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CONGRUENCE SUBGROUPS AND ENRIQUES
SURFACE AUTOMORPHISMS

DANIEL ALLCOCK

ABSTRACT. We give conceptual proofs of some results on the au-
tomorphism group of an Enriques surface X, for which only com-
putational proofs have been available. Namely, there is an obvious
upper bound on the image of Aut X in the isometry group of X’s
numerical lattice, and we establish a lower bound for the image
that is quite close to this upper bound. These results apply over
any algebraically closed field, provided that X lacks nodal curves,
or that all its nodal curves are (numerically) congruent to each
other mod 2. In this generality these results were originally proven
by Looijenga and Cossec—Dolgachev, developing earlier work of
Coble.

1. INTRODUCTION

Our goal in this paper is to give conceptual proofs of some known
computer-based results on the group of automorphisms of an Enriques
surface X. These results are valid over any algebraically closed field.
Of course, Aut X acts on Pic X, hence on the quotient A of Pic X by its
torsion subgroup Z/2. This quotient A is called the numerical lattice,
and is a copy of the famous F1y lattice. One can describe it as Eg & U
where we take Es to be negative definite and U = (9§).

The main object of interest in this paper is the image I' of Aut X
in O(A). This is “most” of Aut X, because the kernel of Aut X —
I' is finite, and in fact very tightly constrained [7, §7.2]. All of our
arguments concern A and various Coxeter groups acting on it. For the
underlying algebraic geometry we refer to [6], [7] and [9].

Because A has signature (1,9), the positive norm vectors in A ® R
fall into two components. Just one of these contains ample classes;
we call it the future cone and write OT(A) for the subgroup of O(A)
preserving it. Vinberg showed (theorem below) that OT(A) is the
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Coxeter group Wssy with diagram

(1.1) o—o—I—o—o—o—o—o—o

Besides preserving A, the main constraint on I' is that it must pre-
serve the ample cone, hence its closure, the numerically effective cone
nef(X). The nef cone is described in terms of X’s nodal curves (i.e.,
smooth rational curves), which have self-intersection —2 by the adjunc-
tion formula. If X has nodal curves then nef(X) consists of the vectors
in A ® R having nonnegative inner product with all of them. In the
special case that X lacks nodal curves, nef(X) is the closure of the
future cone.

The remaining constraint on I' concerns the Fy vector space V :=
A/2A. Dividing lattice vectors’ norms by 2 and then reducing modulo 2
defines on V an Fy quadratic form of plus type. “Plus type” means
that V' has totally isotropic spaces of largest possible dimension, in
this case 5. Although we won'’t use this property, it does explain the
presence of some superscripts +. We write O(V) for the isometry
group of this quadratic form. We will use ATLAS notation for group
structures and finite groups throughout the paper; see [1], especially
§5.2. In this notation, O(V) has structure O7,(2) : 2. (Caution: the
ATLAS uses “O” for the simple composition factor of an orthogonal

group—in this case an index 2 subgroup. Some authors write O7,(2)
for O(V) itself.)

Theorem 1.1 (The unnodal case). Suppose an Enriques surface X has
no nodal curves. Then I' contains the level two congruence subgroup
Wo37(2), meaning the kernel of the natural map OT(A) — O(V).

So I must be one of the finitely many groups between Was;(2) and
Wozr. Because OT(A) — O(V) is a surjection, the possibilities corre-
spond to subgroups of Ofy(2) : 2. Different X can lead to different T,
so one cannot say much more without specifying X more closely. If X
is unnodal then Aut X acts faithfully on A, by [7, Thm. 7.3.6]. So one
can identify I' with Aut X.

In characteristic 0 one can describe I' in terms of the period of the K3
surface which covers X. In this way one can show that for a generic
Enriques surface without nodal curves, I' is exactly Wa37(2); see [2].
The positive characteristic analogue of this seems to be open.

Given a nodal curve, regarded as an element of Pic X, the corre-
sponding nodal root means its image under Pic X — A. It is called a
root because it has norm —2 and so the reflection in it is an isometry
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of A. Distinct nodal curves have intersection number > 0, hence dif-
ferent images in A. So the nodal curves and nodal roots are in natural
bijection.

Given a nodal root, its corresponding nodal class means its image in
V', always an anisotropic vector. Theorem below is the analogue
of theorem [[T] in the “l-nodal case”: when X has at least one nodal
curve, and all nodal curves represent a single nodal class. We will
use lowercase letters with bars to indicate elements of V', whether or
not we have in mind particular lifts of them to A. By definition of
the quadratic form on V', every nodal class 7 is anisotropic. So its
transvection  — T+ (Z-7)v is an isometry of V. We indicate stabilizers
using subscripts, for example OT(A); in the next theorem.

Theorem 1.2 (The 1-nodal case). Suppose an Enriques surface X has
a single nodal class v € V. Then the OT(\)-stabilizer OT(A), of U is
the Coxeter group

(1.2) o—o—o—i—o—o—o—o—o—o

Write Wasg for the subgroup generated by the reflections corresponding
to the leftmost 10 nodes. Then

(1) nef(X) is the union of the Wayg-translates of the fundamental
chamber of the Cozeter group (L2).

(2) T lies in Wayg, which is the full OT(A)-stabilizer of nef(X).

(3) T contains the subgroup Waus(2) defined as the subgroup of Wayg
that acts trivially on v+ C V.

(4) Waue(2) acts transitively on the facets of nef(X).

(5) Aut X acts transitively on the nodal curves of X.

Remarks. (a) The heavy edge in the diagram indicates parallelism of
the corresponding hyperplanes in H?, or equivalently that the last pair
of roots has intersection number 2.

(b) Suppose X is a generic nodal Enriques surface. Then Aut X acts
faithfully on A, so it can be identified with I'; see [7, Prop. 7.4.1]. Fur-
thermore, in characteristic # 2,3,5,7 or 17, I' coincides with Ways(2),
by [8, Thm. 1].

(c) Waye(2) is the group called W (2) by Cossec and Dolgachev [8].
But, contrary to what the notation might suggest, the kernel of our
Wi — O(V) is not the same as their W (2). This is because they define
their congruence subgroups with respect to the Reye lattice rather than
the Enriques lattice A. The Reye lattice has index 2 in A: it is the
preimage of v+ C V.
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Theorems [[.T]and [[.21 are modern forms of results of Coble [4, Thms.
(4) and (30)]. But Cossec-Dolgachev [0, p. 162] state that his proofs
were incorrect. They credit Looijenga with the first proof of theo-
rem [T never published, and give proofs of both theorems, following
Looijenga’s ideas. See [0, Thms. 2.10.1 and 2.10.2]. Their proof of the
first relied on a lengthy hand computation, and the second required
computer assistance.

The author is grateful to RIMS (Kyoto University) for its hospi-
tality while working on this paper, to Igor Dolgachev for posing the
problem of improving on the computer computations in [6], and to
Shigeru Mukai for stimulating discussions.

2. THE CASE OF NO NODAL CURVES

A root means a lattice vector of norm —2. In this section our model for
A is the span of the roots in figure 2.1l Two of them have inner product
1 or 0, according to whether they are joined or not. By the theory of
reflection groups [3, V.4], these 10 vectors form a set of simple roots
for the group Whs; generated by their reflections. We will write Woags
resp. Wagg for the subgroup generated by the reflections corresponding
to the top 8 resp. 9 nodes. Also, we will write Ag for the span of the
first 8 roots. This is a copy of the Ejg lattice in the “odd” coordinate
system, namely

{(z1,...,25) |all z; in Z or all in Z + §, and Y x; = x5 mod 2}

from [5], §8.1 of Ch. 4]. Its isometry group is the Eg Weyl group Wass,
which has structure 2 - OF (2) : 2. Sometimes we will write lattice
vectors as (z;y, z) with x € Ag and y, 2z € Z, and inner product (z;y, z)-
(Y, 2) =22 +y2 +y'2

Lemma 2.1 (The stabilizer of a null vector). Wagg is the full stabilizer
O(A), of the null vector p = (0;1,0). It has structure Ay : Wass, where
Ao indicates the group of “translations”

(2;0,0) = (x; =\ - x,0)
(2.1) Then, : (0;1,0) — (0;1,0)
(0;0,1) = (X; =A2/2,1)

Proof. The T), are called translations because of how they act on hyper-
bolic space when p is placed at infinity in the upper halfspace model.

One checks that they are isometries, that Th,, = T)\T),, and that

Wass = Aut Ay acts on them in the same way it acts on Ay. Next,

Wiass contains the reflection in A = (3555555 %;00), because this is

a root of Ag. Also, Wass contains the reflection in (%%%%%%%%, 10),
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+-000000; 0, 0)
04—00000; 0, 0)
004—0000; 0, 0)
000+—000; 0, 0)
0000+—00; 0, 0)
00000+—0; 0, 0)
000000+—; 0, 0)
(33773323 1,0)

)

22222222

o~ o~ o~ o~ o~ o~ o~

(00000000; —1,1

FIGURE 2.1. Simple roots for Wys; = OT(A), with re-
spect to the norm (zy, ..., 28y, 2)* = —x3— - - —22+2y2.
We have abbreviated £1 to + and hidden some commas.

because this root is second from the bottom in figure 2.1l The product
of these two reflections is T4, the sign depending on the order of the
factors. So Whsg contains the translation by a root of Ag. Conjugating
by Wass shows that Wass contains the translations by all the roots of
Ag. Since A is spanned by its roots, Wass contains all translations.
The translations act transitively on {(z; —22?/2,1) | * € Ay}, which is
the set of null vectors having inner product 1 with p. The simultaneous
stabilizer of p and (0;0,1) is the orthogonal group of Ay, which is
Wass C Wasg. Since OT(A), and its subgroup Wase act transitively on
the same set, with the same stabilizer, they are the same group. U

The proof of the following theorem of Vinberg illustrates the tech-
nique of cusp-counting, which we will use several times. To avoid repe-
tition we take “null vector” to mean a future-directed primitive lattice
vector of norm 0. “Cusp counting” means: when a Coxeter group acts
on an integer quadratic form of signature (1,n) and has finite volume
fundamental chamber in hyperbolic space, then its orbits on null vec-
tors are in bijection with the ideal vertices of the chamber. And these
in turn are in bijection with the maximal affine subdiagrams of the
Coxeter diagram.

Theorem 2.2 (Vinberg [10]). OT(A) = Was;.
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Proof. The image in hyperbolic 9-space of the fundamental chamber
has finite volume, with all vertices in H® except for one on its boundary.
This follows from the general theory of hyperbolic reflection groups:
the vertices in H? correspond to the rank 9 spherical subdiagrams of
figure 2.1], and the last vertex corresponds to the affine subdiagram FEg.
It follows that there is only one Wysr-orbit of null vectors, i.e., Wagr
acts transitively on them. Since Was; contains the full OT(A)-stabilizer
of one of them (lemma 2.1]), it is all of OT(A). O

The most important ingredient in the proof of theorem [l is the
construction of automorphisms of X, for which we refer to the proof of
theorem 3 in [9] §6]. A has many direct sum decompositions as a copy of
Ejg plus a copy of U. For every such decomposition, the transformation
which negates the Fg summand is called a Bertini involution, and arises
from an automorphism of X. (Very briefly: consider the linear system
|27 + 2F5|, where E; and FE, are the effective classes corresponding
to the null vectors in the U summand. This is a 2-to-1 map onto a 4-
nodal quartic del Pezzo surface in P4, and the Bertini involution is the
deck transformation of this covering.) Bertini involutions obviously lie
in the level 2 congruence subgroup of OT(A), hence in Wy37(2). Also,
every conjugate of a Bertini involution is again an Bertini involution.
So the group they generate is normal in O(A).

Proof of theorem [1.1. The proof amounts to showing that the Bertini
involutions generate Wasz(2). We write S (“small”) for the group they
generate, and think of OT(A) as the “large” group. To understand the
relation between small and large, we will introduce a “medium” group
M. Tts relationships with S and OT(A) are easy to work out. Then the
relationship between S and OT(A) will be visible.

We define M as the group generated by S and Wazs. The central
involution B of Wy35 C M is a Bertini involution. Also, its conjugacy
action on Ag C Wysg is inversion. By the normality of S, M contains

T\BT;'o B! =T\o BT !B =T\ o T} =Ty,

for all A € Ag. It follows that M/S is a quotient of Wases/(B, all Tyy) =
28 : OF(2) : 2. On the other hand, it is easy to see that Wasg acts on
V as the full O(V)-stabilizer of p, which has structure 2% : O (2) : 2.
(Repeat the proof of lemma 211 reduced mod 2.) This shows how
S is related to M: since it has index < |28 : Of(2) - 2| in M, and
lies in the kernel of the surjection M — O(V), = 28 : OJ(2) -2, S
coincides with the kernel. That is, M — O(V') induces an isomorphism
M/S — OV),.
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e ul 10

(+-000000; 00)

(0+-00000; 00)

(00-+-0000; 00) (33355 55%3;00)

(000-+—000; 00)

(0000+—00; 00)

(00000-+—0; 00)

(000000+—; 00) (323272322702)
)

FIGURE 2.2. Simple roots for M = OT(A); see the proof
of theorem

The advantage of working with M rather than S is that it contains
the Coxeter group My whose simple roots are shown in figure We
will see later that in fact M, is all of M; for now we just prove M, C
M. First, M contains Wo3s by definition. To see that M contains
the reflection in the last root (the lower right one), note that r =
(53333333:0,0)is aroot of Ag, so its reflection lies in Wass. Choose
an element A\ of AO having inner product —1 with it. Then Ty, € §
sends 7 t0 (3555555 4;2,0). Now consider the conjugate of Ty by
the isometry of A which exchanges the last two coordinates. This lies
in S by normality, and sends 7 to (%%%%%%%%, 0,2). Therefore M
contains the reflection in this root. This finishes the proof that M
contains M.

Next we claim that My is all of OT(A);. The fact that OT(A); contains
My (even M) is obvious. Now observe that Mj’s chamber has finite
volume, with 3 cusps, corresponding to the Es subdiagram and two
Eg subdiagrams. Therefore M, has 3 orbits on null vectors. On the
other hand, OT(A); has at least 3 orbits on null vectors, since it has
three orbits on isotropic vectors in V. (Namely: p itself, the other
isotropic vectors, and the isotropic vectors not orthogonal to p.) So
OT(A), and its subgroup My have the same orbits on null vectors. The
stabilizer of p in either of them is Wasg, proving My = OT(A);. Since
My, € M C O'(A)y, this also shows the equality of M with these

groups.
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Finally, we have

[OT(A): S] = [OT(A) : M][M : S

(V) = O(V),] [O(V)y]
o)
Since S lies in the kernel of the surjection OT(A) — O(V), it must be
the whole kernel, finishing the proof. O

3. PREPARATION FOR THE 1-NODAL CASE

This section can be summarized as “the same as section 2 with £, U
in place of Fg @ U”. To tighten the analogy it is necessary to use the
“even” coordinate system for the Fg lattice in place of the “odd” one we
used in the previous section. So now we take the Ejg lattice to consist of
the vectors (z1,...,xs) with even coordinate sum and either all entries
in Z or all in Z + % See [9], §8.1 of Ch. 4]; these coordinates differ from
those of section [2 by negating any coordinate. We take A to consist
of the vectors (z1,...,xs;y,2) with (z1,...,28) in the Eg lattice and
Yy, 2 € Z. The norm is still —z3 —- - - —22+2yz. Mimicking our notation
from section 2l we write Ay for the sublattice {(z1,...,xs;0,0)} of A.

We write v for the root ($3+TTLEE:00) of Ag. It stands for
“nodal root”, although for this section it is just a root. Its orthogonal
complement in Aq is a copy of the E7 root lattice, and its full orthogonal
complement v+ in A is E; @ U. It is easy to see that v+ is spanned by
the roots in figure[3.I], and that their inner products are indicated in the
usual way by the edges of the diagram. In particular they form a set of
simple roots for the Coxeter group Way5; generated by their reflections.
We also write Wsyy for the subgroup generated by the reflections in the
top 8 roots, and regard both these groups as acting on all of A, not just
vt = E;®U. The next two results are proven the same way lemma 2]
and theorem were.

Lemma 3.1. Whyy is the full stabilizer of the null vector p = (0;1,0)
in O(A),. O
Theorem 3.2 (Vinberg). Ways is all of OT(A),. O

Bertini involutions: from the presence of an Fg diagram in figure 3.1
we see that v+ has sublattices isomorphic to Es. Every Eg sublattice

is unimodular, hence a direct summand of A, so the involution that
negates the Fg summand is an isometry. Since this summand was
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(+—000000; 0, 0
(0+—00000; 0, 0
(00+—0000; 0, 0
(0004+—000; 0,0
(0000+-00; 0,0
(00000+—0; 0,0
(

)
)
)
)
)
)
000000+—; 1, 0)
)

(00000000; —1,1

FIGURE 3.1. Simple roots for OT(A),, where v is the
root (£+Z+£E£E£5:00) of A; see theorem B2

chosen in v+, we obtain an element of OT(A),. These are called Bertini
involutions, and act trivially on V.

Kantor involutions: by construction, v+ has direct sum decomposi-
tions F; @ U. For any such decomposition, the central involution in
W(E;) acts by negation on the E7; summand and trivially on the U
summand. These are called Kantor involutions. Every one acts on V'
by the transvection in 7. (Proof: the complement in A of the U sum-
mand is a copy of Fg containing (v) @ E;. The Kantor involution is
the product of the negation map of this Fg, which acts trivially on V/,
with the reflection in v.)

Theorem 3.3. The Kantor and Bertini involutions generate the sub-
group OT(A), ;1 of OT(A) that fizes v and acts trivially on v+ C V.

Proof. We reuse our strategy from theorem [[LII That is, we write
S for the subgroup of OT(A), generated by the Kantor and Bertini
involutions, and think of it as “small”. We think of OT(A), as “large”.
Obviously S is normal in O(A),. To relate these groups we define the
“medium” group M to be generated by S and Wayy.

Recall that Wayy has structure E; : W(E7) = E; : (2 X O7(2)) where
the initial F; indicates the root lattice regarded as a group. The central
involution in 2 x O7(2) is a Kantor involution. Mimicking the proof
of theorem [[1] shows that M/(S N M) is a quotient of 27 : O(2).
Continuing the mimicry, the image of M in O(V) has structure 27 :
(2 x O7(2)), which is the simultaneous stabilizer O(V); ;. (Note: 27
and 2 x O7(2) are subgroups of 2% and Of(2) : 2 from the proof of
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-+-—000000; 00
0+-00000; 00

12)

€1 = )
)

= (00+—0000; 00)
)

)

)

)

€2 =

= (000+-000; 00
= (0000+-00; 00
= (00000+—0; 00
= (0000004-—;10

(000000+—;02) = eg

AAAAA,_\AM

FIGURE 3.2. Simple roots for M = OT(A), ; where p =
(0;1,0) and v = (£L2£2LE2£L.00); see the proof of
theorem 3.3

theorem [Tl The 27 is the subgroup of O(V), that fixes p and acts
trivially on p*/(p), and 2 x Oz(2) acts faithfully on p*/(p).) Every
Kantor involution acts trivially on 7+, and the image of M in O(t) =
Og(2) has structure 27 : O7(2). It follows that S is the kernel of the
action of M on ot C V. So we may identify M/S with the stabilizer
of pin O(vt).

Next we claim that M contains the Coxeter group M, with sim-
ple roots pictured in figure First, ey, ..., eg are the simple roots
of Wsy4, whose reflections lie in M by definition. The proof that M
contains the reflection in eg is exactly the same as in the proof of the-
orem [T (Only the Kantor involutions are needed.) For ejq, observe
that it and eq, ..., es span a copy of the lattice A; @ E7. Furthermore,
(e10+es+er+eg)/2lies in A, so the saturation of this A; @ E7 is a copy
of Eg. The reflection in ey is equal to the Bertini involution of this Ej,
times the central involution of the copy of W (FE;) C Wayy generated by
the reflections in e,, ..., eg. Therefore M contains this reflection.

The same argument as in the proof of theorem [LI shows that My =
M = O"(A), ;. (This time the affine diagrams are DgA4; and two E7’s.)
The final step of the proof is also conceptually the same as before.
First,

[OT(A), : S] = [OT(A), : M][M : S]
=[OT(A), : OT(A),; ‘O (7h) —‘

= [0(V)5 : O(V)5,5]|O(7)5]
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= (+-000000; 0, 0)
= (0-+-00000; 0, 0)
= (00-+—0000; 0, 0)
= (000-+—000; 0, 0)
— (0000+—00; 0, 0)
— (000004+—0; 0, 0)
= (000000+—; 1,0)
g (00000000; —1, 1)

0)

0)

FIGURE 4.1. Simple roots for OT(A);; see lemma FET1

= [0(7%) : O(7)]|O(7),

= 0(7)|.
From this and the fact that S acts trivially on o+ C V, it follows that
S is the full kernel of OT(A),’s action on *. O

4. THE 1-NODAL CASE

In this section we continue to use the previous section’s model for A.
We suppose X is an Enriques surface with a single nodal class v € V =
A/2A, and we fix some nodal root v € A lying over it.

All roots of A are equivalent under isometries (since figure 211 is
simply laced). So we may choose the identification between A and
X’s numerical lattice such that v is any chosen root. We choose
v= (353533 5%:0,0), which is compatible with the previous sec-
tion’s notation. To the simple roots from figure 3.1l we may adjoin two
more roots, to obtain simple roots for the larger Coxeter group whose
diagram appears in in figure .1l The extra simple roots are v and €/j,.
We write C for the fundamental chamber for these 11 simple roots.
We define Woy4 as the group generated by the reflections in the top 10
roots, and continue writing Wsyy and Woys as before.

Lemma 4.1. OT(A); is the Coxeter group with simple roots in fig-

ure[4.1]
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Proof. First, the affine subgroup FE;A; generated by the reflections in
all the roots except ey is the full OT(A),-stabilizer of the null vector
p = (0;1,0). The proof is just like lemma 2.1 and one can even use
the same formula (Z]) for the translations. The main difference is that
only half of the translations preserve v. The ones that do correspond
to the sublattice E; & A; of Ex.

The Coxeter group lies in OT(A); because every simple root has even
inner product with v. Cusp-counting shows that the Coxeter group
has two orbits on null vectors, corresponding to the diagrams Eg and
E7A;. And OT(A); has at least two orbits on null vectors, since it
has two orbits on isotropic vectors in V' (those orthogonal to v and
those not). It follows that OT(A), and this reflection subgroup have
the same orbits on null vectors. The equality of these groups follows
because their subgroups stabilizing p are equal. O

Lemma 4.2. The cone nef(X) contains the entire future cone of v+.

Recall that nef(X) is the Weyl chamber for the group Woqa € O(A)
generated by the reflections in the nodal roots. (These reflections do
not arise from symmetries of X, but they are isometries of A.)

Proof. Because X has a single nodal class 7, every nodal root represents
it. In particular, if v/ is any nodal root then A contains (v —v')/2, and
v - V' is even (since v is isotropic). We cannot have v - v/ = 0, because
then (v — v)/2 would have norm —1, which is impossible in the even
lattice A. For v/ # v this implies v -1/ > 2, so their orthogonal comple-
ments do not intersect in hyperbolic space H®. Since the orthogonal
complements of the nodal roots bound nef(X), their future cones lie in
it. In particular, nef(X) contains the future cone of v+. O

Lemma 4.3. All the Wayg-translates of C lie in nef(X).

Proof. Every nodal root has the same nodal class 7, so all their re-
flections preserve it. So the mirrors of W, 4. are among the mirrors of
OT(A)y. It follows that every chamber for W,,qa is a union of chambers
for OT(A);. In particular, nef(X) is such a union.

From this and lemma[d.2]it follows that nef(X') contains every cham-
ber of OT(A); that lies on the positive side of v+ and has one of its
facets lying in v*. In particular, nef(X) contains C.

Now consider the following Coxeter group W’ lying between W, qa
and OT(A),: the one generated by the reflections in all the roots of A
lying over v. Writing C’ for its chamber containing C', we obviously
have C" C nef(X). Therefore it suffices to show that C’ contains the
Wass-translates of C'. The advantage of W' over W qa is that Waue
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visibly normalizes it, hence permutes its chambers. Suppose r is any
simple root from figure @.1] other than v. Then a generic point of r+
is orthogonal to no roots except r, hence to no roots of W’. So r’s
reflection preserves an interior point of C’, hence C” itself. It follows
that Waye preserves €, so C' contains the Wyse-translates of C', as
desired. (Parts ({l) and (@) of theorem [[2] imply W' = Woqar-) O

Next we will describe some symmetries of X, called Geiser, Bertini
and Kantor involutions. They are defined in terms of nef classes and
nodal curves with certain properties; see the proof of theorem 5 in [9]
for the details of their construction. We will describe their actions on
A. Their actions on V follow easily: Geiser and Bertini involutions act
trivially and Kantor involutions act by the transvection in .

Geiser involutions: suppose Ey, Fy are nef divisors with E? = E2 =
0 and F; - E5 = 1, such that E; + E5 is ample. Then the linear
system |2E) 4 2E,| realizes X as a 2-fold branched cover of the unique
4-nodal quartic del Pezzo surface. (It can be defined in P* by 0 =
Tory + 25 = 2314 + x3.) The deck transformation of this covering
is an automorphism G of X, called a Geiser involution. Its action
on A can be described as follows. The classes of Fp, Fy in A span a
summand isometric to U = (9}), and G acts by the negation map of
this summand’s orthogonal complement.

Bertini involutions: now suppose F is a nef divisor with £? = 0, and
that R is a nodal curve having intersection number 1 with it. Then
the linear system |4E + 2R| realizes X as a 2-fold branched cover of
a degenerate form of the previous paragraph’s del Pezzo surface. (Its
equations in P* are 0 = xoz;+23 = x374+x%.) The deck transformation
is an automorphism B of X, called a Bertini involution. Its action on A
can be described as follows. The classes of £ and R span a summand
U of A, and B acts by negating its orthogonal complement. (This
resembles the Geiser involution case if one thinks of E; as F and FE,
as the image of F under reflection in R. The differences are that Fj is
not nef and R - (Ey + E») = 0. In particular, |2E) + 2E5| collapses R
to a point.)

Kantor involutions: now suppose F; and FE, are nef divisors with
E? = E2 =0 and F, - E; = 1, and that R is a nodal curve disjoint
from them. Then the linear system |2E; + 2F; — R| realizes X as a
2-fold branched cover of the Cayley cubic (the unique cubic surface
with four A; singularities). The deck transformation of this covering is
an automorphism K of X, called a Kantor involution. Its action on A
can be described as follows. The classes of E; and E5 in A generate a
summand isometric to U, and K acts as the composition of the negation
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map on its orthogonal complement and the reflection in the nodal root
corresponding to R.

Remarks. In section [B] we introduced some isometries of A that we
called Bertini and Kantor involutions. As the language suggests, they
are special cases of the Bertini and Kantor involutions given here:

A Bertini involution in section B meant an involution of A whose
negated lattice is isometric to Fg and orthogonal to v. First we give
an example of such an involution arising from the construction above.
Consider the sublattice L of A spanned by the roots of the Eyg subdi-
agram of figure [4.Jl Write B for its Bertini involution in the sense of
section B it negates L and fixes L pointwise. Computation shows
that L' is spanned by v and the null vector E = (—1,0,0,0,0,0,0, —1;
1,1), which have inner product 1. It is easy to check that F has inner
product > 0 with the simple roots in figure @ so it lies in C' and hence
is nef (lemma [£3]). The Bertini involution constructed above, using F
and R = v, is exactly B.

Now consider any Bertini involution B’ in the sense of section [3]
and write L' = Eg for its negated lattice. Any two copies of the Eg
lattice in v+ are equivalent under isometries of v+, because each is a
direct summand (being unimodular), with its 1-dimesional complement
in v+ determined by det(vt). Therefore some g € OT(v1) sends L
to L'. Since OT(v') = Ways (theorem B.2)) and Woys preseves nef(X)
(lemmald3]), g(F) is also nef. The Bertini involution constructed above,
using g(£) and R =v, is B'.

Finally, suppose K is a Kantor involution in the sense of section [3]
so its negated lattice is the first summand of some decomposition v+ =
E, ®U. We take E;, E5 to be null vectors spanning the U summand.
By lemma they are nef. Then the Kantor involution constructed
above from F; and E, is K.

Proof of theorem[1.2. The main step is to prove ([B]). For this we reuse
the strategy of theorem [LT We think of Wass as the “large” group,
and for the “small” subgroup S we take the subgroup generated by the
Geiser, Bertini and Kantor involutions of X that lie in Wss. (In fact
these are all the Geiser, Bertini and Kantor involutions, but we have
not proven this.) To relate these groups we define the “medium” group
M as the subgroup generated by S and Woys. Obviously M normalizes
S.

Theorem says that S N Wayys contains the subgroup of Woy5 that
acts trivially on #+. Theorem says that Woss = OT(A),. And the
image of W5 in O(V) acts on 7t by its full isometry group. Therefore
the action of M on V identifies M/S with O(7) = Og(2).
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Now we claim that M is all of Woys. It contains Ways by definition,
so it suffices to show that M contains the reflection in e},. Observe that
€a, ..., es, €, span a root lattice F;A;. Its saturation is strictly larger,
hence a copy of Fg, because A contains (eg — €, + €7 + e5)/2. We will
show in the next paragraph that the negation map G of this Eg sum-
mand of A is a Geiser involution. It lies in Wayg since it is the product
of the reflection in €}, and the central involution of W (E;). Therefore
G € S C M. Since M contains the central involution of W (E>), the
same decomposition of G shows that M contains the reflection in €.
Modulo the fact that G is a Geiser involution, this completes the proof
that M = Wa. From our understanding of M /S it follows that S is
exactly the subgroup of Waye that acts trivially on - C V. This is
definition of Way6(2), proving (3.

We must still show that G is a Geiser involution. To do this we seek
Ei, By € nef(X) with £? = E2 =0 and E; - Ey = 1 and E; + E, ample,
which span a copy of U orthogonal to ey, ..., es, €. Now, the orthogo-
nal complement of e, ..., es, €], has signature (1,1), so it has only two
isotropic lines. This determines F; and E, up to scaling. In fact they
are obvious from the Dynkin diagram: they must be the null vectors
representing the E;A; and Ex cusps. We already know that the first is
(0,...,0;1,0), and one checks that the second is (—1,0,...,0,—1;1,1).
They have inner product 1, hence span a copy of U. They are nef be-
cause they lie in C. Their sum is ample because it lies in the interior of
the edge joining these cusps, hence lies in C' and is not orthogonal to
any nodal root. So G is a Geiser involution. This completes the proof
that M = Wy, and hence the proof of (3)).

Next we prove the rest. The main point is that Wayg, /S, maps
isomorphically to Wasg/S, since Wayg,, = Ways acts on v+ as Og(2). Tt
follows that the S-orbit of v coincides with the Wyse-orbit of v. This
shows simultaneously that every facet of Uy,ew,,,w(C') is the orthogonal
complement of a nodal root, and that S (hence I') acts transitively on
them. These are claims (Il) and ({#]) of the theorem. Claim (&) follows
from (@) and the bijection between nodal roots and nodal curves.

For claim (2l), recall that every nodal root lies over . So the full
OT(A)-stabilizer of nef(X) must preserve 7. Since C' is a fundamental
domain for OT(A), by lemma ] the stabilizer of nef(X) is exactly
the subgroup of OT(A), which preserves nef(X). This is obviously
Wase. U
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