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CURRENT STATUS LINEAR REGRESSION

By PIET GROENEBOOM AND KiM HENDRICKX

Delft University of Technology and University Hasselt

We discuss estimators for the finite-dimensional regression pa-
rameter in the current status linear regression model. It is shown that,
using a simple truncation device, one can construct /n-consistent
and asymptotically normal estimates of the finite-dimensional regres-
sion parameter with an asymptotic covariance matrix that is arbi-
trarily close to the matrix of the information lower bound. We illus-
trate this with a simulation study and provide algorithms for comput-
ing the estimates and for selecting the bandwidth with a bootstrap
method. The connection with results on the binary choice model in
the econometric literature is also discussed.

1. Introduction. Investigating the relationship between a response variable Y and one or more
explanatory variables is a key activity in statistics. Often encountered in regression analysis however,
are situations where a part of the data is not completely observed due to some sort of censoring.
In this paper we focus on modeling a linear relationship when the response variable is subject to
interval censoring type I, i.e. instead of observing the response Y, one only observes whether or not
Y < T for some random censoring variable T', independent of Y. This type of censoring is often
referred to as the current status model and arises naturally, for example, in animal tumorigenicity
experiments (see e.g. [6] and [7]) and in HIV and AIDS studies (see e.g. [26]). Substantial literature
has been devoted to regression models with current status data including the proportional hazard
model studied in [13], the accelerated failure time model proposed by [21] and the proportional
odds regression model of [22].

The regression model we want to study is the semi-parametric linear regression model Y =
B4 X +¢, where the error terms are assumed to be independent of 7' and X with unknown distribution
function Fj. This model is closely related to the binary choice model type, studied in econometrics
(see e.g. [2, 4], [16] and [5]), where, however, the censoring variable T" is degenerate, i.e. P(T = 0) =
1, and observations are of the type (X, 1{y,<o})- In the latter model, the scale is not identifiable,
which one usually solves by adding a constraint on the parameter space such as setting the length
of B or the the first coefficient equal to one.

The maximum likelihood estimator (MLE) of 5y was proved to be consistent by [2] but nothing
seems to be known about its asymptotic distribution, apart from its consistency and upper bounds
for its rate of convergence. Since the log likelihood as a function of 3, obtained by maximizing
the log likelihood with respect to the distribution function F' for fixed 5 and substituting this
maximizer back into the likelihood, is not a smooth function of 3, it is unclear if the MLE of 3y is
V/n-consistent. [19] derived an n~/3-rate for the MLE; we conjecture, based on simulation results
that this can be strengthened to a n~'/2-rate, however the efficiency and limiting distribution of
the MLE remains an open question.

Approaches to y/n-consistent and efficient estimation of the regression parameters were con-
sidered by [16],[19], [18], [25] and [4] among others. For a derivation of the efficient information
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Ut 2,6) = {E(X|T - #X =t — fz) — x} f(t — B'x) {F(t fﬁ,x) - ;(t 0 5 } ,
we refer to [3] for the binary choice model, and later to [14] and [19] for the current status regression
model.

Often appearing in the literature about the current status regression model, is the condition
that the support of the density of T — 3 X is strictly contained in an interval D for all S and
that Fy stays strictly away from 0 and 1 on D (see e.g. [14],[19] and [25]). The drawback of this
assumption is that we have no information about the whole distribution Fy. This is also opposite to
the usual conditions made for the current status model, where one assumes that the observations
provide information over the whole range of the distribution one wants to estimate. We presume
that this assumption is made for getting the Donsker properties to work and to avoid truncation
devices that can prevent the problems that arise if this condition is not made, such as numerical
complications and unbounded score functions. Examples of truncation methods can be found in [4]
and [16] among others.

In this paper we present some simple estimates for the finite dimensional regression parameter
in the current status linear regression model. We construct a truncated log likelihood for the
current status linear regression model and propose three estimates of the unknown error distribution
in Section 2 that lead to three different estimates of the regression parameter. We introduce a
simulation example to illustrate the methods and discuss the connection with previous results
in the binary choice and current status regression models. In Section 3 we give the asymptotic
behavior of the plug-in estimator which is the first estimator introduced in Section 2. We show
that the estimator is y/n-consistent and asymptotically normal with an asymptotic variance that
is arbitrarily (determined by the truncation device) close to the information lower bound. The
estimation of an intercept term, that originates from the mean of the error distribution, is outlined
in Section 4. Section 5 contains details on the computation of the estimates together with the results
of our simulation study; a bootstrap method for selecting a bandwidth parameter is also given. An
Appendix is included in Section 6 with proofs of the results given in this paper.

2. The current status linear regression model. Let (X;,7;,4;),i=1,...,n be indepen-
dent and identically distributed observations from (X,T,A) = (X, T, 1;y<7}). We assume that Y
is modeled as

(2.1) YV =5X +e,

where [y is a k-dimensional regression parameter and ¢ is an unobserved random error, independent
of (X,T) with unknown distribution function F. We assume that the distribution of (X, T") does
not depend on (5, Fy) which implies that the relevant part of the log likelihood for estimating
(Bo, Fo) is given by,

n

(B, F) =) [Ailog F(T; — 8'X;) + (1 — Ai) log{1 — F(T; — 8'X;)}]
i=1

(2.2) = / [6log F(t — B'z) + (1 — ) log{l — F(t — B'z)}] dPn(t,z,0),

where P, is the empirical distribution of the (73, X;, A;). We will denote the probability measure
of (T, X, A) by Py. We define the truncated log likelihood,

(23) 19(8,F) = /F sy 1B F (= 82) (1 0)10g{1 ~ F(1 — §0)}] dPu(t,2.0),
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where € € (0,1/2) is a truncation parameter. In principle one could choose € = 0, but this choice
gives both theoretical and numerical difficulties and leads to an unbounded score function.

REMARK 2.1. If we use truncation, we have to prove that maximizing the log likelihood on a
sub-interval still gives a consistent estimate of Sy. This is done in Section 3. If one starts with the
score equation or an estimate thereof, the solution sometimes suggested in the literature, is to add
a constant ¢,, tending to zero as n — oo, to the factor F (¢t — f'z){1 — F(t — f'x)} which inevitably
will appear in the denominator. This is done in, e.g. [18]; similar ideas involving a sequence (¢,) are
used in [16] and [4]. Picking a suitable sequence is more tricky, though, than just using the simple
device in (2.3).

In what follows, we propose an estimation technique for By based on three types of smoothed
estimators for Fo: (1) the plug-in estimator Fj,p, g, (2) the smoothed maximum likelihood estimator
(SMLE) Fyhp and (3) the penalized maximum likelihood estimator F, g. For fixed /8, we will

construct an estimate Fg of Fy and then maximize the truncated log likelihood lr(f) (ﬁ,ﬁ’g) as a
function of 8 to obtain an estimate of Sy.

Throughout the paper, we illustrate our estimates by a simple simulated data example. Before
we formulate our estimates, we first describe the simulation set-up. We consider the model,

(2.4) Y =0.5X; + ¢,

where the X; and T; are independent Uniform(0,2) and where the ¢; are independent random
variables with density f(u) = 384(u — 0.375)(0.625 — u)1(g.375,0.625](¢) and independent of the X;
and T;. Note that the expectation of the random error E(c) = 0.5, our linear model contains an
intercept,

E(Y;’XZ = (E,) =05+ 051:1

We next list our three methods for estimating (.

2.1. Method 1: The plug-in estimate Fj 3. Define

_ JOK(t— Bz —u+ By) dPy(u,y,d)

(2.5) Bt = B) = S Be —u+ By) dGnluy)

where G,, is the empirical distribution function of the pairs (7}, X;), the probability measure of
(T, X) will be denoted by G, and where K}, is a scaled version of a probability density function K
given by,

Kp()=h"'K (h7'(-)) with bandwidth h >0,
satisfying condition (K.1). The triweight kernel is used in the simulation examples given in the
remainder of the paper.

(K.1) The probability density K has support [-1,1], is twice continuously differentiable and sym-
metric on R.

The plug-in estimates are not necessarily monotone but we prove in Theorem 3.2 that F,, g is
monotone with probability tending to one as n — oo and 8 — [By. Another way of writing Fj} g is
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in terms of ordinary sums. Let

(2.6) G p(t — Bl) = % f: AEw(t— Bz —T; + B'X;),
j=1

and,

1) Sonolt =) = LYKl = =T 4 65
-

then

Gnnap(t —Blz) i DKyt — e — T + B'X)

gnnp(t — ') Y1 Kt = Blo = T; + B/X;)

in which we recognize the Nadaraya-Watson statistic. One could also omit the diagonal term j =i in

the sums above when estimating F,j, 3(T; — £’ X;) which is often done in the econometric literature

(see e.g. [12]). In our computer experiments however, this gave an estimate of the distribution

function which had a more irregular behavior than the estimator with the diagonal term included.
If we replace F' in (2.3) by F,, g, the truncated log likelihood becomes a function of § only. We

can define the corresponding score equation for 8 by,

Fnh,ﬁ(t - 5,1;) =

D (B) =0,
where 0 is the k-dimensional vector with zeros as components and,
(2.8)
0 6 — F,p, 5(15 — 5/1‘)
e = [ Funs(t — B'a ’ AP, (,2,5),
) P p(t—Brz)e(e1—c) OB 8l )Fnh,ﬂ(t — B'x){1 = Fupp(t — B'z)} ( )
with

9, , 0,

The solution of the above equation is not necessarily unique, but by Rolle’s theorem, the max-
imizer of (2.3) will approximately satisfy the score equation. Note, however, that there are some
difficulties in defining the partial derivative of the truncated log likelihood with respect to 5. For ex-
ample, the log likelihood has discontinuities, if we consider the lower and upper boundaries Fn_h1 6(6)
and F n_hl ﬁ(l — €) of the integral also as a function of 3; so the score function is only an asymptotic
representation of the partial derivatives of the truncated log likelihood.

The estimates of Fjy do not have a closed form expression in 3; we first have to estimate for fixed
[ the corresponding estimate of Fjy and next maximize the profile likelihood to obtain the estimate
of Bp. The estimates described in Methods 2 and 3 also follow the latter procedure.

2.2. Method 2: The smoothed mazimum likelihood estimate (SMLE) F,j; 5. For fixed S, the
MLE Fnﬁ of the distribution function of Y — 8’X, is a piecewise constant function with jumps at
a subset of {T; — 3’ X; :i=1,...,n} and can be characterized by the left derivative of the convex

minorant of a cumulative sum diagram (see e.g. proposition 1.2 in [11] on p. 41). The SMLE is
defined by

(2.9) Fons(f) = /]K (t;””) A, 5(x),
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Z/;K(y)dy,

is the integrated kernel. Since the partial derivative w.r.t. 5 can, however, only be defined at values
B where a slight change of the parameter 5 does not lead to a change of ordering of the values
T; — B’ X;, there are several (asymptotically equivalent) ways in which we can represent this partial
derivative. We choose to represent it as the derivative of the toy estimator,

where,

toy (t o B l‘) / Fn,,@(u - 5/y)Kh<t - 5/1‘ —u—+ B/y) dG(u, y)

2.10
(2.10) Fanp fr—px(u—pB'y)
So we use the representation
1/} (/87 nh B)

8 - , 6 — Fupp(t — B'r)
2.11) = ol _ S
@11) /ml St-Ba)e(e1—e) OB nalt = Fa) Fanp(t — B'z){1 — Fanp(t — B'z)}

dP,(t,z,9),

where we estimate 35 Eoun 5t —p'z) by

[ =D sl PO Bt ) o

fr—gx(u—B'y)
N / yF,(u— By Kyt — Bz —u+ B'Y) fr_px(u—B'y)
Jr—px(u— B'y)?

where = and y are k-dimensional vectors. Note however, that this expression is not used in the

(2.12) dGn(u,y),

actual computation of F' w3, Since in this computation the log likelihood l (B B 3) is directly

maximized w.r.t. the SMLE’s Fnh,,@a and no attempt is made to solve the score equation.

2.3. Method 3: The penalized estimate F), A,3- Another interesting method to construct a smooth
estimator of Fy is via penalization (in analogy to the exposition in section 8.3 of [10]). For each /3,
define F},) g as the monotonic minimizer F' of

b b
(2.13) / {F(z) — E,5(z)}* dz + )\/ F'(z)? du,

where Fnﬁ is again the MLE for fixed 8 and the interval [a,b] is chosen in such a way that it
contains all observations T; — 3’ X;. We let @ and b depend on 3 and choose @ to be the smallest of
the T; — B'X; minus v\, where ) is the penalty parameter in (2.13), and let b be the largest order
statistic of the Tj — £'X; plus V/A. Other choices are also possible. For fixed 8 the solution of the
minimization problem, under the restriction that F(a) = 0 and F(b) = 1, is given by the solution
of the second order differential equation (Euler’s equation)

F"(x) = {F(x) = Fyp(2)}/A,

with solution

B —
(2.14) Furp(x) = 2\15 7‘%3"‘/\&}%,6@) dy + cre” @ OVA 4 o) o= (b=m)/VA
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where ¢; and ¢y are determined by the boundary conditions Fn,\,g (a) =0 and Fmﬂ(i)) = 1. Hence
we have
Jy e DAE, () dy + eIV 2VX - [Tem AR, () dy }

Cl1 = — )

9v/X {1 _ 6-2(6-&)/\5}

and

e~ DI [N o(y) dy + {2V~ [ e CONNE, 5(y) dy}
2VX{1 - e-20-)/VA}
Using integration by parts, Fn)\”g (u) can easily be computed as a finite sum
] u A b A
Funslu) = Fn(w) = 5 O0NA = 2 [T 0Vag, ) 4 5 [T e o0 Aag, (0

—(u—a)VA + ch*@*“)/ﬁ

Cy) =

+ cre )
where
/ ~w-0)/VAgE, Z o (u—;)/
a jruj<u
and

b
/ e~ OIAGE, ) = 3 eIV,

Jiuj>u

are finite sums over the (weighted) masses p; at the (usually few) points of jump u; of the ordinary
MLE of the distribution function of ¥ — ’X. The penalized estimate has again a convolution
structure, like the SMLE, but this time the convolution is with a density of infinite support (the
Laplace density), which, moreover, has a cusp at zero.

For the partial derivative of Fn)\”g w.r.t. § we use a similar representation as we used for the
estimate, based on the SMLE. The penalized estimate is represented by

— 1 ef(tfﬁlwfu‘i’ﬁly)/\/xﬁ‘n u — /
Farg(t—B'z) = —= ’;B( ) dG(u,y)
2\/X a<u—pB'y<t—pF'z fT*B’X(u - /3 y)
1 —(u—,B’y—t—i—,B’x)/ﬁFn Al
b e ) 46, )
2\/X t—p'z<u—pB'y<b fT—,B’X(u - B y)
+ epetBe=aVx | o —(b—t+8'2) [V
We estimate %Fnh,g(t — f'z) by
1 (y — @) Fpp(u— B'y)e” Aot/
Y / dG”(“‘? y)
2X Ja<u—pBry<ti—g'z Jr—px(u—B'y)
1 yF (u— Bry)e Pyt 80N g (u— By)
I~ 7-\2 dGn<u7 y)
2\/X t—p'z<u—pB'y<b fT—B’X (u - B y)
(2.15)

Lz {Clef(tfﬁ”xfa)/ﬁ _ 6267(57t+5’x)/ﬁ} n ef(tfﬁ’xfa)/ﬁicl n o~ F—t+82) VX 9

V5 B 898>
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where x and y are again k-dimensional vectors, and where we estimate the derivatives of ¢; and ¢y
in the same way by representing them as integrals w.r.t. dG,,. The expressions are given at the end
of the Appendix.

A picture of the estimates described in Methods 1, 2 and 3 is shown in Figures 1 and 2 for
our simulation example. The function 8 lgf)(ﬁ, Fop5) and its estimate of the partial derivatives

w,(f)(ﬁ) for the plug-in estimator are shown in Figure 3(a,b). The same is shown for the SMLE in
Figure 3(c,d) and for the penalized estimate in Figure 4, where we replace Fyj; g in (2.8) by Fnh,,@
and Fmﬂ for the SMLE and the penalized estimate respectively and use the techniques of (2.12)
and (2.15) to construct the estimate of the partial derivative of the truncated log likelihood w.r.t.
5. It can be seen that the graphs are much smoother for the plug-in estimator. The curves are
constructed by taking 100 equidistant evaluation points between 0.45 and 0.55 (the real value of
B is 0.5) and just connecting the values of the estimator and its derivative respectively, at these
points.

1.0
0.8
0.6
0.4

0.2

0.0

| | | | | | |
035 040 045 050 055 060 0.65

Fig 1: The real Fy (red), the SMLE (dashed, blue), the plug-in estimate (green) and the penalized
estimate (solid, black) for a sample of size n = 1000 with ¢ = 0.001, h = 0.5n" /% and VA =
0.125n~1/5.

In this paper, we give the asymptotic behavior of the estimator defined in Method 1. We prove
that the plug-in estimator Bn of By is consistent and asymptotically normal with an asymptotic
covariance matrix that is arbitrarily close to the information lower bound. As a consequence of
the truncation device used in our method, the information lower bound is not reached, but our
simulation results suggest that the truncation effect is negligible in practice. The proofs are only
given for the plug-in method but we conjecture that our proposed theoretical approach can be used
in proving similar results for the SMLE and penalized estimates. We briefly sketch an outline of
the proof for the other methods in Subsection 2.5.
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1.0 1 7 1.0 1 7—
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0.0 + 0.0
0.\"35 O.‘40 0.L15 O.éO O.gS 0.60 0.% 0.55 0)10 O.‘45 O.gO 0.%5 0.%0 O.é
(a) (b)

Fig 2: (a) The MLE (step function, blue) according to the SMLE (solid, black) and the real Fp
(red) and (b) The MLE (step function, blue) according to the penalized estimate (solid, black) and
the real Fy (red) .

2.4. Result on the plug-in estimates and connection with other estimates. Our main result is
the following:

THEOREM 2.1.  Let Bo = (Bo1,-..,B0k) € R* and let J, denote the k-dimensional cube {8 =
(B1,---,Bk) = Bi € [Boi —mn,Boi +nl}, for some n > 0. Let the distribution function Fy be twice
continuously differentiable on the interior of the support S of fo = F{, where S is an interval and
let S be contained in the support of the density fr_gx, for each B € J,.

Furthermore, let, for f € Jy, the density fr_gx(u) of T — 'X and the conditional density
Ixr—px (| T — B'X =u) of X given T — B'X be twice continuously differentiable functions w.r.t.
u, except possibly at a finite number of points, and let, for B € Jy, fr—px stay away from zero on
the support of fo.

Finally, let B — fr_gx () and B — fxr_px(@|T — X = v) be continuous functions, for v
and x in the definition domain of the functions and for B € J,, and let, for some € € (0,1/2), Bn
be the maximizer of
(2.16)

19(8) = [610g Fup gt — B') + (1 — 8) log{l — Fup 5t — 5'2)}] dPa(t,z,9),
Fnh’g(t—ﬁ'I)E[G,I—E]

where Fyp, g is the plug-in estimate defined in (2.5), and let the function

B [Fo(t — Bya) log Fo(t — f'x)
Fo(t—p'z)€le,1—¢]

(1 - Fo(t - Bya)) log{1 — Fo(t — Ba)}] dG(t.x), B ey,

have a unique mazimum at B = Py, where G is the distribution function of (T, X).
Then, as n — oo, and h < n~1/?, Vn(Bn — Bo) converges in distribution to a k-dimensional nor-
mal distribution, with expectation zero and covariance matriz I.(Bo) ™1, where I.(Bo) is the matriz
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(a) lgf)(ﬁ, Fon.5) as function of . (b) wﬁf) (B, Fun,p) as function of 3.
-0.052 | 0.2
-0.054 - 0.1
-0.056 0.0 1
-0.058 - -0.1 -
-0.060 -| -0.2
T T T T T T T T T T T T T T
0.44 046 048 050 052 054 0.56 044 046 048 050 052 054 0.56
(c) lgf)(ﬁ, Fon.p) as function of . (d) wﬁf) (8, Fpn.p) as function of 8.

Fig 3: The truncated log likelihood lgf) and its derivative w.r.t. § for the plug-in estimate F,; g (a,b)
and the SMLE F},;, 5 (c,d) for a sample of size n = 1000. The bandwidth h = 0.5n/% and ¢ = 0.001.
The vertical reference line in (a,c) indicates the location of the estimators Bplugin,l = 0.498 and
BS mre = 0.493. The vertical reference line in (b,d) indicates the location of the zero of the score
function Bplugmg = 0.499 and BSMLE’Q = 0.489.

with elements

covar(X;, X;|T — BLX = u)
2.17 I.(Bo)ij = / J
( ) ( 0) ! Fo(u)e(e,1—€) FO(U){l - FO(U)}

REMARK 2.2. [19] has (for the 1-dimensional case) the conditions that Fyy and u — Eg(X|T —
BX = u} are three times continuously differentiable instead of our condition of twice differentia-
bility. Their asymptotic variance has the same form as ours, apart from the truncation parameter
€, but their variance has an implicit truncation since in [19] the integral only extends over a region
where Fj(1 — Fp) stays away from zero by assumption.

fO(U)QfT—géx(u) du.
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-0.057 - 0.2
-0.058 -|
-0.059 0.17
-0.060
0.0 1
-0.061
-0.062 o1
-0.063 -|
-0.064 -| -0.2
T T T T T T T T T T T T T T
0.44 046 048 050 052 054 0.56 0.44 046 048 050 052 054 0.56
(a) lgf)(ﬁ, Fon.p) as function of 3. (b) ¢£f) (B, Fun.g) as function of B.

Fig 4: The truncated log likelihood lﬁf) and its derivative w.r.t. 8 for the penalized estimate F,p, g
for a sample of size n = 1000. The penalty parameter v\ = 0.3n"Y/% and € = 0.001. The vertical
reference line indicates the location of the estimators analized,l = 0.500 in (a) and the location of
the zero of the score function Bpemlizem = 0.496 in (b).

REMARK 2.3. The authors of [18] propose an estimation equation for 3, derived from an in-
equality on the conditional covariance between X and A conditional on 7' — ’X, which has a
U-statistics representation. Results on U-statistics are used to prove asymptotic normality and ef-
ficiency of their estimator. Note that the plug-in method also suggests the use of U-statistics; by
straightforward calculations, we can write the score function defined in (2.8) as

1 &~ {Ai = Funp(Ti = B'X0) } & Fonp(T; — B/ X5)

(e) ——
va(A) n<  Fug(Ti—BXi){1 - Fanp(Ti — BXi)}
_ 12%&’11 i D5 (Xj = X)) KG(Th — B'Xi — T + B'X;)
n— Inn1,8(Ti — B'X;)
L1 Zn:(l A 5 (L= 89X - X) KL (T3 - BX; — T + B'X;)
n i=1 ' gnh,O,ﬁ(n - /B/Xz)
n 1 / / /
1~y 2 X — X)) KR (Ti — B'Xi — T + B'X;) )
(2.18) - ; PG e o Lep—o {Fanp(T; = 5'X0)},

where gnh 08 = gnh,3 — Gnh,1,8, see (2.6) and (2.7). Each of the three terms on the right-hand side of
(2.18) can be rewritten in terms of a scaled second order U-statistics. Obviously, a proof based on
U-statistics would not be generalizable to proofs for the SMLE and the penalized estimators and
requires in addition, lengthy and tedious calculations which are avoided in the current approach
for proving Theorem 2.1. For this reasons, we do not further examine the results on U-statistics.

REMARK 2.4. The choice of the bandwidth & (in Methods 1 and 2) and the penalty parameter A
(in Method 3) is crucial to obtain good estimates of 3y. We propose the bandwidth h =< n~1/5 which
is the usual bandwidth for ordinary second order kernels; a natural choice for A is to choose A =<
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n~2/%_ Unfortunately, various advices are given in the literature on what smoothing parameters one
should use. [16] has fourth order kernels and uses bandwidths between the orders n=/¢ and n=1/8.
Note that the use of fourth order kernels needs the associated functions to have four derivatives in
order to have the desired bias reduction. [4] advises a bandwidth A such that n=1/> < h < n=1/8,
excluding the choice h =< n~!/®. Both ranges are considerably large and exclude our bandwidth
choice h =< n~1/5. [19] considers, for the current status model with a 1-dimensional regression
parameter 3, a penalized maximum likelihood estimator defined as the maximizer of

n

> {Ailog F(T, - BX;) + (1 — Ay)log{1 — F(T; — BX,)} — An/F”(u)? du,
=1

where

1/A =0, (n2/5) , 2\ = o, (n_l/Q) .

Translated into bandwidth choice (using h, =< v/A,), the conditions correspond to: n~1/° < h <«
n~1/8, suggesting that their conditions do allow the choice h =< n=5 or A < n=2/5. [18] states that
the bandwidth choice h = n~Y/3 in their estimation procedure will yield an estimate of 3y that is
not efficient, which strengthens our conjecture that the MLE is y/n-consistent but inefficient. It is
however unclear to us, how to choose the bandwidth in [18].

2.5. Road map of the proof of Theorem 2.1. The older proofs of a result of this type always
used second derivative calculations. As convincingly argued in [28], proofs of this type should only
use first derivatives and that is indeed what we do; our proof follows more or less the structure
of the proof of Theorem 25.54 in [28]. This means that we first prove a Donsker property for the
functions representing the score function, see Lemma 3.2 and next prove (in Lemma 3.3), for the
case that g is 1-dimensional, that the integral w.r.t. dP,, of this score function is

op (nfw + B — 50) ,

and that the integral w.r.t. dFy is asymptotically equivalent to

—(Bn — Bo)Le(Bo),

where I.(fp) is the generalized Fisher information, given by (2.17). Combining these two results
gives Theorem 2.1.

Very crucial in this proof is Lemma 3.1, which gives Lo-bounds on the distance of the estimate
Fonp of the distribution function of Y — X to its limit for fixed 8 (part (i)) and on the Lo-
distance between the first derivative %Fnhﬁ(t — Bz) of the estimate w.r.t. the parameter 5 and its

limit (part(ii)). If the bandwidth h < n~1/5 the first Ly-distance is of order n~%/® and the second
distance is of order n~'/%, allowing us to use the Cauchy-Schwarz inequality on these components.

Another crucial tool is a result of [1], telling us that the functions considered belong to the
right entropy class for applying the equicontinuity lemma of empirical process theory, using that, if
h =< n~1/5, the second derivative of the estimator is not consistent, but is in fact square integrable.
Here we use a result in [8] on Lo-bounds for derivatives of density estimates.

A similar road map can be followed for the other estimates we introduced above. Lemma 3.1 will
again play a pivotal role. The partial derivative of the estimators, as defined here, are less smooth
than the derivative of the plug-in estimator, but the global behavior is exactly the same, as can be
seen in Figures 3 and 4. Also, the smoothness of these curves increases considerably with increasing
sample size.
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As an example (again for simplicity for the case that § is 1-dimensional), the SMLE will first be
represented by the toy estimator, defined in (2.10), and the partial derivative w.r.t. /3 is represented
by

9 - o0 [ Fup(u—By)Ku(t— Bz —u+t By)
%Fnh,ﬂ(t Br) = (‘BB/ Frax (= B)) dG(u,y)
[ (y—2)F, 5(u— By) K} (t — Bz — u+ By)
- / fT*BX (U _ By) dG(ua y)

+ / YFnp(u — By)Kn(t — B — u+ By)fr_px (u— BY) dG(u,y),

Jr—px(u — By)?

not using the (finite) number of points where the derivative cannot be defined. The only difference
with (2.12) is that we integrate w.r.t. dG instead of dG,,. The partial derivative is next analyzed
applying smooth functional theory in a somewhat similar way as the toy estimator is used in the
proof of the asymptotic normality and efficiency of the estimate /n [ kg, d(F, — Fp) on the right-
hand side of (10.20) in Section 10.2 of [10]. The penalized estimate can be treated along similar
lines. We chose to prove the result in detail only for the plug-in estimate, since proving the details
for the other estimates would take this paper out of bounds.

3. Asymptotic behavior of the plug-in estimator. In this section, we give the consistency,
asymptotic monotonicity and the asymptotic distribution of the plug-in estimator (3, defined in
Theorem 2.1.

THEOREM 3.1. Let the conditions of Theorem 2.1 be satisfied. Then Bn s a consistent estimator

of Bo-

The proof of Theorem 3.1 is given in the Appendix and was inspired by the arguments in section
4 of part II of [11], which were motivated by [15]. To prove the asymptotic monotonicity of the
plug-in estimator, we follow the arguments of Theorem 3.3 of [9]. We get the following result.

THEOREM 3.2. Let the conditions of Theorem 2.1 be satisfied, then we have on each interval I
contained in the support of fo:

P {Fn}_h Bnis monotonically increasing on [ } 251,

For simplicity, we derive Theorem 2.1 for the one-dimensional case, using the results below. Let
Br be the maximizer of the truncated log likelihood, defined in (2.16), but now with & = 1. The
partial derivative of Fj,;, g(t — Bx), given by (2.5), w.r.t. 8 has the following form:

f(y - $){6 - Fnh,ﬁ(t - Bl')}K;L(t - ﬁ‘/E —u—+ ﬁy) dPn(uv Y, 6)

)
(3.1) =7 Fnnp(t — Bx) = i p(t — B)

op
where gy g(t — Bx) is defined in (2.7). Moreover, for the partial derivative of the truncated log
likelihood lgf) with respect to 3, defined by (2.8), we get

(3.2) B9 (By) = 0.

Although Bn might not be a unique solution of (3.2), every solution of the score equation will satisfy
the results stated in the remainder of this section. The proof of Theorem 2.1 follows by combining
Lemma 3.2 and Lemma 3.3 given below, proofs of both can be found in the Appendix. A crucial
role in these proofs is played by the following two lemmas, also proved in the Appendix.

)
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LEMMA 3.1. Let the conditions of Theorem 2.1 be satisfied and let k = 1.
(i) Let the function Fg be defined by

(3.3) Falt ~ pa) = [ Fo(t — P+ (5~ o)) fxr—sx(vlt — B) dy
Then,

— Bz) — — Bz)}? x) = N 4
B [ Tl 5= Fyle ) G 0, () +0u ().

uniformly in B € o —n, Bo + n].
(it) Let the function ag be defined by,

aslt — ) = / (v — @) folt — B + (B — Bo)y) Fxir—sx (4IT — X =t — Br) dy
+ fropx(t — Bz)~* /(y — x){Fo(t — Box + (B — Po)(y — x)) — Fs(t — pz)}

0
(3.5) i {fr—sx () fxir—pxW|T — BX = U)Hv:t,m dy.
Then,
(3.6)

0 2 1
n - — — G(t, = O O 2\
/an(t_ﬁx)e(al_e) {(%F ha(t — Bx) — ag(t 590)} dG(t,z) ( h3> + 0, (h?)

uniformly in 5 € [Bo — 1, Bo + 1.
(i1i) The results of (i) and (ii) remain valid when dG in (3.4) or (3.6) is replaced by dGy,.

Under our conditions on the bandwidth h, which we assume to be of the usual order n~1/?,
Lemma 3.1 tells us that (1) the Lo-distance between the estimate F,,; g and Fjg, using dG or dG,,
as dominating measure, and t — Sz as argument, is of order n=2/5 and (2) the Ly-distance between
the derivative of F},;, g and the function ag, using dG or dG,, as measure, is of order n~1/5. In both
cases we restrict the integration interval for the Lo-distance to the interval e < F; 3 <1 —e.

This allows us, for example, to state that, by an application of the Cauchy-Schwarz inequality,

0
\/’E/Fnh,ﬁ(t_ﬁx)e(ql—e) { st = fz) - a3 Fonp(t = 595)}

_ Folt = Boz) — Funp(t — B) )
{Fnhﬁ(t_ﬂx){l— nh,g(t—ﬂx)}}dG”(t’ )

=0, (n_1/1o) + op (Vn(B - b)) , B — Po,

which is an essential step in the proof of the “Donsker property” given in the next Lemma.

(3.7)

REMARK 3.1.  Under the assumption that the functions fr_g x (u) and fxp_gx (z|T—5'X = u)
are three times continuously differentiable functions w.r.t. u for 5 € J;, the results of Lemma 3.1(i)
can be improved to

] 2 )
2 Funp(t = Br) — ap(t - dG(t,z) = O, O, (h%) .
/an(t_ T { g kst — Br) — as(t ﬂfv)} (t,x) <nh3> +0, (%)

All bandwidth choices in the range n=/% < h <« n~'/8 guarantee that the integral in (3.7) is

op (1 +v/n(B = o))
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LEMMA 3.2 (Donsker property). Let the conditions of Theorem 2.1 be satisfied and let |a,b] be
the support of fo. Let n > 0 be chosen in such a way that a1(5) = Fﬁ_l(e) > a, bi(B) = Fﬁ_l(l—e) <b
and Fg is bounded away from 0 and 1 on [a1(5),b1(B)], for each B € [Bo — n, fo + 1] where Fp is
defined in (3.3).

Then, for B € [Bo —n, o + nl,

(3.8) \/E/F ag(t — Bz) 6 — Fap,p(t — B)

d(P, — Po)(t,z,0
w5 (t—Br)E (e, 1—€) Funp(t — Br){1 — Fupp(t — Bz)} ( o) )

1s asymptotically normal, with expectation zero and asymptotic variance

an(t — Ba o Fo(t — Box) — 2Fy(t — Box) F(t — Bx) + Fp(t — Bz)? i
/Wt—ﬂx)e(al—a S Fy(t — Ba)2{1 — Fy(t — b)) 4Gt @)
2
_ wnlt — gp) Tt = Boz) — Fy(t — Bz) .
3 {/Fﬁ(tﬁx)e(e,le) plt =5 )Fg(t — Bx){1 — Fs(t — Bz)} dG(t, )} .

where ag is defined in (3.5).
REMARK 3.2. Note that the variance (3.9) given in Lemma 3.2 is for 5 = [y given by:

80 (t — 501')2

def
/Fo(t—ﬁozv)e(e,l—e) Fo(t — Box){1 — Fo(t — Box)

(3.10) I(Bo) = dG(t, z),

where
ag, (t — Box) = fo(t — Box)Eg{X — z|T — PoX =t — fox}.

When € = 0, I(fp) equals the information bound for the current status linear regression model
(see e.g [14]).

Next we use that Bn is a maximum likelihood estimator and in particular a solution of the score
equation (3.2).

LEMMA 3.3. Let the conditions of Theorem 2.1 be satisfied. Then,

. § = F 5. (t = Bow)
(3.11)  vn ) as, (t = Bnz) _Pn .
Fohbn (t—Bnz)E(e1—e) " Fnh,Bn (t - ﬁnx){l - Fnh,Bn (t - an)}

dPO(t7 z, 5)

~

is asymptotically equivalent to —/nl(Bo)(Bn — Po), where I.(Boy) is given by (3.10), and

. § = F 5, (t— o)
\/77/ . ag (t = Bnz) " - dP,(t,z,0)
F, 5, (t—Bnw)e(e1-¢) " Eopg, = Bn){1 = F, 5 (t — Bnx)}

(812) =0, (14 V(B — B)).

Theorem 2.1 then follows by combining Lemma 3.2 and Lemma 3.3. The higher-dimensional
extension is straightforward. Perhaps the easiest method is to use the Cramér-Wold device and
consider linear combinations of the components of Bn on which we apply the preceding arguments.

In Section 4 we also need the following representation of /n(5, — fo).
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THEOREM 3.3. Let the conditions of Theorem 2.1 be satisfied. Then,
\/ﬁ(ﬁn - BD)

n
=n"2L(Bo) T foTh — BoXi){Epy (Xl T} — BoXi) — Xi}
i=1
A; = Fo(T; — BoXs)
Fo(T; — BoXi){1 — Fo(T; — BoXi)}
REMARK 3.3. Lemma 3.3 and Theorem 3.3 show two sides of the coin, so to speak, of the

proof of the asymptotic normality and efficiency of Bn Using the property that ,Bn is a maximum
likelihood estimator, we get that:

Le1—o) {F0(T3 — BoXi)} + 0p(1).

N 0—F ( _an)
N - (t= B nh,Bn . dP,,(t,z,8
/nhB t—Pnx)E(e,1—¢) Bn( x)Fnh,ﬁ ( ,an){l nhﬁ( _ﬂ"‘r)} ( ’ )

=0, (14 V(B = o))
and therefore that the leading asymptotic behavior of the integral w.r.t. d(P,, — Pp) is given by

A 0—F ( - Bn-f)
\F 5 (t— ﬁn nh B =
n/Fnhﬁn(tan)e(e,le) @ﬁn( :v)F 5 (t ﬁnx){l nhﬁ (t — Bnz)}

nh,Bn

dPy(t,z,0),

which is asymptotically equivalent to —v/71c(80)(Bn — B0), using the Donsker property.
Theorem 3.3 shows that the leading term of /n(5, — Bo) is given by a sum of independent
random variables, involving the efficient score function

§ — Fo(t — Box)
Fo(t — Boz){1 — Fo(t — Box)}

In this case the integral w.r.t. dP, is zero, whereas in the preceding representation the integral
w.r.t. dP, was (sufficiently close to) zero.

The last representation plays a crucial role in determining the variance of smooth functionals,
of which the intercept is an example. The representation of Theorem 3.3 also indicates that the
U-statistics representation, which can be used for proofs of the asymptotic behavior of the plug-
in estimator, does not give the most natural approach to the proof of asymptotic normality and
efficiency of f,.

fo(t — Box){Es,(X|T — foX =t — fox) — =} Lie—e) {Fo(t — Box)} -

4. Estimation of the intercept. We want to estimate the intercept
(4.1) a= /udFo(u).

We can take the plug-in estimate Bn of By, by using a bandwidth of order n~1/% and the maximum
likelihood procedure, as before. However, in estimating «, as defined by (4.1), we have to estimate
Fy with a smaller bandwidth h, satisfying h < n~1/* to avoid bias, for example h =< n~1/3. The
matter is discussed in [4], p. 1253.

We have the following result of which the proof can be found in the Appendix.
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THEOREM 4.1. Let the conditions of Theorem 2.1 be satisfied, and let Bn be the k-dimensional
estimate of By as obtained by the maximum likelihood procedure, descm‘lzed in Theorem 2.1, using a
bandwidth of order n=1/5. Let Fnh,,én be a plug-in estimate of Fy, using B, as the estimate of By, but

using a bandwidth h of order n=Y/3 instead of n=/5. Finally, let &, be the estimate of o, defined

by
/uanh ﬁn( w).

Then \/n(Gy, — ) is asymptotically normal, with expectation zero and variance

Fy(){1 — Fy(v)} d
Jr—pox (v)

(4.2) 02

I

Y60y 1.(60) " al60) + [

where a(Po) is the k-dimensional vector, defined by

(i) = [ Ea{XIT = BX = udfolw) du
and I.(Bo) is as in Theorem 2.1.

REMARK 4.1.  We chose the bandwidth of order n~!/3 for specificity, but other choices are also
possible. We can in fact choose n=1/2 < h < n~Y4. The bandwidth of order n~1/3 corresponds to
the automatic bandwidth choice of the MLE of Fy, also using the estimate 3, of 8.

REMARK 4.2. Note that the variance corresponds to the information lower bound for smooth
functionals in the binary choice model, given in [4]. The second part of the expression for the
variance on the right-hand side of (4.2) is familiar from current status theory, see e.g. (10.7), p. 287
of [10].

REMARK 4.3. Instead of considering the plug-in estimate, we could also consider the SMLE,
described in Subsection 2.2. After having determined an estimate (8 in this way, we next estimate
a by

(4.3) &= /mdﬁnﬁ(w),

where F 5 is the MLE and not the SMLE corresponding to this ﬁ to avoid bias, in accordance
with re- estlmatlng F., b under a different bandwidth as done in Theorem 4.1. The MLE is roughly

comparable with a kernel estimate with a locally adaptive bandwidth of order n~'/3, and the bias
is vanishing in the local asymptotic distribution.

5. Computation and simulations. The computation of our estimates is relatively straight-
forward in all cases. For the plug-in estimate, we simply compute the estimate as a ratio of two
kernel estimators for fixed 5. Next we maximize the log likelihood over §, using Brent’s optimization
procedure for non-linear optimization in one dimension. For dimensions larger than one, Broyden’s
method can be used. For the SMLE and the penalized estimator, we first compute the MLE for
fixed S by the so-called “pool adjacent violators” algorithm for computing the convex minorant of
the so-called “cusum diagram”, consisting of the points (0,0) and

i
z,g A, i=1,...,n,
Jj=1



CURRENT STATUS REGRESSION 17

for the observations (7;, X;, A;), where the ordering is according to the ordering of the T; — ' X,
for fixed 8: Th — /X1 < Ty — /X5, . ... After the MLE is computed for fixed 3, we can compute
either the SMLE or the penalized MLE. Since the SMLE is in fact a weighted sum of the few masses
of the MLE, computation is very fast. The same is true for the penalized MLE, where only the
constants ¢; and ¢o have to be determined from two linear equations, once we have determined the
MLE. The estimate of 3y is then again determined by an optimization algorithm.

Some results from the simulations of our model are given in Tables 1 and 2. Table 1 (resp. Table
2) contains the mean value of the estimate, averaged over N = 1000 iterations, and n times the
variance of the estimate of By = 0.5 (resp. ag = 0.5) for the different methods described above for
different sample sizes n and different truncation parameters e. We chose the bandwidth k = 0.5n1/%
for the plug-in and SMLE methods and the penalty parameter vA = 0.125n~1/5 for the penalized
method based on an investigation of the mean squared error (MSE) for different choices of ¢ in
h = en~'/5 and VX = en~1/%. Details on how to choose the bandwidth in practice are given in
Subsection 5.1. From Tables 1 and 2, it is seen that the estimates obtained without truncation,
i.e. ¢ = 0, are not favored above those obtained with our proposed truncation device. This can
be explained by the instable behavior of the likelihood at the boundary. The true asymptotic
values for the variance of \/ﬁ(ﬁn — Bp) in our simulation model, obtained via the inverse of the
Fisher information I.(5y), are 0.151707 without truncation, 0.153859 for e = 0.0001, 0.158699 for
€ = 0.001 and 0.17596 for e = 0.1. Our results show slow convergence to these bounds. We advise to
use a truncation parameter € of 0.001 or smaller in practice. Tables 1 and 2 show that all proposed
methods perform reasonably well. A drawback of the plug-in method however is the long computing
time for large sample sizes, whereas the computation for the SMLE and the penalized methods is
fast even for the larger samples. Also added to Tables 1 and 2 is the performance of the MLE,
we see that the variance stabilizes when the sample sizes increases but remains larger than the
corresponding values of the variances for the other methods, strengthening our belief that the MLE
is y/n—consistent but not efficient.

TABLE 1
The mean value of the estimate and n times the variance of the estimate of 8o for different methods, h = 0.5n~ /%,
VA =0.125n"% and N = 1000.
Plug-in SMLE Penalized MLE.
€ n mean(Br) nvar(Bn) | mean(B,) nvar(Bn) | mean(B,) nvar(Bn) | mean(B,) nvar(Bn)

0.001 100 0.499562  0.245172 | 0.498230  0.206338 | 0.496977  0.211718 | 0.473455  0.186408
500 0.498857  0.191857 | 0.498862  0.199093 | 0.498812  0.201979 | 0.498111 0.306398
1000 0.499502  0.192223 | 0.499433  0.197447 | 0.499432  0.197220 | 0.499528  0.296097
5000 0.500314  0.181421 0.500249  0.185238 | 0.500151  0.187605 | 0.500264  0.219442
10000 | 0.500120  0.172043 | 0.500119  0.174606 | 0.500118  0.179449 | 0.500159  0.233758
20000 | 0.500096  0.174197 | 0.500090  0.170635 | 0.500034  0.183646 | 0.500050  0.236070

0 100 0.499587  0.244887 | 0.498174  0.205513 | 0.496973  0.211676 | 0.473455  0.186408
500 0.498857  0.191591 | 0.498855  0.198557 | 0.498825  0.201961 | 0.498111 0.306398
1000 0.499498  0.191797 | 0.499414  0.197101 0.499438  0.196697 | 0.499528  0.296097
5000 0.500310  0.180752 | 0.500235  0.184497 | 0.500163  0.187588 | 0.500264  0.219442
10000 | 0.5001187  0.171181 | 0.500110  0.174371 | 0.500115  0.180662 | 0.500159  0.233758
20000 | 0.500094  0.173041 0.500091 0.169200 | 0.500035  0.182125 | 0.500050  0.236070

5.1. Bandwidth selection. We define the optimal constant ¢,y in h = en~ V5 and vV = en~ 1/
as the minimizer of MSFE,

Copt = argmin M SE(c) = argmin Eg, (Bn,hc — 50)2,
Cc C
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TABLE 2
The mean value of the estimate and n times the variance of the estimate of ao for different methods, h = 0.5n~1/°
and VA = 0.125n" /% are used in the estimation of Bo, ha = 0.75n" /% is used for the estimation of g, N = 1000.

Plug-in SMLE Penalized MLE.

€ n mean(&n) nvar(én) | mean(éyn) nvar(dn) | mean(dn) nvar(én) | mean(dn) nvar(an)

0.001 100 0.495729 0.332986 0.510547 0.303242 0.511939 0.307928 0.534931 0.302948
500 0.498932 0.254040 0.503088 0.265176 0.503083 0.265234 0.503871 0.374480
1000 0.498385 0.270085 0.501460 0.274942 0.501440 0.279836 0.501292 0.381873
5000 0.501594 0.241959 0.499929 0.248425 0.500031 0.249143 0.499905 0.280939
10000 | 0.501679 0.246909 0.499926 0.251921 0.499930 0.251029 0.499882 0.310525
20000 | 0.501658 0.245014 0.499930 0.240735 0.499985 0.257535 0.499969 0.313966

0 100 0.495709 0.332949 0.510465 0.301574 0.511950 0.307784 0.534931 0.302948
500 0.498930 0.257908 0.503064 0.263495 0.503062 0.265623 0.503871 0.374480
1000 0.498389 0.269702 0.501494 0.275547 0.501428 0.279513 0.501292 0.381873
5000 0.501597 0.241294 0.499941 0.257552 0.500021 0.249149 0.499905 0.280939
10000 | 0.501680 0.245993 0.499936 0.250405 0.499932 0.251583 0.499882 0.310525
20000 | 0.501660 0.244042 0.499929 0.238863 0.499983 0.255136 0.499969 0.313966

where Bn,hc is the estimate obtained when the constant c¢ in chosen in the estimation method. A
picture of the Monte Carlo estimate of MSFE as a function of ¢ is shown for the three methods
in Figure 5, where we estimated M SFE(c) on a grid ¢ = 0.01, 0.05, 0.10, ---, 0.95, for a sample
size n = 1000 and truncation parameter ¢ = 0.001 by a Monte Carlo experiment with N = 1000
simulation runs,

N

(5.1) MSE(c) =N~ (3, — Bo)?,
j=1
where Bi n, is the estimate of Sy in the j-th simulation run, j = 1,...,N. It is seen from this

picture that the optimal bandwidth for the penalized method is clearly smaller than for the other
two methods, and the plug-in estimate seems to have the largest optimal bandwidth.

0.28 4
0.26 1
0.24 +
0.22 1

0.20 +

Fig 5: Estimated MSE of j3, for the plug-in estimate (blue), the SMLE (red) and the penalized
estimate (dashed), with » = 1000 and € = 0.001, and using N = 1000 Monte Carlo samples.

Since Fy and By are unknown in practice, we cannot compute M SE. We use the bootstrap method
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proposed by [24] to obtain an estimate of M .SE. Our proposed estimates of the distribution function
Fy satisfy the conditions of Theorem 3 in [24] and the consistency of the bootstrap is guaranteed.
Note that it follows from [17] and [23] that naive bootstrapping, by resampling with replacement
(T3, Xi, A;), or by generating bootstrap samples from the MLE, is inconsistent for reproducing the
distribution of the MLE.

The method works as follows (for the SMLE, the others methods work similar) We let hg =
con —1/5 be an initial choice of the bandwidth and calculate the SMLE estimates 5n ho and Fn e
based on the original sample (X, T, A;),7 = 1,...,n. We generate a bootstrap sample (X;, T;, AY),i =
1,...,n where the (X;,T;) correspond to the (Xz, T) in the original sample and where the 1nd10at0r
A is generated from a Bernoulli distribution with probability F, ho(Ti— Bn hoXi) and next estimate

D

B from this bootstrap sample. We repeat this B times and estimate M SFE(c) by,

B

(5.2) MSEp(c) = B (B — Bune )

b=1

where B;"L{’hc is the bootstrap estimate in the b-th bootstrap run. The optimal bandwidth ﬁopt =

éopm_l/ 5 where Copt 1s defined as the minimizer of MS/E';(C).

To analyze the behavior of the bootstrap method, we compared the Monte Carlo estimate of
MSE, defined in (5.1), (based on N = 1000 samples of size n = 1000) to the bootstrap MSE
defined in (5.2) (based on a single sample of size n = 1000) in Figure 6 for the plug-in and SMLE
method and in Figure 7 for the penalized method. The figures show that the Monte Carlo M SE
and the bootstrap M SE are in line, which illustrates the consistency of the method. The choice
of the initial bandwidth does effect the size of the estimated M SFE but not the behavior of the
estimate and we conclude that this bootstrap algorithm can be used to select an optimal bandwidth
or penalty parameter in the described methods above.

0.6 030 °
0.28
0.5 -
0.26
0.4
0.24
0.3 - 0.22
0.20
0.2
0.18
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
(a) (b)

Fig 6: Estimated M SE(c) plot of 3, obtained from 1000 Monte Carlo simulations (red, solid) versus
the bootstrap M SFE for ¢y = 0.25 (dashed, black) with B = 10000, n = 1000 and € = 0.001 for (a)
the plug-in method and (b) the SMLE method.
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0.30
0284 I
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Fig 7: Estimated M SFE(c) plot of f, for the penalized method, obtained from 1000 Monte Carlo
simulations (red, solid) versus the bootstrap MSE for ¢y = 0.125 (dashed, black) with B = 10000,
n = 1000 and € = 0.001.

6. Appendix. In this section we give the proofs of the results of the previous sections.

PrRoOOF OoF THEOREM 3.1. Consider maximizing
(6.1)

1) (Fopg) = / {81og Fup p(t — B'z) + (1 — 0) log{1 — Fy4(t — 8'x)} dP,(t, z, ),
€<Fnh75(t7ﬁ/x)<176

over 3, where Fj, g is defined by (2.5). Let f3, be the value maximizing (6.1) via F 5, Since B

is the maximizer of l,(f)(Fnh,g), we must have, for each \ € (0,1):

10 (1= NEy 5.+ Mgy ) =1 (B p.) <0

Hence,
limsup A= {1 (1= N E,y, 5. + Munz) = K, 50} <0,
A0 ’ ’
Note that
limsup A" 1D ((1 = NF, o + AFunp,) — LO(F, 5
nsup A {1 = NFy 5, + M) =6 (o 3,) }
= limsup A~ * / R
AL0 6<(1_)‘)Fnh,ﬁn (t_ﬁizx)'i‘)‘Fnh,Bo (t—ﬁ(l)x)<1—6
{(510g{(1 ~ NE,, 5, (t =€) + AFn g, (t — Byz)}
+(1—68)log{1 — (1 — )\)Fnh,Bn (t— B x) — A, g, (t — Béx)}} dP,(t,x,9)
(6.2)

_/ ) {510g E g, (= Blx)+(1-9) log{1 — F 5, (t— B;x)}} dP,(t,z,90) ¢ .
e<F, ;, 5, t—Brr)<l—¢ n o
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Since the areas of integration do not coincide for both integrals, we cannot combine the difference
between these two integrals into one integral. In what follows, we first show that the limits for
A 1 0, considered over the regions where both terms disagree are zero with probability one. Let A,
be defined by

A, ={(t,z): Fnh,Bn (t— B;x) <e (1- )‘)Fnhﬁn (t — B;Lx) + AEpun 5, (t — Bhx) > €}
and let A,, \ be defined by
Apy=A{(t,x): Fnh,Bn (t— B;J:U) <e— A (1-— )‘)Fnh,Bn (t— xﬁlx) + AFh 8, (t — B(/):C) > €}.

Then, for (t,z) € A,

M Fun it = Bi) = F . (¢ = Br)}
= (L=NF,, 5 (t = B12) + AP (t — Byw) — Fp 5 (t— Byz) > A,

and hence X
Fun ot — o) = Fop 5 (t = B) > 1,

which cannot occur. So we find that the set A,, is equal to the set A’n’ y» defined by

A ={(tx) e =A< F, 5 (t—Bhx) <e, (1= NF,, 5 (t = Bx) + AFun g, (t — Byz) > €}
Now note that, because of the preceding relation,

1

AJecr<r b (t—Blz)<e

n

{108{(1 = NF,, 5. (t = B12) + NPy (t — Bp)}

(1= 8)log{1 = (1= NF,y, 5 (t = A1) = Mo (t — Boa)} } P,
= (n\)™! 3 {Ailog{(1 = N, 5 (T = BiX0) + Mun 0 (T: — 5 X0)}
iiF, 5, (Ti—Bl Xi)E(e—Ad]
+(1 = A log{1 — (1 = NF,;, 5 (T = B1,X:) = AF, 0 (T; — /BéXi)}}
— 0, Al0.
In fact, there is, with probability one, a (random) A > 0 such that

{ie{l,....,n}: F 5 (T — BuXi) € (= A e} = 0 for A < X

and therefore the sum in the expression above will be zero for A < X\. We can deal in a similar way
with the other situations in which parts of the integration regions in the two integrals in (6.2) do
not match. Hence,

lmsup A U1 =NF, 2 + AEung) — 1OF, -
/\wp { (( ) nh,Bn h,fo) ( nh,ﬁn)}

B / 5Fnh,ﬂo (t = Byr) = Fp 5, (8 = B)
€<Fnh,Bn (t—ﬁ;b;v)<1—e F h,,én (t - B’{'Lx)

n

1= Fun gy (t = Byz) — (1= F, 5 (t = By))
1= F,, ;5 (t—Bz)

+(1—46) } dPy (1, z,9),
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and we get,
Fonpo(t — 5 1~ Fungo (t = B
/ A 5 nh,ﬁo( Bon) I (1 B 5) nh,ﬁo( BAOIE) dPn(t,x, 5)
¢<F,, 5 (t—Bro)<i—e | Fy 5 (t = BLa) L= Fong, (= Foz
< / A dG,(t,x),
€<Fnh,ﬁn(t—ﬁ;x)<176

We assume that Bn is contained in the cube J,, and hence the sequence (Bn) has a subsequence
(Bny, = B, (w)), converging to an element 3. So, if 8,, = B, (w) — B, we get,

Fy g (6= Bly) — Falt — ) & / Fo(t — Bz + (8 — Bo)'y) fxir_sx (ylt — Bz) dy,

and since F, 2 (t— (' x) and Fa(t — B'z) stay away from 0 and 1, we get from the convergence of

Foph g (t — Byz;w) to Fy(t — Bx) and Fnkh,Bnk (t— A;Lka:;w) to Fg(t — f'z) that

F, — Bl F — Bl
lim A s Lot = Bomiw) ) gy Fmen(t = BoTi) Ay g
k=00 €<F, 4, (=B w)<1e Fnkh,Bnk (t = B, z;w) 1— Fnkh,ﬁnk (t = B, z;w)

_ Fo(t — Byz)* | (1 —Fo(t—ﬂéfb‘))Q} JG
/€<F5(t—,8’x)<1—e { Fﬂ(t_ﬂlx) 1 _Fﬁ(t_ﬂlx) (t’ x>

<

/ dG(t,x).
e<Fg(t—pf'z)<l—e

This can only happen if Fg(t — 'z) = Fo(t — Sjx) for all (t,x) such that e < Fg(t—f'z) < 1—e (see
p. 78 of [11]). Since the argument can be repeated for each subsequence, this gives the consistency
of B. O

To prove Theorem 3.2, we start with some results on the consistency of the kernel estimators

Ynh pr Inhi fn and their derivatives g; hBn and g; KL, stated in the next Lemma.
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LEMMA 6.1. Let the conditions of Theorem 2.1 be satisfied and let k = 1, then we have,

Inh, B, (t /an) Inh,Bo (t — Bo)
= (Bu — Bo) o {BAXIT — BoX = t — Boa}olt — Box)} + op(fn — o),

Inh1,p ( 5n$) Gnh1,, (t — Box)

= (B = B0){ Fo(t - 00) S{BLXIT = X = = bt ~ o)}

+ fo(t — Box){E{X|T — foX =t — Box}g(t — 5023)}}+0p(5n — fo),

I, B (t— Bpz) = Inn g (t — Box)

A~ 2 ~
= (B — o) g {BAXIT — oX =t — oa}g(t — o)} + Oyl — o),
and,

Irnp, (1 — Bn®) = G, (t — Bow)
— (o - ﬁo){fé(t — B E{XIT — BoX = t — foa}g(t — Box)
+ 2fo(t — 501‘ Q{E{X‘T — BoX =1t — Box}g(t — B()J})}

+ Fo(t — Box) {E{X|T BoX =t — Box}g(t — Box)}} Op(Bn — Bo).

02&2
PROOF OF LEMMA 6.1. For the first expression, we obtain,
G i, — Bn) = Gnhpy (t — Bo)
= / {Kh(t — Bz —u — Bpy) — Kp(t — fox — u — Boy)} dGy,(u,y)

— (B o) [ (4= )3 (¢ — B — s+ Boy) A1) + 0y — i)
= (5 = o) [ (4= D)3 (¢ = B — u+ foy) A6, )
+ (B o) [ (0= )KL e = -+ o) (G — G)asy) + 0y — o)
Using integration by parts and standard kernel calculations, we get
[ = )Ki(t = o — -+ o) dGla,y) = 5 ABXIT = X = 1= Goa)gle = o)} + O(h).
Also,
=D} o=+ 500) (G = ) = O3 (35 )

This proves the first result. The second result of Lemma 6.1 follows analogously.
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For the third expression, we have using successive integration by parts,
9;7[.;” (t — Boz) — 9 g (t — Boz)
— [ {0t = B = u Buy) — Kyt = o — u— o)} dGn(u,)
— (3 = 60) [ (o= @) K{(t ~ Bz — u + Boy) A6, )

~

+ (B — o) /(Z/ — 2)K}(t — Box — u+ Boy) d(Gn — G)(u,y) + 0p(Bn — Bo)

Applying integration by parts twice and using standard kernel calculations, we get
82
[0 2Kt = o = -+ o) dGlu ) = 5 {ECXIT = 5oX = t = Gu)g(t — Goa)} + O(1),

Also,

=Kt = o = ut o) d(Go — §) ) = 0, (1),
since for h = n~1/%, the order of the variance of this term is given by the order of,

1

[0~ e~ u+ GoGa) = 0 (s )

The third result of the lemma follows, to obtain the last result we apply similar calculations. [

LEMMA 6.2. Under the assumptions of Theorem 2.1,

suplg,, 5, (t - Bn) = g(t — Box)| = 0p(1), suplg, 5 (t = Bn) = g'(t — Boz)| = 0p(1),

sup 19,5, (¢ = Bu) — g1t = o) =op(1), and  suplgl, (¢~ Bur) — gi(¢ — Gow)] = op(1).
sT T wrn
PROOF. For the first result, we have,
sup|g,, 5, (t = Bu) = 9(t = Bo)| < suplg,, 5, (¢ = Baz) = gun o (t = Ho7)
> L ,T
+sup 19,80 (t — Boz) — g(t — Boz)|
T
A 0
< 1B — fol stup‘a{E{X —alT = X =t = fowhg(t — Box)}|
T
+SUD g0 (t = Fox) = g(t — for)]-
T
The result now follows from the convergence of Bn to fp, the (two times) continuous differentiability

of the functions fr_gx and fx|r_z x and Lemma A.2 in [9]. The other results are proved similarly.
O
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PrRoOOF OF THEOREM 3.2. The proof of Theorem 3.2 follows by similar arguments as the proof
of Theorem 3.3 in [9] on p. 26, using the result of Lemma 6.2. O

PROOF OF LEMMA 3.1. Part(i)
Recall that,

_ Yun,5(t — B2)

Eung6 = B0) = st~ Ba)
where
Gnh1,5(t — Bx) = /6Kh(t — Bz — u+ By) dPp(u,y,0),
and
gt = B) = [ Kt = B~ u + By) dBa(u,1. )
Moreover,

Falt — Bx) = [ Folt = oo+ (8 = o)y — 2))xirsx (ol — 62 dy.
We first investigate the bias part.
Byt — 62) = [ Folu— Boy) (e = B — u+ y) dG(u,)
= [ Folw+ (3 = Bo) Kt = B = ) fr-sx(0) xir-sx(olo) dy o
= [ Folt = 8-+ (8 = o)y — ) K (w) fr—sxc(t = B — ) Syt = B — ) dy d
— fr-x(t = Ba) [ Folt = oz + (5~ Bo)ly — o)) fxr_px(ult — B dy + O (1),

uniformly in 8 € [By — 1, 5o + 1] and ¢,z varying over a finite interval, due to the assumptions of
Theorem 2.1. In a similar way, we get

Egnn,s(t — Bz) = fr_gx(t — Bz) + O (h?),
uniformly in 8 € [By — 1, Bo + 1] and ¢,z varying over a finite interval. So we find:

Egnn,1,5(t — Bx)
Egnh,1,8(t — Bx)

= Fy(t — Bz) + O (h?).

uniformly in 8 € [Bo —n, Bo + 1] and ¢,z varying over a finite interval, such that Eg, 1 (t — )
stays away from zero.
So we obtain

Fnhﬁ(t — Bw) — Fg(t — 51’)
_ gnh,l,ﬁ(t - BQS‘) - Egnh,l,,@(t - B'r)
gnh,ﬂ(t - ﬁIE)

Egnh,,@(t - B'r) - gnh,ﬁ(t - Bl‘)
gnh,ﬂ(t - Bx)Egnh,ﬁ(t - ﬁm)

+ Egnh’l’g(t — ﬂ:z) + O (h2) ,
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and

{Funp(t — Bz) — Fy(t — Bx)}
<3 {gnh,l,ﬁ(t — Bx) — Egnn1,8(t — )
o gnh,ﬁ(t - ,8(13)

2 2

B Egnnp(t — Bz) — gun st — Bz) }

} +3 {Egnh,l,/o’(t Bz) gnn3(t — Bx)Egnn 5(t — Bz)
(6.3)

+0 (h*).

uniformly in 8 € [By — 1, Bo + 1] and ¢,z varying over a finite interval, such that Eg, 1 5(t — )
stays away from zero.

Since n > 0 is chosen in such a way that a;(8) = Fﬁ_l(e) > a, bi(fB) = Fﬁ_l(l —€) < b, for
each B € [Bo — 1, Bo + 1] and since gnp g stays away from zero with probability tending to one if
€ < Fupp(t—Br) <1—€ we get

_ _E _ 2
/ {gnh,l,ﬁ(t B) Gnh,1,8(t — Bx) } 4Gt )
e<Fyp,p(t—Pr)<l—e gnh,ﬁ(t - 537)

<

~

/ {gnn1,5(t — ) — Egnp15(t — Br)}* dG(t, x)
e<Fyup p(t—Pa)<l—e

Furthermore

2
E {gun1,5(t — Bz) — Egnn1,5(t — Bz)}* = E {/ 0K (t — Bx —u+ By) d(P, — Po)(u,y, 5)}

o)

uniformly for (£, x) in a bounded region, so we get

1
E / {gun1 p(t — B) — Egups 5(t — fz)}? dG(t,z) = O () |
e<Fpp p(t—Bz)<l—c nh

Hence

_ _E — 2
/ {gnh,lﬁ(t Bz) — Bgnn1,5(t = Bz) } dG(t,z) = O, (1) .
€<Fnh75(tfﬁw)<17€ gnh,ﬁ(t - ﬂl‘) nh

The second term on the right-hand side of (6.3) can be treated in a similar way. So we get (3.4).
This proves part (i).
We next replace dG in part (i) by dG,, and we get

t— Bx)—E t— 2
/ {gnh,l,ﬁ( pr) — Egnn1,s( B:E)} 0G (1)
e<Fpn,g(t—pr)<l—e gnh,ﬁ(t - B«T)

<

~

/ {9nn,1,6(t = Bx) = Bgun,1,5(t — B)}* dGn(t,2)
e<Fyup,p(t—PBr)<l—e

1 n
T Z {9nh,1,8(Ti — BX;) — Egun1,6(T; — BX;)} Ve Fop s(Ti—BX:)<1—c}-
=1
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Moreover,

1 n
& > {gnn1,8(Ti — BX) — Egun1,p(Ti = BXi)} Lea pop o(Ti—pXo) <1}
=1

=E{gnn1,8(T1 — BX1) — Egun1,5(T1 — BX1)} Lea o o(Ti—px1) <1}

<E / {gmnrs(t — B) — Egup1.s(t — B)}? dG(t,z)
€/2<Fg(t—Bx)<l—e/2

of)

This implies by the Markov inequality,

n - — Hn t— ?
/ {9 h1,8(t = B2) — Egnh.1,5( 533)} dGn(t,x) = O, <1> :
e<Fpp gt—Bz)<l—e gnh,ﬁ(t - ,3.’13) nh

The other term on the right-hand side of (6.3) is treated similarly and the first part of (iii) follows.

Part(ii)

We have:

f(y - :1:){(5 - Fnh,ﬁ(t - 51‘)}K,’l<t - ﬁ(L‘ —u+ /By> dPn(uv Y, 6)
gnh,ﬁ(t - 51‘) .

(6.4) ;;Fnhﬁ(t — px) =

We consider the numerator of (6.4). It can be rewritten as
[ =25 = Fulu— o) M ¢ ~ Bz + By) dPa(u..0)
+ [ (=2} Fo(u— Poy) ~ Fp(t = Bo)} K}t~ B — u + By) dGu(us )
+{F(t = ) — Fang(t = 6)} [y — )it — B — u+ 5y) dG(us).

The first term can be written as

def

and we have:

E / An(t, 2, B)* dG(t,7) <E / An(t, 2, /)2 dG (L, 2)
Fnhﬁ(tf,b’a:)e(e,lfe)
~ nlh3/var(X|v)F0(v){1 — Fo(v)} fr—px (v) dv/K'(u)Qdu, n — 00.

In the second term we must compare Fy(u — Boy) with

Fy(t - far) = / Fot — o+ (8 — fo)(z — 2)) Fxr—sx (2t — Bz) d.
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We can write

Fo(u — Boy) — F(t — pz)

= /{Fo(u = Boy) — Fo(t — Box + (B — Bo)(z — 2))} fxr—px (2|t — Bz) d=.
So we find for the second term

By(t,z,3) / (y — 2) {Fo(u — Boy) — Fa(t — Ba)} Kp(t — Bx — u+ By) dG(u, y)

— [ [ =) (Fatu = o) — ot = G + (8 = o)z — )} Fxir-px (o1t - Ba)
(t - Bz —u+ By) dBn(u,y)
— [w=o) [ (Fotu o)~ Folt = o+ (5 = o)z = )} (el - B) s
(t — Bx —u+ By) dG(u,y)
+ [tr=2) [ {Fotu = o)~ Folt = o+ (8 = o)z — 2))} Frir-sx(alt — o) s
Ky (t = Bz —u+ By) d(Gyp — G) (u,y).

We now get for the first term on the right-hand side
=)0+ (8 = o)) Ki(t = 52 = ) fr-px(0) fxir-px(yle) dvdy
+ [tr=a) [{Fo0+ (5= o)) — Folt — Pz + (5 — o)z — 2)} S (ol — ) d
Kt~ B2~ 0) o {frax (o) fxprsx (ul0)} dvdy
— [ aMfo(w+ (5 = Bo)y)Kn(t — Bz =) fr—px(e) xir—px(vlo) dvdy
+ [=a) [ B+ (5= G~ Fate - 5)}
Kt~ Bz =) o { e () fxgrsx olo) s dody
= r-ax(t = 52) [(y=2)folt = B+ (8 = Bo)y) Fxnsxult — Bx) dy
+ [ty ) {Falt = B + (5 - Go) — Fat - )}

: % {fr-sx () fxi—sx (?J|U)}‘v:t_ﬂx dy + O (h)
= fr_px(t — Bz)ag(t — bx)+ O (h).

Since

Gunp(t — Bx) = fr_px(t — Bx) + Op(h?),

we get,

Bult,z,8) }2 B ( 1 ) ,
/Fnh,ﬂ(t—ﬁz)e(e,l—e) {gnh,ﬁ(t _ Bw) (Iﬁ(t Bl‘) dG(t,l‘) = Op e + Op (h ) .
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Finally, defining

Cult, 3, 8) C A Fs(t — Ba) — Fop st — o)} / (y — 2) K} (t — Bz — u+ By) dGp(u,y),

we get, using,
[0t~ 62—+ py) dGu ()
— [ oKt~ bz~ ut By) dGlusy) + [ (5 DGt~ bz = ut By) dCn — Gu)
— [ =930~ 82 =) a0 - o) dody +0, (15 )

d 1
= /(y — @) Ep(t = Bz = v) - { fropx () fxir—px (ylv) } dvdy + O, <nh3>
= Op(1)7
and using Lemma 3.1 for the factor Fg(t — fx) — Fpp g(t — Sz) that
Co(t,z, 3)* dG(t,z) = O, <1> + 0, (h*).

/Fnh,ﬁ(t—ﬂw)e(e,l—e) nh

This proves part (ii). The second part of (iii) is proved in the same way as the first part of (iii). O

Proor or LEMMA 3.2. The function F},; g is the ratio of two kernel estimators. If h < n=1/5,
the derivative has the property

2
//2<F () <1—e/2 {Fanp () = Fp(u)} du = Op(1),
€ B u —€

using Proposition 5.1.9, p. 393 in [8], with m = 1, p = 2 and h < n~'/5. So we may assume that
Fyn s belongs to a class of functions F with the property that

f'(u)?du < M.

/6/2<F5(u)<16/2

if f e F, for afixed M > 0. It now follows from [1] that the entropy for the supremum norm H,
satisfies:

HOO(C?‘F) =0 (C_l) )

see also the discussion in [27] in section 2.4, since these functions (seen as functions of ¢ — fx) belong
to F with probability tending to one. We can deduce from this that, for fixed 3, the functions in
the class F':

(t,x) — Fonp(t — Bx)

also have entropy Hoo (¢, F') = O (Cil), and since
H2,B(Ca]:,7G) S HOO(Ca]:/)
for the entropy with bracketing for the Ly(G) metric, we also have

Hyp(¢, F,G)=0 ().
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The function § can be represented in the form 1, .)(t — 8x), where e denotes a realization of
the errors ¢;, and it is clear that this class of functlons for varying (3, also has an (-entropy with
bracketing for the L2(Qo) metric bounded by a constant times (!, where Qg is the probability
measure of (T, X, ). Finally the functions

Le,o0)(t = Bx) — Fop p(t — Bx)
Fanp(t — Ba){l — Funp(t — Ba)}’
where we let also the parameter 8 vary, clearly still have the (-entropy with bracketing for the

L2(Qo) metric of order ¢ L.
Applying the equicontinuity lemma to these functions,using the envelope function

t _
(t7x7€76)’_> sup Ma
Belo—mpotn €1 —€)

(t,xz,e,B) — ag(t — pz)

and the seminorm

1/2
on(fl,ﬁaf?,,B’) = / {fl(t,.f,@,ﬁ)—f2(t,$,6,,8/)}2dQ0(t,$,6)
/2<Fo(t—Box)<l—e/2

combined with the first result of Lemma 3.1 yields that the limit distribution of

B § — Fong(t — Bx)
\/E/Fnh’g(tﬁx)e(e,le) aﬁ(t 5x) Fnh,ﬁ(t - /Bx){l - Fnh,ﬁ(t - B«T)}

is the same as the limit distribution of

d(Pn — Po)(t,z,0)

B d — Fg(t — px)
\/E/Fﬁ(t—ﬁx)e(eyl—e) ol Bx)Fﬂ(t — Bx){1 — Fp(t — Bz)}

where we assume that {e < Fg(t — fz) < 1 — €} is contained in {€/2 < Fy(t — for) < 1 —€/2}, for
all 8 € [Bo — 1, Bo + n]. This completes the proof of Lemma 3.2. O

d(Pn — Po)(t,x,6)

ProoF or LEMMA 3.3. Let 3 € [5o —n, Bo + n]. We have:

0
\/ﬁ/nhﬁ( —pBr)e (el—e){ pt = Bz) = B Fonp(t — Bw)}
§ — Fupp(t — Bx)

. Fnh,ﬁ(t — Bx){l _ Fnh,,B(t — ﬁx)} dPn(t, 113‘,5)
0
- \/E/Fnh,ﬁ(tﬁx)E(e,le) { s(t = Bz) = g Funp(t = 5«%’)}
. 6 — Fy(t — Box) }
{Fnh,ﬁ(t — Bx){1 — Fops(t — Bx)} dPy(t,,6)

0
! \/E/Fnh,ﬁ(t,ﬁw)e(é,le) {aﬁ(t - fr) - %Fnh,ﬁ(t — /Bx)}

. Fo(t — bor) nh,g(t — Bx) N
{an(t_m){l_ nhﬂ(t_ﬂx)}} dGn (t, ).
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The first term on the right can be written

0
\/E/Fnh,ﬁ(t—ﬁx)e(e,l—e) { (t B B.CL‘) B nhﬁ( ﬁx)‘ﬂﬂ}

. { 6 — Fo(t — Box)
Fnh,ﬂ(t - Bx){l - Fnh,,@(t - BSC)}

} d(P, — Po)(t,,6),

Now note that

9 ( 5$) f(y—x){(s—Fnh,g(t—ﬁx)}K,/l(v—u+[3y) dPn(ua y,5)
ap Ini,p(t — Bz)

and that the function

f(y - ZL‘){(S - Fnhﬁ(v)}K;L(’U —u-+ By) d]P)n(ua Y, 6)
gnh,3(V)

V=

has a derivative which is square integrable on the set {v : €/2 < Fg(v) < 1 —¢€/2}, with probability
tending to one. So we may assume that the function, as a function of ¢ — Sz, belongs to a class of
functions F with the property that

/ f'(u)?du < M.
€/2<Fg(u)<l—e/2

if f e F, for afixed M > 0 (see also the proof of Lemma 3.1; we use Proposition 5.1.9, p. 393 in
8], with m =1, p = 2), and h =< n=1/%).
So we can apply the equicontinuity lemma (see [20], p. 151) which tells us that

)

nh,ﬂ(t_ﬁm)e(eul_e)

{aatt — o) = Pt - )}

{ § — Fo(t — foz)
Fun,p(t = B){1 = Fun(t — B)}

} d(]P)n - PO) (t,z,0)
= o0p(1),

(see again the proof of Lemma 3.1).
Furthermore, an application of the Cauchy-Schwarz inequality and Lemma 3.1 yield that

0
ﬁAnh,B(tﬁx)G(e,le){ p(t — fz) — 5 Fonp(t 5@}

. { Fo(t — Bow) — Funp(t — Bx)
Fang(t — Br){1 — Fapp(t — Bz)}

=0y (n710) 0y (VA(B - B)), B fh-

The conclusion is that

0
t— o a(t—
\/ﬁ/Fnh,B(tﬁ’Z)E(e,le) { st =) - 9B Fun,( 595)}

. o — Fnh’g(t — Bl‘)
Fnh,ﬁ(t - ﬁl‘){l - Fnh,ﬁ(t - ,BSL‘)}
:Op(l_'_\/ﬁ(ﬁ_ﬂ()))a B — Bo,

} Gy (t, )

dP,(t,x,9)
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and hence that

A 6 — Fnhg ( —an)
5 (t— By - dP,(t,z,0
\F/nha haye(edg ag (t—p w)Fnh,B Bl P (0 o)) (t,z,0)

= 0y (14 V(B — o))

since
0 6—F h,Bn ( - an)
Vi / Funs(t — )| " P (t,3,0)
Fop o (t—Baw)e(el— 0 9B b= ﬂnFM(t—ﬁn {1 = F, 5, (t = Baz)}
We now find
o 0—F - Bnm
NG / A as, (t = Bux) i ) dPy(t, z,0)
F,, 5, (t=Baz)e(e1—¢) " Eo, (t — Bpx){1 — E s, (t — Bnx)}
R Fy(t — Box — Bnaz
S ag, (t = Bua) 0( - e R it
nhB t ,87;17 51 E) " FnhB (t_IBn ){ - n(t—ﬁnﬂ?)}
A FO(t - 501') ( an)
~/n as (t— Bupx dG(t, x
ot someten o ' )Fo(tfﬁow){lfFo(tfﬁox)} ()
~ —v/1(Bn — Bo)L(Bo),
where the last equality follows from an expansion of a; ( — Bnx){ Fo(t — Box) — Fy (t— Bnx)}. The
result now follows. O

ProOF OF THEOREM 3.3. Using the equicontinuity lemma, we have for all sequences (3,,) such
that 8, — Bo:

0 — Fun g, (t — Bnx)
t— B, : d(P, — P)(t,z, 6
\/E/Fnh,g(t—ﬁnx)e(e,l—e) as.(t =B x)Fnh,ﬁn (t = Bnx){l = Funp, (t — Bnx)} ( b) ¢ ,9)
. _ 6_Fnh,,3()(t_ﬁox) d(P. — P 5
N \/H/Fnh,ao(tﬁoz)e(e,le) #ult Box)Fnh,ﬁo(t — Box){1 — Fun,p, (t — Box)} (B — Ro) t:2,9)
+ Op (5n - /80)
5 — Fo(t — ,80:E)
= — d(P, — Py)(t,z,0
\/E/F,Lhﬁo(tgoz)e(ﬂe) aso(t = Poz) Fo(t — Box){1 — Fo(t — Box)} ( b) (&, ,9)
+ OP(1>7
where
ag, (t — Box) = fo(t — Box)Eg{X — 2|T — PoX =t — fox}.
Since
0 — Fo(t — Box)
_ dP, o) =
\/ﬁ/FnWO(tﬁox)e(e,le) a0 ! Box)Fo(t — Box){1 — Fo(t — Box)} olt,,9) =0
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we get:

. (5 — F()(t — ,801‘)
\/ﬁ/Fnhﬂo(t—ﬁox)e(eg—g) a0t = foc) Fo(t — Box){1 — Fo(t — Box)}

d(P, — R)(t, z,0)

=n /2 Z Jo(Ti — BoXi){ Egy (Xi| T; — By Xi) — X}
i—1
A; — Fy(Ti — BoXi)
Fo(T; — BoXi){1 — Fo(T; — BoXi)}

1(6,176) {FO(E - BOX’L)} .
Hence, using Lemma 3.3, we get

Vil (Bo)(Bn — Bo)

—n1/2 Z Jo(Ti — BoXi){ Epo (Xi| Ti — BoXi) — Xi}
i1
A; — Fo(T; — BoXi)
Fo(T; — PoXi){1 — Fo(T; — poXi)}

Lea—o {Fo(Ti — BoXi)} + op(1).

PROOF OF THEOREM 4.1. We will denote dx; . ..dxi by dx. We have

&n—aoz/uanhB (u) — /udFo /{Fo nhﬁn )}du
/Fo@ )~ 5 (- )
foﬁA{lX(t - Bév’ﬂ)
_ar _ _al Fa(t — A
(65) = / Folt = Bor) = Bolt = B67) 4, +/ ot = Bo) = Fr 3, (t = o)
fT—ﬁA;LX(t - 6’;7,1.) fT—BZX( - B’{l )
For the first term in the last expression we get
JE (t - ) ogt—ﬂasw
Fr_g x(t — )

-/ {Fo< — Fo(u+ 2B — o)}y 01T — X = ) dud

dG(t, )

dG(t, )

dG(t,x)

~ _/x/(Bn — Bo) fo(u) fxjr—pyx (2| T — BoX = u) dudz
~—{ [ BT = X = a5 )

This term, multiplied with y/n, is asymptotically normal, with expectation zero and variance

o2 2 (B0 1.(8o) " a(Bo),

where a(fp) is the k-dimensional vector, defined by

a(60) = [ Bs{XIT = 55X = ubfofu) du
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For the second term in (6.5), we first note that,

[{6 — Fo(t — Bha)} Kn(t — Bhx — u+ Bly) dPp(u,y, d) |
nhﬁ ( ﬁ, )

We write (6.6) as the sum of the integral over dPy and the integral over d(P, — Py) and show that
the contribution of the dP, integral, evaluated in (6.5) is negligible and that the contribution of
the d(P, — Py) integral will yield an asymptotic normal distribution.

We have

(6.6) F,, 5 (t—Bhe) — Fot — Byz) =

[16 = Falt = Bo)} Kt — B — u+ B) dPo(u..0)
— [{Fa(u= 8w) ~ Falt = B5)} Kt — e — u+ ) dGu,)
— [{Fuw + (B~ Bol) = Folt ~ B )}t ~ B o)
o x O xir_ g xWIT = B,X = v)dvdy
— iyt = Bia) 1t = B+ (B = Boly) — Folt — o)}
Fxpr_pxWIT = B,X =t = Bz) dy + Oy (1)

= fr_p x(t = B folt = Byz) (Bn — Bo) B{X — a|T — B,X =t — B}
+ Oy (1?) + 0 (118 — Boll).

where ||z|| is the euclidean norm of the vector x. Hence we get

/ J{8 — Folt — Bhe) VG (t — Blx —u+ Bly) dPo(u, y, 6) dG(t, z)
G, (= B Sy (= By)
/fo (t = Bor) EAX — 2|T — foX =t — Sy} dG(t,z) + Oy (h?) + 0p(Bn — Bo)
gl — Bl2) o
= (Bu— o) / Jo() E{X = 2|T = foX = v} fxir—pox(2|T = foX = v) dadv

+0p (1?) + 0y (118n — Boll)

= 0, (h?) + 0, (1180 — Boll),

which is o,(n~1/2) if h < n~V4.
Finally,
Inh, By, (t— 6 )fT BlLX ( —57’133)

_ {6 — Fy(t ﬁoﬂc)}Kh(t*Bn ELJFB;Ly)thx AP — P\ (v 5
f// i, — By ) fr_p x(t = Byx) (t,2)d(Pn = Po)(w,9)

- {0 — Fo(u 5034)} _ " 5 -
=V e ) d(Pr — Po) (u,y,0) + Op (1) + Op (11 = Boll)

dG(t,z)
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is asymptotically normal, with expectation zero and variance

(6.7) /Fo {1—F0 v)} dv,

fr—g,x (v

if h < n=V4,
Both terms in the representation on the right of (6.5) are, apart from a negligible contribution,
sums of independent variables with expectation zero. By Theorem 3.3 we have

\/E(Bn - BO)
= n"Y21(Bo)” Zfo (Ti — BoXi){ Ep, (Xi| T; — BpXi) — Xi}

=1
A; — Fo(T; — BoXs)
Fo(T; — BoXi){1 — Fo(T; — BoXs)}

and the second term of (6.5) has the representation

Le1—o) {Fo(T; — BoXi)} + 0p(1).

_ A; — Fo(T; — BLX5)
n—1/2 of 0
Z fT By X T ﬁo )

By the independence of the summands Wlth indices ¢ # j, the only contribution to the covariance
of the two terms in the representation can come from summands with the same index. But,

fo(Ty — BYXi){ Esy (Xi|T; — B0 Xs) — XiH A — Fo(T; — ByXa)}? .
B { Fo(Ts — G Xo) (1 — FolTs — o X0 r gy (0o — o) (im0 ot =) }} |

_ / folu — Byy){Epy (X|T — BpX = u — Byy) — y}H — Fo(u — Byy)}?
(u=Bhy)€(e1-¢)

dPO(ua Y, 5)

Fo(u— Boyy){1 — Fo(u — Byy) } fr—py x (u — Byy)
:// fo(v){EBo(X|T—56X:U)—H}FO(U){l—Fo(U)}
(v)€(e,1—€)

R0} {1~ Fole)
. . Dy PR = @)
= [ JRXIT = 0 =) = iy A C

=0

fxir—pyx (ylv)dvdy

So the covariance is zero and Theorem 4.1 follows.
O

Finally, for completeness, we give the representation of the partial derivatives of the constants
c1 and ¢y w.r.t. 8, which was used in computing the derivative ¢7(f) (5, Fnh,,@) in Figure 4. We have

0

a5
Jocurgryapy e CEVOINAE S — B'y)/ fr_px (u — B'y) dGr (u, y)
2\ {1 _ 6—2(5—6)/\&}
eIV [ ey e PN, 5 — B'y) ] fr-gx (u — B'y) dGn(u, )
22 {1 - e-20-0/VA}
 Jacu—pry< e~ =P/ B, 5(u— B'y) f_sx (w— B'Y)/ fr—px (u— B'y)? dGy(u, y)
2N {1 _ 6—2(6—(1)/\5\}
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e—(E—&)/\/X fa<uf,6”y<l_) Y e_(i)l_u"'ﬂly)/ﬁﬁn”g (u — 5’y)f:'p,/3X (U - /Bly)/fT—ﬁ’X (U - B/y)Q dGn(U, y)

2v/X {1 . 6—2@—&)/&}

and
9
88"
e~ OV [y e WIVOIAE, s(u— B'y) ) frpx (u— B'y) dGr (u, y)

2 {1 — e—20-a)/VX }

Jocupryepye” CHIVIAE, s(u— B'y)/ fr_px (u — B'y) dGy(u, y)

+ -
22 {1 - e2b-0/V3L
) e~ OV [ e CEVOIAE, s(u— B'Y) fh_ax (u— B'Y)/ fropx (u— B'y)? dGy (u,y)

2\& {1 _ e—Q(B—a)/ﬁ}

Jocusryesy € CTHINIAE, 5w — B'y) f1_sx(u—B'y)/ fr-gx (u— B'y)? dGn(u,y)

- 2V/\ {1 _ e-z(E-a)/ﬁ}
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