arXiv:1601.00089v1 [math.AG] 1 Jan 2016

POISSON STRUCTURE ON MANIFOLDS WITH CORNERS

JOEL ANTONIO-VASQUEZ

ABSTRACT. Since a Poisson Structure is a smooth bivector field, we use a ring-
valued sheaf Ox on a manifold with corners X, we can interpret Ox (U) as the ring
of admissible smooth functions where U is an open subset on X, in this way, a poisson
structure on (X, Ox) is a sheaf morphism

{—,—} :0x xOx — Ox

which satisfies the Leibniz rule an also the Jacobi Identity.

1. INTRODUCTION

It’s very know how can we describe a Poisson Structure on a smooth manifold. Let
M be a smooth manifold, a poisson structure on M is a smooth bivector field 7 on M
satisfying [m, 7|5 = 0, where [-, -] is the Schouter bracket. Let U be an open subset of
M an let F,G € C*(U) be smooth functions, the bilinear operation {-, -}y is defined
by

(F,GYu(m) = (dpF A dG, 70) (1.1)

for all m € M, which satisfies the Jacobi Identity and define a Lie algebra structure
on C*°(U). A lot of work already is done in classical mechanics and quantum mechanics
in [LaPiVa], [Arn].

Working on singular spaces is really interesting, Sorokina proposed an algorithm to
describe a poisson structure on manifolds with singularities [Sor|, where the spectrum
of the algebra coincides with the configuration space, it’s determined by the geometry
of the singularity and described directly as the pullback.

From now, we’ll focus on working on a non-smooth manifold X with the following
definition

Definition 1.1. Let R} = [0, 00)* x R"*. The singular space X is a second countable
Hausdorff topological space in n dimensions modeled on R}.

Let (NF x Z"* U, ¢) and (N' x Z"=' V1) be charts on X where U,V C X, we
notice that NP x Z"P 22 [0, 00)? x R"?, where (N* x Z"~* U, ¢) is the maximal atlas

of charts (U, ¢) on X, which in the paper of Joyce is called a manifold with corners
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[Joya, §2]. Joyce first presented a theory of manifolds with corners which includes a
new notion of smooth map f : X — Y between manifolds with corners [Joya], later
he wrote a generealization called manifolds with g-corners, extending manifolds with
corners [Joyb].

The author is grateful to Maria Sorokina who suggested the problem consider and
for plenty of helpful discussions.

2. DEFINITIONS

We recall Definition 1.1, a n-dimensional manifold with corners is a paracompact
Hausdorff Topological space X equipped with a maximal n-dimensional atlas with
corners.

Definition 2.1. Let X be a n-manifold with corners and (U, ¢) a chart on the manifold
X where U C X, then f: X — R is a smooth map. We can define a smooth map
between subsets of R™, R in the sense of [Joya, §2.1] such that fo¢ : U — R. We
write C*(X) for the R-algebra of smooth function f: X — R.

Definition 2.2. Let X,Y and Z be manifolds with corners and let f : X — Z,
g Y — Z be smooth maps, we define a fibre product W = X Xy, Z of manifolds
with corners, such the dimension of W is n, where n = dimX + dimY — dimZ.

Lemma 2.3. We can describe W = {(z,y) € X xY : f(z) = g(y)} such that
W C X xY because Definition 2.2. Let 1, : W — X and 7, : W — Y be map
proyections, let us consider (U, ¢) be the maximal atlas on W, where W C R}. If
p:U—W,thenmpop:U — X andmyo¢: U — Y are smooths maps for all
u e U with ¢(u) = (x,y), in this way

d(7y 0 O)|u ® d(my 0 O)|u: TLU =R* — T,X & T,Y (2.1)

U

<

X —7

Since W = X Xy z,Y, then we have a pushout square of C*°-rings.
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C=(7) —L 5 c=(Y)

ok

O (X) 2 0= (W)

SUCh that COO(W) = COO(X)Hf*,Coo(Z)g*COO(Y)

Definition 2.4. Let X,Y be manifolds with corners and let Z a manifold without
boundary in the sense of [Joya, 82|, if f: X — Z and g : Y — Z then foix :
0X — Z and g : Y — Z are transverse

8(X Xf.Z.g Y) = (8X X foix,Z.g Y)]_[(X X f.7.goiy 8Y) (22)

Definition 2.5. (Presheaf) Let X be a manifold with corners. A presheaf of an
abelian group on X consists of two sets of data:

e Sections over open sets, for each open set U C X an abelian group I'(U),
also written T'(U, F'). The elements of F(U) are called sections of F' over U.

e Restriction maps, for every inclusion V. C U of open sets in X a group
homomorphism p¥ : F(U) — F (V) subjected to the conditions

Pl = Py © Py
for all sequences W CV C U of inclusions of open sets in X. The maps p¥
are called restriction maps and if s is a section over U, the restriction p¥(s)
is often written as s|y .

Lemma 2.6. Suppose that £, F are presheaves of abelian groups in X. A morphism
¢ € — F such that ¢(U) : E(U) — F(U) for all open U C X, such that following
diagram commutes for all open V C U C X

£(U) o(U)

\LPUV

() (V)

where pyy is the restriction map for £, and py;, is the restriction map for F.



4 JOEL ANTONIO-VASQUEZ

Definition 2.7. (Stalk) Let £ be a presheaf of abelian groups on X The Stalk &, is
the direct limit of the group E(U) for all x € U C X, via the restrictions maps pyy .

Definition 2.8. (Sheaves) A sheaf of abelian groups F' on X is a presheaf of abelian
groups on X satisfying the two following requirements:

e Locally axiom, let {U;};cr be an open cover of the open set U and let s be
a section of F' over U. If the restrictions of s to U; all vanish (i.e., one has
sly; = 0 for all i, then s =0).

e Gluing axiom, let {U;};c; be an open cover of the open set U. Given sections
s; over U; matching on the intersections U;; = U;NU;, (i.e., s;
then there is a section s of F' over U satisfying s|y, = s;.

U;nU; = Sj Uint);

0—— F(U) LHiF(Ui)LHz‘jF(UiﬂUj)

Let ¢ : £ — F a morphism, which induces ¢, : & — F, for all x € X. If
&, F are sheaves then ¢ is an isomoprhism if and only if ¢, is an isomorphism for all

x € X. The reader can read more about sheaves in the sense of manifold with corners
in [HuMa], [Joyc, §4], [Joyd, §3].

3. POISSON STRUCTURE

Since manifolds with corners allows us to define a structure sheaf on it, we can
describe a poisson structure in the following way

Theorem 1. A poisson structure on (X,Q), where X is a manifold with corners, is
a sheaf morphism

{—,—-}=0x0—0O (3.1)
that is a derivation (satisfies the Leibniz rule) in each argument and also satisfies the
Jacobi Identity.

Proof. Let X be a manifold with corners and O, a ring-valued sheaf (structure sheaf)
on X, then O, (U) can be interpreted as the ring of admissible smooth functions on
an open subset U C X (i.e., C®-ring O,(U)) by Lemma 2.3, for each open sets
V C U C X we are given a morphism of C*-rings pyy : O,(U) — O,(V'), which by
Definition 2.5 is the restriction map by Lemma 2.6, then O, is a sheaf of C*°-rings on
X.

Let X and Y be manifolds with corners and F' : X — Y a weakly smooth map in
the sense of [Joya, §3]. Define (X, Ox) and (Y, Oy), for all open U C Y we define a
morphism of sheaves of C'"*°-rings on Y in the following way
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f(U) : Oy (U) = C*(U) = Ox (f71(V)) = C=(f1(U))

by fu(U) :cw co f forall c € C®(U), and fg : Oy — f.(Ox) is a morphism of
sheaves of C'"*°-rings on Y. O

Let f,g € Ox be smooth functions and s is a local section of F', where F' is the
bracket {—, -} : Ox x Ox — Ox , then by Theorem 3.1 the bracket is a derivation
in the first argument and clearly satisfies the Leibniz identity

{f,95} ={f.g}s +gAf s}

4. EXAMPLE

Let X be a manifold with corners, we define a C*-ringed space X = (X, Ox) and
Ox(U) = C=(U) for each U C X, where C*(U) is the C*°-ring of smooth maps
f:U — R, and if V C U C X are open we define pyy : C*(U) — C>®(V) by
pov i fer flv

For each z € X, the Stalk Ox, is the C*°-local ring of germs [(f,U)] of smooth
functions f : X — R at 2 € X, with a unique maximal ideal mx ., : {[(f,U)] € Ox. :
f(z) =0} amd Ox,/mx, = R. Hence X is a local C*-ringed space, so we can define
a poisson structure in the sense of Theorem 3.1.

5. CONCLUSIONS

A C*-ringed space (X,Ox) allows us to define smooth functions where we can
define a poisson structure (which is a sheaf morphism) on a manifold with corners in
n dimensions. Thanks to the definition of manifolds with cornes given by Joyce, we
can adopt aplications in symplectic theory, where we can define a poisson structure
without problems.
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