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Abstract

We consider the leading finite-size effects on some structure constants for the η - de-

formed AdS5 × S5 background in the framework of the semiclassical approach. The leading

finite-size corrections are derived for the cases when we have two heavy string states repre-

sented by giant magnons and for two different choices of the light states corresponding to

dilaton operator with nonzero momentum and primary scalar operators. Since the dual field

theory is still unknown, the results obtained here must be considered as conjectures or as

predictions from the string theory side.
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1 Introduction

In the framework of the AdS/CFT duality [1] between string theories/M-theory on curved
space-times with Anti-de Sitter subspaces and conformal field theories in different dimen-
sions, an interesting issue to work on is to go beyond the spectral problem1 and compute
the corresponding correlation functions, if possible.

It was shown in [3] how to compute a two-point correlation function of operators, dual
to classical spinning strings in a subspace of AdS5 × S5. These investigations have been
continued in [4], where the 2-point function of string vertex operators representing string
state with large spin in AdS5 have been obtained in the semiclassical approximation.

The computation of semiclassical three-point correlation functions in AdS5 × S5 string
theory, dual to N = 4 SYM in four space-time dimensions, was started in [5]-[7] followed by
many other papers.

A new development was to consider deformations of AdS5 × S5 and obtain some three-
point correlators (structure constants). This was done first for the γ-deformed [8] or TsT -
transformed [9] AdS5 × S5 dual to N = 1 SYM. The first papers on this subject were
[10, 11].

Recently, a new integrable deformation (η-deformation) of the AdS5×S5 superstring action
has been discovered [12]2. The bosonic part of the superstring sigma model Lagrangian on
this η-deformed background was determined in [16]. From it one can extract the background
metric g and the 2-form gauge potential b [17]. Then, one can find different string solutions
on this background, e.g. the ones found in [17]-[20] (for other contributions on the subject
see the references in [21]). In particular, giant magnon type solution, playing an essential
role in the string theory-field theory duality, has been found [22]. Based on this solution,
one can compute the corresponding vertices on it. Then, a natural task is to try to find the
three-point correlation functions (structure constants) for two heavy string states represented
by giant magnons and some light (supergravity) states. The first step in this direction was
done in [23], where the finite-size effect was also taken into account for the case of two giant
magnon states and dilaton operator with zero momentum. This result was extended in [21]
for the cases of two giant magnon states and dilaton operator with nonzero momentum,
primary scalar operators, and singlet scalar operators on higher string levels.

The semiclassical structure constants found in [21] are given in terms of several parameters
and hypergeometric functions of two variables depending on them. However, it is important
to know their dependence on the conserved string charge J1 and the worldsheet momentum p,
because namely these quantities are related to the corresponding operators in the dual field
theory and the momentum of the magnon excitations in the dual spin-chain. Unfortunately,
this can not be done exactly for the finite-size case due to the complicated dependence

1For recent review see [2].
2η-deformed σ-models where defined and their integrability was proven in [13, 14]. See also [15].
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between the above mentioned parameters and J1, p. On the other hand, it is possible to find
the leading finite-size corrections to such structure constants. Namely this will be our aim
here.

This letter is organized as follows. In Sec. 2 we give a short review of the finite-size
giant magnon solution on η-deformed AdS5 × S5. In Sec. 3 and Sec. 4 we derive the
leading finite-size effects on the structure constants for the cases when we have two heavy
string states represented by finite-size giant magnons and for two different choices of the
light states corresponding to dilaton operator with nonzero momentum and primary scalar
operators. Sec. 5 is devoted to our concluding remarks.

2 Short review of the giant magnon solution

on η-deformed AdS5 × S5

Giant magnons live in the Rt × S2
η subspace of the η-deformed AdS5 × S5. The background

seen by the string moving in the Rt × S2
η subspace can be written as [17]

gtt = −1, gφ1φ1
= sin2 θ,

gθθ =
1

1 + η̃2 sin2 θ
, (2.1)

where η̃ is related to the deformation parameter η according to3

η̃ =
2η

1− η2
. (2.2)

By using a specific anzatz for the string embedding [24]

t(τ, σ) = κτ, φ1(τ, σ) = ω1τ + F (ξ), θ(τ, σ) = θ(ξ), ξ = ασ + βτ,

κ, ω1, α, β = constants,

one can find the following string solution [17]4

χ(ξ) =
χηχp dn2(x,m)

χp dn2(x,m) + χη − χp

, (2.3)

3We changed the notation κ in [22] to η̃ because we use κ for other purposes.
4See [25] where it was shown that the bosonic spinning strings on the η-deformed AdS5xS

5 background
are naturally described as periodic solutions of a novel finite-dimensional integrable system which can be
viewed as a deformation of the Neumann model.
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φ1(τ, σ) = ω1τ +
1

η̃αω2
1(χη − 1)

√

(χη − χm)χp

× (2.4)

{

[

β
(

κ2 + ω2
1(χη − 1)

)

]

F

(

arcsin

√

(χη − χm)(χp − χ)

(χp − χm)(χη − χ)
, m

)

−(χη − χp)βκ
2

1− χp

Π

(

arcsin

√

(χη − χm)(χp − χ)

(χp − χm)(χη − χ)
,−(χη − 1)(χp − χm)

(1− χp)(χη − χm)
, m

)}

.

Here χ = cos2 θ, where θ is the non-isometric angle on the deformed sphere S2
η , while φ1

is the isometric angle on it. dn(x,m) is one of the Jacobi elliptic functions, F and Π are
the incomplete elliptic integrals of first and third kind.

x =
η̃αω1

√

(χη − χm)χp

α2 − β2
ξ,

m =
(χp − χm)χη

(χη − χm)χp
,

and χη > χp > χm are the roots of the equation dχ/dξ = 0, given by

χη = 1 +
1

η̃2
χp = 1− β2

α2
κ2, χm = 1− κ2. (2.5)

Now, let us present the expressions for the conserved charges (the string energy Es and the
angular momentum J1) and also the worldsheet momentum p equal to the angular difference
∆φ1, since we are going to use it [17]:

Es =
T

η̃

(

1− β2

α2

)

κ

ω1

∫ χp

χm

dχ
√

(χη − χ)(χp − χ)(χ− χm)χ
, (2.6)

J1 =
T

η̃

[

(

1− β2κ2

α2ω2
1

)
∫ χp

χm

dχ
√

(χη − χ)(χp − χ)(χ− χm)χ
(2.7)

−
∫ χp

χm

χdχ
√

(χη − χ)(χp − χ)(χ− χm)χ

]

,

∆φ1 ≡ p =
1

η̃

[

β

α

∫ χp

χm

dχ
√

(χη − χ)(χp − χ)(χ− χm)χ
(2.8)

−βκ2

αω2
1

∫ χp

χm

dχ

(1− χ)
√

(χη − χ)(χp − χ)(χ− χm)χ

]

.
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Solving the integrals in (2.6)-(2.8) and introducing the notations

v = −β

α
, W =

κ2

ω2
1

, ǫ =
(χη − χp)χm

(χη − χm)χp
, (2.9)

we finally obtain

Es =
2T

η̃

(1− v2)
√
W

√

(χη − χm)χp

K(1− ǫ), (2.10)

J1 =
2T

η̃
√

(χη − χm)χp

[

(

1− v2W − χη

)

K(1− ǫ) (2.11)

+(χη − χp) Π

(

χp − χm

χη − χm
, 1− ǫ

)

]

,

∆φ1 ≡ p =
2

η̃
√

(χη − χm)χp

× (2.12)

{

vW

(χη − 1)(1− χp)

[

(χη − χp) Π

(

−(χη − 1)(χp − χm)

(χη − χm)(1− χp)
, 1− ǫ

)

−(1− χp) K(1− ǫ)

]

− v K(1− ǫ)

}

,

where K and Π are the complete elliptic integrals of first and third kind.

The above results are for finite-size giant magnons. If they are of infinite size, one must
set ǫ = 0.

The spectrum of a string moving on η-deformed AdS5 × S5 was considered in [22]. This
was done by treating the corresponding worldsheet theory as integrable field theory. In
particular, it was found that the dispersion relation for the infinite-size giant magnons [26]
on this background, in the large string tension limit when g → ∞ is given by (the relation
between the string tension T and g is T = g

√

1 + η̃2)

E =
2g
√

1 + η̃2

η̃
arcsinh

(

η̃ sin
p

2

)

. (2.13)

The result (2.13) has been extended in [17] to the case of finite-size giant magnons. The
corresponding dispersion relation is the following

Es − J1 = 2g
√

1 + η̃2





1

η̃
arcsinh

(

η̃ sin
p

2

)

− (1 + η̃2) sin3 p
2

4
√

1 + η̃2 sin2 p
2

ǫ



 , (2.14)
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where

ǫ = 16 exp

[

−
(

J1

g
+

2
√

1 + η̃2

η̃
arcsinh

(

η̃ sin
p

2

)

)
√

1 + η̃2 sin2 p
2

(1 + η̃2) sin2 p
2

]

. (2.15)

3 Giant magnons on η-deformed AdS5 × S5 and dilaton

operator

The case of finite-size giant magnons and dilaton with zero momentum (j = 0) has been
considered in [23]. Here we will be interested in the case when j > 0.

In [21] it was found that the normalized semiclassical structure constants for the case
under consideration are given by

Cd,j
η =

2π
3

2 cd,j∆ Γ
(

2 + j
2

)

(1− v2κ2)
j−1

2

Γ
(

5+j
2

)
√

κ2(1 + η̃2κ2)
× (3.1)

[

(1− v2κ2)F1

(

1

2
,
2 + j

2
,−1 + j

2
; 1;

η̃2(1− v2)κ2

1 + η̃2κ2
,

(1 + η̃2)(1− v2)κ2

(1 + η̃2κ2)(1− v2κ2)

)

−(1− κ2)F1

(

1

2
,
j

2
,
1− j

2
; 1;

η̃2(1− v2)κ2

1 + η̃2κ2
,

(1 + η̃2)(1− v2)κ2

(1 + η̃2κ2)(1− v2κ2)

)

]

,

where F1(a, b1, b2; c; z1, z2) is one of the hypergeometric functions of two variables (AppellF1).

This expression can be rewritten as (according to (2.9) W = κ2 for ω1 = 1)

Cd,j
η =

2π
3

2 cd,j∆ Γ
(

2 + j
2

)

(1− v2W )
j−1

2

Γ
(

5+j
2

)
√

W (1 + η̃2W )
× (3.2)

[

(1− v2W )F1

(

1

2
,
2 + j

2
,−1 + j

2
; 1;

η̃2(1− v2)W

1 + η̃2W
, 1− ǫ

)

−(1−W )F1

(

1

2
,
j

2
,
1− j

2
; 1;

η̃2(1− v2)W

1 + η̃2W
, 1− ǫ

)

]

,

ǫ =
(1−W )(1 + η̃2v2W )

(1− v2W )(1 + η̃2W )
. (3.3)

In order to find the leading finite-size effect on (3.2) one has to consider the limit ǫ → 0.
By using the following expansions for the parameters

v = v0 + (v1 + v2 log ǫ)ǫ, W = 1 +W1ǫ, (3.4)
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one obtains [17] (by using (2.5) and (2.12))

W1 = −(1− v20)(1 + η̃2)

1 + η̃2v20
, (3.5)

v1 =
v0(1− v20) [1− log 16 + η̃2 (2− v20(1 + log 16))]

4(1 + η̃2v20)
, (3.6)

v2 =
1

4
v0(1− v20), (3.7)

where v0 can be written as

v0 =
cot ∆φ1

2
√

η̃2 + csc2 ∆φ1

2

=
cot p

2
√

η̃2 + csc2 p
2

. (3.8)

Applying these results for the parameters in the ǫ-expansion of (3.2), one receives the
following expression

Cd,j
η ≈ cd,j∆ πΓ

(

2 + j
2

)

Γ
(

j
2

)

Γ
(

5+j
2

)

Γ
(

1+j
2

) (1 + η̃2)j/2
(

η̃2 + csc2
p

2

)

−
1

2
(1+j)

(3.9)

[

(2 + η̃2(1− cos p)) csc2 p
2

η̃2

(

2F1





1

2
,
j

2
;
1 + j

2
;

1

1 +
csc2 p

2

η̃2





−2F1



−1

2
,
j

2
;
1 + j

2
;

1

1 +
csc2 p

2

η̃2





)

+4

((

1

η̃2

(

2(2 + η̃2(1− cos p))2F1





1

2
,
j

2
;
1 + j

2
;

1

1 +
csc2 p

2

η̃2





−(4 + η̃2(6− j + 2η̃2 − (2 + j + 2η̃2) cos p))2F1



−1

2
,
j

2
;
1 + j

2
;

1

1 +
csc2 p

2

η̃2





))

+

(

j(1 + cos p)2F1



−1

2
,
j

2
;
1 + j

2
;

1

1 +
csc2 p

2

η̃2





)

f

)

exp(−f)

]

,
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where

f =

(

J1

g
+

2
√

1 + η̃2

η̃
arcsinh

(

η̃ sin
p

2

)

)
√

1 + η̃2 sin2 p
2

(1 + η̃2) sin2 p
2

(3.10)

and 2F1(a, b; c; z) is the Gauss’ hypergeometric function.

As one can see from (3.9), the leading finite-size correction to Cd,j
η is exponentially small

for J1 >> g.

Now, let us consider two particular cases as examples.

For j = 1, (3.9) simplifies to

Cd,1
η ≈ 3cd,1∆ π

√

1 + η̃2

4η̃2
(

η̃2 + csc2 p
2

)

{

(2 + η̃2(1− cos p)) csc2
p

2
× (3.11)

[

K





1

1 +
csc2 p

2

η̃2



− E





1

1 +
csc2 p

2

η̃2





]

+

[

4

(

2(2 + η̃2(1− cos p))K





1

1 +
csc2 p

2

η̃2





−4(4 + 5η̃2 + 2η̃4 − η̃2(3 + 2η̃2) cos p)E





1

1 +
csc2 p

2

η̃2





)

+4η̃2(1 + cos p)E





1

1 +
csc2 p

2

η̃2



 f

]

exp(−f)

}

.
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For j = 2, (3.9) reduces to

Cd,2
η ≈ 32cd,2∆ (1 + η̃2)

15η̃3
(

η̃2 + csc2 p
2

)3/2

{

(2 + η̃2(1− cos p)) csc2
p

2
× (3.12)

[

√

η̃2 + csc2
p

2
arctanh

(

η̃
√

η̃2 + csc2 p
2

)

− η̃ 2F1



−1

2
, 1;

3

2
;

1

1 +
csc2 p

2

η̃2





]

+8

[

√

η̃2 + csc2
p

2
(2 + η̃2(1− cos p))arctanh

(

η̃
√

η̃2 + csc2 p
2

)

−η̃(2 + 2η̃2 + η̃4 − η̃2(2 + η̃2) cos p) 2F1



−1

2
, 1;

3

2
;

1

1 +
csc2 p

2

η̃2





+η̃3(1 + cos p) 2F1



−1

2
, 1;

3

2
;

1

1 +
csc2 p

2

η̃2



 f

]

exp(−f)

}

.

4 Giant magnons on η-deformed AdS5×S5 and primary

scalar operators

It was shown in [21] that the normalized semiclassical structure constants for the case at
hand are given by

Cpr,j
η =

2π
3

2 cpr,j∆ Γ( j
2
)(1− v2κ2)

j−1

2

Γ(1+j
2
)
√

κ2(1 + η̃2κ2)

{

[

1− (1 + jv2)κ2

1 + j

]

× (4.1)

F1

(

1

2
,
j

2
,
1− j

2
; 1;

η̃2(1− v2)κ2

1 + η̃2κ2
,

(1 + η̃2)(1− v2)κ2

(1 + η̃2κ2)(1− v2κ2)

)

−(1 − v2κ2)F1

(

1

2
,
2 + j

2
,−1 + j

2
; 1;

η̃2(1− v2)κ2

1 + η̃2κ2
,

(1 + η̃2)(1− v2)κ2

(1 + η̃2κ2)(1− v2κ2)

)

}

,

or in our notations

Cpr,j
η =

2π
3

2 cpr,j∆ Γ( j
2
)(1− v2W )

j−1

2

Γ(1+j
2
)
√

W (1 + η̃2W )

{

[

1− (1 + jv2)W

1 + j

]

× (4.2)

F1

(

1

2
,
j

2
,
1− j

2
; 1;

η̃2(1− v2)W

1 + η̃2W
, 1− ǫ

)

−(1− v2W )F1

(

1

2
,
2 + j

2
,−1 + j

2
; 1;

η̃2(1− v2)W

1 + η̃2W
, 1− ǫ

)

}

.
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Taking the limit ǫ → 0 in (4.2) and using (3.4)-(3.8), one finds that to the leading order
Cpr,j
η becomes

Cpr,j
η ≈ cpr,j∆ πΓ( j

2
)

Γ(1+j
2
)

{[

2π1/2
√

1 + η̃2

j2η̃2 (2 + η̃2(1− cos p))

(

1 + η̃2

η̃2 + csc2 p/2

)
j−1

2

(4.3)

2F1

(

1

2
,−1 + j

2
; 1; 1

)

(

2(1 + j)2F1

(

3

2
,
j

2
;
1 + j

2
;

η̃2

η̃2 + csc2 p/2

)

−(2 + j(2 + η̃2)− jη̃2 cos p)2F1

(

1

2
,
j

2
;
1 + j

2
;

η̃2

η̃2 + csc2 p/2

)

)

+

[(

Γ

(

j

2
− 1

)(

1 + η̃2

η̃2 + csc2 p/2

)
1+j

2

(2 + η̃2(1− cos p))

×
(

− (1 + η̃2)
(

4 + 2j(1− j) + η̃2
(

4 + 2j(1− 2j)− (2− j)j cot2 p/2

η̃2 + csc2 p/2
(1 + f)

))

× 2F1

(

−1

2
,
j

2
;
1 + j

2
;

η̃2

η̃2 + csc2 p/2

)

+

(

4(1 + η̃2) + j
(

2(1− j)

+η̃2
(

4(1− j) +
(2− j) cot2 p/2

η̃2 + csc2 p/2
(1− f)

)

+

η̃4 cot2 p/2
(

6− 4j + (j−2) cot2 p/2
η̃2+csc2 p/2

(1 + f)
)

η̃2 + csc2 p/2

)

)

2F1

(

1

2
,
j

2
;
1 + j

2
;

η̃2

η̃2 + csc2 p/2

)

)]

/

(

Γ

(

3 + j

2

)

η̃2(1 + η̃2)3/2

)

+

(

8Γ

(

1 +
j

2

)

cos2 p/2

(

1 + η̃2

η̃2 + csc2 p/2

)
j+1

2

×
(

2 2F1

(

1
2
, j
2
; 1+j

2
; η̃2

η̃2+csc2 p/2

)

2 + η̃2(1− cos p)
− 2F1

(

−1

2
,
j

2
;
1 + j

2
;

η̃2

η̃2 + csc2 p/2

)

))

/

(

Γ

(

3 + j

2

)

√

1 + η̃2
)

f

]

exp(−f)

}

.

As in the previously considered case, the leading finite-size correction to Cpr,j
η is exponen-

tially small for J1 >> g.
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For the simplest case j = 1, (4.3) reduces to

Cpr,1
η ≈ 2 cpr,1∆ π

√

1 + η̃2

η̃2

{

2 E

(

η̃2

η̃2 + csc2 p/2

)

− 2 + η̃2 sin2 p/2

1 + η̃2 sin2 p/2
(4.4)

×K

(

η̃2

η̃2 + csc2 p/2

)

+ csc2 p/2

[(

2(1 + η̃2 sin2 p/2)(8 + 7η̃2 + 2η̃4

−η̃2(5 + 2η̃2) cos p)E

(

η̃2

η̃2 + csc2 p/2

)

− (16 + 18η̃2 + 7η̃4

−2η̃2(7 + 4η̃2) cos p+ η̃4 cos 2p

)

K

(

η̃2

η̃2 + csc2 p/2

)

/
(

η̃2 + csc2 p/2
)2

+

(

8η̃2 cos2 p/2

(

K

(

η̃2

η̃2 + csc2 p/2

)

− (1 + η̃2 sin2 p/2)E

(

η̃2

η̃2 + csc2 p/2

)

)

× sin4 p/2

)

/(1 + η̃2 sin2 p/2)2f

]

exp(−f)

}

.

5 Concluding Remarks

In this letter, in the framework of the semiclassical approach, we computed the leading finite-
sizes effects on the normalized structure constants in some three-point correlation functions
in the η-deformed AdS5×S5, expressed in terms of the conserved string angular momentum
J1 and the worldsheet momentum p. Namely, we found the leading finite-size corrections on
the structure constants in three-point correlators of two heavy giant magnons’ string states
and the following two light states:

1. Dilaton operator with nonzero momentum (j ≥ 1)

2. Primary scalar operators.

It is interesting to see what happens when we take the limit η̃ → 0 when the deformation
disappears, and the dual field theory is known - N = 4 SYM.

For the case of dilaton operator with nonzero momentum j one finds

Cd,j ≈ 2cj∆πΓ (2 + j/2) Γ (j/2) (sin p/2)1+j

(1 + j)Γ
(

1+j
2

)

Γ
(

5+j
2

) × (5.1)

[j − (2(4 + (1− j)j(1 + cos p))− 2j(1 + j)(1 + cos p)f) exp(−f)] ,

where now (3.10) becomes

f =
J1

g sin p/2
+ 2 =

2πJ1√
λ sin p/2

+ 2, (5.2)
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and λ is the t’Hooft coupling constant (the string tension T and the t’Hooft coupling in

N = 4 SYM are related to each other as T =
√

λ
2π
).

For the case of primary scalar operators we derive

Cpr,j ≈ 16πcpr,j∆
Γ(j/2−1)Γ(j/2)

Γ( j−1

2 )Γ( j+3

2 )
sinj+1

(

p
2

)

exp(−f), (5.3)

where f is the same as in (5.2).

A possible issue to solve is to try to extend the results obtained here to the case of dyonic
giant magnon states with two nonzero conserved angular momenta J1 and J2. We hope to
report on this in the near future.
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