey theorem). Fix n,k € N. A coloring function f : [N]” — N is
k-bounded if for every y € N, card f~1(y) < k. A set R is a rainbow for f (or an f-rainbow) if
f is injective over [R]™. RRT} is the statement “Every k-bounded function f : [N]” — N has an

infinite f-rainbow”.

Miller [32] proved that the statement 2-DNC is equivalent to the rainbow Ramsey theorem for
pairs (RRT}3) over RCA,.

Corollary 5.8. RCAq - GP3 — RRT3.

Seetapun and Slaman [39] defined a Cardinality scheme for a set of formulas I' as follows. For
every p(z,y) € T, CT contains the universal closure of the formula “If p(z,y) defines an injective
function, then its range is unbounded”. Conidis and Slaman [11] proved that the rainbow Ramsey

theorem for pairs implies the Y5 cardinality scheme (CXs).
Corollary 5.9. RCAq - GP3 — CX,.

In particular, this shows that GP3 is not IT}-conservative over RCAg + IX{ since a Skolem hull

argument shows that CX5 is not provable in IX; (see Seetapun and Slaman [39]).

6 Conservation theorem for GP3

In this section, we will prove a conservation result for the grouping principle. To calculate the
size of a-large(EM) sets in Section 7, we will use a finite version of the grouping principle within
I3). Instead of proving the finite grouping principle within IX9 directly, we would like to show a
conservation theorem for the infinite grouping principle over I3,

In Section 5, we have seen that SGP% has an w-model with only low sets. It is well-known that
a low solution construction is often able to be converted into a forcing construction of a solution

satisfying X{-induction within a countable nonstandard model, which leads to a II}-conservation
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over IX?. Unfortunately, our construction of a low solution for SGP3 in Section 5 requires BX3 and
thus it is not formalizable within I%9. To overcome this situation, we show a general conservation

theorem characterized by using recursively saturated models.

Theorem 6.1. Fizn > 1. Let T be a formula of the form VX3YO(X,Y) where 0 is 119 ;. Then,
RCAo + BE%H +Tisa ﬁ%+2-conservative extension of 130 if the following condition holds:

(1) for any countable recursively saturated model (M, S) |= BX0, | such that S is finite and for
any X € S, there exists Y C M such that (M,SU{Y}) =120 +0(X,Y).

To show this theorem, we use the following property of recursively saturated models and resplen-
dent models, which are introduced by Barwise and Schlipf. See [2] for the historical information

of recursively saturated models and resplendent models.

Theorem 6.2 (see Sections 1.8 and 1.9 of [28]). Let £ D Lpa be a finite language, and let M be

a countable L-structure. Then the following are equivalent.
1. M is recursively saturated.

2. M is resplendent, i.e., for any recursive set of sentences T of a finite language L' D L such
that Th(M) U T is consistent, there exists an expansion M’ of M such that M' = T.

3. M is chronically resplendent, i.e., M is resplendent with the extra condition that the expan-

sion M’ is resplendent as an L'-structure.

Proof of Theorem 6.1. Let I' = VX3Y0(X,Y) where 6 is 119 satisfy the condition (1), and let
@0 = VXVap(X,r) be a 119 ,-sentence where ¢ is X0, ;. We will show that IX0 I/ ¢y implies
that RCAq + BXY 11+ T 7 w. Assume that I3V I/ g, and take a countable recursively saturated
model (M, S) & IXY such that (M,S) | —po. Then, there exists a € M and A € S such that
(M, {A}) E (A, a). We will construct an (w-length) sequence of cuts M = Iy D, I} D ... and

a sequence of sets A; C I; such that
o (I;,{Ao,..., A }IL) E 12 and (I;, {Ao,. .., A} ;) is recursively saturated,

o if i < j, then (I;,{Ao,...,Ai}I;) is a ¥2-elementary substructure of (I;,{Ao,..., A;}I1;),

and,

® (IiJrl,{AO,...,Ai,Zi,AiJrl}rIiJrl) ': Q(Zi,AiJrl), where Zz is a k-th A?—deﬁnable set in
(I;, {Ao, ..., A;}1L) if i = (4, k).
Set Ip = M and Ag = A® {a}. Now, given (I;,{Ao,..., A;}I;), we will first find a cut ;11 C.

I; such that (Iiz1,{Ao,..., Ai}[Lix1) is L0-elementary substructure of (I;,{Ao,...,A;}|I;) and
recursively saturated. Let Jo be the set of all ¥0-definable elements in (I;, { Ao, ..., A;}11;). Since
(I;,{Ao, ..., A;}|1;) is recursively saturated, Jy is not cofinal in I;, thus J = sup Jy forms a proper
cut of I; and it is a X0-elementary substructure. Therefore, a recursive Lpa U {Ao, ..., A;, J}-
theory T saying that (J,{Ao,...,A;}]J) is a X0-elementary proper cut of (I;,{Ao,..., A;}1;)
is consistent with Th((Z;,{Ao,...,4;};)). (One can state X?-elementarity by using the truth
predicate.) Thus, by the chronic resplendency of Theorem 6.2, there exists J' C I; such that
(I;, {Ao, ..., A;, J'}11;) satisfies T and is recursively saturated. Let I; 41 be such J', then (I;11, {Ao,
oy A} 41 is X2-elementary substructure of (I, {Ao, ..., A;}11;) and recursively saturated.
By Theorem 1.7, (I;+1,{Ao, ..., A} Lix1) | B2, and thus (Liy1, {Ao,..., A, Zi}ip1) E
BZ?Hl. (Zi N 111 is AY-definable in (I;41,{Ao, ..., Ai}[1;11) by XV-elementarity.) Thus, by the
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condition (}), there exists B C I;11 such that (I;4+1,{Ao, ..., A:, Zi, B}|1i+1) = 0(Z;, B). By using
chronic resplendency as above, one can re-choose B C I;;1 so that (I;4+1,{4o,...,4:, Zi;, B}[L;11)
is recursively saturated. Then, put A;;; as such B.

Claim. [ = MNicw Li s a cut of M, and (I,{Ao,..., A }1) is a X0-elementary substructure of
(I;,{ Ao, ..., A }1L;).

Proof of the claim. Clearly I forms a cut, and thus it is always a 39-elementary substructure. We
show X0-elementarity by induction on the complexity of formulas. Let 0 < k < n and assume that
(Ii,{Ao, ..., A} 1) E Jop(z, c) where c € I and v is IIY_,. By IX0 in (I;, {Ao, ..., A;}I1;), take
the least d € I; such that (d,c) holds. If d ¢ I, then there exists j > i such that d ¢ I;, thus
(I;,{Ao, ..., Ai}1;) = ~Jz(z,c). This contradicts the second condition of the construction of
I;’s, thus d € I. Hence, (I,{Aq,...,A;}[I) |= 4(d,c) by the induction hypothesis. O

Put S = AY%-Def(I,{A; | i € w}[I). Then, by the claim and Theorem 1.7, (I,S) = RCAq +

BX? ;. By the third condition of the construction of A4;’s and the Y¥-elementarity, we have
(I,S) =T + —p(A,a). Thus, RCAg +BXY | + T I/ . O

Now, we apply Theorem 6.1 to SGP%. For this, we reformulate the low solution construction
for SGP3 as follows.

Lemma 6.3. Let (M, Sy) be a countable model of BXY such that Sy is finite and f : [N]> — 2 and
L C [N]<N are AY-definable in (M, So). Then, there exists G C M such that

(M, Sy U{G}) E IX9+ “G is a witness that L is not a largeness notion”, or,
(M, So U{G}) E 1294 “G is an infinite L-grouping for Ay = {z € N | limy o f(z,y) =1},

Proof. Let (M,S) be a countable model of BX such that Sp is finite and f : [N]> — 2 and
L € INJ<N are AY-definable in (M, Sp). By Hajek[16], we can always find an w-extension S 2 S
such that (M, S) | BX9 + WKLy (see also Belanger[3]). Then, f,L € S. Thus, we will work on
(M, S) instead of (M, Sy). If L is not a largeness notion in (M, .S), take a witness G € S of not
being a largeness notion, then, we have done. Otherwise, we will construct an infinite L-grouping
for Af.

The following construction is a “model-theoretic interpretation” of Theorem 5.2. To simplify
the coding, we will only consider a minimal L-sequence, namely, a sequence of the form (F; €
L|i<k), F;, C Xy, F;, < Fjifi < jand F; \ {maxF;} ¢ L, i.e.,, each F; is minimal. A
code for a minimal L-sequence is a binary sequence o € 2<M (which is coded in M) such that
{z <|o||o(z) =1} = U, Fi for some minimal L-sequence (F; | i < k). (By the minimality, one
can effectively decode a binary sequence to obtain the L-sequence.) Note that ¢ may code extra 0’s
after max Fy,_1. Thus, one can identify a code o with a pair ((F; | ¢ < k), d) where d = |o|. With
this identification, we let ||o]|. = k. Given an (M-)finite sequence of sets ¥ = (Y; | j <) € §
and an (M-)finite set F, F is said to be consistent with Y if for any j < I, (F C Y;VFCYj). A
code o for a minimal L-sequence (F; | i < k) is said to be consistent with Y if for any i < k, F} is
consistent with Y. Given t € M, we let As; = {z < t | 2 € Xo,limy 00 yex, f(x,y) = 1}. Note
that A¢; € S since (M, S) = BXS.

Now, we will construct G C M by arithmetical forcing. Let be the set of all pairs of the form
(0,Y) such that

o Y =(Y; | j<I)isan (M-)finite sequence of sets in S,
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e o is a code for a minimal L-sequence which is consistent with Y and A flols

and we let (0,Y) = (1,Z) if 6 D 7 and ¥ D Z. Take an (M, S)-generic filter G of ( , =) and put
G={o|3Y € S(0,Y) € G}. Then, this G is the desired. It is clear by construction that G is a
minimal L-sequence which is consistent with Ay. To see that G preserves ILY and G is infinite in
(M, S), we need to check the following are dense in ( , <):

V7 D o(r is a minimal L-sequence consistent with ¥ — Vn < |7|-6(b, n, 7[n))

Dy =1 (o, Y)| V3c < b(Vd < c¥r D o7 is a minimal L-sequence consistent with ¥

= Vn < |7]-60(d,n,7In)) AIn < |o|0(c,n,oln))

where b € M and 0(z,n,0) € ¥ with parameters from (M, S),

(&)

D2 ::{(0,17) [ ol > e},where ee M.

One can easily see that if (o, 57) € ’Déﬁb, then (0,57) forces “if Inf(b,n,Gn), there exists least
¢ < b such that Inf(c,n, Gn)”, which guarantees X9-least number principle, and if (o,Y) € D2,
then (0,Y) forces “||G||L > e”, which means G is an infinite minimal L-sequence.

To see that Dy, is dense, let (6,Y) be given. Let O(z) be a ¥0-formula saying that “there
exists ¢ such that for any Z = (Z; C [lo],¢)n | j < 27) there exists 7 D o with |r| < ¢ such that (7
is a minimal L-sequence consistent with ¥ ~Z A 3n < |7]0(z, n,7|n)).” We consider the two cases.

Case I O(b) fails in (M, S).

In this case, by WKLg in (M, S), there exists Z = (Z;
is a minimal L-sequence consistent with Y~Z = Vn
(0,Y 7)€ Dy 4

[[o],00)n | 7 < 2°) such that V7 D o(r

-
< |7|=0(b,n,TIn)). Take such Z. Then,

Case IT O(b) holds in (M, S).

In this case, by IXY in (M, S), there exists the least ¢ < b such that ©(c) holds. Then, by WKLy,
there exists W4 = (Wi C [|o],00)w | j < 29) such that Y7 2 o(7 is a minimal L-sequence consistent
with Y™W9 — Vn < |7|-0(d, n,7[n)) for any d < c. Now, take the witness ¢ € M for ©(c), and
put Z = Wihnlol,th | j < 2% d<c)™(AreN[lo], t)n). Then, by O(c), there exists 7 2 ¢ with
|7| <t such that 7 is a minimal L-sequence consistent with Y™Z and 3n < |7|0(¢,n, 7[n). Then
(r,Y (Wi |j <2 d<c))is acondition in  and (r,Y (W |j <2%,d <c)) € D},

To see that D2 is dense, let (0, Y) be given where o is a code for (F; | i < k) and Y = Y;17<l).
By applying Lemma 2.1 e times in (M, .S), one can find (ty,...,t.) such that ¢y = || and for any
s < e and for any 2!*+! splitting M = Llp<ors
is L-large and included in one of W,. (IX} is enough for this iteration.) Thus, there exists

1 W, there exists a finite subset of [ts,ts+1)n Which

E; C [ts,ts+1)n which is L-large and consistent with Y and Afy, for any s <e. Let 7 D o bea
code for a sequence (F; | i < k)™ (E, | s < e). Then, (7,Y) is a condition in  and ||7||. > e, thus,
(1,Y) € D2 O

Theorem 6.4. RCAg + SGP3 is a TI9-conservative extension of 1X9.
Proof. Straightforward from Lemma 5.1, Theorem 6.1 and Lemma 6.3. O
Thus, by the amalgamation theorem, we have the following conservation result.

Theorem 6.5. WKLg + GP2 + ADS is a I13-conservative extension of IX9.
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Proof. Apply Theorem 3.5 for the conservation results Corollary 4.5 and Theorem 6.4, then we
can see that WKLy + ADS +SGP? is a I1J conservative extension of IX9. By Hirschfeldt/Shore[21],
ADS implies COH. Thus, WKLy + GP3 + ADS is a I13-conservative extension of I%9. O

7 Conservation theorem for RT3

In this section, we will show that WKLo +RT3 is a ﬁg—conservative extension of IX{ by showing that
WKLo+ EM is a I13-conservative extension of IXY. For this, we will bound the size of *-large(EM)
sets by "-large sets using the following finite grouping principle.

Definition 7.1 (IXY, finite grouping principle). Given largeness notions Li,Ls and a coloring
£ [X]™ = k, (L1, L2)-grouping for f is a finite family of finite sets (F; C X | ¢ < [) such that

o Vi < j <l maxF; < minFj,

e Vi <IF; €Ly,

e for any H Cg, N, if HNF; # @ for any i < I, then H € Lo, and,
o Vip < - <ipde< kVaxy € Fyy,...,Va, € F; f(x1,...,2,) =c.

Note that if Ly is regular, then the third condition can be replaced with {max F; | i < [} € Ly. Now
FGP} (L1, Ls) (finite grouping principle for (L1, Ls)) asserts that for any infinite set Xo C N, there
exists a finite set X C Xy such that for any coloring f : [X]™ — k, there exists a (L1, L2)-grouping
for f.

Theorem 7.1. Let Ly and Ly be Ag-definable regular largeness notions provably in 139, Then,
129 proves FGP3(Ly, Ly).

Proof. One can easily check that FGP3(Ly,Ly) is a ﬁg—statement which is provable from WKLy +
GP3(Ly). Thus, IZY proves FGP3(Ly, Ly) by Theorem 6.5. O

Now we apply the generalized Parsons theorem to the finite grouping principle. Actually, its
upper bound also bounds *-large(EM) sets as follows.

Lemma 7.2. For any k € w, there exists n € w such that
X FVZ Chn (3,00)n(Z is ™-large — Z is  *-large(EM)).

Proof. We will prove this by (external) induction. For the case k = 1, n = 6 is enough by
Theorem 2.5. Assume now k > 1 and "-largeness implies *~!-large(EM)ness in I1XY. By
Theorems 3.4 and 7.1, take n € w so that IXY proves VZ Cg, N(Z is "-large — any coloring
f:[Z)> — 2 has an ( "0, ©)-grouping). Within IX?, given an "-large set Z C (3,00)y and
f ¢ [[0,max Z]n]? — 2, we want to find H C Z such that f is transitive on [H]? and H is

k_large. By the assumption, there exists an ( ", 6)-grouping (F; | i < I) C Z for f. Since
each F; is "°-large, it is k_l-large(EM), thus, there exists H; C F; such that H; is k_l-large
and f is transitive on [H;]?. On the other hand, {max F; | i < [} is C-large, thus, there exists
H C {maxF; | i < I} such that H is -large and f is constant on [H]?> by Theorem 2.5. Put
H =\J{H; | i <l,max F; € H}. Then, one can easily check that H is *-large. We now show that
f is transitive on [H]?. Let a,b,c € H and a < b < c. If there exists i < [ such that a,b,c € H;,
then f is transitive for a,b, ¢ since f is transitive on [H;]*. If for some iy < i1 <, a,b € H;, and
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¢ € H;,, then, f(a,c) = f(b,c), so f is transitive for a,b,c. The case a € H;, and b,c € H;, for
some 49 < 41 < [ is similar. Finally, if for some i < i1 <i2 <, a € H;,, b € H;, and ¢ € H;,, then
fla,b) = f(max F;,, max F;,) = f(max F;,, max F;,) = f(a,c), thus f is transitive for a,b,c. O

Theorem 7.3. WKLy + EM is a ﬁg—conservative extension of 139,

Proof. By Theorems 2.3, 3.1 and Lemma 7.2. O
Now the main theorem follows from the amalgamation theorem.

Theorem 7.4. WKLy + RT3 is a ﬁg—conservative extension of IX9.

Proof. By Theorem 3.5, Corollary 4.5 and Theorem 7.3. O

Seetapun and Slaman [39] asked whether RCAg-+RT3 proves the consistency of IXY, and Cholak,
Jockusch and Slaman [6] asked whether RCAq 4+ RT3 proves the totality of Ackermann function.

We answer negatively through the main theorem.

Corollary 7.5. WKLy + RT% does not imply the consistency of IX{ nor the totality of Ackermann

function.

Note that one can avoid using the amalgamation theorem by directly combining the bounds
for large(psRT3)ness and large(EM)ness in order to obtain a bound for F-large(RT3) sets and

reprove the main conservation theorem.
Proposition 7.6. For any k € w, there exists n € w such that
129 FVZ Chn (3,00)n(Z is "-large — Z is  *-large(RT3)).

Proof. Given k € w, take n € w so that I%Y proves VZ Cg, (3,00)n(Z is  "-large — Z is

2k+6_large(EM)) by Lemma 7.2. Then, within IX, given Z Cg, (3,00)n which is  ™-large and
f :[[0,max Z]y]? — 2, there exists Hy C Z such that Hyis 2¥*6-large and f is transitive on [Ho)%.
One can easily find a transitive coloring f : [[0, max Ho|n]? — 2 such that f’|[Ho]? = f|[Ho)>.
(Set f'(z,y) =0if x ¢ Hy, f'(x,y) =1if x € Hy and y ¢ Hy, and f'(z,y) = f(x,y) if z,y € Hp.)
Then, by Lemma 4.4, there exists H C Hg such that H is *-large and f is constant on [H]?.
Thus, Z is *-large(RT3). O

Then, Theorem 7.4 follows from Theorems 2.3, 3.1 and Proposition 7.6.

8 Formalizing the conservation proof

In this section, we will formalize Theorem 7.4 within PRA. Actually, most arguments we used are
straightforwardly formalizable within WKLy. We however need to take care of the use of external

induction and non-computable construction of models. We fix a standard provability predicate .
Lemma 8.1. The following are provable within WKL,.

(1) Vo € (WKLo ) — (IX0 ) (Theorem 1.2).

(2) Vn € NIXY F any infinite set has an  ™-large subset) (Theorem 2.3).

(3) VkE € NAZY F X is *4-large Amin X >3 — X is -large(RT3)) (Theorem 2.5).
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(4) The generalized Parsons theorem (Theorem 3.4).
(5) The amalgamation theorem (Theorem 5.5).

6) (Vn € N(IXY F any infinite set has an "-large(T") subset)) — (Vo € (WKLo 4+ T+ p) —
! 3
(I29 F ¢))) for T = psRT3, EM (Theorem 3.1).

(7) ¥n € N(IZ & any infinite set has an "-large(psRT3) subset) (Lemma 4.4).
(8) Vo € MY((WKLg + GP3 F ¢) — (IXY - ) (Theorem 6.5).
(9) Vk € NAZY F FGP3(Lyk, Lys)) (Theorem 7.1).

(10) Vn € N(IXQ & any infinite set has an "-large(EM) subset) (Lemma 7.2).

Proof. We reason within WKLg. For (1), several formalized proofs are known. See, e.g., [1, 16].
For (2), the induction used here is on provability, thus it is a X-induction. For (3), the original
Ketonen and Solovay’s proof is directly formalizable (see [20, Section 6]). For (4) and (5), we can
directly formalize our model-theoretic proofs of Theorems 3.4 and 3.5 by using the completeness
theorem which is available within WKLg. For (6), we can formalize the proofs of Lemma 3.2 and
Theorem 3.3 by using the completeness theorem. To formalize the proof of Theorem 3.1, we use
the induction on provability. For (7), formalize the proof of Lemma 4.4. Formalization is direct
since we only deal with finite objects. For (8), formalize the argument in Section 6. To formalize
the proof of Theorem 6.1, an w-extension to be a model of BX9 + WKLy is available within WKL
by formalizing the argument by Hajek[16] or Belanger[3]. The existence of a countable recursively
saturated model is provable in WKLy (see [11, Section IX]) and the Theorem 6.2 can be formalized
similarly. To formalize the proof of Lemma 6.3, one can take a generic by the Baire category
theorem which is available within RCAq. (9) is straightforward from (8). For (10), formalize the

proof of Lemma 7.2. The induction used here is again on provability. O
Thus, we have the following formalized conservation theorem.
Theorem 8.2. PRA proves that WKLy + RT% b implies 1S9 4 for any ﬁg -sentences.

Now the consistency equivalence of I%? and WKLy + RT3 follows from this formalized conser-

vation theorem.

Corollary 8.3. Over PRA, Con(IXY) is equivalent to Con(WKLg 4+ RT3).

9 Open questions

In their paper [3], Chong, Slaman and Yang asked whether RT3 is a ITj-conservative extension
of RCAg + BX)Y. This question remains open, and a positive answer would strengthen our main

conservation result since BXS is I13-conservative over IX{ (Theorem 1.5).
Question 9.1 (Chong, Slaman, Yang). Is RT3 a IT}-conservative extension of RCAg + BX9?

In particular, they proved [10] that the chain anti-chain principle is IT} -conservative over RCAg+
BXY. Therefore, in order to answer Question 9.1, one needs only to prove that this is also the case
for the Erd6s-Moser theorem.

For the purposes of our conservation proof, we introduced the grouping principle, which seems
to be interesting to study in its own right. The standard proofs that a principle implies BX9 does
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not seem to be directly applicable to the grouping principle. The relation between the grouping

principle and the £9-bounding principle is currently unknown.
Question 9.2. Does GP3 imply BX9 over RCAy?

A proof of II}-conservation of the grouping principle over BXY would significantly simplify our
conservation argument since the finite grouping principle can be easily derived from its infinite

version.
Question 9.3. Is GP3 a II}-conservative extension of RCAq + BX9?

The grouping principle has been used to establish a density bound for the Erdés-Moser theorem.
The stable grouping principle does not imply the stable version of the Erdés-Moser theorem since
the former admits low solutions whereas the latter does not. It is however unknown whether the

full version of the two principles coincide.
Question 9.4. Does EM imply GPg over RCAp?

Our conservation proof contains almost no information about the size of the proof, but it is

interesting to know whether RT3 gives shorter proofs for ﬁg—consequences of 1% or not.
Question 9.5. Does WKLy + RT% or WKLy + psRT% have a significant speed-up over 1%9?

Note that there is no significant speed-up between WKLy and IX{ (see Avigad[l]). A killer
example for this question is an existence of m-dense sets, i.e., m-ﬁl(RT%) or m—l;ﬁ(psRTg). It is
not hard to see that m-ﬁI(RTg) can be proved from WKLg + RT% by using RT% m-times, and the
case of psRT3 is similar. On the other hand, to prove m—ﬁf—l(psRT 3) from IXY, what we know is

the following.

Proposition 9.1. For any m € w, the following is provable within I1XY. If a finite set X C N is
3" large and min X > 3, then X is m-dense(psRT?2).

Proof. Easy induction by using Lemma 4.4. O

Thus, within IX{, we can obtain an m—dense(psRTg)-set by using X¢-induction 3™*!-times. This
might indicate that there is at most exponential speed-up for the case of psRTg. For the case of
RT3, the situation is more difficult. An only upper bound for m-dense(RT3) sets obtained from

our argument is the following.

Proposition 9.2. There exists a primitive recursive function h : w — w such that for any m € w,
the following is provable within I1XY. If a finite set X C w is hm) _large then X is m—dense(RTg).

Proof. By formalizing the proof of Proposition 7.6 and applying ¥9-induction, we obtain
Vm € N3k € NIXO - X is  *-large — X is m-dense(RT3)).

Then, by the Parsons theorem, there exists a primitive recursive function h : w — w such that IX?
proves
Vm € NIk < h(m)(1Z9 Frm) X is  F-large — X is m-dense(RT3)),

where F, means that there exists a proof whose Godel number is smaller than x. For m € w, k and
h(m) in the above are standard, thus, IX{ truly proves“X is *-large — X is m-dense(RT3)”. O
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