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MATRIX WEIGHTED POINCARE INEQUALITIES
AND APPLICATIONS TO DEGENERATE ELLIPTIC
SYSTEMS

JOSHUA ISRALOWITZ AND KABE MOEN

ABSTRACT. We prove Poincaré and Sobolev inequalities in matrix
A, weighted spaces. We then use these Poincareé inequalities to
prove existence and regularity results for degenerate systems of
elliptic equations whose degeneracy is governed by a matrix A,
weight. Such results parallel earlier results by Fabes, Kenig, and
Serapioni for a single degenerate equation governed by a scalar
A, weight. In addition, we prove Cacciopoli and reverse Holder
inequalities for weak solutions of the degenerate systems. As a
means to prove the Poincaré inequalities we prove that the Riesz
potential and fractional maximal function operators are bounded
on matrix weighted LP spaces and go on to develop an entire matrix
A, 4 theory.

1. INTRODUCTION

The classic Poincaré inequality

! q Va 1 1 ) 1/p
(@/Q|u(x)—uQ| dx) < Q| (@/@Wu(z)' dx) 7

holds for all cubes  in R? when u is sufficiently smooth, u is sufficiently
dp
d—p”
the theory of regularity of weak solutions to PDE. Fabes, Kenig, and

smooth, 1 < p < n, and q = Such inequalities are vital to

Serapioni [9] studied the degenerate elliptic equation

div (A(2)Vu(@)) = Y 0u(AL()0su(r)) = —divf  (1.1)
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where A is a positive definite matrix that satisfies

w(@)|§]* =~ (A(2)¢,€), £eR"
for some w € Ay and |f| € L*(Q,w™'). They proved that weighted
Poincaré inequalities of the form

(57 . tute) = ol e "

< ClQlh (@ / |Vu<x>|ﬁw<x>dx)l/p (12)

hold for some ¢ > p when w € A, and used the inequalities (L.2) to
prove that weak solutions to (II) (under further assumptions on f)
are Holder continuous.

In this paper we will consider the system of degenerate elliptic equa-
tions of the form

Z Oa(ASF (2)0puy(x)) = —(divF);, i=1,....d,  (L3)
a,fB,j=1

where
n

ST AP @i = [W()il2, e ML (C)  (14)
,Brirj=1
for a matrix weight W(z) (a positive definite matrix function with
locally integrable entries) and F' € L*(Q2, W) (which will be defined
momentarily). To the best of our knowledge, it seems that systems of
elliptic equations whose degeneracies are governed by matrix weights
have never been considered before.
Given a matrix weight W and an exponent p > 0 we define LP(Q, W)
to be the collection of all vector valued functions f such that

1712 = / W (@) Fl)] da < o,

We will also sometimes let LP(€2, W) denote the space of all n x n
matrix functions F' whose norm above is finite. When 2 = R” we will
write LP(W).

A natural solution space for weak solutions of[[L3]is the matrix weight
Sobolev space H'?(2, W) normed by

Wl = ([ W56 'pd“") +(f e )Ilpdx)l
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where || - || is the matrix norm, which will be defined as the completion
of C*(Q2) with respect to the above norm.
A matrix weight belongs to A,, if

D
I

Wy, =sup o0 [ (& / W W S dy) " de < o

Treil-Volberg [25] showed that the Hilbert transform, defined component-
wise, is bounded on L?*(W) if and only if the matrix weight W be-
longs to As. Nazarov-Treil and Volberg [19,26] when d = 1 and the
first author [12] when d > 1 proved upper and lower matrix weighted
Littlewood-Paley L” bounds when W is a matrix A, weight. Further-
fore, Goldberg [7] characterized the boundedness of singular integral
operators and the Hardy-Littlewood maximal operator by the matrix
A, condition.

We are now ready to state our main results. We begin with Sobolev
and Poincaré inequalities in the matrix weighted case.

Theorem 1.1. If1 < p < oo and W is a matriz A, weight, then there
exists € > 0 such that

(& [ @i daz)_

1 1 1 — p—e
< i — P p—¢
<10l (7 [ Iwswniir-d)
for each cube Q and f € CLQ).

Theorem 1.2. If 1 < p < o0, f € CYQ), and W is a matriz A,
weight, then there exists € > 0 such that

(ﬁabwé(m)(f(@—ﬁz) |p+€df)# 1

1 (1 1 2 e p—e
N (@/Quwp(xwf(xm d:c)

for each cube Q.

As will be apparent from the prove, note that we can in fact replace
the cube ) in Theorem with an open ball B so long as we have
that f € C'(B).
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It is well known that Poincaré inequalities follow from bounds on the
fractional integral operators

Iaf(:c):/RMdy, O<a<d

a |v —yli

and their corresponding fractional maximal operators

Mo, f(z) = sup la/If Jdy, 0<a<d
Q32 |Q)|

Such operators play a crucial role in the theory of the smoothness of
functions. The fractional integral operator acts as an anti-derivative
and hence it’s boundedness implies the Sobolev embedding theorems.
While our Sobolev and Poincaré inequalities will not follow from matrix
weighted bounds for fractional integral operators, we will nevertheless
be interested in proving such bounds for their own sake.

First let us recall the results in the scalar case. Muckenhoupt and
Wheeden [18] characterized the weights w for which M, and I, are
bounded on weighted Lebesgue spaces. In particular, they showed that

ifl<p< g and ¢ is defined by % = %— 5, then I, and M,, are bounded

from LP(w4) to L4(w) if and only if w € A,

i -epy 14 i [ o) <

Lacey et. al. ﬂ]:(iﬂ, found the sharp uppers bounds on the operator
norms in terms of the constant [w],, , showing that

-9z

p <
||MaHLP(wE)—>Lq(U)) ~ [ ]qu (15)

and ,
(1-%) max(1,2)

||[a||LP(w%)—>L‘I(w) ~ [w:lAp,q ! ° (16)

We aim to study the matrix weighted case of these results. Given a
matrix weight W and a pair of exponents p and ¢ we define the matrix

A, , constant as follows

Wlas, =50 7 | (ﬁ / Hwé<x>w-é<y>np’dy) dr.

where the supremum is over all cubes contained in R™. A matrix weight

e

belongs to A,  if [W]4,, < oo. Moreover, we define the weighted



fractional maximal function as follows

— 1 1 1 —
Mivafle) = sup i | W3 @W )0y

where the supremum is over all cubes that contain x. We will be
concerned with LP — L% bounds for M, w. Our first result is the
following.

Theorem 1.3. Suppose 0 < a < d, 1 <p < g and q 1is defined by
L=Ll_<2c JfWeA,, then

q p

Z(1-3)
[Mowllzr—re S W14

~ P,q

(1.7)

and this bound is sharp.

Inequality (7)) is the matrix valued version of (LH). In fact, the
sharpness of (7)) follows from the scalar case because a better bound
for the matrix case would imply a better bound for the scalar case. We
remark that the proof is a modification of the arguments found in [7].

For the fractional integral operator we have the following result.

Theorem 1.4. Suppose 0 < a < d, 1 < p < g and q is defined by

Lol_a [fWeA,, then I, : L"(Wi) — LY(W) and

q p

(1-2)E 41

< g (1.8)

||[a||Lp(W%)—)Lq(W) ~ [ ]Ap,q

We do not believe the bound ([L§]) is sharp and other methods will be
needed to find the sharp bound.

Using our Poincaré inequalities we are able to prove regularity results
for weak solutions to (IL3). We begin with the following reverse Holder
inequality. In the uniformly elliptic case, this result is due to Meyers.

Theorem 1.5. Let W be a matriz Ay weight, let 2 be a domain in RY,
and let F € LX(Q,W™Y). If A= A satisfies (L) and @ € H*(Q, W)
is a weak solution to (L3)), then there exists ¢ > 2 such that given
B, C Q) we have

1 N - “ 1 N . :
<|B—/2‘ / ||W2<x>Du<x>||qu> s(ﬁ [ ||W2<x>Du<x>||2dx)
r /2 r )

+ (i3 A W) Pl de)’
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In Section 6 we will also briefly discuss applying some of the simple
ideas in the very recent paper [§] to extend this Meyer reverse Holder
inequality to solutions of nonhomogenous degenerate p—Laplacian sys-
tems setting with a matrix A, degeneracy (see the beginning of Section
5 for precise definitions.)

Finally, we end with the last of our main result: a regularity theorem
for weak solutions in dimension two.

Theorem 1.6. Let d = 2 and U be a weak solution to (LL3) when
F = 0. Then there exists € > 0 such that for x,y € Q with |z —y| <
sdist({z, y},Q°), we have

() —d(y)| S Caylr —yl*

where

1 . 3
Cpy= (sup@|T /Q ||W‘5<£>H2d£)

where the supremum is over cubes ) C §) centered either at x or y,
and having side length smaller than |x —y| .

As with Theorem [[.5], we will also extend to solutions of homoge-
nous degenerate p-Laplacian systems setting in the last section. Note
that it would be very interesting to know whether one can use Theorem
to prove continuity a.e. of weak solutions to (L3]) when F' = 0.

In the special case when A%B () = B;j(x)dap for some matrix B, the
system ([L3)) becomes

div(B(z)Di(z)) = —(divF)(z).

Such systems were considered by Iwaniec/Martin [I3], Huang [11], and
Stroffolini [24]. Of particular is when B itself is a matrix A, weight,
and Theorems and are of independent interest themselves in
this case.

The plan of the paper will be as follows. In Section 2l we will state
some notation that will be used throughout the paper. In Section [3] we
will prove Theorem and Theorem [[L4l We will prove the Poincaré
and Sobolev inequalities in Section 4] and prove the existence results in
Section [l Finally we finish the manuscript with the proof of the local
regularity of weak solutions including the proofs of the Meyers’ reverse
Holder estimates (Theorem [[H]) and the local regularity in dimension
two (Theorem [[.6]) in Section [6



2. PRELIMINARIES

We will first need the notion of dyadic grid. Cubes will always be
assumed to have sides parallel to the coordinate axes and we will denote

the side-length of a cube @ as ¢(Q). A dyadic grid, usually denoted &
will be a collection of cubes that satisfy the following three properties:

(1) If Q € 2 then ((Q) = 2F for some k € Z.
(2) If 2* ={Q € 2 : £(Q) = 2"}, then R? = 5, Q-
(3) If Q, P € & then Q N P is either &, Q, or P.

We will use the following well known fact about dyadic grids whose
proof can be found in a recent manuscript by Lerner and Nazarov [17].

Proposition 2.1. Let 2' = {27%([0,1)* + m + (=1)*t) : k € Z,m €
72}, then given any cube Q, there exists 1 <t <29 and Q; € P* such
that Q C Q, and L(Q,) < 6((Q).

We now establish the machinery of the matrix weights needed for
the paper. Given a cube Q, let Vg, V{) be a reducing operator (i.e. a
positive definite n x n matrix) where

Varl~ (i [ W wer'as) . ot~ (7 [ |W$<x>aqu);

In fact we can pick the reducing operators in such a way that

e

%/QW_;(@W dm)ﬁ <1arl < 1 L wtwa d:)s)%

and a similar statement holds for |‘7é6_1 (see Proposition 1.2 in [7]).
Using the reducing operators we see that

sup VoVl = [W]a,,
=su p / < / 4 dy) dr. (2.1
oA\ W W)l (2.1)
Let p be a norm on C" and let p* be the dual norm defined by

0= up 15T
TSR

'U\l,Q
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By elementary arguments we have that (p*)* = p for any norm p. Also

let .

so that p,o(€) = |‘7Qé] and by trivial arguments p} 5(€) ~ \(‘7&’2)_16—1

3. BOUNDS FOR FRACTIONAL OPERATORS

In this section we will prove Theorems and [[L4. We begin with
some facts about the matrix A, , condition. Throughout this section
we will assume that 0 < a < d and p and ¢ and satisfy the Sobolev
relationship

¢ p d
Proposition 3.1. W is an A,, weight if and only if the averaging

operators
1o / -
— | flz)da
Q"4 Jg

are uniformly bounded from Lp(w%) to LY(W).

fe

Proof. The proof is similar to Proposition 2.1 in [7]. In particular, since

LP(W7) is the dual space of L¥ (W ~'7) under the usual unweighted
pairing

for g € Lp(W ) we have that
sup

ﬂ Q a/f e = w101 (/ fdx)
7l e | w) Il _ Q

oWy LP (W)
Jo () > o

—  sup sup|QTV

||J?|| p =1€€Cn (pq,Q) (_>
LP(Wq)
1
B L o
gecn (Pe.@)*(€)

and the last term here being uniformly finite (with respect to all cubes
() is easily seen to be equivalent to W being an A, , weight. O
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3.1. The fractional maximal operator. Recall that the natural def-
inition of the maximal operator on matrix weighted spaces is given by

My, f(z )—2119§|Q|1__/| W (z () f(y)ldy.

We will also need the followmg auxiliary fractional maximal operator:

Miafle) = sp a/\v Wi () ) | dy.

Corollary 3.2. If My, : LP — L9 boundedly then W is a matriz A, ,
weight.

Proof. For each cube () containing x we have

\Qll“/W <o ‘*/‘W )l
<MWQ(W f
so that
Sng@%Z/Qf(y)dy . HMw,a(Wéf))
<l WILP(Wg)

Corollary 3.3. If W is a matriz A, , weight then for any unit vector
€ we have that \W%aq is a scalar A, , weight with A, , characteristic
S Wla

~ P,q°

Proof. Let ¢ be any scalar function and let f = ¢€. By Proposition
B1 we have that
— [ o=
s f, o

are uniformly bounded from the scalar weighted space LP (|W%€|p) to

the scalar weighted space L? (|W%é1q). But Proposition [3.1] again in

scalar setting then gives us that \W%aq is a scalar A, , weight with
A, , characteristic < [W]a, . O

P,q

/

Corollary 3.4. W is an A, , weight if and only if W~ is an Ay
weight.
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Proof. By PropositionB.Jland duality, we have that W is an A, , weight
if and only if the averaging operators

o s [

are uniformly bounded from L7 (W~7) to L' (W
ially we have

/
_p

@ ). However, triv-

«

1
yoq¢ d
so another application of Proposition [B.1] tells us that W7 is an Ay
weight if and only if W is an A, , weight. O

Remark. Let r =1+ :z%’ Clearly these two corollaries also means that

the A, characteristic of each |W_%€|p/ is bounded by [I/V]T’A/p_q1

Furthermore, it is easy to see that w is a scalar A, , weight if and
only if w is a scalar A, weight. In the matrix case, however, there is
no reason to believe that this is true. In particular, W is a matrix A,
weight precisely when

q

1 /(1 / P’ _L’ p'+q »’
sup — [ (L [ jwa@w )" dy) iz < o
101 Jo \1al Js

which is unlikely to imply, or be implied by 21).

Lemma 3.5. If W is an Ay, weight then || My, |7, 10 S [W]Z;ql

Proof. By the scalar reverse Holder inequality for A., weights and the

. !
above remark, we can pick € ~ [W]}\p’; where

p—e—1

(o)™ s g -t

Let {€;}"_, be any orthonormal basis of C" and for any fixed y € R?
let @) be a cube that contains y. Then by Hoélder’s inequality we have
that

1 ~ 1 =
e DAGCEEHCIE

|~
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However, by the reverse Holder inequality, we have

p—e—1

1 _1 ~ p—e p—e
(g7 [+ 17 ae )

/1 / L1 meq e =
= — | |Wa(x)V,; €|r—T dx)
> (g1 f,
n 1 )
S — [ [W™s 4 dx)
> (g [, tevta

Y VeVl S 1

1=1

=

Thus, if M is the ordinary maximal function then an application of
Holder’s inequality gives us that

q

<|Q|1 J i ) o (g /Qﬂx)p:dx)“
=l (\@| wd )

<\@| i)

<101% (7 [ e \pdx) " (0 w) "

= ([ 1fpas) " (af-ow)

since 1% — % +1 = 0. Thus, the standard L! bound for M with ¢t > 1

gives us

'G
m

[ i Flyde < 1A 100701

S eI
U

Lemma 3.6. Let Q) be a dyadic cube (in some fized dyadic lattice) and

No(z) = sup [[W(x)Vg|
QROR>z
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where the supremum is taken over all dyadic cubes R C () containing
x. If W is an A, , weight then we can pick 6 ~ [W]Ziq where

/Q (No(@)* dr < |Q|[W1a,,

forall 0 < e <.

Proof. By an approximation argument in [2] p. 12, we may assume
that the weights are truncated, i.e.,

W, W=t < kld .

Our bounds will not depend on k£ and hence we will be to obtain the
desired result by a limiting argument. As in [7], we will show that
B < [W]a,, if we assume that

| (Nola))<ds 5 Bl

Q

Let {R;} be maximal dyadic subcubes of ) satistying
IV Vg, > C

for some large C' independent of W to be determined. Note that if
xr € Q\ U; R; then for any dyadic cube R C () containing = we have

W @) Vall < W @) TVlllT Vel
< Wi () Th|
so that
/ (No(a))™ dr < O+ / Wi (@) Vo da
Q\U; R; Q

<cry” [ Wi Toa s
i=1 7@

qte

< Wy 1@
S CUW]a,,, Q)
since 0 <€ < [W]Ki’q. On the other hand,

C”" N IR < DRIV Vi, IIP
j j

S ZZ/R Wi () Vg 'a ) de 5 |Q)-
i=1 j i



13

Thus for C' large enough independent of W we have >, |R;| < 1Q).
By the definition of the R;’s and their maximality we can assume
for each # € R; that Ng(z) = Ng,(v) since otherwise Ng(x) <

C||W%(:c)‘7QH Then we have

| oande =3 [ (e de < Y R < 55101

Finally this implies that there exists C' independent of W where B <
1B + C[W]a,,, which completes the proof.
O

We are now ready to prove Theorem

Proof of Theorem[L.3 By Proposition 21l we may assume that the
supremum defining My, is over all cubes from a fixed dyadic grid
2. For each € R? let R, be dyadic cube containing = such that

30wl € e [ W @W ) )l dy 3.)

1, .~ 1 ~ 1 -
< W@ (e [ W ol dy).
For z € R? pick j € Z where
|R |1__/ |V 1W" Vf(y)| dy < 27+ (3.2)

and let §; be the collection of all cubes R = R, for all z € R9 that are
maximal with respect to ([B:2)) (note that Holder’s inequality implies
that such a maximal cube exists). Then, for every z € R? we have that
R, C S €S, for some j = j, € Z and S € ;. Then for such S € S;

we have

(Mo o) < 2AWH @ | (g [ Tl W 0ol ).
< 2(2*)Ns(a)

so that finally the previous two lemmas give us that

/\MW p)fde S Y2 /NS N da

JEL, SES;

N’ Anq§£:2q”I_Jé%‘

=
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< Wlay, > 29 {a : My, f(z) > 27}

JEZ
% W]a, | Miy o IS
S W, 1AL
which completes the proof. U

We end our discussion of the fractional maximal function on matrix
weighted spaces with an observation that operator My, , defined over
dyadic cubes is weak type (p, ¢) for any matrix weight W.

Proposition 3.7. If W is any matriz weight then My , is weak (p, q)

Proof. Let A > 0 and pick maximal dyadic cubes (); such that
1 ~ 1 .
A== |VQJ-1W “(y)f(y)l dy > A
|QJ| 4 JQ;
so that
{LE‘ MWa > )‘} |_| QJ

However, by Holder’s inequality we have that
Q1794
Q] = A 1%
210=2 g
1 1 !
~ 1 -
< EZ <ﬁ Vo, W™ (y) f(y) dy)
j

|Qj|1_a_g Qj
q, q

1 1 ~ 1 o P’ . ) P
D3 (@/; 75 )] dy) ( 1) dy>
(L)

5 ([rar)

since % > 1. O

IN

N
S|

IA

Unfortunately, it is not clear whether this result can be used to
sharpen any of the results in this paper with respect to the A, , char-
acteristic.
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3.2. Fractional integral operators. Let I, be the Riesz potential

defined by
f(y)

Lf)= | -1
/) Rd |7 — gyl

We begin by approximating I, by a dyadic operator. Recall

dy.

Lemma 3.8. Let 2" be collection of dyadic grids from Proposition[21]
then

(Witwi7.g)
> X = | [ vt wieaa), | e
te{0,4}4 Q7!

Proof. The proof requires nothing new in the matrix setting: let | - |«
be the standard L* norm on R and let Q(x,7) be the ball with center
2 € R? in this norm. Then for each k € Z there exists t € {0, 3} and
Q; € 2" such that Q(x,2%) C Q; and

2P = 0(Q) < 0(Qy) < 60(Q(x,2F)) =12 2.
Thus, we have
(a7
[y (Wi ) fly). Wi (@)7(a))

kez, /25 Sle—ylo <2

S BIDEDY @ﬁff; LIw=iinwi@aa),,

keZ tefo,41}4 Qegt
2k—1<p(Q)< 2k

> X g L i wi@ae),,

te{0,5}4 Qe

We are now ready to prove Theorem L4l
Proof of Theorem[1.J, We will show that
Wal,W™a: [P — L
which is equivalent to the boundedness

I, : LP(Wa) = LYW).
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By Lemma [3.8is enough to estimate
1 1o
(WiLw i T 5)

s v ﬁ /Q /Q (W) ), W (@)

te{0,1}4 Qe2*

By a standard approximation argument we will assume that f and ¢
are bounded functions with compact support. Let & be a fixed dyadic
grid and pick a > 2"! to determined later in the argument and let 2%
denote the collection

P={QeP:a < ﬁ /Q V5 Wi (y) Fly)ldy < **1)

and let .#* the collection of Q) € 2 that are maximal with respect to
the inequality

1 . L
ol /Q Vs Why) Fl)l dy > o

Finally, set . = [, .’*. Since

|@|1-/ / ). we@i@))
<D lQI (/ Vo' Wi (y) fly )\dy) <‘Q|/|VQ 2)j(x )\d:c)

Qey

Qey

we can estimate

Qe7 |Q‘1__//‘ h f ( )9 (x)><(:n
<> > Qi (/ Vo'W e (y) (y)ldy) (rclﬂ/QWQWé(x)g(x)mx)

k Qegk

DY |@|d/|vQW )| do

Qe2k

PXADIDY \@w/% 5(2) da.

Pesk Qe gk
QCP
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We now examine the inner most sum:

S [0l | 17 @)gte)] dr

Qe
QCP

<3 (Ql / VoW (2)g()| da

Qe7

QCP

Y X ek [ it

7=0 QCP

Z(Q)2JZ()

\PVZW > /\VQ D)) do
QCP
(Q)=2-¢(P

<[P /P Np(@)|3(x)] de

where as before

Np(z) = sup |[Wi(z)Vol|.

POQ>x

Plugging this back into the original sum gives us

QGJ|Q|1_//‘ ), ( )9 (x)><C”
<Y Y (P /P Np(@)|(@)] de

Pesk

¥ ¥ A (i 10wt ) ol )
< (o [Wet@igolas). 33

However, for any u € P,

1 —
7 / Np(@)|§(2)| de
g —e—1 1

<G o)™ (i for-a)”

1
7

< (Mgl w)) "
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for € > 0 small by Lemma [3.6l We now show that if () € .7 and if Eg
is defined by
Eq=0Q\ |J @,

Qe
Q'eQ

then |Eq| > $|Q|. Pick k such that @ € .%. By maximality we have
that

Eq = Q\( U Q')
Q’GykJrl
Q'eQ
Note that if Q € % and @ is the parent of () then for any € € C"
we have

- -, -, I
Vg'el < Voel S Vel < VIR, 17541
Thus, there exists C' > 0 depending on W where (by maximality)

1 ~ T 1 - o
— VW d C— Vol d Ok
a1 )T Wi fwldy < o [T ) iy < Ca

(3.4)

We now break up the disjoint collection {@Q' € %1 : Q' ¢ Q} into

two disjoint collections via the “stopping time” from Lemma B.6l In

particular let Agy, be those cubes @ in {Q' € " st. Q' ¢ Q} that

are maximal with respect to the property ||17Q/I7Q_ Yl > a’ so that by

the proof of Lemma 3.6 we have that | U Ag | < 1(Q] for @’ > 0 large
enough (independent of W). Therefore, ([B.4]) implies that

1 ~ 1 -
U @sivaglr 0 Y VoW i(x) flw)| d
Qleykal a eyk+1 Q/
Q'cQ Q' QQ Q'IUAG k
1 a ~ 1 -
<RIt VoW () fl)| da
@ Qleyk+l Q’
Q'¢Q, QZUAgk
1 a ~ 1 -
< g1+ i [ 1TaW i) fw)l s
Caka’
< —\QI T Q|
<

el



19

1
if a=4d'C~[W]§ .

Finally we return to our estimate for the sum (B.3)). Notice that the
sets { Ep} pes are disjoint and hence

—

EIsay | My o (F)(w)(M(1§17 ) () 7= du

—

S | Miyo(F)@) (Mg ) @) 7 d

L

’ 7

<a( [ a0 m)é ([ onta=)?= au)’
< all flle 19

by Lemma
O

Remark. Combining everything and tracing back the A, , dependence,
we obtain that

/
(1-g)E+1

1 _1
[WaloW el posre S Wy,

which we do not believe to be sharp.
4. MATRIX WEIGHTED POINCARE AND SOBOLEV INEQUALITIES

We now prove our matrix weighted Poincaré and Sobolev inequali-
ties. Recall, that in the scalar case the following representation formu-

las hold:
1f(2) = fol SL(IVflxe)(x), ze€Q,feC (R

and

f@ S L(VID(),  feCRY.
Lemma 4.1. For f,j € CLR?), we have that

) / / (Vi@ Df) @ = y).d))_

L=
’(qu,g)Lz - dz dy
[z =yl
where Df(:c) is the standard Jacobian matriz of f at x.
Proof. Let f = (f1, -+, fa) so by standard arguments

filx) =

1 / <Vfi(y)a($—y)>Rdd
Y

 dwg |z —y|d
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where wy is the volume of the unit ball in R?. Thus, by elementary
matrix manipulations and the definition of D f we have that

W () Fi 1 (W (2)Df(y)(x — y)
q = — d
(SL’) (SL’) dCUd / |l’ _ y|d Y
which implies the lemma. 0

With the help of Lemmal4.] the proof of the following is very similar
to the proof Theorem [[4 and therefore we will only sketch the details.

Theorem 4.2. If W is a matriz A, , weight where
1 1 1

q p d
then
1o 1o
W flle S IWaDf||e

for Schwartz functions f and §.

Proof. The arguments in Lemma B.8 and Lemma (] give us that
1z,
(W37 )1

LYY X

keZ t Qegt
2k—1<p(Q)< 2k

<ZZ@J/

t Qegt
/ / 1V W () (W () DF ) | [VoW (2)()] dy di

XQ@XLQWMcwDﬂMXx—yxﬂm>@(wd$

|z —y|¢

)Df W) —y).5w)) | dyda

220

t Qe |Q|1_7

Repeating the stopping time arguments from the proof of Theorem
L4 to estimate the last term, we get that

(Wi F. 91| S W3 Dl |

O

As for local Poincaré/Sobolev inequalities with gains, let Vo, Vf) be

,|%amQ%AﬁwmmwQ%

the A, reducing operators:

e o)

S
Y
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Furthermore, for this section, we let

o 1 1 -
My, o) = sup —— [ |(Vo) W )0 .
g Q' Ja

Lemma 4.3. For any P C ) and ¢ € C" we have that

o) a1 5 () 101

Proof. We have

Voel ~ |@1\:f ( / W E ()l dy)%
() ([wora)

(%) Vel

102 vell = et < (1)’

S
Y

which implies that

L
Y

O

Our next result is a of matrix version of Lemma 1.1 in [9], for the
fractional matrix weighted maximal function My, ,.

Lemma 4.4. Let W be a matriz A, weight, let p < d,and let 1 < k <

q" < p where

(7 [ivadion &)™ <iat (& [ orr as)”

for all f supported on QQ and all ¢* > q.

Proof. The proof is similar to the proof of Lemma 1.1 in [9]. If P C Q
then the previous lemma gives us that there exists C' > 0 independent
of f (and in fact independent of W) where

1 et 7
g1 0 Wy
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_c(%)i' G L e )l dy

0(%)% Eml__ [ 10w ) fl dy

1 —
g 10w ) )y

o

<C

since f is supported on P and é -1+ z% < 0 by assumption.
Now for P € &, let A > 0, and let

Ey={x€P: My, flx) > A}
Let {P;} be the maximal dyadic subintervals of P such that

e L, 10 Wl

where C' is above. Then by maximality we have Ey C [ ]; P;.
Pick ¢ < p such that

1 _ _1 /
sup _/ (V)W (y)[| 7 dy < oo
Jeg ‘J| J

and1<k§d
q’

|Ex| < Z|Pj\
]1 1 b
< - N - W= () |
k
1+kq k & q
S WZW (/lef(y)l dy>

However, 1+ —k>0iff k < g% Thus, since | |; P; C Pand k > 1
we have

We then have by Hoélder’s inequality that

|ByJre < —|P|’“I+d“||f||m

which means that My, is bounded from L9(P, %) into La%>°(Pp, dz)
with

— 1 —
1My fll oo ey S TPIE L N o,
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A similar argument shows that My, is bounded from LP(P, %) into

Weak—Lﬁk(P 6§|) with
HMWIfHLPk oo(p dw < ‘P| ||f||Lp P, ‘d;‘ .

for all p > p. A straight forward application of the Marcinkiewicz
O

interpolation theorem now completes the proof

Before we state and prove our local matrix weighted Poincare and

Sobolev inequalities, we need to two remarks
Remark. First, note that the proof of Theorem [ 4]is exactly the same

if f is replaced by an M,, ((C) valued function F', where here

MieaP@) = sw iy [ 101 Ry
525
Remark. Second, note that W is a matrix A, weight if and only if
W :=W™7% is a matrix A, weight. Furthermore, it is easy to see that
we can take V(W) = V5(W) and Vé(W) = Vp(W). Thus, if
Flir) = sup —— / VoW () Fly)] dy
QBx |
then since the matrix A, condition gives us that
1
sup-—r [ VaW+ () (vl dy
Q3 |Q|""a
Qe7
1 1 -
<s / Vo) TtWe dy,
T (Vo) (W) f ()] dy

an application of Lemma [£.4] immediately gives us the following
Lemma 4.5. Let W be a matriz A, weight, let p' < d,and let 1 < k <
(where k > 1 can be chosen arbitrarily if p = d). Then there exists

q < p where

1 " kq* k = q qL
(@ ostaften= i)™ <10t (i [ Vo az)
for all f supported on Q) and all ¢* > q
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Moreover, if

_1 _
No(x) = sup [[W o (2)Vg'|
QOR>3z

then since

_1 _ _1
sup [[Wr (2) VR ' | S sup [[Wr (2) Vg,
QOR>3z

QOR>3x
Lemma immediately says that there exists € > 0 where
1 /
sup — / (NG ()P T dx < oo, (4.1)
eez |Ql Jo

We are now ready to prove our matrix weighted Poincaré and Sobolev
inequalities with gains. Recall the statement of Theorem [[T] that if
W € A, then there exists € > 0 such that

p«lks L 1 L . ple
P-I—e < . Loy b
(g7 [ i@t i)™ s10i (i [ wi@pfwp-<ir)

Proof of Theorem [I1l. Pick ¢ > p (to be determined momentarily). Let
G € L7, and assume f and ¢ are supported on (). By the arguments
in the previous theorem we have that

} Wi f, g

> Z| ; / | {3 @piwne—u.aa),

te{o 1/3}d It

S =y / Vi )W ) DT Vi 5 (o) s .

te{0, 1/3}d Ieg? |I

dy dx

Now fix a dyadic grid . Assume that Q) € Z, so in this case we can
assume that I € 2(Q) since

|I\//‘ ))(x_y)a§($)>c7l dy dx
1€9
I2Q
\@|/ / (W3 @)D =), 5@))_ | dyda
e |Q|1—$ /Q“VQ‘ W () (W () D F () [[VoW » (2)g(x)] dax dy

which will be easily estimated later in the proof.
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We now have to modify the stopping time argument in the proof of
1 —
Theorem [[4l Let F(y) = Wr(y)Df(y). As before let a > 0 be large,
let 2% denote the collection

1 _1
P —(Pegid < [ VWG Py < o)
P

and let .* be the collection of P € 2 that are maximal with respect
to the inequality

1 gL
o [V ) Pl dy > o
1Pl Jp
Set .7 = J,, % and note that /% N.#* =0 if k # k' by maximality

if a is large enough (see (B4 in the proof of Theorem [L4)).
Thus, we need to estimate

/ / IV W () F )|V (2)3i(2)| de dy

IGJ(Q ml”
_1 1 N
- Y [ [ gt e dy
k 1e25n2(Q) [ S i
SIS SN i IO BIPE
k 1e2kN2(Q)

<Zak+1 >y \]|d/f|%W5(x)§(x)|dx. (4.2)

Pecsk I€2(P)N2(Q)

We now break up ({2)) into two sums corresponding to P C @ and
P D Q. In the later case, note that

|f|d/|vap 2)| da
1€2(Q
- Z It / ViW (2)d()]| da
1€2(Q) !
=Y S @) ds
j=0 IcQ I

«D=2-76(Q)
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= Q| 22 Y /|VIWP )| dx

I1CQ
«n=2-76(Q)

<|Qf /Q No(@)|j()| dz

where as before

No(z) = sup [[Wr(2)Vq].

Q2I>x

Thus,

DD WD VN[ / VW (2)g()] da

Pesk IeZ2(P)N2(Q)
POQ

WD |@\d/NQ )1(z)| de

pesk
POQ

<X 3 10t (g [ Ve W R Pl ay ) ( [ Moot i)

k pesk
PDOQ

L
Y

<Y ek (:g:) (77 | 1va Wt PGl )

k. pesk
0

([ransrs)

< 5 ek () ([ et rua)

k  pegk
PDOQ

(i / No(o)lg(o)|
<lQ| <@%5/QHVC;1W‘%<> <>||dy)(‘Q|/NQ >|dx)

(4.3)

by Lemma A3l and using the fact that /% N .7* = @ if k # k.
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Note that for ¢ > p close enough to p and € > 0 small enough, we
have

1 -
sup —/(Np(.])'))q+e dr < 0o
reg [Pl Jp

(which is possible by Lemma[B.6]). Then we have by Holder’s inequality

q+e—1
1 d+e ate
No(x)|g(z dx<< / N, ate dx) < / G(z)|a+e 1d:€)
|Q|/ o@)l7(w)] dz < (57 [ (No(@) o [
fee e
< i 7| Fre—1 are
< inf (M(lgl ) w) T
Thus,
1 , _ydte_ e
D 5101 [ (M) (M7 0) T du
On the other hand, if P C @ in (A.2) then we estimate
S Y Z 1 [V @)t do
k Pesk Ie9(P
PCQ
<Zak+1 Z |P‘d/NP ‘g |dx
pesk
PCQ
1 1
< P 71/ VW dy ( /N dz)
> 3 iy [t ) (g [ oo
cs
PCQ
1 1
< E 7/ VoW e | d < /N dg;)
5 3 el (g [V ran) (g f v
k pes
PCQ

< [0 (e 000)

by the sparseness of the family {Ep}. Thus, we have (plugging back
in for F')

(Ve F )| <

/Q(M{/Vl( WD )>< (|9|‘£61)(U)) T
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But then another application of Holder’s inequality gives us that
<M ( | g | é?rtj1

1 A —|
S My, (We D) iG]l 17 ()
Finally, by Lemma [1.4, we can pick 1 < k < %p and ¢* < p such

d
that ¢ := kq¢* > p is enough close to p and

(\22| /(Mwl( WrDf)(x ))qu) L <|Q\ / (WEDHE) dx)ql*

so we have

(W3 g

Gte—1

)) Tre

1= 1 —
(W3 F.g)12| S 1My (W2 D Pl sy

L7(Q)

"d

1R .
S 1My (Wr D) Lao) 19 17 @)

1 / LR _
= Q| ||MW,1(Wpr)||L§(Q7‘%‘)||g||L‘?'(Q)

1,11 1= .
S|QIT T [We D f| o ) 191l Lo ()

which completes the proof when p < d if Q € 2.

If Q@ ¢ 2, then we can obviously pick disjoint cubes @Q; € 2 for
Jj=1,...,2% with £(Q) < (Q;) < 2((Q) and @ C L;Q;. Writing
f;— = XQ; f and defining ¢; similarly, we then obviously have

Zﬁ /1 /I (W@ DFw) e —).50)

< ZZM//\ DE) — ), Gx))_

,j=11€9

dy dzx.

If i # j then obv1ously

|f|/ / DDEW) @ —y).gix)) | dyda
) 1 |/ / )DFW)@ = ). i) | dyde

IEJ
IDQZUQJ

Sior . L K@i - 5e),,

which can easily be estimated as above. Finally if ¢ = j then this

1€y

dy dx

reduces to the proof above when f and ¢ are supported on the same
dyadic cube in Z, which completes the proof when p < d.
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Now if p > d then clearly p’ < ﬁ < d since d > 2. Letting again
F(y) = W%(y)Df(y), then as before, we have

wifals ¥ g [ [ Kot @ofee-.w) |

te{0,1/3} It

Arguing as before, we fix t € {0,1/3}% and set 2 = 2!, assume that
Q € 2, and assume that I € 2((Q). Thus we need to estimate

o [ [vrw S wE@I v g dyds

1_
IGJ(Q 1]

Now for a > 0 large enough, let .’* be the collection of dyadic cubes
that are maximal with respect to the inequality

|P|/|Vp §(x)| dz > a*

and set . = J, .
Pick some ¢* < p < § close to p and assume that § € L7(Q).
Arguing as before (or just replacing the roles of ' and g, and using the

fact that W = W™ 7 is a matrix A, weight with VI(W) = V4(W) and
V(W) = Vo(W))) , we have by ([@L.I])

(a%) 4e—1

(¢*) +e (q*) +e
< [ atfgto) (M(HFHF*vw)(u)) du
Q

for ¢* close enough to p.
Another application of Holder’s inequality again gives us that

(W5 )1

(@) +e—1

(g*) +e (a*) +e
(q*)’+671)

|M%71§||L(q*)’(Q,%)||F||Lq*(Q)

(W F )1

< 1Ml (M<||F|
La*(Q)
S ||MI//{/,1§||L(‘I*)'(Q)||F||Lq*(Q)

=1Q
ity a2 oY
S1QT @ a ||9||Lé’(@)||W”Df||Lq*(Q)
1Ll L2
= Q" (|Gl Lo IW? D fll o ()
by Lemma (for ¢* and ¢ close enough to p.)

1
(a*)’
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Finally we end this section with the proof of Theorem [[.2

Proof of Theorem[1.2. Without loss of generality, assume f and g are
supported on (). Then again by standard arguments, we have for x € ()
that

=), (@

lz—yl vfz T+ ly—z| y)>Rd
filw) = (fi)e = IQI// |z — y| ardy
(4.4)

so that

(W) (Fla) — fo). ())Cn|
sl |(WH(@)(Df(z + 220 (@ — ), §l))es]
|@|/ / drdy

ly — x|

By again standard arguments (see [14] p. 226 for example), we there-
fore have

|W%(l’)(f( ) fQ |XQ / | Wp Df|( ))( ) g(y)>C”| dy

x -yl
The proof is now the same as the proof of the previous theorem.
O

Note that if f € CY(B) for an open ball B then (@) holds with
@ replaced by B, so in this case if () is a cube containing B with
comparable side length, then

W) o)~ Fo o) < [ 1 O

so arguing as we did before immediately proves Theorem for open
balls.

5. EXISTENCE OF DEGENERATE ELLIPTIC SYSTEMS

For our existence results we will consider general nonlinear elliptic
equations whose degeneracy is governed by a matrix A, weight. Con-
sider a mapping A : R" x M, (C) — M, (C) such that = — A(z,n)
is measurable for all n € M,,(C) and n — A(z,n) is continuous for
almost all z € R™. Note that this makes the mapping = — A(x,n(z))
a measurable mapping whenever 7(x) is a measurable matrix valued
function. We will assume that 1 < p < oo and A satisfies



31

(i) (Alz,m), ) = W), 1€ My(C)
(ii) [(A(z,n), v)ul < CIWVP@)|PH W Pp], nv € M, (C)
(iii) (A(x,n) — A(z,v),n — V) > 0, n,v e M,(C).

where (-, - ) is the Frobenius inner product defined by

(A, B)y =tx(B"A) = > > AyBy.

j=1 k=1

A typical example of a non-linear operator A (and one that will be
discussed more in the last section) is given by the degenerate system
of p-Laplace operators

Alz,m) = (G (x),m)e G (x).

Such degenerate systems arise from minimizing the energy functional

£() = / (Dii(x)G(x), D(x))E d.

Such systems also arise naturally in the theory mappings of finite dis-
tortion [13, Chapter 15].

In the rest of the paper we will be concerned with the following
system of equations in a domain :

Div A(z, Dii(z)) = —(Div F)(z), (5.1)

where @ : R” — C" and Div F(z) = (div F'(x),...,div F"(z)) and F*
are the row vectors of F'(x). We will focus on weak solutions to (B.1):

/Q (A(z, Dii(z)), D@(x))y da = — / <F(:c),D$(:c)>tr dr  (5.2)

Q

for any ¢ € C°(€2). As mentioned in the introduction, a natural
domain for these types of systems of equations is given by the ma-
trix weighted Sobolev space H'?(Q, W) defined as the completion of
{ € C*(Q) :u,Du € LP(Q, W)} with respect to the norm:

P

Tl = [ Wh@iaopas + [ 1whwpiiear)

Moreover, the space Hy?(Q, W) is the completion of C5°(€2) in the norm
| 117,y - While we do not need it, it should be noted that the exact
same arguments that are in [6], Sections 1-5 prove that

H'P(Q, W) = {@ € W,;} : i@, Di € LP(Q,W)}.
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As is customary we will only prove the existence of weak solutions when
F=0.

Theorem 5.1. Suppose that W € A, and A satisfies (i), (ii), and (iii)
above. If h € H'?(Q, W), then the system

Div A(x, Di) =0
has a weak solution such that @ — h € HyP(, W).

We will follow Kinderlehrer and Stampacchia [15]. Let X be a re-
flexive Banach space will dual space X*. If K is a convex subset of X
then a mapping 2 : K — X’ is said to be monotone if

(RAu — Av,u —v) >0, u,v € K
and is coercive on K if there exists ¢ € K such that
<Q’[uj - P, U — SO>

[ =l

whenever {u;} is a sequence in K with ||u;|| — oco. The following
proposition is in Kinderlehrer and Stampacchia [I5, p. 87].

— 00 (5.3)

Proposition 5.2. Let K # @ be a closed convex subset of a reflexive
Banach space X and A : K — X* be monotone, coercive, and weakly
continuous on K. Then there exists u € K such that

(RAu, g —u) >0, Vg € K.

Proof of Theorem[51. Let X = LP(Q,R™*™ W) be the space of n x n
matrix valued functions F': R™ — R™*" such that

IE Ny = / WP (2)F(2)|]P dz < oo,
with dual space X* = LP'(Q, R™" W~7"/?) under the usual pairing
(F,G) = /Q(F, Gy du.
For ¢ € H'"7(Q, W) define
= {@ e HYP(Q, W) : @ — ¢ € Hy"(Q, W)}

and
K:{Dﬁﬁer}
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Then K is a nonempty convex subset of X. To see that K is closed
suppose that Dvj, — V in X. Since W € A,, by the Sobolev inequality
we have that

[ W@~ dpde s [ (W @05 - DHrds < C.
Q Q

Since Uy is a closed convex subset of H'?(Q2, W) there exists a subse-
quence {@,} and function @ € Uy such that @, — @ in H'?(Q, W). In
particular V = Dv € K and hence K is closed.

For F,G € X define

(AR, G) = /(A(x,F(x)),G(x)%r dr.
0
Notice by assumption (ii) on A we have that
[(AF, )| < NE N0 |Gl ooy

so that 2 : X — X*. From assumption (iii) on A we have that 2
is monotone. Thus we need to check that 2 is coercive, i.e. satisfies
condition (B3). Suppose U, = Diuy € K satisfies ||Uk||Lrwy — 00.
Then, given V = D¢ € K we have ||[Uy — V|| pw) = 00 as well. Fix
V = Dv € K and use assumption (i) on A to get

AU, — AV, Uy — V) = / (A2, Up) — Az, V), Us — Vo da
Q

:/Q(A(:c, Uk),Uk>trdx+/(A(SC, V), V)udz

Q
_ /Q (A2, Up), Ve di — /Q (A(2, V), U da
> (0 + 1V IE )
T IV 8y + 100 [V )
> U~ VI,
— C2" PV ooy (IV oy + 10k = VI iwry)
— CUIVIE iy IV Loy + 10Uk = V[l o))

which obviously means that

(AU, — AV, U, = V)
Uk = V| oqw)

— 0
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as ||Ug|[Lr(w) — o0 so that 2 is coercive. Finally, the weak continuity
follows from the continuity of n — A(x,n). By Proposition [5.2] there
exists U = Du € K such that

QAU,G—U) >0, VGeK.

If g€ C.(Q,R"), then @ — ¢ and 4 + F belong to U and hence

/Q<.A(x, Du), Dg)y, = 0.

We now consider the case when A is linear, that is,

d

Alz,n) =Y AL (x)ns.

i,B=1
In this case we will consider the nonhomgeneous system
Div A(x, Di(x)) = — Div(F(x)),

which can be written as the system

Z 0a(A7O5u;) = —(DivF);  i=1,....d. (5.4)

a,fB,j=1

Moreover, when p = 2 conditions (i) and (ii) on .A become

n

ST A @)k 2 Wz ()], (5.5)
i,5,08,c
and
| Z A @)i| S W3 ()| [| W () (5.6)
1,7,08,a

respectively. Moreover, condition (iii) on 4 is automatically satisfied
by the linearity of A. In this case we have an existence and uniqueness
result, which follows from a standard use of the Lax-Milgram theorem.

Theorem 5.3. Let A satisfy (5.5) and (5:6), h € HY2(Q,W), and
F e L*(Q,W=Y. Then the system (54) has a unique weak solution
@€ H2(Q,W) such that @ — h € Hy*(Q, W)
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6. BASIC REGULARITY RESULTS

We now discuss some deeper results (that still are fairly elementary
from the elliptic PDE point of view.) The first is a degenerate Cac-
cioppoli inequality.

Lemma 6.1. Assume that 2 is some open set and B, is any ball of
radius r whose closure is contained in ). If A = A;ljﬁ satisfies (B.B]) and
B8), and if @ € HY(Q, W) is a solution to ([54) for F € L*(Q, W),
then

W2 (z)i(x)| de

r? |
BT/Z BT'\B’F\2

[ wi@pae) P s

+ [ W (@) F(2)|? da (6.1)

By

Remark. We do not need to assume any conditions on our matrix
weight W other than positive definiteness a.e. In particular, the con-
stants in our Cacciopoli inequality do not depend on the Ay character-
istic.

Proof. The proof is classical, and the only nontrivial thing to check
is that our system and degeneracy is “decoupled” enough. Pick some
n € CX(B,) such that n = 1in B,, 0 <n < 11in B,, and |Vyp| <
%XBT\BT/Q and let @ := n* € Hy*(Q, W). By definition, we have that

Z/ Aaﬁ (951;) (O (um?)) dx—/ <FD77u> dx. (6.2)

a,B,i,]
However,
Oa(uin®) = u;(209an) + 0" Oat;
so that
D(n*i@) = 2(ni) ® Vi +n*Di (6.3)
so combining this with (55), (50), and ([62]) gives
[nf* W= Di|* d

B

< Z/ 8guj (n20au;) da

a,B,i,j

<> / A3 Ouui (2nDan)

a,B,1,3

7| do / W3 F|\WE D(Pa)|| do
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Z / aﬁ“] 77U®V77)2a

a,B,i,]

1 N 1, _1 1 IR
< /B nllW Dal| | W (i@ © V)| da + / W F|WED(Pa)| de

do + / (W2 F||WED(Pa)|| da

1. 1, _1 1 —
nl|[VollW=2 Dal||W=d| de+ | [[W™2F|[|W2D(n*a)| da

B Br
Thus, by the“Cauchy-Schwarz inequality with € ” we have
2 < C( ) 1502
|?7| W2 Dii||* do < € |?7| W= (W2dl” d
BT\BT/2

/||WD D2 dz + C(e /||W‘5FH do

for some C'(€e) > 0.
However, (63) gives us that

E/ W2 D(n?0)||? de < 32 \W%ﬁ|2dx+e/ 2| W2 Di||? da
B, r B,

BT'\BT'/Q

so finally

[nl*||W2 Dadl* da

By

P’ |W2 Dl da

C(€>/ \Weidde+Cle) | |W2F|?ds
B"“\BT/Q

B B

Setting ¢ > 0 small enough and remembering that n = 1 on B, ),
finishes the proof. U

We now prove Theorem as a Corollary of our Caccioppoli in-
equality.
Proof of Theorem [LE Let € > 0 be chosen where Theorem [[.2]is true,

so by ([G.1)

1 1,
<‘B—/2| . ||W2DU||2CZ.I’)
r r/2

<( L[ weira )il( L[ wha—a >\2dx)%
< x - U —1p,
Bl /s, B/, 5

NI
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1

< (L y|W—%Fy|2dx)%+<i/ ||W%Dm|2—fdx)“
~\IB:| /B, |B| /s,

However, setting

Ux) = |[WE(2)Da(a)|>, G(x) = W3 () F ()|, ands:%e
we have that

: "dz : x)ar S ! x))® dx
|Br/2|/Br/2(U(x” ! ’§<|BT|/TU( >d) + 151, (@)

A classical result of Giaquinta and Modica (see Lemma 2.2 in [§]) now

says that there exists t > s = ﬁ where
1
1 L=nt2—e) t
|W2 D dx
|Br/2| BT‘/Z
< ( L ||W%Da||2dx) T ( L[yt d:):) '
“\IB| U, | B:| /s,
Setting ¢ = t(2 — €) > 2 clearly completes the proof. .

We can now prove a decay of solutions type theorem, where here we
do assume that W is a matrix A, weight. For simplicity we will assume
F = 01in our linear elliptic system. First however we need the following
two lemmas, which will prove a sort of “weak” Poincaré inequality for
annuli.

Lemma 6.2. For any @ € C" , a matriz A, weight W, and B =
B, j2\B, 1 where B,y and B,y are concentric balls of radius r/2 and
r/4, respectively, we have

1
1 P
(g [ W@ ite) - )l o)
1B| /5
1 »
S, (g7 [ W @it0) - e
B[ /5
Remark. As will be apparent from the proof, one can state and prove

a similar result for sets B that aren’t necessarily annuli as above. We
will leave this for the interested reader to do this.
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Proof. By the triangle inequality,

(ﬁ / |Wi<x><a<x>—a3>|wx); < (fﬁ / |Wi<x><ﬁ<x>—a>|f°dx)p

. (%/jJWi(x)(&'—ﬁBﬂpdx)p

However,

W ()@ — )P = 'ﬁ [ wiaa) - ady

p

B 'ﬁ /B<W‘1’<I>W‘i<y>>vvp<y><a<y> — @) dy

< (ﬁ [ @w ) dy)
. (ﬁ [ —a>|pdy)

Plugging this in and using the A, definition immediately finishes the
proof.

3 s

p

U

Lemma 6.3. Let W be a matriz A, weight and assume that U €
HY2(Q, W) for some open set Q. If B, C Q, then

[ e, P de S [ WD)
Br'/Q\B'r/AL BT'\BT'/S

where B, B, 2, By/4 and B, s are concentric balls.

Proof. The proof utilizes standard geometric ideas. Let {zj}é-v:l C
B, )2\ B4 be a maximal set satisfying

min |z; — ;| > r/16.

i#]
Obviously the balls { B, /16(93]-)};-21 cover B, 5\ B, /4 and a trivial volume-
count gives us that we can find an upper bound for N depending only

on d. Finally, by introducing repeats if necessary, we can without loss
of generality assume that

Br/lG(xj) N Br/lG(xj+1) #* () for all j=1...,N—-1
so that for each j =1,..., N — 1 there exists v; where

B, 16(v;) € Byg(;) N Bryg(j41)-
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For notational ease, let B; = B, s(x;) N Bys(xj41). Clearly by the
previous lemma it is enough to prove that

1 — —
/ W3 (2) (@)~ T, o)) d S 77 /
Br/2\Br/4 Br\Br/s

To that end, we have

(W () Dii(z)|P da.

1 — —
/ W) ~ i, o)
r/2\DPr/4

IA

7«/16 1‘3

/T/S(xj

IA

+Z/ W (x

7‘/8 IE]

(’J(SL’) - ﬁBr/g(l'l)) ‘p dx

z)(tU(x) — Up, 42| do

( B s(xj) — 2_[]37«/8(901)”10 dx

<o / W (2) Dit(a) P da
BT\BT/S

+z/

7/8 xj

However,

— B, 5(a1))[”

1 —
S Z |Wp(x)(uBr/g(xi+1)

Moreover,

1 —
W (z) (uBr/s(wiﬂ) -

p

)

< (ﬁ / W )y

1 1 _1 /
S\l [ IW@w ) dy
| Brjs(it1)] B g(zit1)

By g(zit1) —

(@) (UB, s;) — UB, s(e)|" dx

a7 p
Up, 5]

1 - -
@I+ W (@) (@5, = T, eV

P
) — 5, (o)) dy)

p

p/
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1 / 1
Bzl (W# (y)((y) — s, s(e) dy
|Br/8($i+1)| B, s(zit1) /8(Tit1)

and a similar estimate holds for |W%(ZL')(’(_[BT/8(%) — g, ).
Thus, by the matrix A, property

N
S W) n e -tn P S [ W@D@)P b
j=1 B, s(x5) By\B,. /g

which completes the proof. O

Theorem 6.4. Assume A = Af}ﬁ satisfies (D) and ([B0) for some

W € Ay and that @ € HY(Q, W) is a weak solution to (&4 for F = 0.

Then there exists C' > 0 and 0 < § < 1 independent of @ and R where
T

[t s (5) [ iwiepie)?

for every concentric ball B, C Bg with the closure of Br contained in
Q.

Proof. The proof involves a “Widman hole filling technique” argument.
Note that if @ is a weak solution then obviously @ — @p, 2\B, /4 18 also a
weak solution. Thus, by the Lemma [6.3, we can pick C' > 0 indepen-
dent of r where
1 - 2 C 1 o o 2
/ W2 () D) ||” do < — (W= (2)(d — Up,,\8,,,)|" d
By/a T JB,5\B, 4
<C |W2 (2) Di(x)|| da
B:\B, /s

which means

(C+1)/ |W2 (2)Dii(z)|[2dz < C [ |W?(z)Dii(x)|? do
B, /s

By

or
/ |Wh (2) Dit(a) > di < 6 / IW (2) Da(a)[? da
Br/s BT
where 0 = CLH,
Finally, if 27 3R < r <27%R and v = — 2% then

/BT W2 (2)Dii(z)||? do < 2 %)“’/B W (@) D) da
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We will now prove Theorem
Proof of Theorem The proof is a modification of some ideas in
[20]. First, note that for € small enough and J C I, we have by our
Poincare inequality for d = 2 and decay of solutions that

|J‘11+e[]\ﬁ($)—ﬁj|dx
: <|ﬂ%[]||w—%(z)||2dz>é <M%[,|W%<x>(ﬁ(a:) —ﬁJ)|dg:)é
: <|J|11—f[,||W‘§(z>ll2dx)

To finish the proof, Let .J, and J, be cubes of side length |z —y| and
centered at x and y respectively. Since u is locally integrable, let

—

e )—kh%oﬁ ii(s) ds

where J*¥ = 27%J.. Then note that by the Lebesgue differentiation
theorem we have U coincides with @ a.e. and

o0
‘H(:L’) _UJZ < Z qu+1 —qu|

1

0| S
[eS)
Z Jk—l‘e
=0
Sl

N
MS I

_)S —ﬁ k—1 dS
Jz

B
Il

A
f

N
S

iy,| and |d;, — i;,| gives us that

Similarly estimating |4 (y) —
U(x) —UY)| S Coylz -yl
.
We will now prove a version of Theorem [l for nonlinear p-Laplacian
systems. More precisely, assume © C R? is a domain, W is a matrix

A, weight, and that @ € H"(Q, W) satisfies

Div [<DuG D), DuG] — _DivF (6.4)

where GG is some n X n matrix function such that
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©) (G (@), m) 2 WP @)|P, 7 € M, (C)

(i) [(nG(x),v), | S CIWYP@mlIWP@)vll,  nv € Ma(C)

and F € LV (Q, W™ 7).

We will first prove the following Caccioppoli inequality, which is a
matrically degenerate version of the Caccioppoli inequality proved in
the very recent paper [§] for uniformly elliptic p-Laplacian systems.
Note that again for this Caccioppoli inequality we do not require that
W is a matrix A, weight.

Lemma 6.5. Let p > 2, and let W and G satisfy (i) and (it"). If
@€ HY"(Q,W) is a weak solution to

p—

2
Div [(DﬁG, D), Da‘G] — _DivF

r

where F € LP (L, W™ %), then for any ball B, whose closure is con-
tained in ) we have

| bt s [ W @F@)Y d

1 1
+— Wi (2)d(@)|Pde (6.5)
P BT\BT/Z

Proof. The proof is similar to the arguments in [8], p. 57 - 62. As in the
proof of (6.), pick some n € C°(B,) where n =1 on Bz,0 <n <1

on B,, and
4
V| < SXBA\By

Since @ € H'?(Q, W) is a weak solution to (6.4) we have that
/Q (DiG, Dii),]"= (DaG, D(if'id)),, dx = — /Q (F, D(n"0)),, dz
Since clearly

D(nPii) = (p— )n"~*(d ® V) + 0P~ D(ni)

one can easily check that

(DiG, D(1Pii)),, = " *[(D(ni@)G, D(nid)),, — (@ ® V)G, D(ni)),,
+[(p— D (Dnu)G, i@ V), — (p—1) (T® V)G, i & Vn),]
= np_QA(:B,ﬁ, n)
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and similarly

(DG, Dii),, n*

I
>
=
&
Q
>
—
=
=

—(D(nu)G,u @ Vn),,
— (@ ® V)G, D(ni)),, + (§® V)G, @ ® Vn),]"*

so that

[ Ate. il 5 do =0,
Q

Furthermore, define
N (i) = / (D) G. D), )T (DG, D(yi),, da

so by condition (

(i) /HW D) da = [ [WH@)D@@)|P dz. (6.6)

By

We will now obtain suitable upper bound for [N (i, n)|. By the defini-
tions of A(x,u,n) and B(x,u,n) we can write

N (@) = / Bz, @,0)"% (D(nd)G, D(nid)},, dz

T / (D(n)G. @ ® V), + (7 ® V)G, D)),
— (@@ V)G, @ V)]s (DG, D(ni)),, de
_ / B(e, @0))"% Az, @) de + / B(e,@,n)'7

Q
7@ V)G, D)), — (p— 1) (DG, @ V)

(@@ V)

+ (-

n / (D), @ Vi), + (@ ® V)G, D(nid),,
(@ ® V)G, i@ ® Vi), )T (D(nit), D(ni)),, dx

so that
7
<>
j=1

where
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[1 =

/Q Az, i@,n)[B(z, 7,07 dx

/Q (F, D(p)),, d
L= [ B a7 (@ V)G, Do), | do
Q
I = / Bz, @,n)| "2 {D(1@)C, @ ® Vi), | du
Q
L= [ B a7 (@ V)G, Vi), | dr
Q
Iy = / |(DO@)G, D)), |2 | (D (i) G, D(nid)), | da
Iy = / |(DO@)G, D)), |2 | (D (i) G, D(nid)), | da

I — / (@ ® V)G, @ Vi), "2 | (D(n@)G, D(nid)),, | dz.

We finish the proof by bounding each of these terms. Let € > 0. First,
we have

L < / |(F, D(rP)),, | dx
Q
<(p-1) / nlP2 (F. @ @ Vi), | do + / P (F, D(nid)),, | do

_1 1, _1 —
S/QIVnIIIW ”FIIIWWIdl‘Jr/QIIW v Fl[[D(na)| da

< </ HW—iFHP’dx)p (/ |vmp\wia|f’dx)”
B, B,

1
T ( iaalld dx) ! < |D(nﬁ)\pdx)
B, B

/ 1 1
<o) [ |WrF|P doe + ~ \WridlPde +e¢ [ ||[WrD(na)|P dv
By P BT\BT'/Q By

by Holder’s inequality and Young’s inequality with e.
Next we estimate |B(x, @, n)|. Note that by (ii") we immediately get

N 1 N 1 N 1, 1,
|B(x, @,n)| < [WrDn@)||* + 2||[We D(na)|[||[W (@ @ V)|l + [[W (@ @ Vi)

1 (12 1 R 1, 9 1 9

< [Wr» D(nu)||” + 2|Vl [|[W D(na)|[|Wr ] + |Va|*|W
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1 R 1,
S |WED@a)|? + [Vl Wri?
SO
B(x,i,n)| "7 < |WrD@ma)|[P~2 + |ValP =2 WriP—2. (6.7)
Thus, by (ii’) and ([6.7]) we have

L < / VP W@~ ||W e D(na)|| da + / Vn||W e || W D(na)|[”~ da
Q Q

< ([rwarwsapas)” ([ wiowape i)
Q Q

+ (/ |vmp|wimpdx)” </ ||WiD(na)y|de)p
Q Q

< e/ W D(nid)||? dz + C(€>/ W idl? da.
B, ™ JB\B,,

=

For some constant C'(€) depending on e. By the symmetry of (ii’) we
have that I3 satisfies the same condition.
Similarly, using Holder’s inequality with respect to p/2 we have

L < / P | W] e+ / I PWE D) [P W da
Q Q

p—2

2
1 1, 1 1, ! 1 . P
<1 WP de + —/ WP de / W D (i) |? da
" JB\B, s " JB\B, s B,

- C(e) / \Wrid|P do + e / (W D(nii)|” da.
Br\Br/Z B'r

rp

Likewise, Holder’s inequality with respect to 2p/(p + 2) gives

p+2 1 p—2

p—2 1 — = o ===
Is §/|V77|2IIWPD(77U)II 2wk
Q

) — ) ot
< (/ \Vn|p|Wpﬁ\pdx> (/ y|WpD(nﬁ)||pdx)
Q Q

56/ ||W%D(nﬁ)||l’da;+c(€)/ \Wr il dx
By ™ BB,

and note that I is estimated in exactly the same way.
Finally,

L< [ [P P dr
Q
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< ([rwarwiapas) " (1w D)y )’
Q

C 1
WD) ds + S WP da.
™ JBA\B,

By
Combining everything and setting e small enough we have

/ |W D) [P de < [ [W5 D) [ de

B'r/2 BT
, 1
5/ W s B[P do + — W ridl? da.
B, ™ JB\B,
O
Theorem 6.6. Let p > 2 and let W, G, u, and F' satisfy the conditions

of the previous Lemma. Then there exists ¢ > p such that given Bs, C
Q we have

<|B—1/2\/B ||W%(:c>Dﬁ(:c)qux)q < Q;' ’ W ( )Dﬁ(:c)“pdx);

+ (3 [ @I¥ de)

Proof. The proof is very similar to the proof of Theorem Lete >0
be chosen where Theorem [[L2 is true, so by (6.5))

1
1 p
. / |W# Dif||” d
‘ T/2‘ Br'/2

1 1 ; v 1 1
< ( |W ™% F|P dx) + ( \WP(ﬁ—ﬁBT)\pdx)
|B:| Jp,

|1B:| /B,

S

1

1
T
]_ 1 / —€
< (— W B dx) < / W D]~ de)
|Br| /B, | B, |

However, setting

U(z) = W3 (@)Di(x)|P~, Glz) = [W s (@) F ()|~

we have that

|Bi/2| BT/Z(U(I))Sda:,S (|;T| /TU(x)dg;)s+ |;T|/ (G(2))* da.

T

P
p—c

, and s =
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Again Lemma 2.2 in [§] now says that there exists t > s = ﬁ where

1
t

1
/ |W» Dif]|'®=9) da
|Br/2| Br'/2
p—¢ 1
1 / 1 P 1 1 tp'(p—e) t
< (L |WpDa’|pd:c) + (—/ W R dx) |
(|Br\ . 1 By| /B,
Setting ¢ = t(p — €) > p clearly completes the proof. O

Finally, note that (thanks to (6.0)) the same arguments used to prove
Theorem also prove the following

Theorem 6.7. Let d =2,p > 2, and let W and G satisfy (i) and (ii').
If 4 is a weak solution

p—2

Div [(DiG, Dii),? DiG| =0

7
Then there exists € > 0 such that for z,y € Q with |z—y| < Sdist({z, y}, Q°),
we have

() —d(y)| S Caylr —yl*

1 1 ,
Oy = (wm /Q W el dg)

and the supremum is over cubes () C ) centered at either x or y, and

where
o

having side length less than |z — y|.
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