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TOPOLOGICAL STABILITY OF CONTINUOUS FUNCTIONS WITH
RESPECT TO AVERAGING BY MEASURES WITH LOCALLY
CONSTANT DENSITIES

SERGIY MAKSYMENKO, OKSANA MARUNKEVYCH

ABSTRACT. We present sufficient conditions for topological stability of averagings of
piece-wise differentiable functions f : R — R having finitely many local extremes with
respect to measures with locally constant densities.

1. INTRODUCTION

Let p be a probability measure on [—1, 1], that is a non-negative o-additive measure
defined on the Borel algebra of subsets of [—1, 1] and such that u[—1,1] = 1. Then for
each continuous function f: (a,b) — R and a number « > 0 satisfying 2o < b — a one
can define a new measurable function f,: (a + a,b — a) — R defined by:

falx) = /_1f(:v+ta)d,u. (1.1)

We will call it an a-averaging of f with respect to the measure u. If © has a density
function p, then f, is a convolution of f with p, see Remark below.

Averaging of functions plays an important role in the problem of signals processing
and are called linear filters, [6], 8], [10].

The present paper continues the authors work [9] on topological stability of averagings
of continuous functions, see Definitions [Tl [[.2] and [[.3] below.

Definition 1.1. (e.g. [2], [I1]). Two continuous functions f: (a,b) = R and g: (c,d) —
R are topologically equivalent if there exist orientation preserving homeomorphisms
h: (a,b) = (¢,d) and ¢: R — R such that ¢ o f = g o h, that is the following diagram
18 commutative.

(a,b) —— R

JO
(c,d) —2= R
Roughly speaking this means that the graphs of f, and f «have the same forms».

Definition 1.2. [9]. Let f: R — R be a continuous function and pu be a probability
measure on [—1,1]. Say that f is topologically stable with respect to averaging by
measure p if there exists € > 0 such that for all a € (0,¢) the functions f and f, are
topologically equivalent.
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The problem topological stability of averagings has applications to computation of
entropy of digital signals, [4], [1], [7].

Let C°(R) be the space of all continuous functions R — R and H'(R) be the
group of all orientation preserving homeomorphisms of R. Evidently, H*(R) con-
sists of all strictly increasing surjective continuous functions h: R — R. Then the
product HT(R) x HT(R) acts on the space C°(R) by the following rule: if (h,¢) €
HT(R) x HT(R) and f € C°(R), then the result of the action of (h,$) on f is the
function

pofoh ™ R—-R.
This action is one of the main objects of study in singularities theory, see [5], [3].

Notice that f,g € C°(R) are topologically equivalent if and only if they belong to
the same orbit with respect to the above action of H*(R) x H*(R).

For f € C°(R) define the following path started at f:

v [0,00) = COR), (@) = fa
Evidently, f € C°(R) is topologically stable with respect to averaging by measure y if
and only if a “small initial part” of this path, i.e. v¢[0, ] for some € > 0, is contained in
the orbit of f.
Thus the averaging is a linear operation on C°(R) of all continuous functions R — R,
while topological equivalence arises from non-linear actions of the group H(R) x H(R).

In [9] the authors obtained sufficient conditions for topological stability of continuous
functions f : R — R having finitely many local extremes with respect to averagings.
It is shown that this global problem reduces to a stability of germs of f near these
local extremes. In the present paper we will prove that those sufficient conditions are
also necessary, see Definition [L.3] and Theorem [[.4] below. Thus the problem of global
stability is equivalent to a local problem of stability of germs.

Let f: (R,a) — R be a germ of continuous function at some a € R, that is f is a
continuous function defined on a small interval (a — e, a + ¢) for some . If @ < ¢, then
fa is defined on (a — e + a,a+ ¢ — «), and so its germ at a, clearly, depends on only of
the germ of f at a.

Notice that in general the germs f and f, at a are not topologically equivalent: local
extremes can move under averaging. This leads to the following definition:

Definition 1.3. Say that a germ f: (R,a) — R is topologically stable with respect
to averaging by measure p, if there exists € > 0 such that for each o € (0,¢) there exist
numbers c1,ca,dy,ds € (a — €,a + €) satisfying c; < a < ¢z, di < dy and such that the
restrictions

f|(cl702): (01702) — R7 fa|(d1,d2): (d17d2) — R
are topologically equivalent.

Theorem 1.4. c.f. [9] Let u be a probability measure on [—1,1] and f: R — R be a

continuous function having only finitely many local extremes x, ..., x,. Suppose that

the values f(x;), (1 = 1,...,n), are mutually distinct and differ from lim f(x) and
T——00

lirf f(x). Then the following conditions are equivalent:
T—>+00
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(a) f 1is topologically stable with respect to averagings by measure yu;
(b) for each i = 1,...,n the germ f: (R,z;) — R at x; is topologically stable with
respect to averaging by measure ji.

The implication (b)=>(a) is established in [9]. We will prove that (a)=-(b). Thus for
functions “of general position” the problem completely reduces to study local stability
of germs at local extremes.

In [9] the authors also obtained sufficient conditions for topological stability of germs
with respect to averagings by discrete measures with finite supports. In the present
paper we give sufficient conditions for topological stability of germs with respect to

measures with piece wise continuous (and in particular with piece wise constant) den-
sities, see Theorems and E.11

Remark 1.5. Suppose that p has a density p: [-1,1] — R, that is a measurable
function such that y(A) = [, p(t)dt for each Borel subset A C [—1,1]. For a > 0 define
the function p,: [—a, @] — R and measure y, on [—a, a] by the formulas:

_ p(s/a) _ s
Pals) = 2L, u(A) / Pa(s)ds.

R R -

o PG

Then

— / i p(s/a)d(s/a) = / 1 p(t)dt =1,

— —1

and so i, is also a probability measure. Moreover,

fulz) = / F (o + to)p(t)dt = / F( + $)p(s/a)d(s )

zif@+$m@ﬂ&

The last integral is called a convolution of f and p, and denoted by f * p,.

Usually in the formula for convolution one uses f(x—s) instead of f(z+s). But this is
not essential and plays a role only for certain useful algebraic properties of convolution.
For our purposes it will be convenient to use sign «+».

2. PROOF OF THEOREM [1 4]

The implication (b)=-(a) is established in [9]. Let us show that (a)=(b).

Suppose that f is topologically stable with respect to averagings by p. This means
that there exists ¢ > 0 such that for each a € (0,¢) there are two homeomorphisms
ha, $o € HT(R) satisfying ¢, o fo = f o he. In particular, f, has n local extremes
ho(z:),7=1,...,n, and takes at them values f,(ho(z;)) = ¢o(f(z;)). We should prove

that the germ of f at x; is topologically stable with respect to averaging by measure pu.
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Decreasing € one may assume that

Tiy1 — Ty > 4e (22)
foralli=1,...,n— 1. Let a € (0,¢). Since f is strictly monotone on the intervals
(—Oo,flfl), (zlaxQ)a ) (Zlfn,‘l—OO),

one easily checks, see [0, Lemma 2.1|, that f, is strictly monotone on
(—OO,ZL’l - Oé), (xl + o, T — Oé), T (zn + a, +OO)

Therefore, ho(x;) € [x; — a,x; + o). Moreover, it follows from (2Z2) that h,(z;) is a
unique local extreme of f, on the interval (z; — 2a, x; + 2«r). Put

(c1,¢2) = (zi —a, 2 +a) N h'(z; — 20, 2; + 2a).
(di,d2) = ha(c,c2).
Then the restrictions f|(c, c,) and fa|(4,.4,) are topologically equivalent, that is ¢q 0 fo =
fohg.
3. PIECE WISE DIFFERENTIABLE FUNCTIONS

In this section we will give sufficient conditions for topological stability of local ex-
tremes with respect to averaging by measures having locally continuous densities, see
Theorem [B.5]

Definition 3.1. A function f: [a,b] — R is called piece wise continuous, or piece

wise 0-differentiable, if f is continuous everywhere on [a, b] except for a finitely many

points ty, ..., t, € (a,b), and at each t; there exist finite left and right limits . litm0 f(t)
—l;—

and limof(t). In this case we will also write that f € C%([a,b],t1,...,t,).

t—t;+

Say that a continuous function f: [a,b] — R is piece wise k-differentiable, k >
1, if there exist finitely many points ti,--- ,t, € (a,b) such that f has continuous
derivatives of all orders < k on [a,b] \ {t1,...,t,} and for each i =1,....,n and s =
1,...,k there exist finite left and right limits

— 1 () — 1 ()
Ait) = dim f(), fot) = dim f().

In this case we will also write f € C*([a,b],t1, ..., t,).

Evidently, the sum and the product of piece wise continuous (k-differentiable) func-
tions is piece wise continuous (k-differentiable) as well. Moreover, for k£ > 1 the deriv-
ative of a piece wise (k + 1)-differentiable function can be defined (in arbitrary way) at
discontinuity points to give a piece wise k-differentiable function.

The following lemma is well known for continuously differentiable functions:

Lemma 3.2. Let f: [a,b] — R be a continuous function. Suppose that one of the
following conditions holds true:

(1) feC¥a,b],ty,....t,) and f'(x) < f'(y) for allx <y € [a,b] \ {t1,. .., tn};
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(2) f e C¥la,b],ty,....t), f"(x) >0 forallx € [a,b]\{t1,...,tn}, andt_l)it_nlof’(t)
lim f()forallz'zl,...,n Z

t—t;+

IN

Then f is strictly convex.
Proof. We will use the following notation for the left and right derivatives of f’:
filw) = lm_F(2), fila) = Jim_ 7).
(2)=-(1). The assumption f”(z) > 0 for all z € [a,b] \ {t1,...,t,} means that f’
strictly increases on each of the segments
la,t1], [t1,ta], .y [tn—1,tn]s [tn,D].

Moreover, we also have that fl( ) < fi(t;) for all i = 1,... n. Therefore f'(z) < f'(y)
for all z <y € [a,b] \ {t1,...,t,}, that is condition (1) holds true.

(1) Since f’ is piece wise continuous and strictly increases on [a,b] \ {t1,...,t,}, it
follows that f/(t) < f/(t) for all ¢ € (a,b) and that both functions f] and f, strictly
increase.

Let x <y € [a,b] and t € (0,1). Then

f@)+ = 2)fie) < f6) = )+ [ 0 < J@)+ - 0fw)
In particular, if s € (0,1) and z = (1 — s)z + sy € (z,y), then
f(2) < f@)+ (z=2)fi(z) = fx)+s(y—2)fi(2),
f2) <fly) = (y—2)fi(z) = fly) — A =s)(y —2)f(2).

Multiplying the first inequality by 1 — s, the second inequality by s, adding them and
taking to account that f/(z) — f.(z) <0, we get that

f(2) <@ =9)f(x)+sf(y) +s(1=s)y —2)(fi(z) = fi(2))
< (1=s)f(2) +5f(y)-
This proves strict convexity of f. O
In what follows we will assume that p: [-1, 1] — [0, +00) is a piece wise continuous

function such that f p(t)dt = 1 and p is the corresponding probability measure on
the Borel algebra B[— 1 1] deﬁned by the formula:

u(A) = /A p(t)dt, A€ B[-1,1]. (3.3)

Lemma 3.3. Let f: [a,b] — R be a continuous function and
faila+a,b—a] >R

be its averaging by measure p. Then f, belongs to the class C'.
If f is also piece wise k-differentiable (resp. belongs to the class C*) for k > 1, then
fa is piece wise (k + 1)-differentiable (resp. belongs to the class C*1)
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Proof. Notice that
1 n tit1
a = d = d .
o) = [ dta sty =32 [ sto s mpoa

Since f is continuous, its derivative f’ is given by the following formula:
falw) = (e + tiaa)piltion) = frla + ta)pi(t)). (3.4)
i=0
and so it is continuous as well. It also follows that f! is piece wise k-differentiable as
well as f. Therefore f, is piece wise (k + 1)-differentiable. Moreover,
19@) = > (H70 @ + tadpltin) = 170 (@ + ta)pe (1) (3.5)
i=0
for all x at which the right hand side is continuous.
If f belongs to the class CF, then, in particular, f = f; = f,, whence we get from (3.4)
that f, belongs to the class C**!. O

Lemma 3.4. Let f: [—¢c,e] — R be a continuous function satisfying the following
conditions:

(a) f strictly increases on |—¢,0] and strictly decreases of [0, +¢];
(b) fl strictly increases.

Then the germ of f at 0 is topologically stable with respect to the measure p.

Proof. Since f is continuous, we get from Lemma [3.3] that the averaging f, is a contin-
uously differentiable function. By assumption (b) f! strictly increases, whence by (1)
of Lemma we obtain that f, is strictly convex function. Since f, decreases on a
neighborhood of the point —e + « and increases in a neighborhood of € — «, if follows
that f, has a unique local minimum z, on the segment [—¢ + o, — a. This implies
that the germ f at 0 is topologically equivalent to the germ of f, at x,. U

Theorem 3.5. Let f,g: [—¢,¢] — R be two piece wise 1-differentiable functions and
h = f —g. Suppose the the following conditions hold:

(a) f and g strictly decrease on [—¢,0] and strictly increase on [0, +¢|;
(b) there exists C' > 0 such that for all x € [—a, a] the following inequality holds:

fa(x) = Ca;
(c) the deriwvative ' = g' — f' is continuous at 0 and h'(0) = 0.
Then the germ of g at 0 is topologically stable with respect to averagings by measure fi.

Proof. Notice that condition (b) guarantees that f! strictly increases, whence we ob-
tain from (a) and Lemma [3.4] that f is topologically stable with respect to averagings
by measure . We should prove that under condition (c) the function ¢ = f + h
(«perturbation» of f with h) is also topologically stable with respect to averagings by
L.

Since ¢ is continuous and piece wise 1-differentiable, we get from Lemma that ¢/,

continuous, and ¢’ is piece wise continuous. Moreover, it follows from (a) that for o« < e
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the function g, strictly decreases on [—¢ + «, —a| and strictly increases on [, e — af.
In particular,

go(—a) <0, g'.(a) > 0.

Therefore it suffices to show that lim g”(z) > 0 for z € [—«, ] and all small a > 0.
y—x

This will imply that ¢/, strictly increases on [—a;, a], whence g, will have a unique local
minimum.
Since A’ is continuous at 0 and h(0) = 0, we have that h(z) = zk(x), where

1
k(x) = / B (tx)dt.
0
In particular, k is continuous and k(0) = A'(0) = 0. Let

P = sup p(t)
te[—1,1]

and n be the number of discontinuity points of the density p of measure u, see Eq. (3.3)).
Then there exists § > 0 such that |k(z)| < g5 for all z € [, 4].

Let v < 0/2. Then for all z € [-a,a] and ¢ = 0,...,n + 1 we have the following
inequality:

|z — tia] <|z|+ |tila < a+a=2a <4,

whence

C Ca

8Pn  APn’
Now we get from Lemma B3] that at each = € [—«, o, where h” is continuous, we have
the inequality:

W (z — t;a)| = |z — tia] - |k(z — tia)] < 2c -

. Ca Ca
h! < h(x —t; (L5 — h)(x—t; ) < —-2Pn=—.
) < Yo = tsepeltin) = Hile — thn(t)] < g5 2P0 =
Therefore o
— e
lim |h” < —
T (1) < =5
and so
. " . 1 17 . /" - " CO{ CO{
h_mga(y) = h_m(fa(x) + ha(x)) > h_mfa(x) — lim ‘ha(y)‘ > Ca———=—>0.
y—x y—x y—T y—x 2 2
Thus ¢/, strictly increases. Theorem is completed. O
4. PIECE WISE CONSTANT DENSITIES
Let
—l=tg<ti < <t, <t =1
be an increasing sequence of numbers, py, ..., p, € [0, +0c) be some non-negative num-
bers such that p; # p;;q for i = 0,...,n — 1. Define a piece wise constant function

p: [—1,1] = [0,400) by the formula:
plti, tiv1) = i, i=0,...,n—1



p[tna tn—i-l] = Dn,
see Figure [1l

Pn
Po _
D Dn-1
1=ty 4 b ot t 1=ten
FIGURE 1.

Assume also that
1 n
[N SURE (16
-1 =0
Then p is the density function for the probability measure p on the Borel algebra of
[—1, 1] defined by

p) = [ podr, A€ B-LL

A

Hence for each continuous function f: R — R its a-averaging f,: R — R by pu is given
by:

tz+1

/fx+atd,u /fa:+at t)dt = Zp, flz+at)dt. (4.7

Notice that then

t1+1 n

sz f(x+ at)dt = Z(f(x+ozt,~+1) — flz + oty))pi, (4.8)

i=0
which is a partlcular case of Eq. (B.4).

Theorem 4.1. Let g: [—¢,¢] — R be a piece wise 1-differentiable function, satisfying
the following conditions:

(a) g strictly decreases on [—e,0] and strictly increases on [0, +€];
(b) there exist finite limits

L—:cll)%’)nogm, R_xl—g)l-ll—ogm

Fori=0,...,n+1 define the following numbers

X = L,u[tm ] + RN tutn—i-l LZ j+1 — pj +R Z ]-I—l p]7

j=i—1
so, wn particular,
L =X <X, <+ <X, <Xy =R
Suppose that for eachi € {0,...,n} at least on of the numbers X; and X1 is non-zero.

Then the germ of g at 0 is topologically stable with respect to the averagings by measure

L.
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The proof of Theorem .1l is based on the following lemma:
Lemma 4.2. Let f: R — R be a continuous function defined by

fla) = {Lx, 2 <0

Rx, x>0.
Then

(Xn—i-l =1L, r < —at,1 = —a,

é (@) = 4 Kooy + j;ofi:}(xi C X)), —afin <o <—aty, 1<i<n (49)
[ Xo = R, S —ta=a < x,
(O, r < —at,11 = —a,

fi(z) = % a, —ati <z < -—at; (4.10)

L0, —toar = o < .

Proof of Theorem[{.1] It suffices to check conditions (a)-(c) of Theorem Bl for f from
Lemma [4.2] and g. Condition (a) holds trivially.

Let
Xi — Xin

i=0,n tiq — b

Then it follows from Eq. (4.10) and assumption that either X, or X; is non-zero for all
i€{0,...,n}, that C > 0 and f”(z) > Ca for all z € [—«, ). This implies condition
(b).

Finally put h = f — g. Then

. / T / . / N S
xEIorio Wiz) = xl—lgiof (z) E{)Ilog (z) =L-L=0

lim A(z) = li{)r}ro f'(z) — lim ¢'(x) = R—R=0,

z—040 z—040

T

whence h' is continuous at 0 and A'(0) = 0. Thus condition (c) is also satisfied. There-
fore by Theorem 3.5 the germ of g at 0 is topologically stable with respect to averagings
by pu. ([

Proof of Lemma[{.2 For n —1 > 17 > 0 denote
Ai(z) = (f(z + atip) — f(z + aty)) pi.
Then by (4.8)),
fil) =) Ai(x).
i=0
Consider three cases.
a) If v + at; < x + atiy <0 for some ¢ =0,...,n, then

Ai(x) = (L(z + atip) — L(z 4 at;)) pi = aL(tipyn — t;) pi = oLplt;, tig].
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b) Suppose x + at; < 0 < x + at;yq for some i = 0,...,n — 1. This condition is
equivalent to the assumption that z € [—at;;1, —at;].

d;
— —
T+ at; T — at; >
vov
—ad;(1—s) ad;s
FIGURE 2.
Put
t;
di = tiy1 — t, Szw,
Oédz‘
see Figure 2l Then
T+ at;
l—s5s=— r=—ati (1 —35) — at;s,
and so
Ai(z) = (R(z + otip1) — L(z + oty)) pi = ((1 — )L + sR) apd;.
c) f0<z+at; <x+aty for somei=n—1,...,0, then similarly to the case a)
we get that

Az(l’) = (R(LU + Oéti_H) — R(Jf + Oétz)) pi = OéR(tZ — ti—l—l)pi = OKR,U/[tH_l, tl]

Now we can prove Eq. ([A9) for f!. Suppose that © < o = atg. Then x + at; <
x + at,,1 <0 for all 7, whence

Fllx) = Aj@) =Y aLplty tyn] = aL ) pltj, tjn] = aLp[-1,1] = aL.
=0 =0 =0

If in the case b), x = —at;11(1 — s) — at;s € [—at;11, —at;] for some i = 0,...,n,
then

i—1 n
é faolz) = ZLM[tj>tj+1] + (L =s)L + sR) aplty tin] + Z Rplt;, tj41]
=0 j=it1
= Lulto, t;] + ((1 —s)L+ SR) apfti tir] + Ruftiv, tas]
= (1= s)(Lplto, tiva] + Rpltivr, tna]) + s(Lplto, ti] + Rpults, taia])
=(1—98)X;1+sX; = Xi1 +s(X; — Xinq)

T+ O./ti 1
= Xjp1+ e (XZ — Xi+1)-
tiv1 — 1
10



Finally, if o« = t,,.1a <z, 10 0 < + aty < x + at; for all 7, and so
fllx) =Y Aj(x) =Y aRplt;, t41]
j=0 J=0

= aRZ,u[tj,th] = aRu[—1,1] = aR.

5=0
Lemma is completed. U

Example 4.3. Let us show that if in Theorem [[L4 X;,; = X; = 0 for some 4, then the
function g can be not tologically stable with respect to p. Define the function f: R — R
and the density p: [—1,1] — R as follows:

— <
T * p(x) =<0, e (=050,

flz) = g
0.25, = € (0,1),

1, x € [-1,-0.5],
0’ [ ]
2¢, x>0

see Figure. Bl Thus L=—-1, R=2,n=2,ty=—1,t; = —0.5,t,=0,t3 =1, pp = 1,

2 1
l,
0.25
-1 1 -1 -05 1
a) f(z) (b) p(x)
FIGURE 3.

P1 = 0, P2 = 0.25. Then
Xy = Lpu[—1,t3] + Rufts,1] = —1-0.5+2-0.25 =0,
Xy = Lyu[—1,t,] + Ru[t;,1] = —1-05+2-0.25 = 0.

Therefore Xy = X; = 0 and the assumptions of Theorem 1] fail. On the other hand,
it follows from (.9) that for x € [—ats, —ati] = [0,0.5a] we have that

1 / ZL"l‘OétQ
- =X

P (Xl - XQ) == O
3 — L2
Hence f, is constant on [0,0.5a], and so it is not topologically equivalent to f, see
Figure . Thus the assumptions of Theorem [4.1] are essential.
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FI1GURE 4. Graph of f,
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