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A GAMMA CLASS FORMULA FOR OPEN GROMOV-WITTEN

CALCULATIONS

MATTHEW MAHOWALD

ABSTRACT. For toric Calabi-Yau threefolds, open Gromov-Witten invariants
associated to Riemann surfaces with one boundary component can be written
as the product of a disk factor and a closed invariant. When the Lagrangian
boundary cycle is preserved by the torus action and can be locally described
as the fixed locus of an anti-holomorphic involution, we prove a formula that
expresses the disk factor in terms of a gamma class and combinatorial data
about the image of the Lagrangian cycle in the moment polytope. As a corol-
lary, we construct a generating function for these invariants using Givental’s
J function. We then verify that this formula encodes the expected invariants
obtained from localization by comparing with several examples. Finally, moti-
vated by large N duality, we show that this formula also unexpectedly applies
to Lagrangian cycles on Op1(—1, —1) constructed from torus knots.
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1. INTRODUCTION

1.1. Background and motivation. Gromov-Witten theory has a rich history,
both in physics and mathematics. Physically, Gromov-Witten invariants appear
in type ITA topological string theory as instanton counts associated to interactions
between particles. Mathematically, they are invariants associated to symplectic
manifolds that, roughly speaking, count pseudoholomorphic curves in the manifold.
The relationship between these two perspectives is conceptually straightforward: as
a string moves in time, it sweeps out a compact Riemann surface (its ‘worldsheet’).
The amplitudes in string theory encode counts of maps from Riemann surfaces
into a 3-(complex)-dimensional Calabi-Yau manifold, and Gromov-Witten theory
assigns invariants to spaces of such maps.

In general, counting holomorphic maps from Riemann surfaces to a given tar-
get space is a difficult problem in enumerative geometry. Gromov-Witten theory
has famously benefited from its connections with string dualities, first with mir-
ror symmetry | , ], and more recently, large N duality [GV, ]. Be-
ginning with [Kon], for toric manifolds, Gromov-Witten invariants associated to
maps of closed surfaces have also been systematically computed using localization
[GP, , KZ]. “Closed” Gromov-Witten theory is a natural mathematical coun-
terpart to closed topological string theory, and, in contrast to the “open” theory
(i.e., for maps of Riemann surfaces with boundary), the moduli spaces involved are
rigorously defined.

Open Gromov-Witten theory is the subject of this paper. By analogy with the
closed case, open Gromov-Witten theory is a mathematical counterpart to open
topological string theory: open strings sweep out compact Riemannian surfaces with
boundary, and the boundary of the strings are constrained to lie on branes. These
boundary constraints are expressed mathematically as Lagrangian submanifolds
L C X, and the string amplitudes are encoded by counts of holomorphic maps
f: ¥ — X, with the image of the boundary constrained to lie on L: f(9%) C L.
However, as observed in | , |, there are additional subtleties in adapting
the methods of the closed theory to the open case. In particular, even for well-
behaved Lagrangian boundary cycles, open Gromov-Witten invariants depend on
an additional integral parameter (in localization, this parameter corresponds to the
weights of the torus action).

In spite of this, the same computational tools of mirror symmetry, large N
duality, and localization can still be used. In fact, through these string dualities,
open Gromov-Witten theory can be connected to both classical and homological
knot theory [OV, , , , , ]. The primary goal of this paper is
to provide a concise and consistent framework for computing open Gromov-Witten
invariants directly, via localization. The main result is a formula for open Gromov-
Witten invariants expressed in terms of local combinatorial data and a gamma class.
As expected from | ], the construction depends only on the local geometry
near a vertex of the moment polytope of X. In the case where the associated
moduli space of open maps is rigorously defined ([[X1]), this formula is proven to
be correct. Through large N duality, it is shown that this result applies in a more
general situation motivated by knot theory.

The author hopes that the approach described herein will lead to a more general
construction of open Gromov-Witten invariants.
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1.2. Organization of the paper. The paper is organized in the following way.
Section 2 reviews some general facts about open Gromov-Witten theory, including
deformation theory and localization. Most importantly, this section describes how
to express an open Gromov-Witten invariant as the product of a “disk term” and
an invariant of closed maps. Section 3 contains the proof of the main result of this

paper:

Theorem. Let X be a Calabi-Yau 3-fold and L C X a Lagrangian submanifold
which can be described locally as the fixed locus of an anti-holomorphic involution.
Let S* act on X such that the S* action preserves L, and L intersects a rigid circle-
invariant curve C. Let v € H? (X;Q). Then, the genus g, 1 boundary component,
degree d, winding w open Gromov- Witten invariant with Lagrangian boundary L is

a1 o (bp
O = (AX’L <% z— ¢>g,d>

where Ax 1, is the disk function

Ax,r (7) =

)

Z=x

T
—_— ’y.

wzI'x sin (w%)

Here, fX is the homogeneous Iritani gamma class, \ is the weight of the torus
action along a normal direction to LN C, a = ¢1(ToA) is the equivariant Chern
class of the induced representation of S' at the attachment point of the disk, and

¢p is the equivariant class of the image p € X of the disk attachment point.

Section 4 describes how to apply the formula above to several examples where
the resulting invariant is already known, and demonstrates that this formula repro-
duces the expected result. Finally, Section 5 applies this formula to a novel class
of Lagrangian cycles motivated by large N duality. These Lagrangian cycles are
obtained from the conormal bundles of torus knots in S* after the conifold tran-
sition, and do not have the same local description required in the above theorem.
Nevertheless, the main result of this paper is still found to apply to these cycles.
This hints that a version of the theorem may hold for a broader class of Lagrangian
cycles.

Acknowledgments. The author thanks H. Gao, H. Jockers, C-C. M. Liu, and
P. Zhou for valuable discussions. The author is especially grateful to R. Cavalieri
for the suggestion of this project and many related conversations, and to E. Zaslow
for guidance and suggestions.

2. PRELIMINARIES

2.1. Deformation theory for stable maps. Open Gromov-Witten invariants are
enumerative invariants of maps f : 3 — X from Riemann surfaces with boundary
into a Calabi-Yau manifold X with a chosen Lagrangian submanifold L, such that
f(0X) C L. By analogy with the definition for closed stable maps appearing in
[Kon], [KL] define the open Gromov-Witten invariant in the following way. Fix
integers g (the genus of ¥) and h (the number of connected components of 9%),
and a relative homology class d € Hs (X, L; Z) with 0d = Y w; € Hy (L;Z). Then,
the open Gromov-Witten invariant GWi’l}ULthh is a virtual count of continuous
maps f: (X,0%) — (X, L) satisfying:
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e (X,0Y) is a Riemann surface of genus ¢g with boundary 9% consisting of h
oriented circles,

e f is holomorphic in the interior of X,

e f.[X] =d, and

For brevity, wy, ..., wp, will sometimes be denoted by . In order to define such an
invariant, [I[{L] construct a moduli space M, (X, L;d, E?) of stable maps which

compactify the maps described above, and give a local description of an orientation
and a virtual fundamental class on this moduli space. In particular, the authors
generalize the deformation complex in ordinary Gromov-Witten theory to the open
case.

Recall that for smooth, closed ¥ in ordinary Gromov-Witten theory, there is a
normal bundle exact sequence of vector bundles on X:

0 ——Ty —— f*"Ix —— Ny/x —=0.

The corresponding long exact sequence in cohomology is

0 —— HO(S, Tx) —— HO(S, f*Tx) —— H(S, Ny/x)
H\(®,Tg) — H'(, f*Tx) — H'(X,Ng/x) — 0

The terms in this sequence can be interpreted as infinitesimal automorphisms, de-
formations, and obstructions to deformations for ¥ and f, so this sequence can be
re-written as the deformation complex:

0 —— Aut(Z) — Def(f) — Def(%, f)

(1) ///
Def () (f) (%, 1)

— Obs(f) — Obs — 0.

Suitably interpreted, the same sequence holds for nodal, open curves in open
Gromov-Witten theory: Over a smooth point (3, f) in M, , (X, L; d, ﬁ), H* (%, f*Tx)
are the cohomology groups associated to sections s of (3, f*Tx) satisfying s|ox €
T (0%, £°TL).

The expected (virtual) dimension of M, , (X, L;d, W) is

vdim M, (X, L;d, W) = rank Def (%, f) — rank Obs (3, f)
= w(f"Tx, floeTr) — (dim X —3) x (¥),

where p denotes the generalized Maslov index of the real subbundle (f|aos)" 71, C
f*Tx [KL.]. When X is a complex manifold and L is the fixed locus of an anti-
holomorphic involution, u (f*TX, (flas)" TL) = fd ¢1 (Tx), and if X is a Calabi-
Yau threefold, vdim M, , (X, L;d, @) = 0. When M, (X, L;d, W) has a well-
behaved torus action, [KKL] give an explicit description for the localization of the
virtual fundamental class to the fixed loci of the torus action. In contrast to closed
Gromov-Witten theory, the virtual cycle found in [[X1.] depends on the torus action.
Additionally, the invariants defined in [I[X1.] depend on a choice of orientation. This
choice is reflected in the overall sign of the invariant, and the invariant formula
proposed in this note has an analogous orientation-dependent sign.
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2.2. Separating the disk term. Gromov-Witten invariants are, in general, dif-
ficult to compute. The primary computational tool is the Atiyah-Bott fixed-point
formula [AB]. When applied to computations of Gromov-Witten invariants for toric
varieties, this “localizes” integrals over the entire moduli space of stable maps to
integrals over only those maps which are fixed by the torus action [ , , ]
The Atiyah-Bott fixed point formula for the integral of a class ¢ over a manifold
(or more generally, a Deligne-Mumford stack) M is

@ [e=2 ) ()

where the sum is over the fixed point sets P, ip is the embedding of P into M, and
e (Np) is the (equivariant) Euler class of the normal bundle of P in M.

Following [GP, ], a stable map (3, f) can be naturally described as a dec-
orated graph. The vertices v of the graph correspond to contracted components
of the nodal curve X, and are labeled by the genus g (v) of that component. The
edges e correspond to P'’s which are not contracted by f, and are labeled by the
degree d. of the map f|pr. When the fixed stable maps are described as decorated
graphs in this way, (2) becomes

1 1
(3) GWY ::/ 1= E / —.
T I my ey A Al g e (N

As observed in [G7], the graph description of stable maps can be extended to the
open stable maps defined in [I[{1] by treating the open disk component as a “leg”
of the graph. A crucial consequence of this is that open Gromov-Witten invariants
can be expressed as a closed Gromov-Witten invariant multiplied by a “disk term.”
For simplicity, restrict attention to surfaces with one boundary component. Let
X be a Calabi-Yau manifold equipped with an S* action that fixes a Lagrangian
submanifold L C X. Suppose that f: ¥ — X is a stable map from a genus g
Riemann surface with one boundary component such that f. [X] = d € Hy (X;Z)
and flpx: 0¥ — f(0%) has winding w as a map between homotopy circles. Let
M = My1,0(X,L;d,w) denote the the moduli space of such maps (genus g, 1
boundary component, 0 marked points).

The S! action on X naturally induces an S! action on M. If (%, f) € M is fixed
by the S' action, then ¥ must take the form

Y=Y U, A,

where X is a closed genus g Riemann surface, A is a disk, and v is a simple node
on Xy at which A is attached. S! invariance further requires that (3o, f|s,,v) is
fixed by the induced action on M, (X, d).

Then, a virtual localization formula analogous to (3) for the genus g, degree d,
winding w open Gromov-Witten invariant would take the form

1 1
(4) GW“:/ 1= / —
R
where Ar = Z/wZ x Ar+ (I is the graph associated to the closed curve (3o, v)).
Note that M, 1 (X,d) is equipped with a natural map e, : My1 (X,d) - X
given by evaluation at the marked point. The conditions on (X, f) specified above
(in particular, that f (v) = p) imply that the fixed locus Mr is isomorphic to the

fixed subspace e 1(p)S" C M, (X, d)°
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As in the closed case, the equivariant normal bundle e (N2") and the virtual
fundamental cycle are determined, respectively, by the moving and fixed parts of
the deformation complex (1):

0 —— Aut(Z) — Def(f) —— Def(Z, f)

— Obs — Obs

This gives the following relationship in the representation ring of S*:
Obs (X, f) — Def (%, f) = Aut (£) + Obs (f) — Def (X) — Def (f)

with Obs (f) = H' (2, f*Tx ), Def (f) = H° (2, f*Tx), Aut (X) = Ext’ (Qx (D), Ox),
and Def () = Ext! (Qx (D), Oyx). (Here, D is the divisor associated to the nodal
points of 3. When ¥ is smooth, these spaces are just H? (X, Tx) and H! (%, T%),
respectively).

Now, relate the terms in this sequence to the terms concerning g and A: Let
fo = flg, and fa := f|a. Suppose that A is parametrized by {|t| < 1}, with v
identified with the point ¢ = 0. Then, there is an exact sequence

0 —— Oy — Oy, & Op — O, — 0.

This becomes the exact sequence on cohomology:

0 — Def(f) —— HO(A,T(AJA)) @ Def(fy) — T, X

A Tia,fa)

which yields the following relations in the representation ring:
Obs(f)! = Def(f)! = H'(A, Tia 1)) = H(A, Tia,10))”
+ Obs(fo)! — Def(fo),

Obs(f)™ — Def (f)™ = H' (A, Tia 10))™ — H (A, Tia 10))™
+ Obs(fo)™ — Def(fo)™ + T, X,

where p = f(v) € X and the f, m superscripts denote fixed and moving terms
with respect to the S* action.

Similarly,
Aut(X)™ = Aut(Zo,v)"™ + Aut (A,0)",
Aut(E) = Aut(Zo,v)! + Aut (A, 0)7,
Def (£)) = Def (So,v)7,
and

Def (£)™ = Def (£, )™ + T, 50 ®@ ToA.

Note that Aut (A, 0) consists of the infinitesimal automorphisms of A preserving the
origin ¢ = 0, which are generated by the sections td; over R. Therefore, Aut (A,0)™
is trivial, and Aut (A,O)f =R
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Collecting the above observations,
Obs(%, )7 — Def (%, f)! = HY(A, Ta 00) — HO(A, Tiapa))?

+ Obs(fo) — Def(fo)”
+ Aut(Zg, v) — Def (S, v)!
+ Aut(A, 0)7

and

Obs(Z, )™ — Def (X, /)™ = H (A, Tia, 10)™ — HY (A, Tia, 14)™

+ Obs(fo)™ — Def(fo)™
+ Aut(Xg, v)™ — Def(Xg, )™
+ T, X — T, ® ToA

The first equation implies that the virtual fundamental cycle of the fixed locus

is the restriction of the natural virtual cycle of the fixed locus [Migl (X, d)sl] o

to the subspace e, 1(p)sl. The second equation yields the following relationship
between the normal bundles e(NZ™) and e (Nfi,i") (where I' is the graph for the
closed curve with the disk “leg” removed):

NPT = NgI"™ —T,X + RL™*
— HY (A, Tia )™ + H (A, Tiaga) "
Here R is the representation of S on TyA = C induced by the pullback of the
St action on f (A), and L is the tautological cotangent line bundle on M 1 (X, d)
associated to the marked point v, i.e., the line bundle whose fiber at the point
(fo,%0,v) is T¥¥y. RL™! is contribution from the term T}, 3¢ ® ToA: T, % is the
fiber of I and TpA is a constant vector space which carriers the representation R
by St.
Hence,
(5) / 1 _ eg1 (Hl (AaT(A,fA))) egt (TpX) / 1
e e OF) T ew (1 (A Tiag) g e ()@= 0)
where a = ¢; (R) and ¢ = ¢1 (L) (so that eg1 (RL™!) = o — ). Denote by Dx, 1,
the “disk factor:”
1 H' (A, T,
(6) DX,L j— ( ) €st ( ( (AafA)>>

w) et (HO (A Tiazs)))

Then, (4) becomes

1 i*ev* (¢p)
T o) )
< MUW ok (; |AF'| M € (le/““) (CY - 1/’))

where ¢, is the equivariant Thom class of the point p € X, and * the pullback to
the fixed locus Mp/. Comparing this formula with (3) shows that the parenthetical
quantity is the localization of a closed Gromov-Witten invariant:

ev* (¢p)

7 GW9' =D / R\ 7
( ) d,w X,L [MQ,l(de)]MT (a —_ d))
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3. MAIN RESULTS

3.1. A formula for open Gromov-Witten invariants. The proposed formula
for open Gromov-Witten invariants is obtained by composition of a disk function
Ax 1, and a descendant invariant. Ay j, is built from combinatorial data about the
moment polytope, and a characteristic class. Recall that if §; are the Chern roots
of a complex vector bundle E, Iritani’s gamma class [I11] is a characteristic class
associated to E defined by

Tg:=[[T(1+d).
0;
The gamma class appears in quantum cohomology, and can be regarded as a lo-
calization contribution from constant maps in Floer theory [ ]. The inputs of
A 1, are the torus weight A of a normal direction to f (0%), and the homogenized
Iritani gamma class ['y € H* (X;Q) (z), defined by

Tx ;Hr(1+ii>,
&

where §; are the Chern roots of the tangent bundle Tx. (When deg z = 2, deg r x =
0). With these definitions, the main result is:

Theorem 1. Let X be a Calabi-Yau 3-fold and L C X a Lagrangian submanifold
which can be described locally as the fixed locus of an anti-holomorphic involution.
Let S* act on X such that the S* action preserves L, and L intersects a rigid circle-
invariant curve C. Let v € H? (X;Q). Then, the genus g, 1 boundary component,
degree d, winding w open Gromov- Witten invariant with Lagrangian boundary L is

(8) N = (AX,L o <% e w>)

where Ax 1, is the disk function

9) Ax,p(7):=

?

Z=x

T
_— ’Y.
. A
wzl x sin (71';)
Here, Ty is the homogeneous Iritani gamma class, \ is the weight of the torus
action along a normal direction to L N C, a = ¢1(ToA) is the equivariant Chern
class of the induced representation of S' at the attachment point of the disk, and

¢p is the equivariant class of the image p € X of the disk attachment point.

The setup in Theorem 1 is depicted in Figure 1.

In the genus 0 case, the closed Gromov-Witten invariants in formula (7) also
appear as terms in Givental’s J function [Giv]. Givental’s J function is the map
on quantum cohomology Jx : H* (X;Q) — H* (X;Q) (2) given by

oo N TD‘
)=zt Y (o) T
n=0 de Hy(X;Z) 0,d

where T is a basis for the cohomology of X, T, is the dual basis with respect to
the Poincaré pairing, and

n Ta — — n [e]
<7 ] > =5 ) (g ey
z—1 0,d

k=0
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FIGURE 1. A local picture near a vertex in the toric polytope.

A Lagrangian L, obtained as the fixed locus of an anti-holomorphic involution,
intersects an edge of the toric polytope, labeled by the local coordinate £. The only
torus-fixed disks are the hemispheres D with 9D = LN {z =y =0} = S1. Such a
map is given locally by ¢ — (£ =t“,z =0,y = 0). The z-y hyperplane is normal to
the disk. The normal directions to f (0X) = 0D are spanned by 0, and dy, so the
weight A appearing in Ax 1, (9) can be the weight of any S'-invariant line spanned
by these vectors (for example, A, or Ay).

is a power series of gravitational descendant closed Gromov-Witten invariants. To
obtain the genus-g generating function, a higher-genus version of the J-function is
needed. Define the genus-g modified J-function J%: H* (X;Q) — H* (X;Q) (2)
to be

o0 d «
q n T
(10) ch(’Y):Z‘f"Y‘f‘E E n'<7’z—1/1> Ta,
: g,d

n=0deH>(X;Z)

where
qd _ 2 fdw

and w is the complexified Kéhler class of X. From (10) and Theorem 1, it is easy
to write a generating function for open Gromov-Witten invariants. The gener-
ating function for the one-boundary-component, winding w open Gromov-Witten

. . 1 . .
invariants (y) %, is the function

d
()= ) Y 939’1%@")313,”

9>0n>0deHy(X;Z)

where g, is the string coupling constant, v € H* (X;Q), and the summation is only
over combinations of g, n, and d where the summands are defined.

Corollary 2. Let X and L be as in Theorem 1. Then, a generating function for
the winding-w open Gromov-Witten invariants of Mg 1 (X, L;d,w) is given by the
formula

Dy ()= g2 (Ax.oJ% (v:60)), o
920

Remark. Two observations about this generating function merit mention. First, in
[BC], the authors use a similar procedure to obtain a generating function for open
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invariants from a modification of the J function. The main distinction here is the
presentation of the disk term. Second, for v = 1, ®,, has the expression

P, = Z Z g?g_lquWi’q}).

9>0deHs(X;Z)

As will be discussed in Section 5, | ] have found that, for a certain class of
Lagrangian cycles originating from torus knots, the expression above encodes the
HOMFLY polynomial associated to the original knot.

3.2. Proof of the main result. The main content of the proof of Theorem 1 is
the comparison of the predicted disk term from (9) with an explicit localization
calculation of the open Gromov-Witten invariant.

3.2.1. Virtual localization of open Gromouv-Witten invariants. First, recall the vir-
tual localization technique: As described in Section 2.2, the open Gromov-Witten
invariant Gnyw can be expressed as a product of a disk term Dx ; and a de-
scendant invariant. The surface X can be written as Yo U, A, with X is a closed
surface, A a disk, and v the point of attachment. In terms of the cohomology of
sheaves over A, Dx ; was found to have the following expression:

(1) est (H' (A, Tiaza)))

w) est (H (A, Tiazn)))’

where fa : A — X is the restriction of the map f : ¥ — X to the disk A,
p = f(v), and eg: (-) denotes the S'-equivariant Euler classes of the specified
bundles. To compute the disk contribution to GW  , one must compute each of
these cohomology groups. ,

In contrast to the analogous computation of closed invariants, the Lagrangian L
imposes boundary conditions on the sections of T(a 7). Let fg denote fa |oa. Then,
T(a,fa) consists of sections of fATx satisfying s|apa € f57. To obtain an explicit
presentation of the boundary conditions, let Ann (L) C T%|L be the subbundle of
the cotangent bundle T% which annihilates the tangent bundle 77, C T'x|r,. Choose
a basis of sections aq, a, a3 of Ann (L) along the boundary 0D of the disk. (The
a; can be obtained by, for example, linearizing the equations defining L). T(a f,)
consists of the sheaf of germs of holomorphic sections of the bundle fX7x satisfying
the boundary conditions

(11) 5 (aj) (sloa) =0, =123

With this presentation of the boundary conditions, computing H' (A, T(a, t.)) be-

(6) Dx1 =

)

w?

comes an exercise in Cech cohomology: Let
U={t:0<t| <1}, U'={t:0<t|] <1}

be an open cover of A, and let z,y,£ be local coordinates such that f (v) = p is
the origin (z,y,£) = (0,0,0). Then, local sections over U and U’ are of the form

s = Z (aktkaa; + bktkay + thkag) ,
kEZ

s Z (a%tk@z + b t*0, + c%tkﬁg) ,
k>0
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and the coefficients ay, by, and ¢i are subject to boundary conditions imposed by
(11). Finally, to apply localization, let pg : X — X denote the S* action determined
by

Po (33, Y, 5) = (ei)\mexa ew\ygyv ei)\geg) ) 9 € Sl'
The weights Az, Ay, A¢ are required to satisfy A; + A, + A¢ = 0 so that the holo-

morphic volume form is preserved by the S' action.

3.2.2. Boundary conditions. Now, suppose that L is described locally as the fixed
locus of an anti-holomorphic involution o, and that L intersects a rigid S!-fixed
curve C as depicted in Figure 1. Choose the local coordinates x, y, and £ such that
LNC is defined by x =y =0, |§|2 = 1. Generically, o takes the form

J(xay,g) = (O—mao—yvai)v

where 0, 0y, and o are Laurent series in the variables 7, ¥, &:

=l
Og = Z Xjklxjyk€7

7.k, IEL
— }: kg
Oy = }/}kll'jy g )
7.k, EL
ikl
O¢ = E ijlxjy f .
7.k, EL

In addition, in order to apply localization, L must be fixed by the S! action. So,
for points p € L, py (p) must also be a point in L. In particular, p € L must satisfy
po (p) = o (pe (p)). Because p = o (p), this is equivalent to pg o 0 = o 0 pg on L.
This imposes restrictions on the coefficients Xj 1, Yj k1, Zj k. For example, o¢
must satisfy
¢ (61)\””0%, esz9y7 ez)\geé-) — 6”‘560'5 (.T, y,g)

for all € S'. Expanding, this is

Z Zin lefie(jAm+k>\y+l)\§)§jgkgl — oired Z Zi ﬁjykgl'

Jk,l gkl
Hence, — (I + 1) Ae = jA\s +kAy. Recalling that A\, + X, = — )¢, this forces j = k =
I+ 1. Similar results hold for o, and oy. Therefore, antiholomorphic involutions
commuting with the S! action along L must take the form

O'w:ZXl (@)H—ljl, Uy:zn(?f)l+lﬂl, O'SZZZl (@)l+1gl.
leZ ez =

In fact there are further restrictions on o. Because L is the fixed locus of ¢ and the
intersection L N C is defined by {x =y =0, = 1}, X;=Y,=0for! <0, and

Z_1 =1, Z; =0 for I < —1. Substituting these relations into 02 = 1, the equation
x =0, 00 (x,y,2z) becomes

xTr = XO?()x + $2g (‘ray?é—) )

where ¢ is a power series in z, y, and &. So, XYy = 1.
The defining equations of L are

T =0, Y = Oy, £ =o¢.
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Linearizing these equations yields
da = Xo (Edy + ydf)
P X [1@) e+ (4 )7 (6 g + g
1>1
dy = Yo (€T + TdE)

+> v [HE) g g+ 0+ 17 (E T ar + T
1>1

de = ~Z1 ()" dE + Zo (wdy + yda)
+ ZZI {l (zp)" El—ldg+ I+ 1)? (El§l+1df+fl“yldy)} .
1>1

At z =y = 0, these equations simplify considerably:

_ _ 1\ _
dr = Xo&dy, dy = Yo&dz, d§ = — <€> dg.
As ¢ = E_l along |¢]> = 1, a basis for Ann (L) along 8D is given by the 1-forms
oy = dx — Xo&dy, ay = dy — Yo&dz, a3 = EdE + EdE.

Recall that local sections over U = {¢: 0 < [t| < 1} are of the form
s = Z (aktkaz + bktkay + thkag) .
kEZ

Parameterizing [¢| = 1 by €’ = ¢, the map fj takes the form fy (e”?) = (z = 0,y = 0,£ = e™?).
The boundary conditions f} (o) (s|laa) = 0 impose restrictions on the coefficients
A, bka Ck:

f5(a1) (sloa) = (dz— Xoe™™dy) (Z (are™® 0, + bre™® 0, + Ckeik08§)>
keZ
_ Z (akeike o Xoefmaaefike) 7
keZ
15 (a2) (slaa) = (dy — Yoe_iwedf) (Z (akeik‘g@w + bkeikgay + ckeik985)>
keZ
— Z (bkeiko o Y067iweak€7ik9) ,
keZ
15 (as3) (sloa) = (e‘iwedf + eiwedg) (Z (akeikeagg + bke“"e@y + ckeik98§)>
kEZ
_ Z (Ckei(kfw)e +Ekefi(k7w)6) .
keZ

These yield the following equations for the coefficients ay, b, ck:

ar, — Xob_k—w =0, by — Yo@_g—w =0, ¢k + Caw—r = 0.
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The first two equations are actually equivalent: after complex conjugation, relabel-
ing of indices, and substituting XqYy = 1, the second equation becomes the first.
So, the Lagrangian boundary conditions on sections over U are

(12) ar = Xob_p—w, Ck = Cow—k-

From these boundary conditions, the cohomology groups H' (A, T(a,t,)) can be
computed explicitly.

3.2.3. Computation of cohomology groups and equivariant classes. H° (A,T(AJA))
consists of the global sections, i.e., holomorphic sections s on A. These take the
form

s = Z (aktk&r + bktkay + thkag) ,
k>0

with ag, b and ¢ subject to the boundary conditions in (12), and ap = by = ¢ =0
for k < 0. In particular, the equation a; = Xob_j_, implies that a; = 0 for all
k. Shifting indices k — —k — w, this equation also implies that b, = 0 for all
k. Finally, from the last boundary equation ¢ = €2y—k, cx = 0 for & > 2w. So,
HO (A, T(a,14)) consists of sections of the form

|
_

s = (thkag + 5kt2w_k8€) + thwﬁg,
0

=~
Il

where ¢, is real. As a vector space, H° (A, T(A,fA)) is isomorphic to

-1
R (t“0¢) & €D C (t*0) .
0

S

=
Il

The map fa takes t — (z =0,y =0, =t%), so S* action the section t*9; with
weight A¢ (k/w —1). t“ 0 is fixed by the S! action, so H° (A,T(A,fA))m is just the
complex part of this vector space. Hence,

w—1
(].3) €g1 (HO (AaT(A,fA))) = H >\§ (Z - ].) .
k=0

H! (A,T( A, fa)) consists of the cokernel to the Cech differential. Sections over
U NU’ can be written as

5= (axt* 0, + Brt*0y + it" )
kEZ

-1
= Z aktkax—k Z aktk8x+2aktk8$

kE<—w k=1—w k>0

+) Btho, + Y Bit™o,

k<0 k>0

) wt* e + ) it oe.

k<0 k>0
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The image of the Cech differential consists of sections § of the form § = s — s’. In
terms of the coefficients, this is

o — ag, k<0 B, = by, k<0 ¢k, k<0
P an—ah, k200 T et k>0 T lea—d, k>0,

where again, ag, by, and ¢ are subject to the boundary conditions (12). Solutions
always exist for vy,: set ¢y = 7y for k < 0, and set ¢}, = Cop—r — Y for & > 0.
Similarly, because aj, and ¢), are completely free, any aj and Sy for k > 0 can be
solved for. However, to solve for aj and Bi for k < 0, it must be the case that
bi = Bi. The first boundary equation a, = Xob_,_, then implies that ay is fixed
for —w < k < 0. So, there are no solutions if ap # Xof_k_w in —w < k < 0.
When k£ < —w, —k —w > 0, so setting b_j_,, = a3 and b’ikfw =y — P_p_w will
solve these equations. Therefore, the cokernel of the Cech differential is isomorphic
to the space of sections d of the form

-1

5= Z apt®,.

k=1—w
The induced S! action on t*3, has weight g)\g—)\m. As a vector space, H' (A, T(A,fA))
is
—1

P c(tro.),

k=1—w
and

—1
(14) esr (H' (A Tagy)) = |1 < Ae — )
k=1—w
3.2.4. Comparison of disk terms. Substituting (13) and (14) in (6) yields
—1
p = lHk:kw (e = Aa)
s T w—1
w k=0 ¢ (g - 1)
The proof will be complete if (15) is equivalent to the claimed expression (9):
~1
1 Tezi—w (2 = Aa) _ 7T
w H}:;Ol A (g — 1) wzI x sin (w%) e

First, observe that
H Ae (—1) ( Af) T'(w+1).

(15)

Similarly,
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Recall that, by assumption, Ay + Ay + A¢ = 0, so ’/\\—2 = —-1- i—z Therefore,

r (wi‘\—; + w) =T (—wi—:) The above manipulations show that

w
w

T (B2 () r(-wk)
w TG e (5 1) ()T (wh 1)

Ae

w "

The induced action on ToA carries weight o =
Euler’s reflection formula to get

e

w T (2 41)T (2 +1)

Substitute % = z and apply

Dx

)

™

1
<W) oT (%H)F(%H)F(%H) sin (My)

z

T
S Y
wzl x sin Tt

Generically, there are two S'-invariant normal directions to L N C in X, given by
the tangent vectors 0, and 0,. In the formula in (9), A may be the weight of either
of these directions, i.e., A = A, or A,. The choice of A changes the sign of (9)
%
orientation of My 10 (X, L;d,w) | , , KL]. This completes the proof of the
main result.

because sin (77%”) = —sin (w22). This sign ambiguity reflects an overall choice of

4. COMPARISON TO KNOWN LOCALIZATION CALCULATIONS

In this section, (8) is compared to previous virtual localization calculations of
open Gromov-Witten invariants. In the interest of brevity, only the geometric
setup and final results are stated below; the reader interested in further localization
calculations is referred to the original sources, or the computation appearing in the
proof of Theorem 1.

4.1. Simple Lagrangians for Op: (—1,—1). This situation was first described
in [KL]. Let X = Op1 (—1,—1). X appears often in Gromov-Witten theory and
mirror symmetry: it is the small resolution of the conifold singularity, the normal
bundle to a smooth rational line in a Calabi-Yau 3-fold, and it can be obtained
from a U(1) gauge theory with 4 chiral fields with charges (1,1,—1,—1). X can be
described symplectically using symplectic reduction on C*, and in this setting it is
easiest to obtain the moment polytope of X.

Let S* act on C* with weights (1,1, —1,—1). Then, the moment map for this
action is

p:C* — s =R

1
(rozmzsz) =5 (1l + |l = Jf = aal)
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and it can be seen (for example, by choosing appropriate local coordinates and
checking transition functions) that

~ —1(T 2 2 2 2
X2t (5) /8" = {laaf + |l = sl = |za = v} /5"
for r € R+ (r determines the symplectic volume of the base P!). There’s a natural
anti-holomorphic involution ¢ on C* given by
g (Zla 22,23, 24) = (727 71; 5773) .

The fixed locus of this involution is a Lagrangian submanifold L of C* defined by
the equations

21 = |z,
|z5)” = |z,
21222324 = Z1R923%4.

Because L is preserved by the S' action, p~! (g) N L/S' defines a Lagrangian
LCX.

This Lagrangian is easy to visualize in the moment polytope of X. The moment
polytope is the image of X in R* under the projection z; — \z1|2 Then, L is the
intersection of the two planes |z1|°> = |22|® and |z3|> = |z|* in the polytope. L
intersects the zero section P! along its equator, so that

LNP = {|z1|2 = |22 2% = |2a)? = 0, |21 + |22]? = r} ~ g1,

as depicted in Figure 2. There are two unique disks with boundary on L, corre-

L

FIGURE 2. The toric polytope for X = Op: (—1, —1) with a Lagrangian.
This figure depicts the geometry described in Section 4.1. A Lagrangian L, obtained
as the fixed locus of an anti-holomorphic involution, intersects the zero section of X.
Local coordinates (z,y) and (z,w) parametrize the fibers of X in a neighborhood
of the two vertices of the moment polytope. One possible torus-fixed disk D with
boundary 0D = L NP = S is depicted.

sponding to the two hemispheres of the P!. In local coordinates (&,x,y) defined
by
21

{ = ) T = 2223, Y = 2224,
22
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L is defined by the fixed locus of the antiholomorphic involution

o (6ary) = (2@5) .

It is readily checked that at L NPt = {\§|2 = 1}, and the disk based at the z; =0
pole of the P! takes the form |¢| < 1. The winding w disk map is
t— (=tY,z=0,y=0).
In this situation, [KKI.] computed
(1> est (H' (A Tiara)) _ (1) [Tt (A = Ao)
w)es (HY (A Tiagy))  \w/) TLS A (5 -1)

Comparing with (15) in Section 3.2.4, this is i* (Ax 1)
with the proposed formula.

so this result agrees

z=a’

4.2. The canonical bundle of P2. This situation was described in [(:7]. As in
the previous example, X = Op2 (—3) can be obtained via symplectic reduction. Let
St act on C* with weights (1,1,1,—3). Then,

_ T
X! (5) /St = {\zl|2 + el + |28 = 3|zf® = r} /S

for r € Rsq. [(7] consider the Lagrangian submanifold L. ¢ C* defined by
2P =z = ¢
|z2f* = |2al* = 0,
R1R273%24 = R1R223%4,

where —r < ¢ < r. Because L. is preserved by the S' action, it descends to
a Lagrangian L. C X, as depicted in Figure 3. Note that ¢ parametrizes the

FIGURE 3. The toric polytope for X = Opz (—3) with a Lagrangian.
This figure depicts the geometry described in Section 4.2. A Lagrangian L, obtained
as the fixed locus of an anti-holomorphic involution, intersects the zero section of
X along one edge of the moment polytope. One possible torus-fixed disk D with
boundary 0D = L NP? is depicted.

intersection of L with the P! given by the image of |21|* + |2z3]> = r in the quotient
space. At ¢ = 0, L. intersects this curve along its equator. For simplicity, restrict
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attention to L = Lo (locally, other values of ¢ can be obtained by a coordinate
transformation). In local coordinates

21 2 3
16 = —, r=—, = 2324,
(16) 13 23 23 Y 374

the Lagrangian L is the fixed locus of the anti-holomorphic involution
1
U(gaxay): Eagyvgm .

The disk is |§|2 < 1, and the winding w disk map is

t—=(E=t"2=0,y=0).

So, locally, the situation computed in [G7] is identical to [[XI.]. As seen in Sec-
tion 4.1, this agrees with Theorem 1.
Slightly extending the computation in [GZ], Theorem 1 can also be used to

compute the invariants associated to a Lagrangian cycle intersecting an external
leg of the moment polytope. Let L be the submanifold of C* defined by

71 = J2lF = 0,
|z = laal* =0,
21222324 = Z1R223%24.

Again, these equations are preserved by the S! action, so the image of L in the
quotient space X is a well-defined Lagrangian submanifold L. L can be equivalently
described as the fixed locus of the anti-holomorphic involution (z1, 22, 23,24)
(#2,7%1,%41,23). In local coordinates (&, z,y) (16), L is defined by

2
ly” = 1,
2 2
lz[* = [&]°,
Ery = Exy.

(This Lagrangian cycle is shown in Figure 4). The disk is |y|2 < 1, and the winding

FIGURE 4. X = Op2 (—3) with a Lagrangian brane on an external leg.
A Lagrangian cycle intersects an external leg of the moment polytope of X. The
Lagrangian is obtained as the fixed locus of an anti-holomorphic involution. There
is only one torus-fixed disk D with boundary on L, as depicted above.
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w disk map is t — (£ =0,z =0,y =t"). So, & = A\,/w. Applying Theorem 1,

(1> est (H' (A, Ta )

w/ es (HO (A’T(Avfa))) w2l x sin ( 75

AT (w—

l Hl;:ll—w
w Ty Ay (£ 1)
Here, the normal direction weight A = A¢ has been chosen in (9). Choosing A = A,

instead changes the sign, reflecting the overall dependence of these counts on the
choice of torus weights. This can be seen from the product identity:

>|>

< |8
— + A
Sk

-1 1

11 (Z)\y - >\s> = (-p"! 11[ (ZAy - Az> :

k=1—w k=1—w

5. LAGRANGIAN CYCLES IN LARGE N DUALITY

5.1. Lagrangian cycles and the conifold transition. In addition to Lagrangians
appearing as the fixed loci of anti-holomorphic involutions, there is another family
of Lagrangians on X = Op: (—1, —1) motivated by large N duality and knot theory.
Recent work in this area has yielded many connections between knot theory and
Gromov-Witten theory ([ , , ]); this section reviews the geometric
relationship between knots on S® and open Gromov-Witten theory on X.

Recall that X can be identified with the resolved conifold—X is the small reso-
lution of the conifold singularity

zy —zw =0

in C*. In particular, by blowing up the subspace y = z = 0, X can be described by
the equations

xy — zw = 0, A = wp, YA = zp,

where (z,y, z,w) € C* and [\ : p] € P!. The conifold singularity is also the singular
limit of the smooth hypersurface threefold Y,, C C* defined by

Ty — 2w = p,

where 1 € Rsg. As described in | ], Y, is symplectomorphic to the cotangent
bundle T¢;. The base S, = 53 is the fixed locus of the anti-holomorphic involution
o (z,y,z,w) = (Z,—W,T, —7), expressed by the equations \x|2 + |y|2 = u.

The large N duality conjecture states that the large N limit of the topological A-
model on Y, with N Lagrangian branes wrapping S, is equivalent the topological
A-model on X [GV]. This has been checked in several ways. First, according
to | |, the topological A-model on Y, with N Lagrangian branes wrapping S,
is equivalent to the U (N) Chern-Simons theory on S,. Then, in the large N
expansion, the partition function Zgg (k, N) is equivalent to the topological A-
model partition function Zx (gs, t) [GV]. The parameters determining the A-model
theory on X are the string coupling constant gs and the symplectic area ¢ of the
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zero section P! C X, which are related to the Chern-Simons parameters & and N
by

27 . 2miN
I =% + N’ ~ k+N’
Large N duality is extended to incorporate Wilson loops in [OV]. Following

[Wi3], Wilson loop observables in the Chern-Simons theory on S correspond to
colored HOMFLY polynomials of knots K C S3. The conormal bundle Nj; to a
knot K C S® is Lagrangian submanifold of T%s. The main difficulty in extending
large N duality in this manner is determining the corresponding A-model on X:
N intersects the zero section S® in the knot K, which becomes contracted after
the conifold transition. To remedy this difficulty, the Lagrangian cycle Nj must
be lifted to a new Lagrangian L disjoint from the zero section before performing
the conifold transition [ , ], as depicted in Figure 5.

FI1GURE 5. The conifold transition for lifted Lagrangian cycles.

This figure depicts the conifold transition. The Lagrangian L C Y, = T is
constructed by shifting the conormal bundle of a knot K C S off of the zero
section. This lift introduces a holomorphic cylinder C' connecting the knot on S®
to its image in L. Yj is the conifold singularity zz — yw = 0 in C*. The map
¢y Y, — Yy is a symplectomorphism away from the zero section, so ¢, (i) is
a Lagrangian submanifold of Yy. X = Op (—1,—1) is the small resolution of the
conifold singularity, and o. : X — Y} is the corresponding natural map. In fact,
there are a family of such symplectomorphisms, where € parametrizes the symplectic
form on the zero section P! C X. Hence, L := o.' 0 ¢, (f/) is a Lagrangian
submanifold of X. The holomorphic disk D is the image of C' under the conifold
transition.

Such a lift is easy to construct: define coordinates (7, 7) for Tgs by
To={(W, V) eR*xR*: [¥| =1,7 - ¥ =0}.

Any knot K C S® is given by a parametrization @ = f (0). Then, the conormal
bundle Nj; can be expressed as

N;;{(7,7)6T*s3;7f(9),%-70}.
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Lifts of N} can be specified by maps ¢ : S* — TJ}*(Q)S3 such that % -g(0) # 0: for
such a g, define the lifted conormal bundle L to be

i;:{(7,7)eT*S3:7:f(9),%~(7—g(9))=0}-

The image of L under the conifold transition will be a Lagrangian L C X, and the
open A-model on X with this Lagrangian boundary can be computed. Shifting N
off of the zero section modifies large N duality in the following ways: The lift of
N to L introduces corrections to the Wilson loop observables in the Chern-Simons
theory proportional to the area of the holomorphic cylinder C' connecting the lift of
the knot to its image in the zero section | ]. Instead of the closed A-model on X,
the corresponding theory should be an open A-model with Lagrangian boundary
L. This statement of large N duality is found to be true for torus knots in | 1,
and their construction provides a novel source of Lagrangians.

5.2. Toric Lagrangian cycles and Theorem 1. It is important to note that
the Lagrangians considered in [ | are not obtained as the fixed loci of anti-
holomorphic involutions, so there is no a priori reason to expect that the formula
proposed in Theorem 1 should apply in this situation. For the (r, s) torus knot, the
corresponding Lagrangian L is found to be fixed under the torus action

o ((1'7y, Z,’LU) 7 [)\ . p]) _ (eis@x7 eirQy’ e—isOZ’ e—ir@,w) , {e—i(r-‘rs)O)\ : p} )

There is only one holomorphic disk in X fixed by this S! action, and it lies entirely
in the x-y face of the moment polytope, as depicted in Fig. 6. A neighborhood of

FIGURE 6. A moment polytope picture of torus knot Lagrangians.

This figure depicts the geometry described in Section 5.2. The Lagrangian L is the
image of a shifted conormal bundle to a knot in S® under the conifold transition.
Local coordinates (z,y) and (z,w) parametrize the fibers of X in a neighborhood of
the two vertices of the moment polytope. The boundary of the disk D is symplec-
tomorphic to the torus knot (in the depiction above, the trefoil). D is contained
entirely in the z-y face of the polytope, and the disk map can be written in local
coordinates as t — (£ = 0,z = bty = bJt™").

the disk can be described by local coordinates z, y, £ = A\/p. In these coordinates,
the disk map is
t— (£ =0,z =0bjt"%, y =b1t""),
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where |t| <1 and b; € Ry is a constant obtained from the geometric construction
in [DSV]. After a lengthy localization calculation, [DSV] compute the winding-1
open Gromov-Witten invariants with Lagrangian boundary L. This computation
readily generalizes to higher winding [G.JIXS], and gives the following expression for
DX7L:
ws—1 k
(17) Dy = (e iz r 5= 5)
wlliZy (s - 5)

This can be re-written in terms of gamma functions in the following way:

ws—1

oy (ts—3) L (wr + ws)
ol (DT ws+ DI (wr+1)’
Locally (Figure 6), the weights of the torus action are A\e = —r —s, Ay =5, Ay = 7.

The induced torus action on A is t — /¥t so a = L.
substituting these weights into the above formula yields

() :

wzl ()‘Z—I + 1) T ()‘Z—y + 1) wzfx sin (w%)

Replacing o = z and

after Euler’s reflection identity. As remarked above, the Lagrangian L is not the
fixed locus of an anti-holomorphic involution. However, X¢ is the weight of an S*-
invariant normal direction to dD: the boundary of the disk is entirely contained in
the z-y plane of the moment polytope. The author finds it curious that the result
of Theorem 1 appears to apply in this situation, and hopes that this is evidence
that, properly formulated, a more general version of this theorem exists.
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