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Abstract: In this paper, we investigate the existence of multiple periodic solutions for two classes of non-
linear difference systems involving (¢1, ¢2)-Laplacian. First, by using an important critical point theorem
due to B. Ricceri, we establish an existence theorem of three periodic solutions for the first nonlinear dif-
ference system with (¢1, ¢2)-Laplacian and two parameters. Moreover, for the second nonlinear difference
system with (¢1, ¢2)-Laplacian, by using the Clark’s Theorem, we obtain a multiplicity result of periodic
solutions under a symmetric condition. Finally, two examples are given to verify our theorems.
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1. Introduction and main results

Let R denote the real numbers, Z the integers, Given a < b in Z. Let Z[a,b] = {a,a+ 1,....,b}. Let
T > 1 and N be fixed positive integers.
Firstly, in this paper, we are concerned with the existence of three periodic solutions for the following

nonlinear difference system:

pA [m(t — 1)1 (Aua (t — 1))] — kp3(t)p3(ur(t)) + Vi, Wt ua (t), ua(t)) =

0 (1.1)
pA [Pz(t —1)o (Aus(t — 1))] — pa(t)pa(ua(t)) + Vu, W (t, ua (t), u2(t)) = 0

where p € R, p; : R — R, ¢;, i = 1,2, 3,4 satisfy the following conditions:

(p) pi are T-periodic and mingez;y 7 pi(t) > 0,1 =1,2,3,4;
(A1) ¢; : RN — RN are homeomorphisms such that ¢;(0) = 0, ¢; = V®;, with ®; € C*(RY, [0, +0))
strictly convex and ®;(0) =0, i =1,2,3,4.

Remark Assumption (A1) is given in [2], where it is used to characterize the classical homeomorphism.
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Moreover, assume that

(A2) W (t,z1,20) = F(t,21,22) — AG(t, 21, 22) +VH (t, 21, 22), where \,v € R, F,G, H : ZxRN xRN —
RN (t, 21, 20) — F(t,x1,12), (t,71,72) — G(t,z1,22), (t,21,20) — H(t,x1,22) are T-periodic in t
for all (z1,22) € RN x RN and continuously differentiable in (x1,x2) for every t € Z[1,T)].

It is well known that variational methods have been important tools to study the existence and
multiplicity of solutions for various difference systems. Lots of contributions has been obtained (for
example, see [2], [5]-[16], [I8]). Recently, in [2] and [30], by using a variational approach, Mawhin

investigated the following second order nonlinear difference systems with ¢-Laplacian:
A¢[Au(n —1)] = V, Fn,u(n)] + h(n) (n € Z), (1.2)

where ¢ = V®, ® strictly convex, is a homeomorphism of RY onto the ball B, C RY or of B, onto
RY. The assumption about ¢ implies three cases: firstly, classical homeomorphism if ¢ : RY — RY, for

example, ¢(0) = 0, ¢(z) = |z|[P~2z for some p > 1 and all x € R /{0}; secondly, bounded homeomor-

phism if ¢ : RV — B, (a < +00), for example, ¢(z) = \/11|—|2 € B for all x € RY: finally, singular
homeomorphism if ¢ : B, € RY — R¥ for example, ¢(x) = L for all z € B;. Under some

1 |z|?

reasonable assumptions, by using variational approach, Mawhin obtained system ([2]) has at least one
T-periodic solution or N + 1 geometrically distinct T-periodic solutions.

However, to the best of our knowledge, except for recent works in [25] and [26] which are made by
our first author and his cooperator named Yun Wang, there are no people to investigate the existence
and multiplicity of solutions for system involving classical (¢1, ¢2)-Laplacian. In [25], Wang and our first

author investigated the multiplicity of T-periodic solutions for the following nonlinear difference system:

A¢1 (Aul(t — 1)) = VulF(t, ul(t), U2(t)) + hl (t) (1 3)
A¢2 (AUQ(t - 1)) = VU2F(t, ’U,l(t), UQ(t)) + h,Q(t),

where F : Z x RY x RY — R and ¢,,, m = 1,2 satisfy the following condition:

(A) ¢; is a homeomrphism from RY onto B, C R (a € (0, +00]), such that ¢;(0) = 0,¢; = V®;, with

@, € C*(R", [0, +00]) strictly convex and ®;(0) =0, m = 1,2.

Assumption (A) implies that ®;, i = 1,2 are the classical homeomorphisms or the bounded homeomor-

phisms. They investigated the case that F' (¢, z1, x2) is periodic on 1 components of variables :cgl), cee arg\})
and ro components of variables x§2)7 . ,:1053), where 1 <ry < N and 1 < ry < N. By using a critical

point theorem in [I] and a generalized saddle point theorem in [27], they obtain that system (L3) has at
least 71 + 12 + 1 geometrically distinct T-periodic solutions. Their results generalize those corresponding
to classical homeomorphism and bounded homeomorphism in [30].

In [26], our first author and Wang investigated the existence of homoclinic solutions for the following



nonlinear difference systems involving classical (¢1, ¢2)-Laplacian:

Apr (Aur(t — 1)) + Vo,V (tua(t), uz(t)) = fi(t) 14
Ao (Aug(t — 1)) + Vau, V (tus (), uz(t)) = f2(t),

where t € Z, u,,(t) € RN, m = 1,2, V(t,21,22) = —K(t, 21, 22) + W(t,z1,20), K, W : ZXRN xRV = R
and ¢,,, m = 1,2 satisfy assumption (LA1). They first improve some inequalities in [29]. Then by using a
linking theorem in [28], some new existence results of homoclinic solutions for system (4] are obtained
when W has super p-linear growth and K has sub p-linear growth.

Inspired by [2], [3], [25], [26] and [30], in this paper, we are interested in the existence of three T-
periodic solutions for system (I.I]). By using an important three critial point theorem established by B.

Riceeri in [3], we investigate the existence of three T-periodic solutions for system (III), as stated in the

following.
Define
T
= [ (®)®1(Aus (1) + pa()Da(Aus(t)) + p3(t) s (ua(t)) + pa(t)Pa(ua(t))],
t=1
T T
ZFtul ZGful ua(t)),
t;l t=1
== H(t,ui(t), ua(t)), ue kb,

where the definitions of E and its norm are in section 2 below.

Theorem 1.1. Suppose that (p), (Al), (A2) and the following conditions hold:

(A3) there exist positive constants ¢; (i =1,2,3,4), 6 > 1 such that
(¢1( ) ¢’L( ) )>CZ|I_y| VI,yGRN,i:1,273,4,

where (-,-) stands for the usual product in RY;

(A4) lim || ®i(x) = +00 and there exist positive constants | > 0, d; and m; such that ®;(x) <
di|z|' +m; for allx € RN, (i =1,2,3,4);

(A5) for all t € Z[1,T] and all X > 0, there exists Co(\) € R such that for all (z1,z2) € RY x RV,

F(t,l’l,.’[]g)

1m 7l 7
|21 |+ ]2| oo |21 |V + |22]

(46)5F, G(t,0,0) = 0.
Then for each r > 0, for each p > max{0, p*(I, ¥, ®,r)}, and for each compact interval [a,b] C|0, B(pul +

= +00, )\G(t,l'l,xg) > F(f,wl,l'g)-i-CO()\);

U, ®, r)[, there exists a number p > 0 with the following property: for every A € [a,b], there exists § > 0
such that, for each v € [0,6], system (1.1) has at least three T-periodic solutions in E whose norms are

less than p, where

pd (u) + W (u) — q)il(i]nf ])(ul + )
B(ul +¥,®,7) = sup —
ued—1(Jr,+o00[) r—®(u)




. U(u)—v+r }
(1,9, ®,7) = inf ————— :y € B, ®(u) <r,I(u) <n,
1 ( ) o —T(0) (u) (u) <n
— inf(U d(u)), n,= inf I(u).
v = f(U(u) +2(u)), 7 L (u)

Inspired by [3], we have the following corollary:

Corollary 1.1. Suppose that (p), (Al)-(A4) and (A6) hold. If
(A5) there exists s > 1 such that for every t € Z[1,T),

F(t,zy,20) . F(t,z1,29)

)

< 400

1m i T =
|z1|+]|z2| =00 |I1| —+ |$2| |z1|+]|z2| =00 |I1|S —+ |I2|S

and
G(t,x1,2)

/27— 4o
|1 |[+|z2| o0 [21]% + |@2]® ’

then the conclusion of Theorem 1.1 holds.

Remark 1.1. There exist examples satisfying (Al)-(A6) in Theorem 1.1. For example, let T > 1
and N be fized integer. Let § > 2 and q; > 2, i = 1,2,3,4. Assume that ¢1(y) = |y|® 2y + |y|®* 2y,
$2(y) = 1"y + yl= 2y, ds(y) = yl° 2y + [yl 2y, daly) = yI°2y + y|“ "y, pi are T-periodic
and satisfy p; > 0 for all t € Z[1,T), i = 1,2,3,4. Then ®1(y) = % + M,y = % + 2
Da(y) = U+ 2 @uy) = e+

94

‘q4

Note that

(|22 = y|" 2y, 2 —y) = clz —y/’
for all z,y € RN, 0 > 2 and some ¢ > 0 (see [17]). Hence,
(@1(2) = 1 (), — y)
e e e A e R e T )

= (|2’ 2z — [y’ Py, z — ) + (2|7 2z — Jy|" Py, —y)

Y

(2|22 — |y|° 2y, 2 — y)

Y

clx—yl’, Va,yecRY.
Similarly, we have
(¢i(x) = di(y),z —y) > cilo —y|’, Va,yeRY,i=234

for some ¢; >0, i =2,3,4. So (A3) holds.

Take | = max{0, q1,q2,q3,q4} and let

it it
F(t,x1,23) = |(cos? T + 2)|3:1|l + (] cos T| + 2)|332|l In(|z1|* + |z2)* + 1)
.omt
G(t,x1,22) = (|sin ?| + 2)(|Jz1 ' 4 |22))? In(|21 |2 + |22 ]* + 1)
it
H(t,x1,25) = (cos? T +2)sin(|z1]? + |z2|* + 2)



W(t,x1,22) = F(t,x1,22) — ANG(t,x1,22) + VH(t, 21, 22).

Then it is easy to obtain that (A2) and (A6) hold and ®; satisfy (Al) and (A4), i =1,2,3,4. Moreover,

F(t
im M > lim  In(|zq|? + |z2]® + 1) = 400
|z1|+|z2| =00 |I1| —+ |I2| |z1]|+|z2|—00
and for all A > 0,
AG(t, 21, x2) . A (Isin Z| +2) (Jo1|' + |22]')?
im — = im Tt 7 s 1
21| +|z2| o0 F(t, x1,22) |1 |+|za] oo [(cos? ZE + 2)|z1|' + (| cos ZE| + 2) |z ']

2X\(|z1|" + |z2])?
|21 | +za| oo 3 (|21 [" + [22]')

2
- lim 5 (Jz1|" + |z2]) = +o0.

|z1|+|z2| =00

Hence, (A5) holds.
Moreover, in this paper, we are also concerned with the multiplicity of T-periodic solutions for the

following nonlinear difference system:

where «; : R — RT satisfy the following conditions:
(v) vi are T-periodic and mingezp 7 7vi(t) >0, i = 1,2,3,4,
and ¢;, 1 = 1,2, 3,4 satisfy the assumption (A1) and the following condition:

(p) there exist positive constants p > 1,q > 1, a;, b;, i = 1,2,3,4 such that
ai|iE|q S(I)Z(I) Sbi|x|q7i:173a VIERN

and

a,l|$|p§(1)l(iE) Sbl|x|pvl:274a VIGRN

Moreover, F': Zx RN x RN — R, (¢, 21, 22) — F(t, 21, 22) is T-periodic in t for all (z1,22) € RY xRN
and continuously differentiable in (x1,x2) for every ¢ € Z[1,T].

When ®;(z) = %|x|q, i =1,3 and ®;(z) = %|x|p, i = 2,4, system (LH) can be seen as a discrete
analogue of the following (g, p)-Laplacian differential systems:

d (71 (8) i1 (£)]7 20 (¢))

dt
d (y2() iz (8) P~ (t))
dt

— y3(8)[ur (6|7 2ur () + Vi, F (8w (8), ua(t)) =0 16)

— () Jug (8) [P~ 2us () + Vu, F (£, ua (1), ua(t)) = 0.

Recently, by using variational methods, system (6] has been investigated by some authors (for example,
see [19]-[23]) and some interesting results on the existence and multiplicity of solutions have been obtained.

However, to the best of our knowledge, there are no people to investigate the nonlinear difference system



(@C3H). In this paper, inspired by [18]-[23], we are interested in the existence and multiplicity of T-periodic

solutions for system ([L3). By using the Clark’s theorem, we obtain the following theorem.

Theorem 1.2. Suppose that (), (¢) and the following conditions hold:

(F0) there exist ag € [0,q), az € [0,p), h; : Z[1,T] = R, i =1,2 and | : Z[1,T] — R" such that

Bt w1, w2) < ha(8)aa]™ + ho(t)]z2]** +1(2).

(F1) F(t,0,0) = 0;
(]:2) F(t, —x, —IQ) = F(t,.Il,{EQ),’

(F8) there exist constants B; € (1,min{q, p}), M; € (0,00), i = 1,2 and 6 € (0,1) such that

F(t,.Il,.IQ) Z M1|$1|'61 —|—M2|$2|'62, v |I1| < 5, |I2| < 5

Then system (L) has at least 2NT distinct pairs of nonzero solutions.

2. Preliminaries
At first, we make some preliminaries. Define
Er = {h:= {h(t)}iez|h(t + T) = h(t), h(t) e RNt € Z}

and let £ = Ep x Ep. For h € Ep, set

T 1/r
b, = ht)|" A (hlle = h(t)l, 1. 2.1
Il (;un) and [l = mx [b(0), 7> 1)
Obviously, we have
[Alloe < 2]l < TY7 (1]l oo- (2.2)
On Erp, we define
T T 1/6
12l 5 = (Z AR+ |h(t)|9>
t=1 t=1
and
T T 1/l
1221 = (Z [AR@DI + |h(f)|l>
t=1 t=1
For u = (u1,uz) € F, define
ull = llurll 2 + luzll £r-
Then FE is a separable and reflexive Banach space. Moreover, || - ||z, is equivalent to || - ||-(r > 1) and
|l - ljzr)- Hence, there exist positive constants C; (i = 1,--- ,6) such that
Cill-ller < - llo < Coll - llrs (2:3)



Csll - lzr < |- [l < Call - | &r» (2.4)

Csll - lzr < |- llipr) < Coll - | - (2.5)

Lemma 2.1 (see [25]) Let L : Z[1,T] x RN x RN x RY xRN — R, (t, 21, 22, y1, y2) — L(t, 21,22, y1,Y2)
and assume that L is continuously differentiable in (x1,x2,y1,y2) for allt € Z[1,T]. Then the functional

p: E — R defined by

T

o(u) = p(uy,uz) = ZL(t,ul(t),uQ(t),Aul(t), Ausy(t))

t=1

is continuously differentiable on E and for u,v € E,

(@' (u), v) = (&' (ur, ua), (v1, v2))

= ZT: [(Day L(t, ur(t), ua(t), Aus (t), Aua(t)), v1(t))
::—I(DylL(t wy (t), ua(t), Auy (t), Aua(t)), Avy (t))
+(Day L(t, ur (1), uz(t), Auy (t), Aus(t)), va(t))

+(Dy2L(t, ’U,l(t), u2 (t), Aul(t), AUQ (t)), A’Ug (t))] .

.

Let

L(t, w1, 22,y1,92) = plpr()®@1(y1) + p2(t)Pa(y2) + p3(t) s (1) + pa(t)Pa(w2)]

—F(t,x1,22) + AG(t, 21, x2) — VH (¢, 21, 2),

where F,G, H: Z[1,T] x RY x RY — R¥ are continuously differentiable in (z1,z2) € RY x R for all

t € Z[1,T]. Then

= > [P (P (Aua(8)) + pa(t)P2(Ausz(t)) + pa(t) P (ur (1)) + pa(t)Pa(us(t)))
—F(t,u1(t),uz(t)) + AG(t, ui(t), uz(t)) — vH(t,uq(t), ua(t))] - (2.6)

Obviously, when (A1) and (A2) hold, ¢ is continuously differentiable on E and for V u,v € E, we have

¢'(u),v) = (¢’ (u1, uz), (v1,v2))

) (11 (8) (91 (Aua(t)), Avr (1)) + ppa(t) (P2(Aua(t)), Ava(t))
t:;ps(t)(sbs (ur (1)), 01(2)) + ppa()(¢a(ua(t)), v2(t))]
- XT: (Ve F' (&, ua (8), u2(t)), 01(2)) + (Vai, F'(E, ua (), ua(1)), v2(1))]

(

FAQ(Vu, Gt ur (t), w2 (), v1.(8)) + (Vu, G ua (1), u2(t)), v2(2))]

-

t

Il
A

(Ve H (t, ua (8), u2(t)), 01(2)) + (Vuy H (E, ua (£), ua(t)), v2(1))] - (2.7)

M=

—V

~~
Il

1



Lemma 2.2. If u € E is a solution of Euler equation ¢'(u) = 0, then u is a solution of system (1.1).

Proof At first, for any u = (u1,us2),v = (v1,v2) € E, we can obtain the following two equalities:

T

—Z( 1t = DorQut 1)) () = (oA E). An @), (28)
t=1
T

=3 (Alpet = Doa(us(t = )] v2()) = 3 (p2(t)d2(Aua(t)), Ava(t)). (2.9)
t=1 t=1

In fact, since u1(t) = u1(t + T) and v1(t) = v1(t + T') for all t € Z, then

p'qﬂ

(&[pr(t = D (@un(t = 1)), (1))

t=1
T T

= =) (O (Aur(t), v1 (1) + > (pr(t = 1)ga(Aua (t — 1)), v1(t))
t=1 t=1

I
M-

T-1
(1 ()91 (Aus(t)), va(t)) + Z(pl(t)aﬁl (Aur (1), v1(t +1)) + (p1(0)¢1 (Aur (0)), v1(1))
=1

&
Il
A

Pl o1 (Aua(t)), Avi(t)) + (p1(0)p1(Aui(0)), v1(1)) — (p1 (1)1 (Aur (T)), v1 (T + 1))

(p1(t)p1(Aur (1)), Avi (2)).

] M’ﬂ HM’%

—

t
Hence, (Z8)) holds. Similarly, it is easy to get (Z3)). Since ¢'(u) = 0, then for all v = (v1,0) € E, 21)
implies that

tj’ﬂ

p(p1(t)p1(Aur(t)), Avi(t)) + p(ps(t)da(ui(t)), vi(t))]

N r
= D (Vu Ftua(t),uz(t)), 01 (t)) = A Y (Vy Gt ua(t), ua(t)), va (£)
+yz w H (t,un (1), ua (1)), vi(t)) (2.10)

Note that v; is arbitrary. Then (2.8)) and (ZI0) imply that

pA [Pl (t = D1 (Auy(t - 1))} — pp3(t)p3(ur(t)) + Vi, W(t,ui(t), ua(t)) = 0.

Similarly, Let v; = 0. We can obtain that
A pa(t = Da(Bus(t = 1)| = upa(t)ga (ua()) + Vaa W (L1 (1), us(8)) = 0. O

To prove Theorem 1.1, we will use the following three critical points theorem due to Ricceri [3].

Theorem 2.1 (see [3]) Let X be a reflexive real Banach space, I : X — R a sequentially weakly lower
semicontinuous, coercive, bounded on each bounded subset of X, C' functional whose derivative admits a
continuous inverse on X*; ¥, ® : X — R two C' functionals with compact derivative. Assume also that

the functional ¥ + A® is bounded below for all A > 0 and that
Y(x)

llz]|—+oo I(z)

- 0. (2.11)



Then, for eachr > sup,; ®, where M is the set of all global minima of I, for each p > max{0, u*(I, ¥, ®,r)},
and for each compact interval [a,b] C|0, B(ul + W, ®,r)[, there exists a number p > 0 with the following
property: for every X € [a,b] and every C! functional T' : X — R with compact derivative, there exists

d > 0 such that, for each v € [0, 4], the equation
pl' () + V' (z) + A (z) +vIV'(z) =0

has at least three solutions in X whose norms are less than p, where

I(z) +Y(z) — inf I+
pI@)+ ¥(a) = o (uT+ )

r— ®(x)

Bl + ¥, 8,7 =  sup
z€P—1(]r,4o0[)

U(x)—y+r
nT—I(x)

=1 f\IJ (b 5 r = i f I .
7= (V(z) + @), = nf I(z)

u*(I,\II,@,T)zinf{ :,TEX,(I)(JJ)<T,I($)<T]T}

3. Proof of Theorem 1.1

For the sake of convenience, we denote

= ’it7 T = i itv ':1,2,3,4.
t&lﬁ%ﬂp() Pi te%r}ﬂp() i

Proof of Theorem 1.1 We prove that ¢ defined by (2.6]) satisfies all the assumptions of Theorem 2.1.
Let X = E. Then F is a reflexive and separable Banach space. Since all the topologies are equivalent in

the finite dimensional Banach space E, then for any sequence {u"} C E, assume that

u" = u* in E as n — oo, (3.1)

that is,

T T 1/6
(Z At () — Aup (6] + ) [uf(t) — Ui(f)|9>

T T 1/6
+ (Z |Aug (t) = Auz (D)) + ) luz(t) UZ@)W)
t=1 t=1
= |Ju" —u*|| = 0, as n — oo,

which implies that lim |Aul’(t) — Auf(¢)] =0 and lim |[ul’(t) —uf(t)| =0,i = 1,2 for every t € Z[1,T).
n—oo n—oo
Hence, it is easy to obtain that (A1) implies that I is continuous in E and then sequentially weakly lower

semicontinuous. Moreover, obviously, (A1) and Lemma 2.1 imply that I is a C! functional and

T
(I'(w),v) = > ) (@1(Aua(t), Avi(t)) + pa(t)(d2(Aua(t)), Ava(t)
t=1
+ pa(t)(P3(ur(t)), v1(t)) + pa(t)(pa(ua(t)), va(t))], for u,v € E.

It follows from (.A3) that

T
(I'(w) = T'W)u=v) = > (@)1 (Aur(t)) = d1(Avi (1)), Aua(t) — Ava (1))

t=1



+p2(t)(P2(Auz(t)) — d2(Ava(t)), Aug(t) — Ava(t))
+p3()(¢3(ur(t)) — d3(vi(t)), ur(t) — va(t))
+pa(t)(Pa(uir(t)) — pa(v2(t)), uz(t) — v2(t))]

T
> > ey |Aus () — Avy (8)]° + capy [Aua(t) — Avy(t)]”
t=1
+ eapy [ua (t) — vi(8)|” + capy lua(t) — va(t)’]
> min{eipy, espy Hlur — vil|%, + min{eapy , capy Hlug — val| %,
> % min{cipy, c2py , csps - capy } (lur — vill gy + Juz — val| )’

2

= 51 min{c1py, c2py , capz » capy f|lu—v||’, for u,v € E.

So I' is uniformly monotone in E. By (A1) and (.A3), we have

(¢i(z), ) > ¢i|z|?, forallz e RN, i=1,2,3,4. (3.2)

Hence, (3:2) implies that

= %Z [p1(8)(P1(Aua (1)), Aus(t)) + p2(t)(d2(Auz(t)), Aus(l))

p3(t)(¢3(ur(t)), ur () + pa(t)(da(uz(t)), ua(t))]

T
1 _ _
> 7{2 c1pr [ Aur ()] + c2py |Aus (D] + e3py ua (D)]° + cap; |u2<t>|"}}
t=1
ur]| %y + lJual%
> min{c1p], Caps ,C302 ,Caps - -
terrs 2escops s M s~ gl
. =l + usllen)®
Z ming Ci , C2 ,C3 , C4
o1 MR €2z o P e s
1 . _ _ _ _ _
= gy minfeipr, capy, espy s capy Hlul (3.3)
for all u € E. So | lﬁm <I/|(‘Z?|’“> = 400, that is, I’ is coercive in E. Next, we show that I’ is also
u||—o0

hemicontinuous in E. Assume that s — s*, s,s* € [0, 1]. Note that
(I (u+ sv),w) — (I'(u+ s™v), w)| < [I'(u+ sv) = I'(u+ s™v)]|[]Jw]] (3.4)

for all u,v,w € E. Then the continuity of I’ implies that (I'(u+ sv),w) — (I'(u+ s*v),w) as s — s* for
all u,v,w € E. Hence, I’ is hemicontinuous in E. Thus by Theorem 26.A in [4], we know that I’ admits
a continuous inverse in E.

Obviously, (A2) implies that ¥, ® and I' are C* functionals. Next, we show that ¥/, & and I are
compact. Assume that {u"} C E is bounded. Then there exists a constant D; such that ||u™| < D
and there exists a subsequence, still denoted by {u,}, such that ™ — u* for some u* € E. Furthermore,

u™ — u*. By the continuity of ¥’ ® and I", it is clear that
W/ (u") = ' (u")| =0, [|®(u")—® ()] =0, [I'(")-T'(u)]|—=0, asn— oo

10



Hence, ¥/, & and I are compact in E. It follows from (A5) that
T
U(u) + A0(w) = Y [AG(t,ur (), ua(t)) — F (¢, ua(t), ua(t)] = TCo(N),
t=1

which shows that ¥ + A® is bounded below for all A\ > 0. Moreover, (A5) implies that for any positive

constant Dy, there exists a positive constant Do(D1), which depends on Dy, such that
F(t, Il,xg) > D1(|£C1|l + |£62|l) — Dy(Dy) (3.5)

for all (x1,72) € RV x RN and t € Z[1,T]. Then (3.5), (A4), 4) and 23) imply that

lim Y(u)
flul—oo I(u)
T
- Z F(tvul(t)7u2(t))
= im =1
llull—+o0 L
t;[ (t)®1(Aur(t)) + p2(t)P2(Aua(t)) + p3(t)Pa(ui(t)) + pa(t)Pa(ua(t))]
T
—D1 Y (Jua (8)|* + |ua(t)|") + Da(Dy)T
= I ﬁm £ =
Ul —o0
> [p1 () @1 (Aur(t)) + pa(t)Po(Auz(t)) + p3(t)Pa(ui(t)) + pa(t)Pa(ua(t))]
t=1
T
=Dy Y (Jua (8)] 4 |ua ()]
= I ﬁm £ - 4
Ul|—o0
> |dipy |Aus (0)|F + dapy |Aua(t)|F + dspy [ur ()| + dapy [ua (B! + Y- mip]
t=1 =1
Dg(Dl)T
lul|l oo . _ T
min{py, py s Pz P4 };_:1 [@1(Aui(t)) + P2(Auz(t)) + Pa(ui(t)) + Paluz(t))]
< —D1C(lually, + lluzll’s,)
= Juli—eo l roa
max{dipy, d2py ,dsp3 , dapy }(|luillfg,y + luellig,)) + t; _;mmi
< lim —D1Cz = (|uallgr + lluzll e, _
[Ju|l—o0
max{dipy, d2py ,dspy , dapy }(|luillfg,y + luellig,) + Zl Zlmipf
t=11i=
< —D1Chzts (uall By + (uzll2r)!
T lull—oe T 4
max{dip{,dzpy ,dsp3 , dap }(Cg|lurlls, + Colluzlll,) + ; ;mipf
< —D1Ch s (ual gy + luzl eyt
T lull—soe T 4
max{dipy, d2py , dspy , dapi YO (lur]l pr + lluzlpr)! + tz_:l ;mipf
1 —D;C!

2l-1 maX{dlpi‘r7 d2p;7 d3p§_7 d4pi}0é .
By the arbitrary of Dy, we obtain that

lim W (u)
full—oo I(uw)

= —00.
By (A1) and (A4), we know that ®; reaches its unique minimum at 0, ¢ = 1,2, 3,4 (see [2]) and so I has
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unique global minima 0. Then M = {0}. By (A6), we have sup,; ® = 0. Hence, by Theorem 2.1, the

conclusion of Theorem 1.1 holds. O

Proof of Corollary 1.1 It follows from (A5)" that there exist D3 > 0 and D4 > 0 such that for every
teZ1,T],

F(t,x1,22) < D3|21|* + D3l|z2|* + Dy
and for any D5 > Dg, there are a constant Dg(Ds), which depends on Ds, such that
G(t,x1,22) > Ds|z1|* + Ds|x2|* 4+ Dg(Ds).

Obviously, for every A > 0, we can find a sufficiently large D5(\) such that ADs(A) > Ds. Hence, we

have
)\G(f, $1,£L‘2) > .D3|£L'1|S + .D3|£L'2|S + /\Dﬁ(Dg,()\)) > F(t,l‘l, ,TQ) — D4 + /\DG(D5()\))

So (A5) implies (A5). O

4. Proof of Theorem 1.2

When the condition () holds, on Ep, we define

T T 1/q
lull(er,,) = (Z Y1()[Aur ()] + Z”ys(t)lul(t)lq>
t=1 t=1

and

T T 1/p
lullr,) = (Z Y2 (1) [ Auz (8) P + Zm(t)lw(t)lp> -
t=1 t=1

For u = (u1,u2) € E, define
l[ull ooy = lualloo + [[uzllco-
Moreover, it is clear that E is homeomorphic to R2NT', Then there is a basis of E denoted by {e, ea, ..., eanT}.

For every u € E, there exists a unique point (A1, Az, ..., Aan) € R*V7 such that

2NT

u = E )\iei
i=1

2NT %
lull2) = (Z A?) :
=1

Es = {u ek: ||u||(2) = 5}

and define

Set

12



Since both E and Er are finite-dimensional spaces, then || - [[(s) is equivalent to || - [|2) on E, and
both || - |[(g,,q and || - ||(gr,p) are equivalent to || - ||oc on Ep. Hence, there exist positive constants R;

(i=1,2,---,6) such that

Rill-ll2y < I+ o) < Rall - ll2) (4.1)
R3ll“lloo < I l(Bry) < Rall - oo (4.2)
Rsll oo <M1 (Er,) < Rsll - lloo- (4.3)

In Lemma 2.1, let

L(t,x1,22,y1,y2) = 71 (£)P1(y1) + 72 (t)P2(y2) +13(t)P3(x1) + 7a(t)Pa(w2) — F(t, 21, 22),

where F: Z[1,T] x RYN x RN — R is continuously differentiable in (z1,z2) € RY x RY for all t € Z[1, T).

Then
T T
p(u) = > nOP1(Aur(t) + > y2(t)Pa(Aus(t))
tflT t;l .
) (O3 (ua () + > 1) alua(t)) — > F(t,ur(t), ua(t)). (4.4)
t=1 t=1 t=1

and for V u,v € E, we have
(' (u), v)
= (¢ (u1,u2), (v1,v2))
) [y (#)(¢1(Aur (1)), Av (1)) + 2(t) (2 (Ausa(t)), Ava(t))
?s(t)((bg(ul(t)) 1(8) + 72 () (da(u2(t)), va(t))
—tzT;(VulF(t,ul(t), ) = > (Vu, F(t, ua (t), ua(t)), va(t)). (4.5)

t=1
Similar to the argument of Lemma 2.2, it is easy to obtain the following Lemma:
Lemma 4.1 If u € E is a solution of Euler equation ¢'(u) =0, then u is a solution of system (I3).

Denote with 6 the zero element of X and with ¥ the family of sets A C X\{6} such that A is closed

in X and symmetric with respect to 4, i.e. u € A implies —u € A.

Theorem 4.1 (see [24], Theorem 9.1) Let X be a real Banach space and ¢ be an even function belonging
to C1(X,R) with p(8) = 0, bounded from below and satisfying (PS) condition. Suppose that there is a
set K € X such that K is homeomorphic to S7=1(j — 1 dimension unit sphere) by an odd map and

supg ¢ < 0. Then, ¢ has at least j distinct pairs of nonzero critical points.

Proof of Theorem 1.2 It follows from (¢), (Z4)), (22)), (£2), (@3] and (F0) that

T T
D> )P (Aui(t) + Y 2(t)Pa(Aus(t))
t=1

t=1
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T T
+> 73t Ps(ua(t) + 274 )04 (uz(t)) = > F(t,ui(t), ua(t))
t=1 t=1

t=1

T T
a1y () Au ()7 + az Yy y2(t)|Auz(t)]P

>
t=1 t=1
T T T
+az y_ ysOlur ()] +as D yal®)ua(t)]” =Y F(t,u(t), ua(t)
t=1 t=1 t=1
> minfay, ag}|ur|[{p, )+ min{az, as}|ualfy,
T
=3 @ @1 + ha(Olua ()] + 1))
t=1
> min{ai, ag}Ri|luq||%, + min{as, as} RE||us||%

T T T
—ualle Zhl(f) - ||U2||go22h2(f) —Zl(t) (4.6)

t=1 t=1 t=1

for all w € E. Since a; € [0,q) and as € [0,p), it is easy to see that
p(u) = 400, as [|ull(o) = llutlloc + [[uzfloc = o0, (4.7)

which implies that ¢ is bounded from below and any (PS) sequence {u,} is bounded. Hence ¢ satisfies
(PS) condition. Obviously, (F1) and (F2) imply that ¢(0) = 0 and ¢ is even. Next, we prove that there
exists a set K C F such that K is homeomorphic to S?NT~1 by an odd map, and supy ¢ < 0. Note that
d < 1. For all uw = (uy,uz) € Es and r > 0, by [@I]) we have

MyrP|ug || + Mar®?||us||2

B1 B2
= Mi#R) + Myr RS || = R
2 || oo 2
ul de{Bl,Bz} g max{f31,82}
> mln{er'BlRB1 MgrﬂQRBZ} + || =
RQ Ry oo
Us max{f1,82}
> 91— max{ﬂhﬂQ}mln{erﬂlRﬁl M2T62R52} ( R2 R_2 OO)
1 max{:@h,@Q}
_ 21—maX{,6’1,,6’2} min{erﬂ1R517M2T62R2ﬂz} (R_> H Hmax{ﬁl B2}
2
1 max{f1.f2} max max
> 217max{51752} miH{Ml'fﬁlel,MgTﬁ2R2'82} (R_> Rl a; {,317,32}||u||(2%)l {B1,82}
2

Ry6 max{f1,82}
)

= 2min{Mr? Ry, M, ﬁ2R52}<
Then for all u = (u1,uz) € Es and 0 < r < R%, by (¢), (F3), 22), EI)-@3) and (@8 we have

T T
p(ru) = > nHP1(rAus(t) + > 72 (t)Pa(rAus(t))

t=1 t=1
T T T
"’Z”YS(t)(I)B(Tul + Z’M )P4 (ruza(t ZF (t, rus (t), rus(t))
t=1 t=1 t=1

IN

blZ”Yl )rAus(t) |q+b2Z”Y2 )rAug (t)[

t=1 =
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T

+b3273 )rua (t |q+b4274 Mrus (O = F(t,rua (1), rus(t))

= t=1 t=1
< max{bhbs}TqHulH‘(l g+ max{ba, ba}r?luz||{p,
T T
=My Juy (8)| = Mar®? Y ua(t)] %2
t=1 t=1
< max{by,b3}riR]||ui ||l + max{bs, by }rP RE |luz|/%,
= MurP|ual|5 — Mar?||us |32
<

max{by, bg}quZR§||u||‘(72) + max{b, b4}rpRgRg||u||€’2)
R0 max{f1,82}
)
= max{bl, bg}?“q (R4R26)q + max{bg, b4}Tp(R6R26)p
R0 max{f1,82}
o

—2min{ M,7" RS, Myr®2 RS?} (

—2min{ M,7" RS, Myr®2 RS?} ( (4.9)

Since B; € (1,min{q, p}), i = 1,2. Then ([@9) implies that there exist sufficiently small ro € (0,1) and
€ > 0 such that there exists sufficiently small 7o € (0,1) and € > 0 such that ¢(rou) < —¢ for all u € Ej.
Set

2NT
Ef ={rou:u€ Es} and ST = {()\1,)\2,--- Danr) € RPVT N A2 = 1}.
i=1
Then E§° € ¥ and

P(u) < —e, YVue B, (4.10)

Define the map ¢ : E° — S2NT=1 by

2NT
(Z)\ez> = )\1,)\27"',)\2NT)-

Then it is easy to see that 1 is an odd and homeomorphic map. Moreover, (£I0) implies that sup B @<
—e < 0. Therefore, by Theorem 4.1, we obtain that system (LI has at least 2NT distinct pairs of

solutions in £. I

5. Examples

Example 5.1. We present an example to which Theorem 1.1 applies and make an estimate for the
parameters in our result. Let 7' = 2 and N be fixed integer. Assume that ¢1(y) = y + Iyl%y7 P2(y) =
Y+ |y|%y7 od3(y) = da(y) = 2y, p; are 2 periodic and satisfy p; > 0 for all ¢ € Z[1,2] (i = 1,2,3,4). Then

9 z
Duly) = 04 () = 1 4 D () = @) = [yl2. et
F(t,xy,32) = |o1] + |22]?
G(t,x1,m3) = |oa|* + |aa*
t
H(t,x1,29) = (cos? % +2)sin(|z1]? + |z2|* + 2)

15



W(t,x1,22) = F(t,x1,22) — AG(t,x1,22) + VH(t, 21, x2).

Then

I(u)—Z[m(t)('A“;@' +|Aul(t)|3>+p2(t)<|AU22(t)| +|Au25<t>|z>]

7
3

+ > (s (OF + pa(®)luz ()],

=1
V(u) = = (lu@®F + fu2P), @) =) (@] +ua(®)[*) ,

t=1 t=1

T
D) = — > (cos? %t +2)sin(fur ()] + [us()? +2),  ueE,

where the definition of F and its norm are in section 2. Take § = 2 and [ = g With a similar discussion

as in Remark 1.1, we can prove that all conditions of Theorem 1.1 hold. Since, by a simply computation

we have
3= () + Bu) = ik D (O + oD ~ s (O — [ () = o (5.1
which is obtained when [u1(1)] = |u1(2)] = uz(1)| = |uz(2)| = 2. Moreover, for r > 0, we have
o71r) = {we B + @) + fua(Df + @) =,
e —o00,r]) = {u€ B lun(* + Jus@)* + [uz(D)* + Juz(2)|* < 7},
e (Jrtoo]) = {u€ B fur() + Jua(2)* + uz(1)]* + |uz(2)]* > r}.
Then
= ueél}f;(r) I(U)
_ - [Aur () [Auw(b)]5 [Aus(t)]? | |Aus(t)]?
= e {; lpl(t) < 2 1 ) +pa(t) < 2 T3 )]
+ [os@®)ua (B + pa®)|uz(t)]?] }
t=1
> b S @ + pa(®ua (0]
t=1
= i (P + @ @F + paDlunOP + g @)
= min{ps(1), p3(2), pa(1), pa(2)} /7, (5.2)

which can be obtained by using the Lagrange multiplier method. By (EI), (52)) and the fact that
®(0) = I(0) = 0, we have

w (LU, ®,r) = inf{

UO0)—v+r 4T P
< n — 1(0) B Mr = min{p3(1)7p3(2),p4(1)7p4(2)}ﬁ- (5.3)

! cu € E,®(u) <r,I(u) <77r}
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1
4

When p > e D @ ey We have
o (irifoow (ul + )
2 7 5

B |Auy(t)|* | |Auy(t)]3 |Aus(t)]? |AU2( )|z
o 0 (B B (B el

2 2

+3 [ps(®)ua (1) +P4(t)|uz(t)|2}} = ([ @) + Jua(t)]?)

t=1 t=1

_ (5.4)

1
which is obtained when u1(1) = u1(2) = ua(l) = u2(2) = 0. When p > min{p3(1)7p3224)1p4(1)1p4(2)}, we

choose ug : u1(1) = u1(2) = u2(1) = u2(2) = ulps(1) + p3(2) + pa(1) + pa(2)], then

g (D + [ur (2)]* + [uz(1)[* + [uz(2)*

4t [ps(1) + ps(2) + pa(1) + pa(2))*
4r[ps(1) + p3(2) + pa(1) + pa(2))*
(min{p3(1), p3(2), pa(1), pa(2)})*

> r

max{ 64; i)

which implies that ug € ®~(]r, +00[). Therefore, when u > T ONAON OO (E4) and the

fact that ug € ®~1(]r, +o0[) we have

pl (u) + ¥ (u) — <I)71(i]nf ])(uI +0)
B(ul +9,®,r) = sup >
( ) weP—1(]r,4+o00l) r—= (I)(u)
pd (u) + ¥ (u)

= sup
wed—1(r4oo)) T — P(u)

pd (ug) + W(up)
r — ®(up)
31 [p3(1) + p3(2) + pa(1) + pa(2)]?

~ 4 os (1) + ps(2) + pa (D) + pa@)F — 1 (5.5)

2ir 1
max{ G‘\‘ﬁ ,ra}
min{ps(1),p3(2),p4(1),p4(2)}’

[, there exists a number p > 0 with the following

and for each

Hence, by Theorem 1.1, we obtain that for each r > 0, for each y >

10 36°[p3 (D) +p3(2)+pa (D) +pa(2)]®
? 4ptp3 (1) +p3(2)+pa (D) +pa(2)]2—r

property: for every A € [a, b], there exists § > 0 such that, for each v € [0,0], system (LI has at least

compact interval [a,b] C

three 2-periodic solutions in £ whose norms are less than p.

Example 5.2. We present this example when Theorem 1.2 applies. Let N = 6 and T" = 4. Assume
that ¢1(x) = ¢3(x) = |2[32, ¢a2(x) = ¢pa(x) = |x|z. Consider the following nonlinear difference (¢1, ¢2)-

Laplacian system:

A ([sin® Z(t — 1) + 1] ¢1 (Aug (t — 1)) — [|sin T¢[ + 1] ¢3(|u1(t)|)
+Vu, F(tur(t), us(t)) =

A ([cos® Z(t — 1) + 1] 2 (Aua(t — 1)) — [| cos Tt| + 1] ¢4(|uQ(t)|)
V0, F(tui (), us(t)) =

17



Then 71 (t) = sin® 2t + 1, ya(t) = cos? Tt + 1, y3(t) = |sin Z¢| + 1, 74(t) = | cos Z¢| + 1. Obviously, the
conditions () and (¢) hold and ~;, i = 1,2, 3,4 are T-periodic (T = 4).

If we assume that

F(t,z1,22) = (’sin %t’ + 1) |x1|% + (cos2 %t—i— 1) |22,

then, obviously, (F0), (F1) and (F2) hold and there exists enough small ¢ € (0, 1) such that

F(t,z1,22) = (sin gt’ + 1) 21| + (cos2 %t—i— 1) |22
> |2 + ool
> Jm? 4 |wal3, V|| <6, |ae| < 6. (5.7)

Let 81 =2, B = % and My = My = 1. Then (&7)) implies that (F3) holds. Hence, by Theorem 1.2, we

obtained that system (5.6) has at least 48 distinct pairs of 4-periodic solutions.
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