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HOMOLOGICAL STABILITY FOR MODULI SPACES OF HIGH
DIMENSIONAL MANIFOLDS. II

SOREN GALATIUS AND OSCAR RANDAL-WILLIAMS

ABSTRACT. We prove a homological stability theorem for moduli spaces of
manifolds of dimension 2n, for attaching handles of index at least n, after
these manifolds have been stabilised by countably many copies of S™ x S".

Combined with previous work of the authors, we obtain an analogue of
the Madsen—Weiss theorem for any simply-connected manifold of dimension
2n > 6.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let W be a smooth closed manifold of dimension 2n, and BDiff(W) denote
the classifying space of the group of diffeomorphisms of W, equipped with the
Whitney C*°-topology. Our goal is to compute the cohomology of this space, and
one consequence of the results of this paper will be a map

(1.1) aw : BDIfE(W) — (Q°MTY) /hAut(6)

which is an isomorphism on homology in a range of degrees, as long as W is simply-
connected and 2n > 6. The range of degrees in which it is an isomorphism will
increase with the genus

g(W) =max{g € N | 75" x S™ is a connect summand of W},

and the right hand side of (1.1]) is homotopy-theoretic and constructed purely in
terms of the Moore—Postnikov n-stage factorisation

w % B %5 BO(2n)

for a Gauss map of W. It is well-suited to calculation.

This result will be obtained by combining our earlier work [GRW14D, [GRW14a
with a new stable homological stability theorem, which is the main new result of
this paper. Before explaining the terms in , let us explain this theorem.

1.1. Statement of the main theorem. In order to state our homological stability
results more precisely, we must first introduce a variant of the space BDiff (V)
which incorporates certain tangent bundle information. As in our earlier paper
the clearest statements can be made by not fixing a manifold W, but
rather considering all manifolds with a specified boundary at once.

To define this modified classifying space, we fix a map 6 : B — BO(2n) classify-
ing a vector bundle 8*~5,, over B, and we shall suppose throughout that B is path
connected. We shall call a bundle map TW — 0*~s,, a 0-structure on W.

Definition 1.1. Let W be a 2n-dimensional manifold with boundary P, and Ip:
e! @ TP — 0*v,, be a bundle map. Let BUDZﬁ(TW;éP) denote the space of all
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bundle maps i TW — 0*~2, which are equal to i p when restricted to P and
whose underlying map ¢ : W — B is n-connected. Let

NP lp) = [ Bunl, o(TW: p) JDifts(W),
(W]

where the disjoint union is taken over compact manifolds W, equipped with a
diffeomorphism OW = P, one in each diffeomorphism class relative to P. The
topological group Diffg(W) is the group of diffeomorphisms of W restricting to the
identity on a neighborhood of W, and “//” denotes the homotopy orbit space.

If M is a cobordism between P and @ such that (M, Q) is (n — 1)-connected,
and is equipped with a #-structure £, restricting to £p over P and {g over (), then
there is an induced map

(12) _UQ(MaéM) </‘410(697EQ) —>‘/1{19(P,£P)a

which on the path components corresponding to W is induced by the Diff5(W)-
equivariant map Bunfl’a(TW; lg) — BunZ’B(T(W Ug M); £p) defined by extending
bundle maps by Oar.

Our main result will concern the homological effect of once all manifolds in
sight have been stabilised by connect-sum with countably many copies of S™ x S™.
We shall give a precise model for forming this stabilisation in Section [2] but for
now the following explanation of diagram below will suffice.

Let p: [0,1] x D?>"~! < M be an embedding sending {0} x D?*"~! into @ and
{1} x D?>"~! into P. (In particular, P and @ must be non-empty.) We may then
form the connect-sum

H = ([0,1] x Q)(S™ x ")

inside the image of the embedding [0, 1] x D?"~! < [0, 1] x Q in a standard way; we
may analogously form p H. Unless P and @ are path connected, the diffeomorphism
types of pH and gH may depend on p and not just P and @, but we suppress
this dependence from the notation. Sliding along the thickened path p induces a
diffeomorphism

(13) M Up (pH)g(QH) UQM

relative to the common boundaries P and (). The manifolds pH and gH each
contain an embedded copy of Wy 1 = S™ x S™\ int(D?").

Definition 1.2. Let us say that a #-structure 7 TWi 1 — 0%y is admissible if there
is a pair of orientation-preserving embeddings e, f : ™ x D" — W;; C S™ x S"
whose cores e(S™ x {0}) and f(S™ x {0}) intersect transversely in a single point,
such that each of the #-structures e*¢ and f*é on S™ x D™ extend to R?" for some
orientation-preserving embeddings S™ x D™ s R?",

We say that a 6-structure on pH is admissible if it restricts to an admissible 6-
structure on Wy ;1 and to £p on {0} x P. Similarly for g H. Choosing an admissible

f-structure EPH on pH, we obtain a #-structure Iy U éPH on M Up (pH), and
hence via the diffeomorphism (1.3 a #-structure on (gH)Uqg M. Restricted to o H

this is an admissible #-structure éQ H, and restricted to M it gives a new f-structure
¢, which restricts to #, over P and é’Q over (. These manifolds with #-structure
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induce maps in the diagram

. —UgqleH,l,n) .
A2(Q,lg) — > Q. )
i—uQ(M,EM) i—uQ(M,EQM)

.  —Up(pH, R
NP, ip) ) o i),

(1.4)

and the diffeomorphism (|1.3)) induces a homotopy between the two compositions.
Iterating this construction, we obtain an induced map from

hocolim(%e(Q,éQ) — %G(Q;E/Q) - %Q(Q,%) =)

to the analogous homotopy colimit for (P, ¢p). This limiting map is denoted — Ug

(M, ZE\Z")) in the following theorem, which is the main new result of this paper.
Theorem 1.3. The map
—Ug (M, ég\zo)) : hocolim J%,?(Q,ég)) — hocolim 4! (P, éggg))
g—00

g—0o0

induces an isomorphism on homology with all abelian systems of local coefficients.

Remark 1.4. A system of local coefficients £ on a space X is called abelian if for
each point z € X the action of 71(X,z) on the fibre L£(x) factors through an
abelian group. In particular, all constant coefficient systems are abelian. If X is
path connected and based then an abelian system of local coefficients is equivalent
to the data of a module over the group ring Z[H;(X;Z)].

1.2. Stable homology. The homology of the limiting spaces
: 0 p p9)
hc;c_c})ign,/i{l (P, 057

may be deduced from the results of [GRWI4b]. In fact, in Section [7] we shall revisit
the results of [GRW14b] and see that the two sections of that paper concerning
“surgery on objects” may be replaced by the homological stability results of the
present paper, by following a line of argument inspired by [Til97]. We shall see
that in all cases the homology of the limiting space agrees with the homology of the
infinite loop space of a certain Thom spectrum. This approach using homological
stability does not give simpler or easier proofs of the results of [GRW14b], but it
does work in slightly more generality. For example, we shall be able to remove the
restriction 2n > 6 from [GRW14b].

Recall that we write MT@ for the Thom spectrum of the virtual vector bundle
—0*v2, over B, and 2°°MT¥ for its infinite loop space.

Theorem 1.5. If (P, {p) # 0 then there is a map
hocolim Af (P, 1%9)) — Q>MT6
gg)OO
which induces an isomorphism on homology, and is in fact acyclic.

In fact, we will construct a specific acyclic map, using a cobordism category Cy.
The space A,?(P,{p) will be modelled as a subspace of the space of morphisms
Co(0, (P,£p)) in Cy, and hence comes with a canonical map

MI(Plp) C Co(0, (P, lp)) — Q. piy BCos

where BCy denotes the classifying space (geometric realisation of the nerve) and
Q[@ (Pip)] denotes the space of paths between the points corresponding to the ob-

jects 0 and (P, /p). The theorem of Galatius-Madsen-Tillmann-Weiss [GMTW09)
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provides a weak equivalence from this space of paths, when non-empty, to Q*°MT6.
This is the map which the theorem is about.

Remark 1.6. A map f: X — Y is acyclic if for any system of local coefficients £
on Y the induced map fi. : Ho(X; f*L) — H.(Y;L) is an isomorphism. This is
equivalent to the homotopy fibre of f over any point of Y being acyclic, i.e. having
the integral homology of a point.

In the statement of Theorem the target has abelian fundamental group.
Thus every system of local coefficients is abelian, and so the map being acyclic is
equivalent to inducing an isomorphism on homology with all abelian systems of
local coefficients.

Theorem and the slightly more general Theorem improves on [GRW14b),
Theorem 1.8] in a few ways. Firstly, it applies to manifolds of all even dimensions,
and not just dimensions 2n > 6; secondly, it does not require that 6 be “spherical”
(a technical condition introduced in [GRW14b]); thirdly, it requires a simpler form
of stabilisation (only copies of Wj ; have to be glued on, rather than a “universal
f-end”); fourthly, the conclusion is that the map is acyclic rather than merely a
homology equivalence.

1.3. Finite genus and closed manifolds. We can combine Theorem with
our earlier work [GRW14a] to obtain results about the homology of the spaces
N9 (P;ip) before stabilising by Wi 1. If we write .42 (W,lw) C A42(Q,lg) for
the path component containing (W, @W), then the map restricts to a map

(1.5) — UM, lar) + ME(W, b)) — (W' b)),

where W' =W Ug M and v is the bundle map obtained by gluing ly and £y
Recall from [GRW14a] that the genus of a -manifold is defined as

ge(WfW) = max {g eN

there are g disjoint copies of W7 ; in W,
each with admissible #-structure

and the stable genus is defined as
3° (W, bw) = max{g® (WiWy1,0%)) — k | k € N},

where WHWy, 1 is the manifold obtained from W by cutting out a disc and forming
the boundary connected sum with k copies of W ;. This glued manifold is equipped
with a #-structure @E,];) obtained by extending the restriction of bw by any admissible
structures on the W ;. In Section |8 we shall explain how to deduce the following
two finite-genus results from the results in this paper and [GRW14a]. (In fact we
shall deduce slightly more general results which impliy the corollaries but which
also imply some homological stability for Ho(A4,%(—); Z).)

Corollary 1.7. Assume 2n > 6, B is simply-connected, and (M, l?M) is a 0-
cobordism between P and @Q such that (M, Q) is (n — 1)-connected, and denote by
MEW, ) C JI{IG(Q,EQ) the component containing (W, by). Write g = g°(W, bw),
and let L be an abelian coefficient system on the target of the map . Then the
mduced map

(= Ug (M, lnr))e o Hi(ME(W, by ); (— Ug M)*L) — Hy(AE (W', byy1); L)
is an isomorphism, provided one of the following three assumptions hold:

(i) 2i < g—3, L is constant, and 0 is spherical;
(i) 3i < g—4 and L is constant;
(iii) 3i < g—4, g > 5, and either g > 7 or 0 is spherical.
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Corollary 1.8. There is a map
MEW, b)) — QFMTH
which, under the same conditions on n and B as in Corollary is acyclic in
degrees satisfying 3« < g?(W,lw) — 4, and induces an isomorphism on integral
homology in degrees satisfying 2+ < g° (W, ¢w) — 3 if in addition 6 is spherical.
As in Theorem and the discussion following it, Corollary concerns a

specific map into a component of a path space of BCy, which by [GMTWO09] may be
identified with the basepoint component Q2§°MT6 of the infinite loop space 2°°MT6.

1.4. Other tangential structures. In the definition of .4,?(P, gp), if the space
Bunflya(TW; i p), which consists of n-connected bundle maps with fixed boundary
condition, is replaced by the space of all (not necessarily n-connected) bundle maps
with fixed boundary condition then the results of this paper may still be used to
deduce the homology of the resulting moduli space in a stable range. Again we
state the result one path component at a time, and for simplicity we shall restrict
attention to closed manifolds in this introduction.

Let ¢ : B” — BO(2n) be a map, and let W be a closed 2n-dimensional manifold
and 0, : TW — (8')*y a @'-structure. We shall write Bune/(TW) for the space of
all (not necessarily n-connected) ¢’-structures and

M (W, by) € Bun? (TW) JDiff (W)

for the path component containing the image of l?’W Let ¢y, : W — B’ be the map
underlying l%v and let W — B — B’ be a factorisation of ¢};, into an n-connected
map fw : W — B and an n-co-connected fibration u : B — B’. Let us write
0 =60 ou: B — BO(2n). In Section |§| below, we explain how to deduce the
following result from Corollary

Corollary 1.9. In this situation the topological monoid hAut(u), consisting of
weak equivalences B — B commuting with the map u : B — B’, acts on the space
Q°MT6 and there is a map

MO (W, 8y) — (Q°MT8) JhAut(w).

Considered as a map to the path component which it hits, if 2n > 6 and W is simply-
connected then this map is acyclic in degrees satisfying 3% < g"' (W, Z%V) — 4, and in-
duces an isomorphism in integral homology in degrees satisfying 2x < g‘gl (W, l%v) -3
if in addition 6 is spherical.

The proof given in Section [J]again concerns a specific map, and we will also treat
the case OW # ().

Taking 6/ = Id : BO(2n) — BO(2n) and letting W wp Y BO(2n) be a
Moore—Postnikov n-stage factorisation of a Gauss map £j, : W — BO(2n), the
space 4% (W, KAQ,V) is a model for BDiff (W) and we obtain a map

(1.6) BDiff(W) — (Q®°MT8) /hAut(u)

which, as long as 2n > 6 and W is simply-connected, is a homology isomorphism
(respectively acyclic) in a range of degrees depending on g(W), onto the path
component which it hits.

Similarly we can take 6 : BSO(2n) — BO(2n) to be the orientation cover and

'U.+ . . . .
let W% B BSO(2n) be a Moore—Postnikov n-stage factorisation of an oriented
Gauss map f}, : W — BSO(2n). Then the space .2 (W,#};,) is a model for
BDiff " (W) and we obtain a map

BDiff T (W) — (Q°MT0) /hAut(u™)
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which, as long as 2n > 6 and W is simply-connected, is a homology isomorphism
(respectively acyclic) in a range of degrees depending on g(W), onto the path
component which it hits.

1.5. Comparing closed manifolds. If W is a closed 2n-manifold then the Moore—
Postnikov n-stage of the Gauss maps of W and Wig(S™ x S™) define the same
tangential structure § : B — BO(2n) up to homotopy, as these manifolds have the
same (n — 1)-skeleta, and their n-skeleta differ by the addition of n-cells on which
the tangent bundle is trivial. Thus gives maps

BDiff (W) — (Qf;V)MTe) /hAut(6)
BDiff(Wtg(S™ x §™)) —» (Qfﬁvug(snxsn))MTﬂ) /hAut(6)

which, if 2n > 6 and W is simply-connected, are both isomorphisms on integral
homology in degrees satisfying 2+ < g(W) — 3. The targets of these two maps
are defined as the two (distinct, if g > 0) path components of (2°°MT6) /hAut(6)
hit by the map. If the homotopy orbit space (2°°MT@)/hAut(f) were an infinite
loop space we could argue that all path components would be weakly equivalent and
hence deduce that the spaces BDiff (W) and BDiff (Wg(S™ x .S™)) have canonically
isomorphic homology in degrees satisfying 2« < g(W) — 3, even though there are
no direct maps between these two spaces. For most W the homotopy orbit space is
not an infinite loop space, but nevertheless we have the following comparison result
after inverting finitely many prime numbers.

Theorem 1.10. Let W be a closed simply-connected manifold of dimension 2n > 6

and let W' = Wig(S™ x S™) for some g € N. Assume x(W) and x(W') are both

non-zero, and let R C Q be the smallest subring containing ;((VV‘[,/,)) and i((vg//))' Then

the spaces BDIiff (W) and BDiff(W') have isomorphic homologies with coefficients
in any R-module, in degrees satisfying 2« < g(W') — 3. This isomorphism is induced
by a zig-zag of maps of spaces.

Similarly for BDiff " (W) and BDiff ™ (W").

In particular, if both Euler characteristics are non-zero then these spaces have
the same rational homology in this range of degrees, and if the Euler characteristics
have the same p-adic valuation then these spaces have the same p-local homology
in this range of degrees.

In a companion paper [GRW|] we shall show that the condition on the Euler
characteristics cannot be removed: in general BDiff (W) and BDiff(Wg(S™ x S™))
do not have the same integral homology in low degrees.
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2. DEFINITIONS, AND STATEMENT OF THE MAIN THEOREM

In the following we shall suppose that n > 0. We emphasise that we allow n =1
and n = 2, and we will point out when these cases need special treatment.

2.1. Cobordism categories. It is convenient to state the precise version of The-
orem using the language of cobordism categories; these are also useful for
the proof of Theorem [I.3] and will be essential for the proof of Theorem [I.5]
See |[GMTWO09, IGRWI0, [GRW14b] for further background on these categories.
Throughout the paper we shall work with manifolds inside R x R*°, and will write eg
for the basis vector of the first copy of R. Apart from this, we will write e1, es, ..., e
for the basis vectors of RF.

Definition 2.1. Let Cy be the (non-unital) category with objects given by
(i) a (2n — 1)-dimensional closed submanifold P C R*, and
(i) a bundle map £p : ! @ TP — 0*.
A morphism from (P,#p) to (Q,@Q) is given by
(i) an s € (0,00),
(ii) a 2n-dimensional submanifold W C [0, s] x R® which for some € > 0 intersects
([0,) x R®)YU ((s — €, 8] x R*™)

in ([0,e) x P)U ((s —&,s] X Q),
(iii) a bundle map fy : TW — 6*~ which restricts to /p on {0} x P and to EQ on
{s} x Q.
The composition of (s, W,y ) : (P,{p) ~ (Q,gQ) and (s', W', ly) : (Q,gQ) ~
(R, {R) is given by

s+ WUW +s5-eq),bw Ulw): (P,lp) ~ (R, {R).

This does not quite describe a category, as there are no identity morphisms, but it
will be enough to work in such a non-unital category. We make Cy into a topological
(non-unital) category using the evident isomorphism with the topological (non-
unital) category described in [GRW14bl Definition 2.6]. In particular, the topology
on the morphism space Cy((P, ép)7 (Q, éQ)) is that of a subquotient of

(0,00) x | []Emb(W,[0,1] x R®) x Bun”(TW) |,
W]

where W ranges over the set of all cobordisms from P to ), one in each diffeomor-
phism class.

Definition 2.2. Let L C (—00,0] x R®~! be a compact (2n — 1)-dimensional
submanifold which near {0} x R®~! coincides with (—o0,0] x AL, and let ¢, :
el ® TL — 0%y, be a f-structure which is a product near the boundary.
Let Cy,1, C Cp be the subcategory with
(i) objects those (P,¢p) such that PN ((—co,0] x R®~1) = L and lp|, = {1,
(ii) morphisms those (s, W, fy) such that

W N ([0,s] x ((—00,0] x R®™1)) =1[0,s] x L
and {yy restricts to the bundle map T([0,s] x L) = et & TL A 0* o, .

We shall generally abbreviate #-manifolds by the name of the underlying smooth
manifold, say X, and write £x for its #-structure. Using this convention, for any
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object P € Cy and any s € (0,00) there is an morphism (s, [0, s] x P), having
underlying manifold [0, s] x P C [0, s] x R* and f-structure given by

g[o,s]xp :T([0,8] x P) — saorTpP Le, 0" Yon.

We shall call such morphisms “cylindrical”. We can make the analogous construc-
tion for objects in Cy, ..

Remark 2.3. Although the categories Cy and Cy ;, do not have any identity mor-
phisms, for each object P in either category the cylindrical morphism (s, [0, s] x P)
has the property that the self-maps of Co(P, Q) and Cy(Q, P) given by pre- and
post-composing with it is homotopic to the identity. Thus we will say that a cobor-
dism M : P ~» @Q is an isomorphism in one of these categories if there is an
N : Q ~ P such that M o N and N o M are in the same path component as
cylindrical morphisms in the space of morphisms of the category.

The most important examples of isomorphisms will be cobordisms whose under-
lying manifold is diffeomorphic to a cylinder, but with non-cylindrical #-structure
or embedding.

Definition 2.4 ([JGRW14h]). Let C; ;' C Cy 1. be the subcategory having the same
objects, and having those morphisms (s, M) : P ~» @ for which the pair (M, Q) is
(n — 1)-connected.

A crucial feature of the categories Cy 1, is that they do not depend on L, but
rather only on dL: if L’ is another collared #-manifold which is equal to L near its
boundary, then we obtain an isomorphism of topological categories Cy 1, — Cp,1+ by
cutting out L and gluing in L’ (and similarly on morphisms). In order to make use
of this, we make the following definition.

Definition 2.5. If P is an object of Cyr, let P° C [0,00) x R>®~! be the 6-
manifold obtained by cutting out int(L). Similarly, if (s, W) is a morphism in
Co., let W° C [0,s] x [0,00) x R®~! be the §-cobordism obtained by cutting out
[0, s] x int(L).

Let Cy o1, be the (non-unital) category defined by

Ob(Co.o1) = {(P°,éps) | (P,ip) € Ob(Co.)}
Mor(Co.or) = {(s, W°, bwe) | (s, W, lw) € Mor(Cy 1)}

and made into a topological category by insisting that the functor Co 1, — Co.or
given by X — X° is an isomorphism of topological categories.

We shall generally write P, Q, ... for objects and W, M, ... for morphisms of Cy 51,
rather than Cp 1, and reserve the (—)° notation for when we are directly comparing
elements in Cg,;, with their corresponding elements in Cy oy,

Definition 2.6. Let ngi C Cg,o1. be the subcategory having the same objects,
and having those morphisms (s, M°) : P° ~» Q° for which the pair (M°,Q°) is
(n — 1)-connected.

Remark 2.7. If (s, M®) : P° ~~ Q° € nggi then the cobordism M = ([0, s] x L)UM®
is (n — 1)-connected relative to @ = L U Q°, which defines a functor ngi — ngl.
This is not in general an isomorphism of categories, but if (L,0L) is (n — 1)-
connected then it is. (See [GRW14bl Lemma 7.2] for a related discussion.)

2.2. Standard f-structures. Let 6 : B — BO(2n) be a tangential structure, and
recall that we insist that B is path connected. Choose once and for all a “basepoint”
f-structure on the vector space R?", i.e. a bundle map 7 : R?" — §*7y,, (depending
on the orientability of 68*vs,, there are one or two possible such choices, up to
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homotopy). This induces a canonical f-structure f} on any framed 2n- or (2n—1)-
manifold X.

Definition 2.8. The standard framing £gny pn on S™ x D™ is the framing induced

by the embedding

Sn % Dn N Rn+l x Rn—l —_ RQn
_u
(T391,Y2, -+, Yn) V> (267 2 2592, - .+, Yn)-

This framing induces a 6-structure fgn « pn, and we say that a f-structure on S™ x
D™ is standard if it is homotopic to égnwa

Definition 2.9. Let W;; = S™ x S™\ int(D?") be obtained by removing an open
disc inside D} x D, the product of the two upper hemispheres. A f-structure £ on

Wi isﬁstandard if both O-structures e*¢ and f*f on S™ x D™ are standard, where
€ and f are the embeddings defined by

€: 8" x D" — Wy; C 8" x 8" C R*T! x R+
(z.9)— (54, —/1- 142

f:S"x D" — Wy; C 8" x S" Cc R"™ x R* !

(2.9) — (~4 /1 - §2).

Remark 2.10. In Definition we said that a f-structure £ on Wi,1 was admissible
if there are orientation-preserving embeddings e, f : S™ x D™ — Wj; with cores

and

intersecting transversely in one point, such that each of the 8-structures e*l and f Wi
on S™ x D™ extend to R?" for some orientation-preserving embeddings S™ x D™ —
R2". In particular, as &(S™ x D™) U f(S™ x D™) C Wy 1 is an isotopy equivalence
it follows that if ¢ is admissible then there is an embedding ¢ : Wy 1 — Wi 1 such
that qb*é is standard.

The embeddings € and f are orientation-preserving and the union of their im-
ages is isotopy equivalent to Wi 1. Therefore there exists a framing &w, , of Wi 1
such that e*&w, , and f*gwm are each homotopic to £gnx pn, so the associated
f-structure g%l,l is standard.

Lemma 2.11. The space of standard 0-structures on Wi 1 fized on a disc in the
boundary is path-connected.

Proof. This is [GRW14a, Lemma 7.7], under a choice of identification of W7 ; with
the manifold H of that paper. O

2.3. Stable homological stability. In this section we shall formulate our stable
homological stability theorem, which is a strengthening of Theorem [I.3]

Definition 2.12. We say that a composable sequence of cobordisms

K
Ky 2% K|y oo o

Kljo,1) K|[1,2]
> >

Ko K|

in Cp a1, is a B-end in Cy oy, if each cobordism K|[i’i+1] satisfies

(i) it is (n — 1)-connected relative to both K|; and K|;+1, and
(ii) it contains an embedded copy of Wi with standard @-structure, in a path
component intersecting L.
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For a f-end K in Cy a1, let
.FZ(P) C Cg’aL(P, K|1)

be the subspace consisting of those 8-cobordisms (s, M) such that £y, : M — B is
n-connected.

For ease of notation, we will write C = ng,{ for the rest of the paper.

Lemma 2.13. F;(—) defines a subfunctor of Cgar(—,K|;) : C°? — Top, and
postcomposition with K|j; ;1) defines a natural transformation F; = Fii1.

Proof. If (s, W) € F;(Q) and (t,M) : P ~ @ € C, then we must show that the
map {y Ul : M Ug W — B is n-connected. As (M, Q) is (n — 1)-connected, so
is (M Ug W, W), and hence we have a factorisation

by i W — M Ug W 24V B

of an n-connected map where the first map is (n — 1)-connected: it follows that the
second map is n-connected too.

For the second claim, given (s, W) € F;(P) we must show that (1 + s, K|j; ;1] 0
W) € Fiya(P), ie. that lg, . ow is n-connected. This follows from the same
argument as above, using that (K|}; i1}, K|;) is (n — 1)-connected. O

We write F : C°? — Top for the functor obtained as the (objectwise) homotopy
colimit of the F;. Theorem can be stated economically in terms of this functor,
as follows.

Theorem 2.14 (Stable homological stability). If OL is non-empty, then for any
0-end in Co o1, the functor F sends every morphism in C to an abelian homology
equivalence.

In the following we shall only use the notation C with the implicit assumption
that 0L is non-empty.

2.4. Models for moduli spaces of manifolds. In order to explain how to deduce
Theorem from Theorem we will make a particular choice of model for the
Borel constructions Bunz)a(TW;g p)//Diffg(W) which form path components of
A%(P; {p). This involves a comparison between two models for spaces of manifolds
which will be of further use in Section [7} so we give it in full generality.

In [GRW14b, Proposition 2.16] we have explained how to start with a (2n — 1)-
manifold L C {0} x (—oco, 0] x R®~! with collared boundary L C {0} x {0} x R®~1
and rotate it in (—0o,0] x R x R®~! around the origin in the first two coordinate
directions to obtain a new manifold L C {0} x [0,00) x R®~!. The union D(L) =
L UL is the double of L, and the subset Vz C (—o0,0] x R x R®~! swept out by
the rotation gives a nullbordism V7, : ) ~ D(L). The manifold V, is diffeomorphic
to [0,1] x L, after unbending corners, and in particular the inclusion L < V7, is a
homotopy equivalence. Therefore a #-structure lponel ®TL may be extended to
one, EVL, on Vz. We then give L the §-structure induced by restriction from V7.

We may equally well begin with a (2n — 1)-manifold P C {0} x [0,00) x R>~!
with collared boundary P C {0} x {0} x R®~! and rotate it in (—oo, 0] x Rx R>®~1,
We write P C {0} x (—o00,0] x R®~! for the manifold so obtained, and induce a
g-structure on P from one on P in the same way.

In particular, if P € Cy sz, is an object then P C {0} x (—o0,0] x R®~! is equal
(as a f-manifold) to L near their boundary, so there are isomorphisms

Co,r. = Co,or. = Cyp g5 = Cp p-
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A similar procedure associates to a 2n-manifold N C [0,s] x [0,00) x R®~!
with collared boundary ({0} x P)U ([0, s] x OL)U ({s} x P) a rotated submanifold
N c[0,5] x (—00,0] x R~ together with a rotated f-structure /5.

Definition 2.15. For objects P and Q of Cg oz, let (P, Q) = PUQ € Cyp- For a
morphism (s, M) : Q ~ Q' let (P,M) = ([0,s] x P)UM : (P,Q) ~ (P,Q’), and
for a morphism (s, N) : P’ ~ P let (N,Q) = N U ([0,5] x Q) : (P,Q) ~ (P, Q).
Both are morphisms in Cy.

Lemma 2.16. For any P,Q € Cg o1 the composition

(21)  Coon(P,Q) = Cpyp(P,Q) = Co(D(P), (P,Q)) —Z» Co(0, (P, Q)

is a weak homotopy equivalence.
If M:Q~ @ and N : P’ ~» P are morphisms in Cg g1, then the squares

Co,or(P, Q) Coon(P,Q") Co,or(P,Q) Co,or(P',Q)
Col0, (P. Q) 0, (0,(P.Q)) ol (P, Q) (0, (P, Q)

commute up to homotopy.

Proof sketch. Up to smoothing corners, is given by gluing on an invertible
cobordism. The squares each commute because the two compositions are given by
gluing on cobordisms which are diffeomorphic, by a diffeomorphism preserving 6-
structures up to homotopy. For more details, see the proof of [GRW14bl Proposition
7.5]. O

For an object P € Cy we have a homeomorphism

o0, P) =] ((0, o0) x Emba (W, (~1,0] x R®) x Bung(TW;EP)) /Diffs(W),
(W]
where the disjoint union is taken over manifolds W with boundary P, one in each
diffeomorphism class. As the action of Diff5 (W) on Embg (W, (—1,0] x R*) is free
and has slices [BF8I], and (0,00) is contractible, this quotient is a model for the
Borel construction so there is a weak equivalence

Co(D, P) ~ [ [ Bun§(TW; (p) JDiffs(W),
(W]
where the disjoint union is taken over manifolds W with boundary P, one in each
diffeomorphism class.
The spaces N (P) and M (W, ) in the following definition are point-set mod-
els for the spaces .A,?(P) and .#¢ (W, fy) in the introduction.

Definition 2.17.
(i) For P € Cy let NY(P) C Co((), P) denote the subspace of those nullbordisms
(s, W) of P such that ¢y : W — B is n-connected.
(ii) For (W, lw) € NE(P), let M (W, ly) denote the path component containing
it.
(iii) For a manifold W with boundary P, let M?(W;/p) C Co(0, P) be the sub-
space of those (X, EX) such that X is diffeomorphic to W relative to P.

Proof of Theorem[1.3, using Theorem[2.1]] We may embed M in [0,1] x R*> as
a cobordism @ ~» P, and after changing this embedding by an isotopy we may
suppose that M intersects [0,1] x [0,00) x R®~! precisely in the image of p :
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[0,1] x D?>*~! < M and that [0,1] x D>~ % M < [0,1] x R is given by
(t,z) = (t,e(z)) for an embedding e : D?"~1 — [0, 00) x R>®~L

Let Lo = QN ((—00,0] x R, Lp = PN ((—00,0] x R®7!), and D =
PN ([0,00) x R®71). Then Lp, Lg, and D all have equal boundaries, which we
call L. By rotating these and the manifold N = M N ([0, 1] x (—o0, 0] x R®~1) in
the first two coordinate directions, we obtain a cobordism

N:HWEGCQ,(‘)L.

Now let
K K
D =Kl g K|y i Klg~s -
be a -end in the category Cy o1, where each K[; ;417 is obtained from [0, 1] x K|; by
the boundary-connect-sum at {1} x K|; with W; ; having a standard #-structure.
There is then a commutative diagram

- K\[0=1]o— . K\[l,Q]o— -
Co,on(Lq, Klo) —=Coor(Lq, K[1) —=Cyor(Lq, Kl2) - -

(22) ioN J/ON loN

—_ K‘[071]O— —_ K‘[LQ]O— -
Coor.(Lp,K|o) —Cyor(Lp,K|1) —=Coor.(Lp,K|2)---

which Lemma shows is equivalent to the homotopy commutative diagram

QHo— Q

Co(0,Q) 2172 o0, @) L o (0, Q) - -
(2.3) iMo_ iM lM

Co(0, P) 222 ¢y (0, P') 25 Co (0, P - -

used to form the map of homotopy colimits in the statement of Theorem [T.3] Now
Theorem implies that, after passing to the subdiagram of consisting of
those components represented by those cobordisms (s, W) such that ¢y : W — B
is n-connected, the map on homotopy colimits is an abelian homology equivalence.

The corresponding subdiagram of consists of the maps (M,0%) o — :
Nﬁ(Q,ég’)) — N?2(P, ég;q)), and as a diagram in the homotopy category it is iso-
morphic to the diagram made out of the squares . In principle the homo-
topies implied in the diagram could be different from the ones described
informally in the introduction and since different choices of homotopies can lead
to non-homotopic maps of homotopy colimits, we may not immediately conclude
that the stabilised maps in Theorems [T.3] and [2.14] are isomorphic as arrows in the
homotopy category. However, as we shall explain in Lemma [A10] if the induced
map of homotopy colimits is an abelian homology equivalence for one choice of
homotopies then it is so for all choices. O

2.5. Elementary simplifications of Theorem There are several easy sim-
plifications which can be made before embarking on the proof of Theorem In
order to phrase these simplifications, it is convenient to introduce the following no-
tation: let W C C be the subcategory of those morphisms which are sent to abelian
homology equivalences by F : C — Top. Theorem is then equivalent to the
assertion that W = C, but this has the advantage that intermediate results can be
stated: we shall show that W contains larger and larger classes of morphisms, until
it is clear that it coincides with the entire category C.

The first simplification is a purely formal saturation property of abelian homol-
ogy equivalences.

Lemma 2.18. The subcategory W C C has the 2-out-of-3 property.
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Proof. This will follow from the fact that for maps of spaces f : X — Y and
g:Y — Z if any two of f, g, and g o f are abelian homology equivalences, so is
the third.

Ordinary homology equivalences satisfy 2-out-of-3, so if any two of f, g, and
g o f are abelian homology equivalences then all three spaces have the same first
homology, and so have the same collection of abelian local coefficient systems avail-
able. In particular, we may assume that all abelian local coefficient systems are
pulled back from Z. The claim then follows by functoriality of homology with local
coefficients. (|

Lemma 2.19. If W contains every morphism M : P ~» @Q in C whose underlying
smooth cobordism has a handle structure relative to Q) consisting of a single handle
of indexn < k < 2n, then W =C.

Proof. If 2n # 4 then this is easy: a cobordism M : P ~» @Q in C is (n—1)-connected
relative to @) by definition, so admits a handle structure relative to ¢ which only
has handles of index at least n. For 2n = 2 this is clear, by cancelling any handles
of index 0, and for 2n > 6 this may be seen by handle-trading, as in the proof
of the s-cobordism theorem (see e.g. [Ker65]). Cutting M into the corresponding
elementary cobordisms, each of which lie in YW by assumption, it follows that M
does too.

If 2n = 4 such handle-trading is not immediately available, but becomes available
after connect-sum with many copies of S% x S2. More precisely, it follows from
[Qui83, Theorem 1.2] that for sufficiently large k, the cobordism

Hp_ ., _ H H )ii
Mip, AL TErp S p g =g

admits a handle structure relative to @ which only has relative handles of index at
least 2, and so by assumption lies in W. The cobordism Hp, o---0 Hp_, _,, also
admits a handle structure relative to P which only has relative handles of index at
least 2, so also lies in W; by Lemma [2.18] it follows that M also lies in W. O

The manifold JL has finitely many path-components, and each K|[; ;41 contains
an embedded W ; with standard f-structure in a path component intersecting 9L.
Therefore there is a path component doL C L such that infinitely-many K|}; ;41
contain an embedded W, ; with standard f-structure in the path component of
0o L. We call the path-component of dyL the basepoint component. By composing
some of the cobordisms K|[; ;41), and rescaling, we may assume that each K|}; ;11
contains an embedded W ; with standard #-structure in the basepoint component.

For a cobordism M : P ~» Q which has a handle structure relative to @) con-
sisting of a single handle of index k£ > n, it makes sense to ask whether the handle
is attached to the basepoint component i.e. whether the attaching map has im-
age which intersects the basepoint component. When k& > 1 the image of such an
attaching map is always connected, so is required to lie inside the basepoint com-
ponent; when & = n = 1 we require that at least one of the two components lie
inside the basepoint component.

Lemma 2.20. If W contains every morphism M : P ~» Q in C whose underlying
smooth cobordism has a handle structure relative to QQ consisting of a single handle
of index n < k < 2n attached to the basepoint component, then W = C.

Proof. Let M : P ~~ @ € C be a morphism having a handle structure relative to
@ consisting of a single handle of index n < k < 2n. If we can show that M € W
then the previous lemma applies and gives the desired conclusion.

First suppose that & = 2n: then M is obtained from ) by attaching a single
2n-handle to @, along an entire component ¢ : S?"~! < Q. Choose surgery data
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@ : 8% x D=1 < Q sending one disc to the basepoint component and the other
into the image of ¢, and let U : Q ~~ R be the trace of the surgery along ¢. Then
the composition U o M consists of a 2n-handle and a (2n — 1)-handle relative to
R, and moreover these are cancelling handles by construction: thus U o M is a
cylinder and so is invertible in C and hence lies in WW. On the other hand U consists
of a single (2n — 1)-handle relative to R attached to the basepoint component, so
U € W by hypothesis: thus M € W by Lemma [2.18
Now suppose that n < k < 2n. We will construct morphisms

PMA{\»Q

A4k

R~~~ 8

in C such that T o M and M’ o T” lie in the same path component of C(P, S), and
T,M',T" € W. Tt will then follow from Lemma [2.1§ that M € W, as required.

Suppose that M consists of a single handle attached via a map ¢ : 0DF x
D% < @, which does not land in the basepoint component. Choose surgery
data ¢ : 8% x D?"~1 — @, disjoint from L and from ¢, such that surgery along it
connects one of the path components intersecting the image of ¢ to the basepoint
component, and let T': @@ ~» S be the trace of the surgery along ¢. Considered
relative to S, it consists of a single (2n — 1)-handle attached to the basepoint
component of S, so T € W.

The cobordism T o M : P ~» S has a k-handle and a (2n — 1)-handle relative
to S, and these are attached along disjoint embeddings. Thus it is isotopic to a
composition M’ o T’ : P ~» S where M’ : R ~» S has a k-handle relative to S and
T': P ~» R has a (2n — 1)-handle relative to R. The k-handle of M’ is attached
along ¢, but as S is the result of surgery on @ along ¢ the map ¢ now lands in
the basepoint component, and so M’ € W. The (2n — 1)-handle of T" is attached
to the basepoint component of R, because by construction it consists of a 1-handle
relative to P with one end attached in the basepoint component of P, so T € W.
This provides the required data for the argument given above. (]

Thus to prove Theorem [2.14] it suffices to show that every cobordism M : P ~~
@ in C which has a handle structure relative to ) consisting of a single handle
of index n < k < 2n attached to the basepoint component induces an abelian
homology equivalence. Our proof occupies the following four sections, and proceeds
by induction on k.

3. PROOF oF THEOREM @: STABILITY FOR W7 1

For any P € C, let us write
Hp:'P~ P
for any morphism in C obtained from [0, 1] x P by forming the boundary connect-
sum with W7 1 at {0} x P inside the basepoint component of P (that is, the path
component of JpL). Similarly, let

pH:P~ P

be any morphism in C obtained from [0, 1] x P by forming the boundary connect-
sum with Wi 1 at {1} x P inside the basepoint component of P. Both pH and
Hp are equipped with any f-structure which is standard when restricted to the
embedded Wj 1, and is equal to i p when restricted to P. We shall establish the
following case of Theorem for any choice of such morphisms Hp and pH.

Theorem 3.1. For each P € C, the morphism Hp lies in W.
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Proof. Recall that the functor F is defined as the objectwise homotopy colimit of
the F;, so the map — o Hp : F(P) — F(P’) which we must show is an abelian
homology equivalence is the induced map on horizontal homotopy colimits of the
commutative diagram

K o— K o— K o—
Fo(P) [0.1] Fu(P) l11,2] Fo(P) l12,3]

iOHp ioHp ioHp

Fo(P') F1(P')

K\[o,l]o— K\[l,z]o— K|[2,3]0—

We shall show that for each square in this diagram there are maps
AP APOtom : F(P') — Fiya(P)

which respectively make the top and bottom triangles of the squares in which they
lie commute up to homotopy; it will then follow from Proposition that the
induced maps on horizontal homotopy colimits are abelian homology equivalences.
In order to do this, we will pass to a homotopy equivalent model of this diagram.
For the reader familiar with [GRW14b], this is completely analogous to Lemma
7.15 of that paper.

Lemmashows that F;(P) is weakly equivalent to the subspace N7 ((P, K|;)) C
Co(0, (P, K|;)) consisting of those nullbordisms (s,W) : § ~» (P, K|;) for which
lw : W — B is n-connected. Similarly for P’ and the morphism Kf; ;41]. Hence
the square in which we are trying to find diagonal maps (up to homotopy) may be
replaced by
<P7K‘[i,i+1]>07

NI((P,Kl3)) NP, K]is1))

<HP7K1'>°—\L l(prKlu—l)O—
NI((P', Kl3)) NE((P', Kliy1))-

We claim that X = (Hp, K|;) may be -embedded into Y = (P, K[; ;41]) relative
to (P, K|;). If this is the case, the complement of such an embedding gives a cobor-
dism Z : (P, K|;) ~ (P, K|;31) which is (n — 1)-connected relative to (P, K|;11),
and so Z o — defines a diagonal map in the square making the top triangle commute
up to homotopy, as required.

The cobordism X : (P,K|;) ~ (P',K|;) is—by definition of Hp—obtained
from (P, K|;) by forming the boundary connect-sum with Wi ; with a standard
f-structure inside the basepoint component of {1} x (P, K|;). On the other hand,
the cobordism Y : (P, K|;) ~ (P, K|;11) contains an embedded W ; with standard
f-structure, in the basepoint component (as we re-indexed the sequence of cobor-
disms K[; ;417 in order to have this property). There is therefore an embedding e of
underlying manifolds from X to Y sending the W7 ; in X to that in Y. By Lemma
the #-structure e*fy is homotopic to Ix relative to (P, K|;), and extending
this homotopy to fy it follows that e is an embedding of #-manifolds.

Similarly, (Hp,[0,1] x K|;11) may be ¢-embedded into ([0,1] x P’, K|}; i+1)
relative to (P’, K|;+1), which provides a diagonal map making the bottom triangle
commute up to homotopy. Il

<P,7K|[i,i+1]>o_

4. PROOF OF THEOREM [2.14} STABILITY FOR HANDLES OF INDEX n

In this section and the next we shall prove Theorem [2.14]in the case of a cobor-
dism which admits a handle structure relative to its incoming boundary consisting
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of a single n-handle attached to the basepoint component. In terms of the subcat-
egory W C C from Section the precise statement we prove is the following.

Theorem 4.1. If M : P ~ @Q is a morphism in C whose underlying smooth
cobordism admits a handle structure relative to QQ consisting of a single n-handle
attached to the basepoint component of Q, then M € W.

The detailed proof is cumbersome, but the strategy can be explained informally
as follows. By the 2-out-of-3 property for W, it suffices to prove that the compo-
sition of M and the morphism r(M), which attaches the n-handle “dual” to that
of M, is in W. If the handle of M is attached trivially, the composition of M
and r(M) is essentially a model for the cobordism Hp considered in the previous
section. We shall then use a simplicial resolution to reduce the general case to the
trivially attached case.

4.1. Support and interchange of support. We first introduce the following
notion of support of a cobordism, which will be used not only in this section but
also in Section [Gl

Definition 4.2. The support supp(W) of a cobordism (s, W) : P ~» @Q in Cy is the
smallest closed set A C R*® such that
W N ([0,s] x (R*\ A)) =1[0,s] x (P\A)
as #-manifolds. Or, equivalently, such that
W ([0,s] x (R*\ A)) = [0,s] x (Q\ 4)
as f-manifolds.

This notion of support is specific to our particular model of cobordism cate-
gories using manifolds embedded in euclidean space; it does not have meaning for
“abstract” cobordisms. We used a similar notion in [GRW14bl, p. 268].

Definition 4.3. If (s,W) : P ~» @ and (s/,/W') : Q ~» R are cobordisms in Cy
such that supp(W) Nsupp(W’) = (), then we let the interchange of support be the
f-cobordisms
Rw (W) = (W \ ([0, s] x supp(W'))) U ([0, 5] x (R \ supp(W)))
and
Ly (W) = (W' \ ([0, 5] x supp(W))) U ([0, '] x (P \ supp(W'))).
The composition (s, Ry (W)) o (s, Lw (W')) may be formed in Cy, and is a mor-
phism from P to R. Furthermore, there is a path
t— (W, W) :1[0,1] — Co(P, R)

from (s, W') o (s, W) to (s, Rw+(W)) o (s', Lw (W')) given by sliding W N ([0, s] x
supp(W)) in the positive direction and W’ N ([0, s'] x supp(W')) in the negative
direction.

This manoeuvre may be described graphically as in Figure

4.2. Constructing auxiliary cobordisms. We begin by showing that the mor-
phism M : P ~» @ for which we shall prove Theorem may be assumed to be of
a rather standard form. As we shall need the analogous result later, when dealing
with cobordisms having a single k-handle for n < k < 2n, we begin by working in
this generality.

Construction 4.4. The (reverse) trace of the surgery along D x D?"~F
OD* x R*"~F gives a smooth manifold T C [0, 1] x R* x R2"~* such that

(i) T agrees with [0,1] x dD* x R?"~* outside of [0,1] x 2D* x D"~ and
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W W L (W) Ry (W)
QN‘\\ - O
& S &
NG Q‘\\\ ’Q\*\\ \Q,\\
\ \ N\
N > Q &
+ Q & N +
> ~ N Y
\Q“ & N &
ey oy
N N

FIGURE 1. The interchange of support path. The grey regions
indicate where the cobordisms are not cylindrical.

(i) TN ({1} x R??) = {1} x OD* x R¥n~k,

and comes equipped with embeddings of the k-handle and its dual (2n — k)-handle

(iii) an embedding ¢° : (D¥,dD*) x R?"=F «— (T, T N ({1} x R?")) extending the
natural map on the boundary, for which we write ¢ = @°|(pr gpr)x p2n—*,
6° = 6| o xgzn—, and 96 = 6°|opi pro-i,

(iv) an embedding ¢° : R* x (D?"~k 9D*=k) — (T, T N ({0} x R?*")), for which
we give ¢, dp°, and Jp the analogous meaning.

Given a manifold Q € R>® and an embedding o : R¥ x R?"»~F — R> such that
o~ 1(Q) = OD* x R?"* we may therefore construct a cobordism

M, = ([0,1] x (Q \ 0(dD* x D*"7¥))) U ((Idjo,1) x 0)(T))

whose outgoing boundary is {1} x @, and whose incoming boundary we name
{0} x P,. (Even though this manifold depends on @ and ¢ and not P we shall use
the notation P, to emphasise that it is a model for P, cf. Lemma below.) Then
M, is an elementary cobordism P, ~» Q. If @ is endowed with a #-structure EQ,
then o endows dD* x R>*~*_ and hence

2T = ({1} x ODF x R*"%) U ([0,1] x dD* x (R*™~k\ D*"=F)) c T,

with a f#-structure. As ¢ is a relative homotopy equivalence, extending this 6-
structure from dyT to T is the same, up to homotopy, as extending the bundle
map

1
T(ODF x D*F) g e P225°

2
TQ®e' —% 0" 12
to T(D* x D*"~F). Given such an extension to T', we obtain a f-structure on M,,
and hence by restriction a f-structure on P,. The #-cobordism (1, M) so obtained

has support in o(2D* x D*n=k),

Lemma 4.5. Let (2, M) : P ~ @ be a morphism in C whose underlying smooth
cobordism admits a handle structure relative to @ consisting of a single k-handle.
Then
(i) there ezists an embedding o : RF xR?"=F — [0, 00) xR*®~! such that 0 ~1(Q) =
OD* x R2"F and an extension of (0¢)*lg to T(D* x D*=%), so that we
may form the 0-cobordism

(1,M;): P, ~ Q €C,

(ii) for a suitable choice of embedding and extension in (i), there exists an iso-
morphism (1,U) : P ~ P, in C such that M, o U and M lie in the same
component of C(P, Q).
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Proof. The handle structure of M gives an embedding of smooth manifolds M, —
M relative to @, whose complement is diffeomorphic to [0, 1] x P relative to P,
and we give M, the f-structure from M. After changing the embedding of M C
[0,2] x R* relative to ({0} x P) U {2} x @ we may assume that it is equal to the
composition of M, and an isomorphism U. (]

We now return to the particular case where kK = n. If Theorem holds for
the cobordism M, produced by this lemma, then it also holds for M, since U is
an isomorphism. Hence without loss of generality we may assume that M is of the
form M, with respect to some embedding o : R™ x R" — [0, 00) x R®~! and some
extension of (0¢)*lg to T(D™ x D™). We shall henceforth make this assumption.
The proof of Theorem [4.1] shall use certain compositions

r(M Vp
R pgls,
of M and cobordisms (M) and V), for p > 0, which we first define.

Construction 4.6. We construct a cobordism r(M) : R ~» P having support in
o(2D™ x D™), by letting the underlying manifold be the reflection of M = M,
inside [0, 1] x R* along {3} x R>; hence the underlying manifold of R is the same
as that of Q. It remains to describe a #-structure on r(M). The manifold M = M,
has a single n-handle relative to P = P,, namely

¢ : D" x (D", 0D") — (T, T N ({0} x R*™)) C (M,, P,).

The reflection of this gives an n-handle r(¢) in (r(M), P), and any 6-structure
on this handle extending (9r(p))*(p induces a -structure on (M) supported in
0(2D™x D™). We choose the #-structure on this handle by insisting that the induced
f-structure on

S x D" 2 r(p)(D" x D")U (D" x D™) Cr(M)Up M

is diffeomorphic to the standard one described in Section [2.2
Construction 4.7. We construct a cobordism Vj : @ ~» Sy having support in
a(2D™ x (3e; + D™)) by letting

Vo = ([0,1] x (Q\ a(dD" x (3e1 + D")))) U ((Idp,1] x 0)(3er +7(T))),
which contains the handle

Y =r(¢): (D",0D™) x D™ — (r(T),7(T) N ({0} x R*™)) C (Vo, Q).
We fix the #-structure on Vj by insisting that the #-structure on

S"x D" = ¢°(D" x (3e1 + D)) Up(D" x D*) C M Ug Vp

is the standard one described in Section [2.21

More generally, for each p > 0 we construct a cobordism V), : @ ~» S, having
support in UY_,o(2D™ x (3(i + 1)e; + D™)) by performing the above construction
simultaneously inside each of (D™ x (3(i+1)e; +D")) for i =0, 1,...,p. We write

Y; + (D™, 0D™) x D™ — (Vo, Q) for the n-handles relative to @, i =0,...,p.

The composable cobordisms with support V,, : Q ~» S, and M or(M) : R~ Q
arising from these constructions have disjoint support, so may be subjected to
interchange of support. Recall from Section [3| that we write Hp : P’ ~» P for any
morphism in C obtained from [0, 1] X P by forming the boundary connect-sum with
Wl,l at {0} x P.

Lemma 4.8. For eachp > 0, the cobordism Ry, (Mor(M)) obtained by interchange
of support is Hs, composed with an isomorphism.
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The cobordism M o r(M) is obtained from @ by attaching an n-handle and its
dual, and as the support of M o r(M) is disjoint from that of V,, the cobordism
Ry, (Mor(M)) is also obtained by attaching an n-handle and its dual. The proof of
this lemma consists of showing that in this case the n-handle is trivially attached.

Proof. In order that a cobordism W : S ~» T be isotopic to Hr composed with
an isomorphism, it is enough that it contain an embedded copy of W; ; on which
the induced 6-structure is the standard one described in Section 2.2 and so that
the smooth cobordism (without f-structure) (W \ Wy 1) Usw, , D*" : S ~ T is
diffeomorphic to [0, 1] x T' relative to T

By construction of the #-structure on r(M),

S x D" 2 r(p)(D" x D")U (D" x D*) Cr(M)Up M
has a standard @-structure. This is disjoint from supp(V,) so can also be found
inside the cobordism Ry, (M o r(M)).
The n-handle ¢ of M relative to @ has support disjoint from supp(V,), so can

also be considered as an n-handle of Ry, (M o r(M)) relative to S,. The manifold
Sp is, tautologically, the result of doing surgery on the embeddings
a¢’O|(9D"><(3(i-i—1)61-i-D") :oD" XDn;}Q i:O,l,...,p,

and so, using only that surgery on 9¢°|ypnx(3e,+pn) has been performed, the
embedding d¢ : D™ x D™ — @ \ supp(V,) C S, can be isotoped into a collar
neighbourhood of S, C Ry, (M o r(M)) and extended there to an embedding of
D™ x D™ such that the result of joining it with the n-handle ¢ of Ry, (M or(M))
gives an embedded S™ x D". Furthermore, by our choice of §-structure on V,, this
may be arranged to have standard f-structure. By construction, the core of this
S™ x D™ intersects that of the previous paragraph transversely in a single point, so
their union gives an embedded W 1, on which the #-structure is standard. [l

4.3. A semi-simplicial resolution. In this section we explain how to construct
certain semi-simplicial spaces F;(P)e augmented over the spaces F;(P) of cobor-
disms introduced in Definition when we have fixed a #-end

K K K
K|0 M]K‘l li)g]K|2 l[—2>)3]K|3—>'~'

and P is an object of the category C equipped with a little extra structure. For
clarity we work in slightly more generality than we will eventually need.

Definition 4.9. Fix an object P € C, an element W = (s, W) € F;(P) for some
4 >0, an embedding y : D™ x (1,00) x R"~! < P, and a 1-parameter family 3¢,
t € (2,00), of f-structures on D™ x D™ such that |5 pn s pn = x*Ip|opn X (t-e14+Dn)-
Let K(W)o = K(W,x, %) be the set of tuples (t,¢, L) consisting of a t €

(2,00), an embedding ¢ : (D" x D™, 0D"x D"™) — (W, P), and a path of f-structures
L on D™ x D™, such that

(i) thereisa d > 0such that ¢(z,v) = X(ﬁ,v+t~el)+(1—|m|)~eo for 1—|z| < 4,

(ii) the image C' = c¢(D™ x D") lies outside ([0, s] x L)U({s} x K|), and ¢~ *(P) =

aD" x D,

(iii) the restriction fy |y\c : W\ C' — B is n-connected,

(iv) L(0) = ¢*ly, L(1) = 9, and L(s)|gpnxp» is independent, of s.
We topologise K (W), as a subspace of

R x Emb(D" x D", [0,00) x R®) x Bun’ (D" x D™)!.

Let K(W), = K(W,x, '), ¢ (K(W)o)P*! be the subset consisting of tuples
(to, co, Lo, t1,¢1, L1, - . ., tp, ¢p, Lyp) such that
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(i) the images C; of the ¢; are disjoint,
(11) to <ty <--- <y,
(iii) the restriction fw |w\(u,c,) * W\ (U;Ci) — B is n-connected.
We topologise K (W), as a subspace of the (p + 1)-fold product of K(W)y. The
collection K (W), has the structure of a semi-simplicial space, where the ith face
maps forgets (t;,¢;, L;).
We now wish to combine all of the K(W), for all W = (s,W) € F;(P) into a
single semi-simplicial space.
Definition 4.10. Fix a P € C, an embedding x : D" x (1,00) x R*™! « P,
and a 1-parameter family /5*, ¢ € (2, 00), of f-structures on D™ x D™ such that
G opnypr = X*fplaang.el+Dn)-
Let K;(P), = K; (P, x, 3*%), be the set of tuples (s, W;z) with (s, W) € F;(P)
and z € K(W, x, £59),,. Topologise this set as a subspace of
Fj(P) x (R x Emb(D™ x D™, [0,00) x R®) x Bun’(D" x D")!)P+1,
The collection K;(P)e has the structure of a semi-simplicial space augmented over

F;(P), where the ith face maps forgets (¢;, ¢;, L;), and the augmentation map just
remembers the underlying 6-cobordism (s, W).

The maps K| j11) 0 — @ Fj(P) — Fj11(P) given by the f-end lift to semi-
simplicial maps

(K410 =)ot Kj(P)e —> Kjr1(P)e
(s, Wiz) — (s + 1; K|} j+1 0 Wi ),

and we let I(P)e — F(P) be the augmented semi-simplicial space obtained as the
levelwise homotopy colimit.
Lemma 4.11. The map |K;(P)e| — F;(P) is a quasifibration, with fibre |Kqo(W)|
over (s, W) € F;(P).
Proof. This may be proved in the same way as the analogue of Lemma 6.8 in
IGRW14al Section 7]. O

The homotopy fibre of a map between mapping telescopes is weakly homotopy
equivalent to the mapping telescope of the homotopy fibres. Hence the homotopy
fibre of |[KC(P)e| — F(P) over a point (s, W) € F;(P) C F(P) is weakly homotopy
equivalent to

. o pstd
(4.1) hg(i?gm‘K(K|[J,J+g] o WX, 7).
In Section 5| we will prove the following theorem.

Theorem 4.12. The space (4.1)) is weakly contractible, and hence the forgetful map
IK(P)e| = F(P) is a weak equivalence.

In the rest of this section we shall explain how to deduce Theorem from
Theorem E12

4.4. Resolving composition with Mor(M). We now continue with the notation
of Section in particular we have the cobordisms M o r(M) : R ~» @ and
Vo : @ ~ Sy and the embedding 0¢° : 9D™ x R™ < @, and we wish to resolve the
map

—oMor(M): F(Q) — F(R).
We choose, once and for all, a 1-parameter family of embeddings

he: D™ x D™ — V, t € (2,00)
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so that hg is the map 1 from Construction and hi|lspnxpn(z,v) = 0¢° (2,1 -
e1 +v). We then let /5t = pfy, .

The 6-structure on Vj has been chosen (in Construction so that the induced
f-structure on the sphere

ST x D" = ¢°(D" x (3e1 + D)) Uhg(D" x D") C M Ug Vp

is homotopic to the standard one; it follows that the same is true for the spheres
¢° (D™ x (tey + D™)) U hy(D™ x D™) for all ¢.
The previous section then gives an augmented semi-simplicial space

(4.2) K(Q)e = K(Q,00°|gpnx (1.00)xrr-1, (5 Y)e — F(Q),

and Theorem shows that this augmentation map becomes a weak homotopy
equivalence after geometric realisation.

The underlying manifold of R is equal to the underlying manifold of @, so the
embedding 0¢° can also be considered as an embedding 0¢° : D™ x R™ < R. The
f-structures (8@1)0)*&9 and (8¢°)*g r are not necessarily equal, but they become
equal when restricted to D™ x (1,00) x R"~! (as M or(M) is supported in o(R™ x
D™)). Hence we have defined an augmented semi-simplicial space

(4.3) K(R)e = K(R,¢°|opn x (1,00)xrn-1: 65 e — F(R).

This also becomes a weak homotopy equivalence after geometric realisation, by
Theorem .12

We wish to cover the map — o M o r(M) : F(Q) — F(R) by a map of semi-
simplicial resolutions K(Q)e — K(R)e. The idea is that for any embedding c :
D" x D™ < W of a thickened n-handle, as in Definition [£.9] there is an “induced”
thickened n-handle embedded in W o M o r(M)—provided that the boundary of
the handle is disjoint from the support of M o r(M)—defined by gluing a cylinder
([0,1] x 9D™) x D™ to the handle and embedding it into M or(M) in a cylindrical
way. In order to define a map of semi-simplicial spaces in this way, we need to
reparametrise the source

(([0,1] x 9D™) x D™) Ugpnxpn (D™ x D™)

of the resulting embedding by a diffeomorphism to D™ x D™. Of course we also
need to explain what to do with the other data (f-structures and so on) in the
simplices of K(W),. Let us first explain the reparametrisation. We shall have to
do the same later, so the following definition is given in greater generality than we
need here: we will only use the case k = n in this section.

Definition 4.13 (Extrusion). Let ¢ : D?"7F x D* < [0, 00) x R be an embedding
which is collared in the sense that there is a § > 0 such that

c(z,v) =c(E,v)+ (1 —|z|) - eo if 1—Jz| <.

ma

We may then define subsets
A; = [0,t] x ¢(dD*~F x D)
By = ¢(D*"7F x D*) 4t e

whose union is a smooth submanifold of [0,00) x R*. Define the extrusion of ¢ of
length ¢ € [0,00), €4(c) : D*"™% x D¥ < [0,00) x R, by

. . 1
(z,v) — C((i+t) )L e T
ppv)+ A+ )0 —lz])-eo |z = 5
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In particular g¢(c) = ¢. We have

Ap = e()(D*F\ int(D*F)) x D¥)

By = &1(c) (15 D> * x D"),

so that A; U By = &;(c)(D?*"~* x DF).
Let ¢ be a #-structure on D?"~* x DF. The diffeomorphism
(z,v) — c(x,v) +t-eg: D™ F x D¥ — B,
endows B; with a 6-structure, and we may extend this uniquely to a #-structure on
A;UB; which is cylindrical over A;. We define the extrusion of £ of length ¢ € [0, c0),

¢ (é), to be the §-structure on D?"~* x D* obtained by pulling back the #-structure
just constructed along the diffeomorphism e;(c) : D?"~% x D¥ — A, U B,.

Composition with M o r(M) gives a map F;(Q) — F;(R), and we may lift it to
a semi-simplicial map (—o M or(M))e : £;(Q)e — K;(R)e by the formula

(W;t,c, ﬁ) — (WOMOT(M);t,Eg(C),é’g(i))

on O-simplices, and the analogous formula on the higher simplices. This construc-
tion commutes (strictly) with the semi-simplicial maps (K|f; j1170 —)e : K;(Q)e —
Kjt1(Q)e and (K|jj 4110 —)e @ Kj(R)e — Kjy1(R)s, and so induces a semi-
simplicial map (— o M o r(M))s : K(Q)e — K(R)s on the stabilisations. The
diagrams

—oMor(M)

K(Q)p K(R)p

\L —oMor(M) J/

FQ) —————F(R)

commute for all p > 0, and by Theorem we may then view K(Q)e — K(P)e
as a simplicial resolution of F(Q) — F(P).

Proposition 4.14. For each p > 0, the map
(moMor(M)),: K(Q)p — K(R),
is an abelian homology equivalence.

Proof. The idea, cf. diagram (4.5)) below, is to identify this map up to homotopy
with a map gluing on a cobordism Hg as studied in Section [3]

Recall from Construction [£.7)that the cobordism V}, : @ ~ S, contains canonical
handles

P D" x D" — 'V, 0<i<p,
and the #-structure on V, is determined (up to homotopy relative to Q) by its
restriction to these handles. We may therefore suppose that the #-structure on V),
is such that ¥} ly, = :S;(Ciiﬂ) = N3 1ylv, for each i, because the f-structure
hity, U ¢*D"><(tel+D")£JV1 :T(S" x D") — 0" yap

is standard for ¢ = 3 (by definition of /v, ), and hence for all ¢ (as being standard is
homotopy invariant).

Let L; be the constant path 57 This determines an inclusion

3(i+1)"
Fi(Sp) — Ki(Q)p
($,X)— (s+1,Xo Vp;S,wo,ﬁoﬁ,wl,ﬁl, 53+ 1),¢p,ﬁp).

We claim that this inclusion is a weak homotopy equivalence. In order to see this,
let E denote the space of triples ((s,W),e, L) consisting of an (s,W) € F;(Q),

(4.4)
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an embedding e : V, — W relative to @, and a path of f-structures L from
e*ly to évp which is constant over @ C V,,. We topologise E as a subspace of
Fi(Q) x Emb(V}, [0,00) x R>; Q) x Bun’(TV,)’. The map
F— ]Cj (Q)p
(S,VV,@) — (va;?’veOw()vw())ki’aﬁ,eo'l/]lawri’v'" a3(p+ ]-)aeowpad};i—/)

is then a weak homotopy equivalence, because the inclusion

([0,¢] x Q) U (]_[ Y (D™ x D”)) —V,

i=0
is an isotopy equivalence for sufficiently small e. On the other hand, the map

(s,W,e) —> e

is a fibration (by the parameterised isotopy extension theorem) and the base space
is contractible (by the parameterised form of Whitney’s embedding theorem). The
fibre of this map over the canonical embedding V,, C [0, 1] x R* is the space of those
N € F;(Q) which contain the cobordism V},, and this is weakly homotopy equivalent
to F;(Sp). This proves the claim that is a weak homotopy equivalence.

The cobordisms V), : Q ~» S, and M or(M) : R ~» @) are composable and have
disjoint support. We may perform interchange of support on these cobordisms,
giving composable cobordisms

Lator(any(Vp) : R~ S, Ry, (M or(M)): S, ~ S,

and the embeddings 1; have image inside £/or(ar)(V}) and satisfy w;klf[;MM(M) Wv,) =
G
particular the inclusion

Fi(Sp) — K;j(R)p
(Sa Z) — (S + 17ZO‘CMOT(M)(VP);3)¢07£0767w17i’17' . 73(p+ 1)7wp7i/p>'

is a weak homotopy equivalence for the same reason as ([4.4) is.
Consider the diagram

) Thus £MOT(M)(V;7) has the same relationship to R as V), does to @), and in

—oRy, (Mor(M)) ,
F(Sp) ————=F(5))

(4.5) l” lN
(—oMor(M)),

K(Q)p —————=K(R)y,

in which the vertical maps are weak homotopy equivalences by taking the limit
j — oo of the weak homotopy equivalences established above. By Lemma the
cobordism Ry, (M o r(M)) is isotopic to Hg, composed with an isomorphism in
C, and so by Theorem the map — o Ry, (M o r(M)) is an abelian homology
equivalence. Hence if the square commutes up to homotopy then we have proved
the proposition.

The two directions around the square are given by

Z (Z o RVP(M © T(M)) © ‘CMOT(M)(‘/p)v 3a ¢0, [A’0767’(/)17 IA/la R 3(p + 1)7¢p7i’p)
for the upper composition and

Z s (ZoVyoMor(M); 3, e2(t0),€2(Lo), 6,2(t1),e2(L1), - . ., 3(p+1), €2(hy), €2(Ly))
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for the lower composition. The path ¢ — Y; in C(R,S,) from V, o M o r(M) to
Ry, (M or(M)) o Lyjorar)(Vp) given by interchange of support (cf. Section
may be described as follows. For a cobordism (s, W) : A ~» B we write

W = ((—00,0] x A) UW U ([s,00) x B)
for its extension, then we let Y; denote the #-manifold
(t- €0+ M or(M)\ supp(V)) U (2 = 2¢) - €0 + V, \ supp(M o r(M)))
intersected with [0, 3] x R°, which is schematically shown in Figure

M or(M) v, Y,
22t 392t

D D

0 2 3 0 ¢ 2+t 0

FIGURE 2. Interchanging the supports of V,, and M o r(M). The
grey regions indicate where the cobordisms are not cylindrical.

The extruded embedding e9;(1);) has image inside Y7_;, by inspection of the
formulae for the two objects. Furthermore the bundle map eo:(10;)*0y,_, : T(D™ x
D™) — 0*7vs, agrees with the extruded bundle map €2t(ii) = Egt(égt(‘g+1)), by
construction. Hence sending Z to

(Z 0 Y1-433,£0:(¥1), €20(L1), 6,820 (2), €26 (L2), .., 3(L + p), 24 (¥p), €20(Lyp))
gives a homotopy in /C(R), between the two compositions in (4.5)), as required. O

Now, for any system L of abelian local coefficients on F(R) we have a map of
spectral sequences

By o(P) = Hy(K(Q)p; £) == Hp1(IK(Q)s; £) — Hp14(F(Q); £)

| | |

E;,q(R) = Hy(K(R)p; L) == Hp14(|K(R)o|; £) — pta(F(R); L)

where we have continued to write £ for this system of local coefficients pulled back
along any of the maps occurring in this set-up. By Propositionthe map of E'-
pages is an isomorphism, as £ is an abelian system of local coefficients. Thus the
middle vertical map is also an isomorphism. The two rightmost horizontal maps are
isomorphisms because the augmentation maps and are weak homotopy
equivalences, and hence the rightmost vertical map is too. This shows that

—oMor(M): F(Q) — F(R)
induces an isomorphism on homology with abelian coefficients, so M o r(M) € W.
Proof of Theorem[{.1], assuming Theorem [{.19. We must show that M € W. How-
ever, the discussion above holds for any cobordism which admits a handle structure

relative to its outgoing boundary consisting of a single n-handle attached to the
basepoint component. In particular, it applies to r(M) too, so r(M)or(r(M)) € W.
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This implies that (M) induces both an injection and a surjection on homology with
abelian coefficients, so (M) € W, and hence by Lemma we also have M € W.
This establishes Theorem [£.1] O

5. CONTRACTIBILITY OF THE HIGHER-DIMENSIONAL ARC COMPLEX

In this section we will give the proof of Theorem It is convenient to work
with two more flexible approximations to the semi-simplicial space of Definition
In the first we relax the condition that the handles be embedded: we allow
them to be immersed, as long as their cores ¢(D™ x {0}) are still embedded.

Definition 5.1. Fix data (W, x, £'9) as in Deﬁnition Let us write K(W)g =
K (W, x, £5t4), for the set of triples (t,c¢, L) where t € (2,00), ¢ : D" x D" & W is
an immersion, and L is a path of #-structures on D™ x D", such that

(i) c[prxgoy is an embedding, and there is a 0 > 0 such that c(z,v) = X(L%\’U +

t-e1)+(1—|x|) e for 1 —|x| <9,

(ii) e(D™ x D) lies outside of ([0, s] x L)U ({s} x K|i), and ¢~*(P) = dD™ x D™,
(iii) the restriction fyw |y \c(pnxqoy) : W\ (D™ x {0}) — B is n-connected,

(iv) L(0) = ¢*lw, L(1) = &4, and L(s)|spnxp» is independent of s.
We topologise K (W), as in Deﬁnition but using the C'*° topology on the space
of immersions rather than embeddings. Let K (W), C (K (W))?P*! be the subspace
consisting of ordered tuples ((to, co, ﬁo), ey (tpy cp, ﬁp)) such that

(i) the sets ¢;(D™ x {0}) are disjoint,

(11) to < t1 <"'<tp,

(iii) fw restricts to an n-connected map W\ (U;c;(D™ x {0})) — B.
We shall also write K°(W),, for the set K(W),, equipped with the discrete topology.

In the most flexible approximation, we further relax the condition that the cores
be embedded, as long as they are immersed and in general position. We also forget
condition , and topologise it discretely.

Definition 5.2. Fix data (W, y, &%) as in Deﬁnition Let us write K2(W)y =
K9(W, y, 654y for the set of triples (¢, ¢, L) where ¢ € (2,00), ¢ : D" x D™ & W is
an immersion, and Lisa path of #-structures on D™ x D", such that
) the immersion c|pn {0} is self-transverse and has no triple points, and there is
a 0 > 0 such that c¢(z,v) = X(ﬁ,v—i—ﬁel) + (1 —z|)-eo for 1 —|z| < 6.

as well as and of Definition Note that the data is not required to
satisfy . Let IA(‘S(W)p C (I/(\"S(I/I/')O)p+1 be the subset consisting of ordered
tuples ((to,co,io), el (tp,cp,ﬁp)) such that

(i) the immersions c;| p» o} are in general position (i.e. pairwise transverse and

without triple intersections),

(i) to<t1 < - <tp.
As usual, this data defines a semi-simplicial set K (W ).
Lemma 5.3. The map |K(W)s| — |K(W)e| is a weak homotopy equivalence.

Proof. The inclusion K (W), C K(W), is a levelwise weak homotopy equivalence,
by precomposing an immersion h : D™ x D™ & W which is an embedding of the
core, and hence of a neighbourhood of the core, with an isotopy from the identity
map of D™ x D™ to an embedding into a small neighbourhood of (0D™ x D™) U
(D™ U {0}). O
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By this lemma, in order to prove Theorem it is enough to show that
s | FC . std
h(;(f_())iém K (K[ j4g) © W X 60

is weakly contractible. Since homotopy colimit commutes with geometric reali-
sation, we may equivalently prove weak contractibility of the realisation of the
semi-simplicial space

[p] — hocolim K (K| j+4 © W, x,gitd)p.

g—00

Since each map (K|[; i41) © —), forming the colimit diagram is the inclusion of a
subspace, we may replace the homotopy colimit by the actual colimit. We shall
therefore prove weak contractibility of the semi-simplicial space whose space of
p-simplices is

K(K|[jo0) o W)y = %ﬂigf(K|[j,j+g] o W, x, 6*),.

(The proof would work for the homotopy colimit, but it is notationally convenient
to work with the actual colimit.) We shall first prove that the underlying semisim-

plicial set F‘s(K |[j,00)©W )e has contractible realisation, and then use the techniques
of [GRWT4a| to deduce weak contractibility in the topologised case.

Lemma 5.4. The realisation |K°(W),| is contractible.

Proof. We first show that IA(‘S(W)O # (. Pick some t > 2 and consider the commu-
tative square
x(——+te1)

dD™ x D™ P W
-
— - ZW
- - Estd
D™ x D» i B.

As fy is n-connected, and (D™ x D™, D™ x D™) is homotopy equivalent to (D™, dD™),
there exists a dashed diagonal map g making the top triangle commute and the bot-
tom triangle commute up to homotopy. As £y and £ are covered by bundle maps
fyw and éﬁtd7 this provides a bundle map § : T(D™ x D™) — TW such that lwog
is homotopic to éftd through bundle maps, via a homotopy which is constant over
0D™ x D™. By Smale-Hirsch theory, the pair (g, §) may be homotoped relative to
OD™ x D™ to a pair of the form (¢, Dc), for ¢ an immersion and Dec its differential.
Then c*éw = lw o De is still homotopic to é?td, and if we choose such a homotopy,
L, then we have constructed an element (¢, ¢, L) € K%(W)o.

To prove contractibility assuming non-emptiness, we must prove that for each
k> 1, any map f : I — |K5(W),| extends to a map from I*. By the simplicial
approximation theorem, we can assume that f is simplicial with respect to some PL
triangulation of OI*. For each vertex v; € OI* in the triangulation, there is then
given an element f(v;) = (t;, ¢;, Li) € IA(&(W)O. By a suitable application of Thom’s
transversality theorem, we may let (¢, c, I:) ek %(W)o be a slight perturbation of
one of the (t;,c;, L;) such that ¢t # t; and ¢(D™ x {0}) h ¢;(D™ x {0}) for all j.
A further perturbation will remove triple intersections between the cores. Then
f(OI%) is contained in the star of (¢,c, ﬁ), and therefore f extends to the cone
C(o1%) = I*. O

The (rather lenghty) proof of the following proposition makes essential use of
the passage to the limit g — oo.

Proposition 5.5. The natural maps K°(K|jjj1q © W)e — I?é(K|[j7j+g] oW)a
induce a weak equivalence on geometric realisation.
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Proof. To ease notation throughout the proof, let us write M = K|} ) o W.
Consider a map R
o (I5,01F) — ([K°(M)], [K°(M).])

which we may assume simplicial with respect to some PL triangulation of I*. We
shall explain how to homotope f to a map with image in [K°(M),|. If the image
of some simplex ¢ < I* is a p-simplex f(o) = ((to, o, Lo), - - -, (tp, ¢p, Lp)), then
there can be three reasons why f(o) is not in this subcomplex: firstly, the cores
D; = ¢;(D™ x {0}) may not be embedded; secondly, they may not be pairwise
disjoint; thirdly, the restriction £|y/\up, : M \ UD; — B may not be n-connected.
All three problems will be fixed using the infinite supply of embedded copies of
W11 = 8" x 8™\ int(D?") given by the f-end, using a well-known local move. Let
us first explain it.

Suppose that hg, hy : D™ x D™ & M are two immersed handles, such that each
of the cores h;|pn {0y is self-transverse and has no triple points, and they also meet
transversely. Around a point of intersection xy between the two cores, we may find
a coordinate chart ¢ : D™ x D™ — M inside which the cores are (D" x {0}) and
©({0} x D™) respectively. By scaling the handles in the meridian direction near the
discs hg 'o(D™ x {0}) and hy ' ({0} x D"), and making a change of coordinates, we
may obtain new immersed handles A/ which agree with the old h; outside a small
neighbourhood of ¢(D™ x D™), and which intersect ¢(D" x D") in ¢(D" x +D")
and @(%D" x D™) respectively. This preliminary move is illustrated in Figure

F1GURE 3. Shrinking and straightening handles near an intersec-
tion point so that they intersect a coordinate chart cleanly.

We may then find an embedded path in M from the boundary of (D™ x D™)
to an embedded copy of W ; having standard #-structure, ensure that it is disjoint
from the cores of all the A}, and thicken it up to obtain an embedding ¢’ : (D™ x
D™)yWh,1 — M, so that the handles intersect the image of ¢’ in precisely ¢'(D" x
£D") and ¢'(3D™ x D™).

Now, as illustrated in Figure [4] there are disjoint embeddings

jO : D" x %Dn — (Dn X D")th,l,

jl : %Dn x D" — (Dn X Dn)hWLl,
which near 9(D™ x D™) are given by j;(z,v) = (z,v). (These may be constructed as
follows: (D™ x D™)§W1 1 is diffeomorphic to S™ x S™ \ int(D” x D™ ), the manifold
obtained by removing points having both coordinates in the lower hemisphere. This
diffeomorphism can be taken to be the identity on that part of the boundary of
(D™ x D™)yW1,1 away from where the connect-sum was formed. Inside S™ x S™\
int(D" x D") the discs D% x 2D and 1D™ x D7 are disjoint, and satisfy the
required boundary condition.) Replacing the map h{ on (h{) ™! (o(D™ x D™)) by

()~ (D" x D) T4 D D" % (D x DUWa - M,
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D= g .

FIGURE 4. Extending the coordinate chart ¢ to an embedding of
(D™ x D™)iW1 1, and using it to remove a point of intersection.

and the map A} on (h})~t(o(D™ x D™)) by
—1gp/ . ’
(h) " (p(D™ x D)) ¥ =3 LD x D™ 2 (D™ x D)Wy, 25 M,

we obtain new handles h which no longer intersect at zq, and whose cores outside
of /(D™ x D™yW1 1) are unchanged.

Finally, we claim that the -structures (h{)*£as and (h{)*€pr on D™ x D™ which
are already equal outside of (h))~(o(D™ x D™)), are homotopic relative to the
complement of this subset. This will make use of the embedded copy of Wi ;
having standard 0-structure. If we write £ = (¢’)*¢j; it suffices to see that the two
embeddings

D" x 1D" — (D™ x D™)iW, 4,
given by the standard embedding and by jg, pull back £ to f-structures which are
homotopic relative to S™~ ! x %D". The two embeddings differ by forming the
ambient connected-sum (inside ¢'(D™ x D"gW7 1)) with the sphere

S" x {0} Cc S" x DY C 8" x S"\int(D" x D)~ Wy ;.
As the #-structure on this sphere is standard, it extends over the contractible space
S" x D%~ (D" 1D x Dt D x Dt

and so the #-structure obtained after forming the ambient connected-sum is homo-
topic to the original one, as required. The analogous claim holds for (h})*£)s and
(B bar.

Note that as the argument above took place locally near the intersection point, it
works equally well for a transverse self-intersection of a core of an immersed handle.

We now explain how to implement these moves. We first explain the argument
in the case n > 1, where the cores (having codimension at least 2) cannot separate.

In the case n = 1 the argument must be reorganised slightly, and we shall explain
that at the end.

Step 1. We first explain how the map f may be changed by a homotopy so that
for each vertex v € I* with f(v) = (t,¢, L), the manifold D = ¢(D" x {0}) is
embedded. If v € int(I*) with f(v) = (t,¢, L) is a vertex which does not satisfy
this condition, then the map c[pnyo} is an immersion with a finite number of
transverse self-intersections.

Firstly, let ¢’ be obtained by perturbing ¢ a small amount ¢ in the normal di-
rection e; € R™. Precisely, we have a field of vectors tangent to M defined on
0¢°(OD™ x (1,00) x D™~ 1) given by the unit vector in the (1,00) direction. We
may extend this to a compactly supported smooth vector field on M which is
nowhere tangent to ¢(D™ x {0}), and (choosing a Riemannian metric) obtain a
1-parameter family ¢; of compactly-supported diffeomorphisms of M. Then ¢ is
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the map obtained by applying . to ¢ for some small ¢; if € is small enough, the
core of the immersion ¢’ has as many points of self-intersection as that of ¢, and is
transverse to the core of c.

Secondly, let ¢ be obtained from ¢’ by applying the move using W1 ; described
above to remove a point of self-intersection. We make sure that the copy of W 1,
and the path used to form the connect-sum, are disjoint from the core ¢/(D™ x {0})
so that no new self-intersections are created when performing this move. We may
also ensure that no new non-transverse intersections are created.

To obtain a zero-simplex (¢ + 5,0”,ﬁ”), it remains to find the path L”. The
f-structures (¢/)*lpr, (¢)*Cp, and fﬁfg are all equal on 9D™ x D™. The isotopy
@5, 5 € [0,¢], gives paths (¢/)*p; ~ ¢*ly; and éﬁfs ~ 5% which become equal
when restricted to dD™ x D™. Conjugating the path L:c*ly ~ gitd by these

determines a path (¢’ )*Z M~ gﬁfﬁg which restricts to a nullhomotopic loop over

dD" x D™. We may then use homotopy extension to find a path L' : (¢/)*{p; ~~ l@ffa
which is constant over D™ x D™. Finally, by our discussion of the move above,
(/)0 and (¢")*€y; are homotopic relative to D™ x D™, so we may find a path
L": (") pr ~ 6L which is constant over D™ x D™,

By construction the vertices (¢, ¢, L) and (t 4 ¢,¢”, L") span a 1-simplex, and if
f(w) = (t;,¢i, Ly) for w a vertex adjacent to v, then (t +e,¢”, L") and (t;,¢;, L;)
are adjacent too (when ¢ is small enough, the relative order of t 4+ ¢ and ¢; is the
same as that of ¢ and ¢;, and if ¢ and ¢; are in general position so are ¢’ and ¢;).
Hence we may define a simplical map

F:[0,1] x I*¥ — |K°(M).|

by F(0,v) = f(v) = (t,c,[A/)7 F(1,v) = (t—l—a,c”,ﬁ”), and F(—,w) = f(w) for
w # v. This is a homotopy which is constant on 9I*, and F(1, —) sends v to an im-
mersion whose core has one fewer self-intersection. After finitely many applications
of this technique, we may change f by a homotopy so that each disc is embedded.

Step 2. We now explain how to modify f so that it sends adjacent vertices in
I* to embeddings with disjoint cores. For each pair of adjacent vertices (v,u) in
I* mapping to a 1-simplex ((to,co, Lo), (t1,¢1, L1)) for which Dy = ¢o(D™ x {0})
intersects D; = ¢1(D™ x {0}), we create embeddings ¢j and ¢} by the process
described in Step 1: we perturb each ¢; a little in the e;-direction, and then use the
move to eliminate a point of intersection (using a path from the intersection point
to a Wi 1 which is disjoint from the D; and from any adjacent cores). We obtain
(to+e, ¢, LY) disjoint from (to,co, Lo) and (t, +¢, ¢/, L) disjoint from (t1,¢1, Ly),
with ¢j and ¢] having one fewer point of intersection than ¢y and ¢; did. Hence we
may define a simplical map

F:[0,1] x I* — |K2(M).|

by F(0,u) = f(u) = (to,co, Lo), F(1,u) = (to + &, ¢}, LY), similarly for v, and
F(—,w) = f(w) for w # w or v. Since ¢} is disjoint from ¢; this gives a homotopy
of pairs (I*, 9I%) —s (|K9(M),|, |[K®(M)a|) after which the total number of inter-
section points has been reduced by one. After finitely many applications of this
technique, we obtain a map f sending adjacent vertices in I* to embeddings with
disjoint cores.

Step 3. Finally, we fix simplices o < I* with f(o) = ((to, co, ﬁo), oo, cp,ﬁp))
for which the restriction £ypup, : M \ UD; — B is not n-connected. The discs
D; that we have cut out have codimension n, so the inclusion M \ UD; — M is
(n — 1)-connected. Thus ¢ m\up, can fail to be n-connected either because it is not
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surjective on m, or because it is not injective on m,_;. Thus we aim to kill the
groups

K, =Ker(m,—1(M \ UD;) = 7,-1(B))

(5.1) I, = Im(m,, (M \ UD;) — 7,,(B)).

As the map ¢y : M — B is n-connected, it follows from the long exact sequence of
a triple that the map

Tn (M, M\ UD;) — m,(B, M \ UD;)

is surjective. If n > 2, so M, M \ UD;, and B have a common fundamental group,
7, then by the Hurewicz theorem m, (M, M \ UD;) is generated as a Z[r]-module
by the (p + 1) meridian spheres of the handles which have been cut out, so it
follows that m,(B, M \ UD;) is a finitely generated Z[n]-module, and hence that
K, is also a finitely generated Z[r]-module; in fact, it is generated by the meridian
spheres of the handles that have been removed. If n = 2 then the Seifert—van
Kampen theorem shows that analogous claim is true: K, is normally generated by
the meridian circles of the handles that have been removed. Furthermore, if K, is
trivial, then (if n = 2 the map m (M \ UD;) — 7 (M) = 7 is an isomorphism and)
there is an exact sequence

(M \ UD;) —> m0n(B) — mn(B, M \ UD;) —> 0

with rightmost term a finitely generated Z[r|-module. Thus m,(B) is generated
as a Z[r]-module by I, C m,(B) along with finitely many elements (this makes
sense, and holds, for n > 2). We will explain how to kill these finitely many extra
elements.

Let us describe a general construction, and some of its properties. Let {v} < I*
be an interior vertex with f(v) = (¢,¢, I:) Suppose that we modify ¢ by choos-
ing a standard Wi 1, and a path from a point in D = ¢(D™ x {0}) to the W1 1,
both disjoint from all the cores of all vertices in Lk(t, ¢, i) (which is possible as
n > 2), and then form a new embedding ¢ by perturbing ¢ a small amount e
in the ep-direction, and then forming the connect-sum of its core with the core
of &S™ x D™) ¢ Wy, along the path. The 6-structure (¢/)*/p; is homotopic to
e extending the standard homotopy on the boundary, because the -structure
on é(S™ x D™) C Wy ; is standard, and hence by the same argument as in Step 1
there is a path L' : (¢/)*fp; ~ éﬁfe. The following claim describes how to use this
construction to modify f : I¥ — |K9(M),|, and the effect of the modification on
the groups I, and K, defined in above.

Claim 5.6. In the situation described above, let f’ : I* — |K%(M),| be the
simplicial map obtained from f by changing its value at the single interior vertex
ve b f'(w) = f(w) for vertices w # v, but f'(v) = (t+e,¢,L'). Then the maps
f and f’ are homotopic relative to 1%, and furthermore
(i) For any simplex ¢ = (v, w1, ...,wp), if ¢/ = (V/,wy,...,w,) then there is a
surjection K, — K,, sending the class of the meridian of the core of w; to
the class of the meridian of the core of w;, whose kernel contains the class of
the meridian of the core of v.
(ii) For any simplex o = (v, w1, ..., wp), if 0’ = (v, w1,...,wp), then I, C I,.

Proof. The statement about the relative homotopy is immediate, using a homotopy
defined as in the previous steps.
For (), consider the region

X =¢(D" x D")U([0,1] x D* " Y uW,, c M
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inside which the (perturbed) core D = ¢(D™ x {0}) is connect-summed with e(S™ x
{0}) € W11 to form the modified core D’ = /(D" x {0}). If 0 = (v,w1,...,wp)
is a simplex then all the cores D; = w;(D™ x {0}) are disjoint from X. Thus there
are maps

K, ¢ Ker(mp_1(M\ (X U; D;)) = mtn_1(B)) - K,,

which are both surjective by transversality, as X and the D; have n-dimensional
cores. We claim that r is also injective. If ¢ : S"~! — M \ X U; D; becomes
trivial in K, then there is a nullhomotopy @ : D™ — M \ D U; D;. After possibly
perturbing it, if this nullhomotopy intersects the core of X then it must do so by
intersecting W1, C X. But OW; 1 = 5271 ig n-connected, so @ can be rechosen
to miss W1 1, and hence to lie in M \ (X U; D;). Thus r is an isomorphism. On the
other hand, under [ o 7—! the meridian of D in K, maps to the meridian of D’ in
K/, which is nullhomotopic as the meridian of e(S™ x {0}) C Wy 4 is.

For , let ¢ : S™ — M\ (D U; D;). After perturbing it, if this map intersects
the core of X then it must do so by intersecting W71 C X. But if ¢’ is obtained as
above by rechoosing the part of the image of ¢ in Wi 1, the homotopy class of ¢’
in M is obtained from that of ¢ by the addition of a class in the Z[r]-submodule
generated by €, f € m, (Wi 1). As the f-structure on Wi 1 is standard, £»; o € and
{yr o f are nullhomotopic, and so [¢ys 0 9] = [(ar 0¢'] € m,(B). Thus I,» D I,. O

Let us now explain how to use the Claim above to inductively fix simplices
o < I* with f(o) = ((to,co, Lo); - - -, (tp, ¢p, L)) for which the restriction Cy\up, -
M\ UD; — B is not n-connected. Firstly, apply the construction described above
once for each interior vertex v € I*. This changes the map f by a homotopy, and
for every simplex o we now have that K, is generated by the meridians of the cores
of its vertices, but also by Claim that the classes of all these meridians are
trivial. Thus K, = 0 for every simplex o < I*.

It remains to explain how to achieve I, = 7, (B) for all simplices o < I*. By the
discussion before Claim [5.6] when K, = 0 it follows that the fundamental group
of of M \ UD; is also 7 and that m,(B) is generated as a Z[r|-module by I, along
with finitely-many additional elements. We may thus choose finitely-many maps
{ga : 8™ = M}oecy such that [{yr 0 go] € 7, (B) are the additional generators, and
we may suppose that the g, are transverse to the discs D;. Using the same move
to eliminate intersection points as in all the previous steps, with embedded paths
and copies of W7 ; chosen disjoint from all the c;, the g,, and any cores in the link
of any vertex of o, we iteratedly remove points of intersection between the ¢; and
the g, until they are disjoint. As in Steps 1 and 2, this changes the map f by a
simplicial homotopy. The effect of this move on each ¢; is to connect-sum its core
with the core of €(S™ x D™) C W1 1, and so is described by Claim In particular,
we must still have K, = 0 for every simplex 7 < I* by Claim , and must
have I, C I, by Claim . But in addition, the map obtained from g, is now
disjoint from the cores of the vertices of o, so gives a class [g,] € 7, (M \ U;D}).
Furthermore, although [g4] # [gL] € mn (M), we have [(p1 0 go] = [€ar © gl,], because
the spheres with which we took the connected sum of g, were inside copies of W7 ;
with standard f-structure, and so had nullhomotopic maps to B. Thus the classes
[lrr0ga] € mn(B) also lie in I+, but this means that I,» = m,(B). We have therefore
arranged that £ynyp, : M \ UD; — B is n-connected. By a further application of
Claim and , this cannot be undone as we go on to fix other simplices.

The case n = 1. In this case we use the above techniques, but with some reorgan-
isation. We sketch the necessary changes.
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We first show that K°(M ) is non-empty. To do this, choose a vertex in the non-
empty set K (M)g, represented by a tuple (¢,c, ﬁ) with ¢|p1y o} a self-transverse
immersed arc having no triple points. This immersed arc may separate M, but
its complement will always have a (unique) non-compact path component, which
we shall call the “non-compact region”. Step 1 can now be performed as follows:
choose a self-intersection point which is in the closure of the non-compact region,
and choose a path in the non-compact region to a copy of Wi 1, then use the
move described above to remove this intersection point. Continuing in this way,
we may remove all self-intersection points, and hence suppose that c|p1 oy is an
embedding. We then perform the move in Step 3, forming the connect-sum of
D = ¢(D' x {0}) with a copy of S* x {z} C (St x S1)\int(D?) = W ; along a path
in the non-compact region: this ensures that the arc D is non-separating (which is
the analogue of K being trivial in this dimension). We then proceed as in Step 3,
to ensure that fn/[p\p : M \ D — B is 1-connected (as D is non-separating, we
may choose all the necessary paths to be disjoint from it). We have produced the
data of a vertex of K°(M).

We now show that |K°(M),| is contractible. Let f : S¥~1 — |K°(M),| be
a map, which we may assume is simplicial with respect to some PL triangulation
|K| ~ S*=1 and let (to, co, Lo) € K°(M)g be a vertex (for example, one constructed
as above). As K has finitely many vertices, we may perturb the data (¢, co, f/O)
so that its core D = co(D! x {0}) is transverse to the core D, = ¢,(D! x {0}) of
f(v) = (ty, o, Ly) for every v € K. Furthermore, by stretching we may ensure that
D is not disjoint from the non-compact region of M\U,cx D,. Now we may proceed
as in Step 2, using paths in the non-compact region of (M \ U,cx D)\ D to remove
intersections between D and the D,. This can be done so that it changes f by a
homotopy, by ensuring that when forming a parallel copy of D, it remains disjoint
from any D, that it was already disjoint from. This move also changes (o, co, ﬁo)
and hence D, but does not change the fact that it intersects the boundary of the
non-compact region of (M \ Uyex D,) \ D. After finitely-many applications we may
therefore suppose that all D, are disjoint from D.

Finally, we choose a W ; and a path from D to it in the non-compact region, and
change ¢y by forming the connect-sum of its core with that of €(S' x D') C Wy ;.
For any simplex o < S*~! the map M \ U,e,D, — B is 1-connected. The arc D
is non-separating in M \ Uy, Dy, as €(S' x {0}) is non-separating in Wy ;, and
furthermore D has a dual circle C' in Wy 1. It follows that (M \U,ex D,)\ D is path
connected, and that m (M \ Uyex D) is generated by w1 ((M \ Uyex D,) \ D) and
the conjugacy class of C. But C' is nullhomotopic in B, as the W; ; had standard
f-structure, and so the map (M \ UyexD,) \ D — B is l-connected and hence
f(o) spans a simplex with (g, co, ﬁo). This means that f has image in the star of
(to, co, ﬁo), so is nullhomotopic. O

Lemma 5.7. The space |K(K|jj o) 0 W)a| is weakly contractible.

Proof. We have proved that \F(S(K“jm) o W),| is contractible, so it remains to
show that the map

1K (K [j00) © W)a| — [K(K|[j00) © W)l

induced by the identity is a weak homotopy equivalence. To this end, we proceed as
in the proof of [GRW14al Theorem 5.6]. In more detail, we first observe that for any
o = ((to,co, Lo), - -, (tp, cp, Lp)) € K(K|[j,00)0W )y, there is a subcomplex F(0)s C

K°(K|(j o) © W)e whose g-simplices are those o/ = (( boeh Ly, (tg,cg,f,g))
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satisfying
(5.2)
((to,co, Lo)s- - (tpy cpy L), (¢l L), - - (¢ L)) € KO (K |[j,00) © W)pgea-

The same argument that we used to prove contractibility of [K°(K|j; ) o W)l
applies to F(0)e and proves it has contractible realisation. (That space is a
slight enlargement of K°((K|jj ) © W) \ Uic;(D™ x {0}))s, and the restriction
of gK‘[j,oo)OW‘Kl[j,oo)oW\Uici(D"X{O}) is still n-connected.) Then define the subspace
Dpq C K(K|jjoo) o W), x K°(K|j o) © W)y consisting of those (0,0”) satisfy-
ing (5.2). The obvious forgetful maps make D, into a bi-semi-simplicial space,
augmented in both directions. The augmentation Dy, — K(K|[j,00) © W), then
induces a map |Dy 4| — K(K]|[j ) © W), with fibre |F(c),| over o, which is con-
tractible. The argument of [GRW14al Theorem 5.6] shows that this augmentation
map is a weak equivalence (and in fact a Serre fibration). By the argument of
[GRW14a), Lemma 5.8], the resulting weak equivalence [Dq o — |[K(K|[j00) © W )|
factors up to homotopy through the contractible space |K°(K |[,00) © W)el, proving
that all three spaces are weakly contractible. O

6. PROOF OF THEOREM [2.14} STABILITY FOR HANDLES OF INDEX n < k < 2n
In this section we shall prove the following instance of Theorem [2.14

Theorem 6.1. If M : P ~ Q is a morphism in C whose underlying smooth
cobordism admits a handle structure relative to @ consisting of a single k-handle,
with n < k < 2n, attached to the basepoint component of Q, then M € W.

The proof shall be by induction on k, where the case k = n has already been
established by Theorem[4.1] Thus we suppose that Theorem|6.1]holds for all handles
of index less than k.

6.1. Constructing auxiliary cobordisms. Recall that in Construction [£:4] we
associated a bordism M, : P, ~» @ in C to an object @ € C, an embedding
o 1 RF x R2"%F — [0,00) x R~ and an extension of a bundle map (9¢)*lg :
T(D* x D> %)|spry p2n—r — 0%y to T(D* x D?"~F). By Lemma it suffices
to prove Theorem [6.1] for elementary bordisms M = M, of this special type. In
particular, M has support in o(2D* x D?"=F),

For each t € (2,00) we have an embedding

7 D> x DY — [0,2] x D" x R*"7F
(93§y1, s Yk—1, Z) — (%(1 - |$‘2)(1 + %Z)(l + |y|2)vy7 (t + %Z)I),

where we have identified D*~! with the lower hemisphere of 9DF. Composing this
with [0,2] x 9¢° gives an embedding into [0,2] x @, and we write £5'¢ for the 6-
structure which fg induces on D?"=F x DF via these embeddings, and ¢ for the
restriction of ([0,2] x 9¢°) o 7, to D?"~F x Dk,

Construction 6.2. For each p > 0 we will construct a pair of composable cobor-
disms (1,U,) : Q@ ~ R, and (1,V},) : R, ~» @ such that U, has support outside of
supp(M), and V,, o U,, is an isomorphism.

Let (1,U,) : @ ~ R}, be the cobordism obtained as the simultaneous (forward)
trace of the surgeries along the disjoint embeddings

c§+3i:(‘9D2”_’C xDF —Q i=0,1,...,p,

as described in Construction [£.4] with f-structure constructed using the extensions
0545, of (c§,4;) L. We write ¢34, : D*"=F x D¥ — U/ for the embedding of the
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ith handle. In the coordinate o this handle is attached inside
DF=1 5 ((3i 4+ 4) DR\ (3i + 2) D* R,

which is disjoint from 2D* x D?"~F and so from the support of M. In the model
for the trace given by Construction the support of U, will not be disjoint from
that of M, but as these cobordisms are obtained by performing disjoint surgeries on
Q, the submanifold U; C [0, 1] x R* may be isotoped relative to @ to a cobordism
U, : Q ~» R, whose support is disjoint from that of M. We still write c3y3; for the
embedding of the ith handle into Uy,

By construction, there is an embedding i : U, < [0, 2] X @ relative to {0} x @, and
a homotopy of f-structures i*EQ ~ éUp relative to ). Using the isotopy extension

theorem, and the homotopy extension property for bundle maps, this gives a 6-
cobordism (1,V,) : R, ~ @ and a path from V, o U, to [0,2] x Q in C(Q, Q).

The composable cobordisms M : P ~» Q and U, : @ ~~ R, have disjoint support
by construction, so may be subjected to interchange of support, giving composable
cobordisms Ly (Up) : P ~ Py and Ry, (M) : Py ~ Ry.

Lemma 6.3. The cobordism V0o Ry, (M) : Py ~ Q has a handle structure relative
to Q only having handles of index (k — 1).

Proof. The cobordism V,, consists of (p + 1) handles of index (k — 1) relative to @,
and Ry, (M) consists of a single handle of index k relative to R,. We claim that
the handle of Ry, (M) may be cancelled against one of the handles of V,,, leaving
a cobordism with p handles of index (k — 1). We shall explain the case p = 0; the
argument is the same in general, working only with the innermost handle.

As an abstract manifold Ry is the result of doing surgery on @ along

g 9Dk x DF — Q.

This is disjoint from the map d¢ : 9D¥ x D?*"~* < 9D* x R?"~* % () along which
the handle of M is attached, so we may consider ¢ as the attaching map for the
unique handle of Ry, (M) as well. In @, ¢§ is the embedding of a (thickened)
meridian sphere of d¢(0D* x {0}). The cobordism V; is the trace of a surgery
along a (2n — k)-sphere, which in terms of the surgered manifold

(Q\ §(dD** x int D*)) U (D*"~F x dDF)
can be described as the union of the disc D?"~* x {x} with the meridian disc
dp({*} x (3—1)D?"~%). In particular, it intersects dp(0D* x {0}) transversely in
a single point, which shows that the handle of Ry, (M) cancels the handle of V;,
as required. O

6.2. A semi-simplicial resolution. In this section we shall construct augmented
semi-simplicial spaces £;(P)s — F;(P), for any P € C equipped with some auxil-
iary data. These semi-simplicial spaces will play the same role as those of Section
[4:3] although their definition is different.

Definition 6.4. Fixa P € C,a W = (s,W) € F;(P) for some j > 0, an embedding
x : ODF x (R2"=F\ D?"=%) <5 P and a f-structure /5* on [0,2] x DF x R+
which restricts to x*/p on {0} x DF x (R2n—F\ D2n—Fk),

Let L(W)o = L(W, X,éStd)o be the set of tuples (t,c, I:) consisting of a t €
(2,00), an embedding ¢ : D?"~% x DF < [0, s] x R*®, and a path of #-structures
L € Bun?(T(D?"* x D*))T such that

(i) the image of c lies in W \ [0,s] x L, and ¢~ *(P) = 0D*"~* x DF,

(i) there is a § > 0 such that c(x,v) = c?(ﬁ,v) + (1 —|z|) e for 1 —|z| <6,

(iii) L is a path from ¢*fy to 7705* which is constant over 9D~k x DF.
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We topologise L(W), as a subspace of
R x Emb(D?*"™* x D¥ [0, 00) x R®) x Bun?(T'(D*"~* x D*))!.
Let L(W), = L(W,x, %), C (Lo(W, x, £*9))P*! be the subset consisting of tu-

ples (o, co, Lo,t1,c1, L, ... ,tp, Cp, L) such that
(i) each (t;,¢;, Ly) lies in Lo(W),
(ii) the ¢; are disjoint,
(iil) to <t1 < -+ <tp.
We topologise L(W), as a subspace of (L(W, x, £*%)o)?*1. The collection L(W),
has the structure of a semi-simplicial space, where the ith face map forgets (¢;, ¢;, L;).

We now combine all of the L(W), into a single augmented semi-simplicial space.

Definition 6.5. Fixa P € C, a j > 0, an embedding x : 0D* x (R?"—F\ D2n—k)
P and a #-structure /59 on [0,2] x dD* x R?*~* which restricts to x*{p on {0} x
0Dk x (R?n—k\ D2n—k),

Let £;(P), = L;(P,x,*%), be the set of tuples (s, W;z) with (s, W) € F;(P)
and z € L(W, ¥y, éStd)p. Topologise this set as a subspace of

Fj(P) x (R x Emb(D?"* x DF [0, 00) x R®) x Bun’(T(D*"~* x D*))I)p+1,

The collection £;(P)s has the structure of a semi-simplicial space augmented over

F;(P), where the ith face maps forgets (¢;, ¢;, L;), and the augmentation map just
remembers the underlying #-manifold (s, W).

The main result concerning these semi-simplicial spaces is the following, which
should be thought of as analogous to Theorem

Theorem 6.6. If k > n, then for any data (X,fStd) as in Deﬁm’tion the aug-
mentation map |L;(P)e| = F;(P) is a weak homotopy equivalence for all j.

The proof of this theorem is rather easier than the corresponding Theorem
which is suggested by the fact that while that theorem only holds in the limit
j — 00, this theorem holds for finite j. The reason is that Theorem [4.12] concerns
n-dimensional submanifolds of a 2n-manifold, which were made disjoint using the
infinite supply of W 1’s available in the limit, whereas Theorem concerns (2n —
k)-dimensional submanifolds of a 2n-manifold, which can be made disjoint merely
by general position since 2n — k < n.

Proof of Theorem[6.6f Just as in Lemma the map |£;(P)es| — F;(P) is a
quasifibration with fibre |[L(W).| over (s, W) € F;(P). Hence it will be enough to
show that |L(W),| is weakly contractible for each W.

Let L(W), be defined analogously to L(W), with the exception that for a tuple
(to, co, Jio,tl,cl,ﬁl, oy tp, Cpy ]ip) to span a p-simplex we require only the weaker
condition
({iif) the embeddings c;|p2n—k (o} are disjoint.

The inclusion L(W)e — L(W), is a levelwise weak homotopy equivalence by the
argument of Lemma so it is enough to show that |L(WW),| is weakly contractible
for each W. It is easy to verify that L(WW), is a topological flag complex in the
sense of [GRW14b| Definition 6.1], and we claim that it satisfies the conditions of
[GRW14b, Theorem 6.2]. (We recall these conditions below.) This immediately
implies the result.

Condition (i), which says that the augmentation map has local sections, is vac-
uous because L(W), is augmented only over a point.
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Next we establish condition (ii): that the augmentation map is surjective, or in
other words that L(WW ), is not empty. Let ¢ € (2, 00) and consider the commutative
diagram of bundle maps

Dc?

“t

T(D2n_k X Dk)laDznkaDk TW|P —= T™W

e -7 R
- Ly

—

— * pstd
T, L

T(D?"=* x DF) 6.

As fy : W — B is n-connected, and (D?"~% 9D?"~F) x D* only has relative
cells of dimension strictly less than n, there is a dashed bundle map ¢ making
the top triangle commute, and the bottom triangle commute up to a homotopy of
bundle maps which is constant over dD?"~* x DF. By Smale-Hirsch theory, we
may find an immersion ¢ : D*"~% x D* 95 W extending ¢ and with differential
homotopic to é relative to 9D?**~* x D*. By general position of the core D?"~*x {0}
and shrinking, this may be supposed to be an embedding, which then satisfies
vy = fyy o Do~ fyy 0 ¢ ~ Tt*é“d.

Finally we establish condition (iii): that any finite collection of vertices of L(W),
each span a 1-simplex with some other common vertex. Let {(¢;,¢;, f/i)}je] be a
finite collection of O-simplices, and choose (as in part (ii)) another (¢, ¢, L) having
t < t;. The embedding c|pzn-» (o} may be perturbed relative to the boundary to
make it disjoint from every c;|p2n—k oy, as these cores are (2n — k)-dimensional
and (2n — k) + (2n — k) < 2n as we have supposed that £ > n. After changing ¢
in this way (using isotopy extension), the O-simplex (¢, c, ﬁ) spans 1-simplex with

each (t;,¢;, L;), as required. O

6.3. Resolving composition with M. We now come to the proof of Theorem
6.1| proper. We have a morphism (1, M) : P ~» @ € C which we have supposed is
of the form M, for some o : R¥ x R?"~* — [0, 00) x R®~! and some extension of
(8¢)*lg to T(D* x D**=*). Gluing on M defines a map — o M : F(Q) — F(P).
The restricted embedding 0¢°|gpk x (r2n—#\ p2n—+) has image outside of the support
of M, so may be considered as an embedding into either ) or P. Let /5t he the

f-structure on [0,2] x ID* x R?"~* given by
T([0,2] x OD* x R2""*) = ¢l @ T(9D* x R2F) < #2991 g pg 12, gy
Taking the limit 7 — oo in Definition [6.5| gives augmented semi-simplicial spaces
L(Q)e = L(Q,0¢°|oprx (man—m\p2n—r), ) e — F(Q)
L(P)e = L(P,0¢°|ppk x (r2n—r\ pan-r), %) e — F(P),
both of which become homotopy equivalences after geometric realisation. We wish
to cover —oM : F(Q) — F(P) by a semi-simplicial map (—oM)e : L(Q)e — L(P)a,
and can do this using the eztrusion construction of Definition [I.13] via the formula
(W;t,C,IA/) — (W © M;t751(0)751(f’))
on O-simplices, and the analogous formula on higher simplices. This commutes with
face maps, and defines a semi-simplicial map (—o M)e : L(Q)e — L(P)s.

Proposition 6.7. For eachp > 0 the map (—oM), : L(Q)p = L(P), is an abelian
homology equivalence.

Proof. The cobordism U, : Q ~ R, provided by Construction has embeddings
c3y3i t D2k x DF — U, for i =0,1,...,p extending c§+3i, and c3, 3,0y, is equal
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to £5'y, = 73, 5,0q. Hence, letting L; = (55, be the constant homotopy, we have a
map

F(Rp) — L(Q)p
X — (X o Up; 3, c3, .i/076, Cg, .211, ..., 3+ 3p, C343p, i/p)

This map is a weak homotopy equivalence, as may be proved in the same way as
the corresponding step of Proposition [£.14}

If Lo (Up) 2 P~ Pyand Ry, (M) : Py~ R, are the cobordisms produced by the
interchange of support, then £3;(U,) also contains the handles c313; carrying the
tangential structures K?ﬁf& Thus we may form the analogous map F(P,) — L(P),,
which is a weak homotopy equivalence by the same argument. Now consider the
diagram

(6.1)

The top triangle commutes by definition of the diagonal map. The cobordism
Vp is obtained from @ by attaching (k — 1)-handles, so lies in W by inductive
hypothesis. By Lemma the cobordism V, o Ry, (M) is obtained from @Q by
attaching (k — 1)-handles, so also lies in W by inductive hypothesis. Hence by
Lemma the cobordism Ry, (M) also lies in W, so induces an isomorphism on
homology with all abelian coefficient systems.

Hence if the bottom square commutes up to homotopy then we have proved this
proposition. But this follows by the argument for the analogous step of Proposition

£14 O

This proposition shows that the semi-simplicial map (—oM), : £(Q)e — L(P)s is
a levelwise abelian homology equivalence, and as the augmentation maps for these
semi-simplicial spaces both become weak homotopy equivalences after geometric
realisation, the spectral sequence argument from the end of Section 4] shows that
—oM : F(Q) — F(P) is an abelian homology equivalence too. Thus M € W,
which finishes the proof of Theorem

By the discussion in Section this finishes the proof of Theorem

7. STABLE HOMOLOGY AND GROUP-COMPLETION

In this section we shall explain how Theorem may be combined with the
morphism surgery part of [GRW14b] to re-prove and strengthen the main result of
that paper.

For a pair of objects A, B € Cp, there is a map Cy(A, B) — Q4,3 BCs to the
space of paths in BCy from the point represented by A to that represented by B.
We shall consider the spaces N?(P) of Definition and we shall establish a
theorem which describes the effect of the map

NS(P) — Ce(@,P) — Q[@JD]BC@

on homology, after suitable stabilisation. By [GRW14bl, Theorem 3.1 and Corollary
2.17] the inclusions

(71) Bcg,zl — BC97L — BCg
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are weak equivalences, and our proof shall be via the group-completion theorem
applied to the category C(’;’zl.

Definition 7.1. Analogously to Definition we say that a composable sequence
of cobordisms
K K K
Ko MY )y M g, T Ry e
in Cy is a f-end in Cp if each K|}; ;1) satisfies

(i) it is (n — 1)-connected relative to both K|; and K|;+1, and
(i) it contains an embedded copy of W; ; with standard #-structure.

We shall often refer to such a #-end in Cy by the non-compact #-manifold K C
[0,00) x (—1,1)° obtained by composing all of these cobordisms.

Remark 7.2. This definition of #-end generalises the notion of a universal #-end in
IGRW14bl Definition 1.7]; in terms of the characterisation in [GRW14bl Addendum
1.9], it omits conditions (i) and (ii).

If K is a 6-end in Cy then there are induced maps

Kl g1 0= N (K i) — Ny (Kiga),

as W Uk, K|, has n-connected structure map to B, by assumption above.
The following should be considered as a strengthened version of [GRW14bl, Theorem
1.8].

Theorem 7.3. Let K be a §-end in Cp such that N?(K|o) # (. Then the map
hocolim V'Y (K|;) — hocolim Qo,x1,1BCo
1—00 71— 00
is acyclic.

Similarly to [GRW14bl Section 7.4], the proof of Theorem will use the group-
completion theorem for categories. In fact, the group-completion theorem will be
used to prove a weaker preliminary result, which we state in Proposition below;
we shall deduce Theorem from it by a further application of Theorem

We first make the following crucial observation: if the tangential structure 8 is
such that N9(K]|y) is non-empty for some K|o, then there is an n-connected map
lw : W — B from a compact manifold. Cells of dimension at least (n + 1) can
be attached to W in order to make this map a weak homotopy equivalence, and
hence, by [Wal65, Theorem A], B satisfies Wall’s finiteness condition (F,). We
shall therefore assume this property throughout this section.

7.1. The group-completion argument. To state the preliminary result, let L C

—1,0] x R~ be such that (L,dL) is (n — 1)-connected, and as in Definition
consider the category C = C;gi C Cp,51, consisting of those cobordisms which
are (n — 1)-connected relative to their outgoing boundaries. As (L,9L) is (n — 1)-
connected, Remarkshows that the natural map C'Z},gi — Cg 21 is an isomorphism
of categories.

Definition 7.4. For A, B € C, let C,,(A, B) C C(A, B) be those path-components
represented by cobordisms W : A ~» B such that the structure map ¢y : W — B
is n-connected (recall that W € C(A, B) has had [0,1] x L cut out).

The notation C, (A, B) should not be taken to imply that this defines a subcat-
egory C,, of C: it does not. The following is our preliminary version of Theorem

3
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Proposition 7.5. Suppose that B satisfies Wall’s finiteness condition (F,), and
let K' be a 0-end in Cp o1, such that x|, is (n — 1)-connected. Then the map

hocolim C,, (L, K'|;) — hocolim Q% BC
i—00 i—00 [L,K'|]

is acyclic.
Lemma 7.6. Suppose that B satisfies Wall’s finiteness condition (F,,), and let K’
be a 0-end in Cypr such that Ly, is (n — 1)-connected. Then there is another

0-end K" in Cp o1, such that K"|o = K'|o and for all i the structure map g
K"|ji,00) = B is n-connected.

|[i,oo) :

Proof. It is enough to show that for any P € Cy s such that £p is (n—1)-connected
there is a morphism Wp : P ~» P’ in Cy 1, such that

(i) ¢ps is (n — 1)-connected,

(ii) Wp is (n — 1)-connected relative to either end,

(iii) Wp contains an embedded copy of W1 1 with standard #-structure,

(iv) bw, : Wp — B is n-connected.
Then we can take K" to be given by W\, Wikr|oy, Wikr|g)s- - Let us first
suppose that n > 3, and we shall explain the necessary changes for small n later.

If we write 7 = 7 (B) and P("~1 for an (n—1)-skeleton of P, then it follows from

the definition of Wall’s condition (F,) that 7, (B, P("~Y) is a finitely-generated
Z[r]-module, and so from the long exact sequence of the triple (B, P, P(*~1) that
(B, P) is finitely-generated too. Thus by the long exact sequence for the pair
(B, P) the Z[r]-module

Ker((¢p)s : mp—1(P) = mn—1(B))

is also finitely generated. We can represent Z[n]-module generators of this kernel
by finitely many maps
ar,a,... 05 S"— P,

and as P has dimension (2n — 1) we may suppose that these maps are disjoint
embeddings. Because they become nullhomotopic in B, and the tangent bundle of
P is pulled back from B, the embeddings «; have stably trivial normal bundles,
but as their normal bundles are of dimension n > dim(S™~!) they must in fact be
unstably trivial. Thus we may upgrade the «; to disjoint embeddings

@1, g, ..., 0, 8" x D™ < int(P).

The trace of the (simultaneous) surgeries along these maps gives a cobordism
W': P~ P"” in C. Consider the diagram

Tn—1(P) —— 11 (W)

.

7Tn,1(B).

As the diagonal map is surjective, the kernel of the diagonal map is contained in
the kernel of the horizontal map, and the horizontal map is surjective, it follows
that the vertical map is an isomorphism.

Now 7, (B,W’) is a quotient of 7, (B, P) (by the long exact sequence of the
triple (B, W’, P) and the fact that m,_1 (W', P) = 0) and so a finitely-generated
Z[r]-module. The exact sequence

v — (W) — 1, (B) — 1, (B,W') — 0

shows that m,(B) is generated as a Z[r|-module by the image of m,,(W') along with
finitely many additional elements, 81, 8s2,...,0; : S™ — B. For each (;, the map
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s p BO(2n) may be lifted to 3; : S — BO(n), and the disc bundle D" —
E; 5 8™ classified by ; has tangent bundle classified by E; = S™ %o BO(2n),

and so is endowed with a §-structure by the lift 8;on. The map /g, : E; 5 gn & B
hits [8;] € m,(B). Let Wp : P ~» P’ be the manifold obtained from W' : P ~» P”
by forming the boundary connect-sum at P with the §-manifolds E1, Es, ..., Ej,
as well as with a copy of W ;.

By construction 7, (¢y,) is surjective, as its image contains the image of m,, (¢y)
and the [§;] and these generate 7, (B). Furthermore, 7,_1(W') = 7,1 (Wp) is
an isomorphism, as homotopically Wp is obtained by wedging n-spheres on to W’.
Thus properties (ii)—(iv) hold. For property (i) note that the composition

P wp R
is (n — 1)-connected as the first map is (n — 1)-connected and the second is n-
connected.

Let us now explain the necessary changes for small n. If n = 2 the first step
should be interpreted as saying that Ker((¢p), : 71 (P) — 71 (B)) is normally finitely
generated as a subgroup of 71 (P). This no longer follows from Wall’s condition (F3),
but is instead a standard exercise in group theory: a normal subgroup N < G of a
finitely presented group is normally finitely generated if and only if G/N is finitely
presented. The technique described can then be used to kill the finitely many
normal generators of this kernel, giving W’ : P ~» P”  and the same argument
shows that m1(fw) is an isomorphism. Now we apply Wall’s (F3) to the map
(W2 — W’ — B, and hence deduce that mo(B, W) is a finitely generated Z[n]-
module. The argument is then concluded as above.

If n = 1 the first step should be interpreted as saying that mo(P) is a finite set,
which is true as P is compact. We can then perform finitely many 0-surgeries on it to
obtain a connected cobordism W’ : P ~» P”. As B satisfies Wall’s (F}) the group 7
is finitely generated, so in particular is generated by the image of 71 (W') and finitely
many additional elements, 31, 32,...,8; : S' — B. Performing the construction
described on these gives a cobordism having the required properties. O

Lemma 7.7. Suppose that B satisfies Wall’s finiteness condition (F, ), and let
K" be a 0-end in Cy oy such that the structure map by, K"|jjj0c) — B is
n-connected for all i. Then for each X € C, the inclusion

hocolim C,, (X, K”|;) < hocolim C(X, K"|;)
1—00 71— 00
is a weak equivalence.

Proof. Before taking homotopy colimits, the map of direct systems is a levelwise
inclusion of a collection of path components, so it certainly induces an injection on
T on homotopy colimits. We shall show that it also induces a surjection on my on
homotopy colimits, from which it follows that it is a weak homotopy equivalence
by considering the induced map on homotopy groups with all basepoints.

To show that it is surjective on g, let W : X ~» K”|; € C. The commutative
square

(n—1)-connected

" 1"
K |1 K | [2,00)
\L(nl)-conncctcd in-conncctcd
¢
w ud B

shows that £y is (n — 1)-connected, and we must glue on some K"|; 5 to W in
order to make it n-connected. The proof of this is similar to that of Lemma
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and uses all of the same techniques. We give it here for n > 3, leaving the necessary
changes for n < 2 to the reader.

Write 7 = m1(B). As B is assumed to satisfy the finiteness condition (F,,) and
W is a finite CW-complex, as in the proof of Lemma 7.6 we deduce that

Ker((bw )« : mp—1(W) = m,-1(B))

is also a finitely-generated Z[n]-module. As m,_1(K"|;) — mn—1(W) is onto,
we can represent Z[m]-module generators of this kernel by finitely many maps
ai,ag,. .., 8"t — K”|;, and because these become nullhomotopic in B, they
must also be nullhomotopic in K" |1i,00), and hence must in fact be nullhomotopic
in K"|}; j for some i < j. Let W = W Uk |, K"|j; ;. As in the proof of Lemma
it follows that ¢y : W’ — B is an isomorphism on 7, _1.

Wall’s condition (F,) still implies that m, (B, W’) is a finitely-generated Z[r]-
module. The exact sequence

oo —= 1, (W) — 7m0 (B) — (B, W) — 0

shows that m,(B) is generated as a Z[r]-module by the image of m,(W’) along
with finitely many additional elements, §1,082,...,5; : S™ — B. As the map
K"|[j,00) = B is n-connected the $’s can be lifted to K”|}; o, and hence to K" |; 1
for some j < k.

Letting W"” = W' Ugn|, K"|jx), the map (byr)s @ mn (W) — m,(B) is sur-
jective, as its image contains both the image of (¢y/). and the elements [5;]. The
map Ly~ still induces an isomorphism on lower homotopy groups, so is n-connected:
hence W € C,,(X, K"|i), as required. O

Proof of Proposition[7.5. We shall use a version of the group-completion theorem
for categories, specifically the version given as Theorem in the appendix. For
Assumption of that theorem we require that the combined source/target map

Mor(C) — Ob(C) x Ob(C)

is a Serre fibration, but this is immediate from the isotopy extension theorem (for
deforming the underlying manifolds) and the homotopy extension property for the
restriction map Bun®(TW) — Bun®(TW o) (for deforming 6-structures). Let K"
be a 6-end in Cy o1, provided by Lemmal[7.6, We apply Theorem [AT6]to the functor

hocolimC(—, K" |;) : C°® — Top,
71— 00

so must show that it sends every morphism to an abelian homology equivalence.
But by Lemma|[7.7| we may replace this functor by hocolim C,,(—, K”|;), and it is the
1— 00

content of Theorem that this sends every morphism to an abelian homology
equivalence. Theorem then allows us to conclude that for any object X € C,

(7.2) hocolim C,, (X, K"'|;) — hocolim Qx g, BC
1— 00 1— 00
is an acyclic map.
We must now pass from this result to the corresponding statement for K’. In-
ductively choose a sequence of composable cobordisms

R AT /
Ty AT, TS Ty = T
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by letting L|_;_1_;) be obtained from [0,1] x L|_; by forming the boundary
connect-sum with Wy 1 at {0} x L|_;, and consider the diagram

hocolim C,, (L, K"'|;) — hocolim hocolim C,, (L —;, K”|;)
71— 00 11— 00

J—0o0

hocolim C,,(L_;, K'|o)

Jj—o00

hocolim C,, (L, K'|;) — hocolim hocolim C,,(L_;, K'|;).
i—00 Jj—o0 i—00
Each of these four maps is an abelian homology equivalence: the horizontal ones
by Theorem [2.14] and the vertical ones by the analogue of Theorem [2.14] in which
stabilisation is formed on the left. Comparing this diagram with the analogous one
of homotopy colimits of path spaces of BC, implies that

(7.3) hocolim C,, (L, K'|;) — hocolim Qg1 BC
i—00 i—00 R
is an abelian homology equivalence, and hence acyclic. O

7.2. Proof of Theorem We now begin the proof of the general case of
Theorem so let K be a 6-end in Cy. Pick a self-indexing Morse function
f:Klop—1[0,2n—1] and let L = f~*([0,n — 1]) with induced §-structure /1. By
construction, L has a handle structure with handles of index at most (n—1); equiv-
alently, it may be obtained from 0L by attaching handles of index at least n. After
moving K|y C R® by an isotopy, we may suppose that L = K|oN((—o0, 0] x R>~1)
as f-manifolds: Ko is then an object of Cy 1, giving an object K|§ of Cy oy

Lemma 7.8. The proper embedding K < [0,00) x (—1,1)° may be changed by an
isotopy, and the bundle map L changed by a homotopy, relative to K|o, so that
(K, lK) is a B-end in Cy and so that

K N ([0,00) x (—00,0] x R®™1) = [0,00) x L
as @-manifolds.

Proof. Supposing that K|; N ((—00,0] x R®~1) = L as #-manifolds, we shall show
that [i,4 + 1] x L may be embedded into K|j; ;11 relative to {i} x L such that
{i+ 1} x L lies in K|;4+1. The claim will then follow, by the isotopy extension
theorem and induction.

As L is a (2n — 1)-manifold with a handle structure only having (n — 1)-handles
and smaller, any embedding of a k-sphere into K|; can be isotoped off of L as long
as k <n-—1.

Let us first suppose that 2n > 6. As (K|(; i11), K|iy1) is (n — 1)-connected, by
handle trading as in the proof of the s-cobordism theorem ([Ker65]) we can find a
handle structure on K|}; ;41 relative to K|; having only n-handles and lower: these
are attached along spheres of dimension at most n — 1, so their attaching maps can
be isotoped off of L, and hence K[; ;41 contains an embedded [i,i + 1] x L. The
same argument applies for 2n = 2.

If 2n = 4 we must modify the argument slightly. The above goes through after
perhaps changing K|[; ;4+1) by connect-sum with finitely many copies of S2 x 82 so
that handle-trading becomes available (just as in the proof of Lemma . As K
contains countably many S? x S?-summands by property of f-ends in Cy, we
may realise this by sliding in enough such summands down from K|j;41,00)- U
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o

Once K has been prepared using this lemma, we may form K |[i 1]
f-end in Cy pr,. Let us write

CQ,@,n(Av B) C CQ,B(A7 B)

giving a

for the subspace of those cobordisms (W, éW) such that ¢y, : W — B is n-connected.
The weak homotopy equivalence

_ oy — —oV/]

Coon(L, K[7) == Co(D(L), K|;) = C(0, K1)
of Lemma thus restricts to a map
(7.4) Co.on.n(L, K[7) — Ny (K];)

which is a weak homotopy equivalence.

By assumption NY(K|o) =~ Cp.or.n(L, K|3) is non-empty, so let W° : L ~ K|
lie in Cpor.n(L, K|3), choose a self-indexing Morse function f : W — [0, 2n], and
let Vi = f~1([n— %,2n]) : P§ ~ K|§. By construction, Vi has a handle structure
relative to P having all handles of index at least n. The cobordism K |f071] oVy:
Py ~ K|3 is thus (n — 1)-connected relative to Py and contains an embedded W7 4
with standard @-structure, so after changing it by a path in Cy o1 (Pys, K|}) we may
factorise it as

Py 8 e U g
for some cobordism V;°, which will be (n — 1)-connected relative to Py. Continuing
in this way, we obtain a homotopy commutative diagram

. peH R poH R pgH
PO Pl P2

(7.5) lvoo vo lV;

K|Fo,1] K|f2,3]
K3 Ky K3

in the category Cp ar..

The composition lpe : Py — W° ™ B has the second map n-connected by
assumption, and W° is obtained from Py by attaching cells of dimension n and
higher so Py < W® is (n — 1)-connected, and hence £pg is (n — 1)-connected. The
inclusions P < po H <> P? ; are both (n — 1)-connected, so it follows that all £po
are (n — 1)-connected.

Applying Cp.or.n(L,—) to , we obtain a homotopy commutative diagram of
spaces, and choosing homotopies making each square commute gives a map

(7.6) hocolim Cy o1, » (L, P?) — hocolim Co.ar,n (L,K[3).
11— 00 1—> 00

It follows from Lemma [A10] that the property of this map being an abelian homol-
ogy equivalence is independent of this choice of homotopies.

Lemma 7.9. The map (7.6) is an abelian homology equivalence.

Proof. Similarly to the proof of Proposition[7.5 we consider the commutative square

hocolim Cp o1, n (L, P?) hocolim Cp o1, (L, K|?)
71— 00 71— 00

| |

hocolim hocolim Cp g1, (L—;, PY) — hocolim hocolim Cg o1, (L—j, K|?)
j—o0 i—00 J—o0 100
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- Z‘ —2,—-1] = Z‘ —1,0] -+ ¥ . .
where -~ L|_y 37Ty %" I|g = T is a sequence of cobordisms formed

by letting fh,i,l,,i] be obtained from [0, 1] x L|_; by boundary connect-sum with
Wl,l at {0} X f|,z

The claim then follows as the vertical maps are abelian homology equivalences
by Theorem and the lower map is an abelian homology equivalence by the
analogue of Theorem [2:14] in which stabilisation is formed on the left. O

If W° € Coorn(L, P?) then the map fyo is n-connected and £po is (n — 1)-
connected. Thus (W°, P?) is (n — 1)-connected, and so W° € C,,(L, P?), and hence
Co.on.n(L, P?) = Cp(L, P?). The argument is now completed using the commutative
diagram

hocolim Cy o1, (L, P?) — hocolim Cp o1, (L, K|) ——— hocolim N? (K|;)
1—00 1—00 1—00

hocolim C,, (L, Pf)

i—00

|

h(gg)olim Q[E,P;,]BC&QL —= hegoii}m Q[EK‘;;]BC(?,BL =5 hgg)iijm Qp, k1,1 BCo.
Consider the horizontal maps: the left hand top map is the abelian homology
equivalence ([7.6)); the right hand top map is given levelwise by the weak homotopy
equivalences; the left hand bottom map is given levelwise by concatenation
of paths, so is a weak homotopy equivalence; the right hand bottom map is given
by the weak homotopy equivalence BCy o1, = BCy,;, — BCy and concatenation of
paths. Finally, the left hand vertical map is an abelian homology equivalence by
Proposition and the weak homotopy equivalence BC — BCp s, It follows that
the right hand vertical map is also an abelian homology equivalence, which finishes
the proof of Theorem [7.3]

Finally, we remind the reader of the theorem of Galatius—Madsen—Tillmann—
Weiss [GMTWO09] concerning the homotopy type of BCyp: there is a homotopy
equivalence

BCy ~ Q®°"IMT9.
This allows us to translate Theorem [7.3]into the form given in Theorem

8. FINITE GENUS AND STABILITY FOR CLOSED MANIFOLDS

In this section we shall combine Theorems [[3] and [[.5] with our results from
[GRW14a] to prove Corollaries [I.7] and

8.1. Finite genus and homological stability. By Remark 2.10} the definition
of -genus given in Section [I.3]is equivalent to

6 c
W) = N
g ( ) max {g each with standard f-structure

there are g disjoint copies of Wy ; in W, }

and if W has non-empty boundary then we have defined the stable 8-genus to be
g (W) = max{g®(Wtk(W1,1)) — k | k € N}.
If W is a closed #-manifold, we now define g’(W) to be g’(W \ D?").

Definition 8.1. A graded space is a pair (X, hyx) of a space X and a continuous
map hx : X — Z. We write X, —, = hy'(n) for the subspace of degree n. A
(degree zero) map f : (X,hx) — (Y,hy) of graded spaces is a continuous map
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f X — Y such that hy o f = hx. Similarly, a degree k£ map is a continuous map
f X — Y such that hy o f = hx + k. The homology of a graded space (X, hx)
with any system of local coeflicients £ — X acquires an extra grading

Hi(X; L) = @ Hi(X; L)y =n,
n>0
where H;(X; L)pny=n = Hi(Xny=n;L). Maps of graded spaces respect this addi-

tional grading (a degree k& map induces a map with a shift of k).

We may use the function g% : N?(P) — Z to grade the space N?(P). The map
—opH : NY(P) — N?(P) then has degree 1 with respect to this new grading, and
by [GRW14a, Theorem 1.4] we have the following.

Theorem 8.2. If 2n > 6, B is simply-connected, and L is an abelian local coeffi-
cient system on N?(P'), then the map

(—opH)s: Hi{N(P);(— 0 pH)* L) go—y — Hi(NE(P'); L) go—g 11

is an epimorphism if 3i < g — 1, and an isomorphism if 3i < g — 4 (if L is constant
and 6 is spherical, it is an epimorphism if 2i < g—1, and an isomorphism if
21 < g-—3).

8.2. Proof of Corollary for P # (). We wish to combine Theorem m with
Theorem in order to deduce that for M : P ~» @ a cobordism which is (n — 1)-
connected relative to Q and has P # (), the map

— oM : NY(Q) — NI (P)

induces an isomorphism in homology in a particular range of homological degrees.
However, it is easy to see that g?(— o M) need not be equal to g’(—) up to a
constant, so we shall need another grading of N?(P).

0=g

Lemma 8.3. Let M : P ~ Q be a 0-cobordism which is (n — 1)-connected relative
to Q. Then there is a function

s ToNL(P)) — Z
such that gi, (= o M) = g°(=), g, (= o pH) = g3, (=) + 1, and g3 (=) < 5°(-).
Proof. Let us first suppose that P # (). Then Theorem applies, and the map
— o M : hocolim NY(Q, ES)) — hocolim N (P, égf))
g—00 g—o0
is a homology equivalence so in particular a bijection on my. Furthermore, as
g (WEW1 1) = g%(W) + 1, there is an induced function
—0 . : 0 7(9) ; ~
g’ (39(11)1012171'0(./\/;L (@Q.45") — co+hlmZ > 7.
We may therefore define g4, by
N - . _0
3o - mo(NE(P)) — colimmo(NE (P, 69))) <= colimmo (N2 (Q, £3))) 2= Z,
g—o0 g—00

which satisfies g, (WoM) = g?(W) by construction. That g§,(—opH) = g4,(—)+1
follows immediately from the same property of g (—). By the definition of g§,, when
Wok(pH)=W'o M for some W’ then we have

FuW)=g"W') =k < g"(W' o M) —k =g"(Wok(pH)) — k = g"(W).
If P — () then we factor M as M : § 2o g2n-1 4 Q, and define

G = mo(NE () 22" mo(N (52 ) 24 7,
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which also satisfies g, (W o M) = g’(W), by the way we have defined the stable
#-genus of a closed manifold. O

If we use the function g4, : N?(P) — Z to grade N (P), then by Lemmawe
have an induced map

(81) (=0 M) Hi(N7(Q); (=0 M)*L)go—y — Hi(N;(P); L)

3%=9

for each local coeflicient system £ on M. The following proves Corollary in the
case P # ().

Proposition 8.4. If 2n > 6 and B is simply-connected, then for any system of
abelian coefficients L on N?(P) and any cobordism M : P~ Q which is (n — 1)-
connected relative to Q and which has P # 0, the map (8.1)) is an isomorphism

(i) for 2i < g—3if L is constant and 0 is spherical, or
(i) for 3i < g—4 if L is constant, or
(iii) for 3i < g—4 if L extends to holcolimNg(P, égjh)).
—>00

The extension condition in always holds for g > 7, and for g > 5 if 0 is
spherical.

Proof. Consider the commutative diagram

NS(Q)g“/’:g - h?lgoliom./\/'g (@, ggb))gG:g-i-h

—oM l—oM
. (h
NS(P).@?(ZQ - h%(fgme(P, g%))gizg—khv

where the right-hand map is an abelian homology equivalence, by Theorem
By assumption £ is pulled back from h%colim NO(P, Kgl)), so defines a coefficient
—00

system on every space in this commutative square. By Theorem the top hori-
zontal map induces an isomorphism on H;(—; L) aslong as 3i < g—4 (or 2i < g—3
if 0 is spherical). As §§( = ¢ implies that g > ¢, Theorem also implies that the
lower horizontal map induces an isomorphism on H;(—; £) in this range of degrees,
and so the left-hand vertical map induces an isomorphism on homology in the same
range.

If g > 7, or if 6 is spherical and g > 5, then by Theorem [8.2] the lower horizontal
map induces a bijection on path components and an isomorphism on Hy(—;Z), and
so the two spaces have the same collections of abelian local coefficient systems. In
particular £ is pulled back from h(})Lc_olim NE(P, lfgf)). O

8.3. Proof of Corollary in general. We will now finish the proof of Corollary
by explaining how to remove the hypothesis P # ) from Proposition In
order to do so, it is enough to prove the analogue of that proposition for the
cobordism (Dzn,émn) : )~ S?7 1 as any M : () ~» @Q can be factorised as

2n ’
M:p 2 g1 X @, and Proposition applies to M.
We will construct a resolution of the degree zero map of graded spaces

(8.2) —oD?" : NP(S2n71) — NO()

such that the induced map on the space of p-simplices in this resolution is of the
form covered by Proposition 8.4l This is entirely analogous to the argument given
for surfaces in [RW16, Section 11]. The resolution is conceptually very similar to
that used in Section [7} but is a little different in detail.
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Definition 8.5. Let R(P)o be the set of tuples (s, W ¢, L) where (s, W) € N?(P),
¢: D? < (—00,0) x R®, and L € Bun’(TD>*)! are such that

(i) c has image in W,
(ii) L is a path from ¢*fy to £pza.

We topologise R(P)o as a subspace of
N?(P) x Emb(D*", (—o0,0] x R*®) x Bun’(TD?")*.

Let R(P), consist of tuples (s, W co, Lo,..., Cp, ﬁp) such that

(i) each (s, W;¢;, L;) lies in R(P)o,

(i) the ¢; are disjoint.
We topologise R(P),, as a subspace of the (p+1)-fold fibre product of the projection
map R(P)y — NZ(P). The collection R(P), has the structure of a semi-simplicial
space augmented over NY(P), where the ith face maps forgets (c;, L;), and the
augmentation map just remembers (s, "W). Composition with g : NY(P) — Z
gives it the structure of a semi-simplicial graded space augmented over N (P).

This semi-simplicial space replaces £;(P)e in Section @ and the following theo-
rem may be proved in precisely the same way as Theorem [6.6]

Theorem 8.6. The augmentation map |R(P)s| — NZ(P) is a weak homotopy
equivalence (onto the components consisting of non-empty manifolds).

The map (8.2)) is covered by a semi-simplicial map (— o D?"), : R(S?" 1), —
R(0)s given on 0O-simplices by (s, W;c, L) — ((s, W) o (1,D?");c + eg, L), and by
the analogous formula on higher simplices.

Proposition 8.7. If 2n > 6 and B is simply-connected, the map of graded spaces
(=0 D), R(S*" ™), — R(D),
induces an isomorphism on homology in the range described in Proposition [8.7.

Proof. An argument completely analogous to that of Propositions and
identifies the map in question with the map of graded spaces

(_ ° DQn) 1./\/'3(|_|p+252n71) N ./\/;(Z(l_lp+152n71).
As LP+1§2n=1 i non-empty for all p > 0, this induces isomorphisms in the range

claimed, by Proposition O

The full statement of Corollary now follows from the usual spectral sequence
argument, namely that for any system £ of abelian local coefficients on N? () the
map of spectral sequences induced by (— o D?"), has the form

E} g = Hy(R(S*" 1) L)go—g == Hprg (IR(S*" 1)l £) g0,
Bhy = Hu(RO)yi £)gp =g = Hy o [RWO)a]s £)—,,

and by Theorem its target can also be identified with the map induced by (8.2))
on homology with L-coefficients. Proposition shows that the map of E'-pages
is an isomorphism in a certain range of degrees, and Corollary follows.
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8.4. Stable homology and proof of Corollary If (W, fy) is a 6-manifold
with non-empty boundary (P, ¢p) and such that ¢y : W — B is n-connected, then
we can consider the commutative diagram

MO (W, bw) NE(P,ip)

hocolim N? (P, égf))

g—0o0
Lo,(p,0p))BCo — hocolim &y o

)]BCQ

By Corollary the composition along the top, restricted to the path component
which it hits, is an abelian homology isomorphism in degrees 3% < g (W, EW) —4,
and is a homology isomorphism in degrees 2x < g(W, éW) — 3 if 0 is spherical.
By Theorem the right hand vertical map is acyclic, and the target has the
homotopy type of a loop space so all coefficient systems on it are abelian. Therefore
the diagonal map is a homology equivalence (or an acyclic map) on to the path
component which it hits in the same range of degrees. This establishes Corollary
in this case, after replacing BCy by the homotopy equivalent 2°°~1MT4.

If (W, éw) is a f-manifold with empty boundary and such that ¢y : W — B is
n-connected, let (W, fyr) : O ~» (P, y) be a f-cobordism obtained by subtracting
a 2n-disc D?" = (D*", i p2n ) from W. We obtain a homotopy commutative diagram

Mz(W’,EW/) 4>N£(P, gp) E— Q[QLP]BC@

i_ODZn \L_ODQn :J(—ODZH

MO (W, by ) —— N (0) QBCy

where, by Corollary [I.7] and the case treated already, the left hand vertical map
and the top composition are both abelian homology isomorphisms in degrees 3% <
g’ (w, éW) — 4, and homology isomorphisms in degrees 2x < g?(W, EW) —3if 0 is
spherical. Therefore the bottom composition has the same property, which estab-

lishes Corollary

9. GENERAL TANGENTIAL STRUCTURES

So far we have only considered 2n-manifolds W equipped with 6-structures éW
such that the underlying map £y : W — B is n-connected. In this section we shall
formulate and prove a generalisation of Corollary which allows for manifolds
equipped with general tangential structures. We shall in particular prove Corollary
[I.9] but also extend it to manifolds with non-empty boundary.

Definition 9.1. Let 7 : E — B be a fibration and i : P — E be a cofibration. Let
hAut(r,4) be the space of maps f : E — E which are weak equivalences and such
that mo f =7 and foi=71.

Composition of maps makes hAut(7, ) into a grouplike topological monoid. If
v is a vector bundle over B, and we let 7*v be the pulled back vector bundle over
E, then each f induces an endomorphism f t m*y — 7y by sending (e,v) € 1y C
E x v to (f(e),v) € E x 7, which lies in 7*v as f commutes with 7. Furthermore,
f is the identity over the subspace i(P) C E.

To apply this to the situation at hand, let § : B = B’ LN BO(2n) be a pair of
tangential structures with a map u between them, which is a fibration, and write
U : 0*yo, — (0')*y2, for the induced bundle map. Let W be a 2n-dimensional
manifold and é@W : TWlow — 0*y2, be a boundary condition with underlying
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map Low : OW — B a cofibration. Then hAut(u, fow ) acts on Bun® (TW, Loy ) via
(f, ) — f o/, and this action commutes with the map

Bun’ (TW, Loy ) — Bun” (TW, @ 0 bow)
i
because 4 o f = 1.
Lemma 9.2. The induced map
Bun’ (TW, low ) fhAut(u, Loy ) —> Bun® (TW, i 0 fgyy)
is a homotopy equivalence onto the path components which it hits.
Proof. Without loss of generality we may suppose that 6’ and hence 0, is also a

fibration. In this case if we choose a Gauss map Ty for W extending 6 o £y, then
Bun® n(TW, EQW) is homotopy equivalent to the space of relative lifts

\f/—>B
W~ BO(2n)

which are n-connected. Similarly for Bun? (TW,4 o éaw), but without the n-
connectivity requirement. Therefore, the homotopy fibre of

(9.1) Bun? (TW, lgw ) — Bun? (TW, @ 0 foy)

over #/;, may be identified with the space of relative lifts

oW 2. p

£ 7

y iu
v
i

w—Y. B
which are n-connected. If such a lift exists, choose one and call it f : W — B. Now
in the category OW/Top/B’ of spaces over B’ and under OW, W is cofibrant and
B is fibrant and cofibrant. Furthermore, f is n-connected and OW — B — B’ is
an (n — 1)-type, so the map

— o f: Mapgw rop/p (B, B) — Mabgy ) rop, 5/ (W, B)
is a weak equivalence. This map takes the subspace of weak equivalences onto the
subspace of n-connected maps, and hence shows that the homotopy fibre of
is equivalent to hAut(u, ow ). Thus after forming the Borel construction of the
source by hAut(u, Low ), the map ) becomes a weak equivalence. O

We obtain a map .2 (W, EaW)//hAut(u low) — M (W, i o Loy ) by taking
the further Borel construction by Diffg(W), and this is also a weak homotopy
equivalence onto those path components which it hits. Therefore, in terms of the
point-set models introduced in Definition 217} the map

(9.2) MO (W, bow) fhAut(u, Low ) —s M (W, @0 Loy )

is also a weak homotopy equivalence onto those path components which it hits.
Each f € hAut(u) gives a bundle map f : 6*y2,, — 0*73, which in turn defines

a continuous endofunctor of Cy (by postcomposition on all f-structures), and hence

a continuous endomorphism of BCy. This defines an action of hAut(u) on BCy.

Moreover, if (OW, oy ) € Cy is an object satisfying the assumption above that

Low : OW — B is a cofibration, then hAut(u, £sw ) preserves (OW, Z@W) € Cyp. In
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this case hAut(u, foy ) acts on both the morphism space Cg (0, (OW, {ow)) and on
the path space Q[Q’(aw’éaw)]BCQ, and the map

Co(0, (W, Low)) — Qg (ow.iy ) BCo
is equivariant for this action.

Definition 9.3. If (W, éw) is a @-manifold, we write Q(ij)BCQ for the path
component of Q 5y 5 v BCy represented by the f-cobordism (W, lyw) = 0 ~
(OW, Low).-

If (W, £};,) is a ¢-manifold and £}, : W ™ B % B’ is a MoorePostnikov n-
stage of £{;,, then we write Q(W . )B69 for the union of those path components of

Qg (oW.ipn ) BCo represented by the mohAut(u, £aw )-orbit of (W, iw).

Lemma 9.4. If (W,#,) is a 0'-manifold and £, : W ™ B % B is a Moore-
Postnikov n-stage of £y, then g% (w, U) = g% (W, bw).
Proof. By the definition of the stable genus, it is enough to show that ¢? (W, lﬁ’W) =

¢® (W, &y). By definition of standard 6- or #'-structure on S™ x D™, and hence on
W1 1, composing with u sends standard 6-structures to standard €’'-structures, and
so certainly g% (W, Oy) zAgg(VV, ly). Conversely, if £ : T(S™ x p") — 0*yg, is a
f-structure such that @ o ¢ is a standard &’-structure, then @ o ¢ extends over the
embedding S™ x D™ < R?" described in Section so we have a commutative
square

‘
S"x D"—B
7z
l / i
e u
e
e
R2n B’
The map u is n-co-connected, as it arises from the Moore—Postnikov factorisation

of ¢;;,. Therefore the square admits a diagonal map, showing that 7 is a standard
f-structure. O

The following theorem implies Corollary [I.9] from the introduction, but also
allows manifolds with non-empty boundary.

Theorem 9.5. Let ¢/ : B — BO(2n) be a tangential structure, and (W, é@v) be a

¢’ -manifold. Let £y, : W ™ B % B’ be the MoorePostnikov n-stage of ¥y, and
0 = 6" ou. Then there is a map

ol MO (W, 2) —s (Q[Wj,w ]BCQ) JhAut(u, Cow)

which, if 2n > 6 and W is simply-connected, is acyclic in degrees 3x < g% (W, é@v) —
4, and is a homology isomorphism in degrees 2% < g® (W, Oy) — 3 if 6 is spherical.

Proof. We have hAut(u, Lo )-equivariant maps
afy s MG(WsLow) — Co(0, (OW, Low)) — Qg owipm  BCo
and so on taking Borel constructions and using we obtain a diagram
MO (Wit o bow) <——— MW Low) JhAut(u, Low)
la%///hAut(u,law)

(Q0,0w,00u,1BCo) [hAut (u, Low ).
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The horizontal map is a weak homotopy equivalence on to the path components
which it hits, and the hAut(u, £ow )-orbit of £y hits the path component containing
0. Restricting to this compor}ent and inverting the homotopy equivalence, we
obtain a map we define to be a?,[,.

Any #-structure in the hAut(u, £sy )-orbit of/ﬁw bAecomes homotopic to £1;, after
applying u, so has stable f-genus equal to g% (W, /};,) by Lemma On each
su,ch pz}th component, by Corollary the map a?,v is acycli{c in Adegrees 3x <
g% (W, ;) — 4, and a homology isomorphism in degrees 2x < g (W, #;;,) — 3 if 0 is
spherical (6 is spherical if and only if 6’ is, as u : B — B’ is n-co-connected), onto
the path component which it hits. It therefore remains so after taking the Borel
construction, and so the right-hand map has the same property. O

Finally, we observe that the maps used in establishing the theorem of Galatius—
Madsen—Tillmann—Weiss, BCy ~ Q°~IMT@, are all hAut(f)-equivariant, which
allows us to translate Theorem into the form given in the introduction.

10. COMPARING CLOSED MANIFOLDS

In this section we shall construct certain operations on the space Q2°°MT8, in
the case where § : B — BO(2n) is once-stable, i.e. is obtained as the pullback of
some fibration  : B — BO(2n + 1). In this case the grouplike topological monoid
hAut(#) acts on B over BO(2n + 1) and on B over BO(2n), and so acts on the
spectra MTH and MT4.

Recall (see e.g. the proof of [GMTWO09, Proposition 3.1]) that in this situation
there is a fibration sequence

Q(By) — Q®°MTH — Q*"'MTH
and an isomorphism

(10.1) ToMTO = {(x,x) € Z x m_1MT8 | x mod 2 = wa, (z)},

whose first coordinate is given by the Euler class and whose second coordinate is
given by the stabilization map. If (0*e) Uu_g € H°(MTH;Z) denotes the Euler
class of 08*vsy, cupped with the Thom class of —6*vs,, then x is the value of this
cohomology class on the Hurewicz image of an element of mgMT@. Similarly, the
notation way, (x) € Fy denotes the value of the spectrum cohomology class (5*102”) U
u_z € H-1(MT;F,) on the Hurewicz image of x.

Theorem 10.1. Let 6 : B — BO(2n+1) be a fibration and let 6 : B — BO(2n) be
the pullback. For x € Z, write Q°MTO for the inverse image of x under the map
Q°MTO — Z induced by the class (0*e) Uu_g € H*(MTO;Z), i.e. the union of the
path components of the form (x,?) under the bijection .

For any odd number q there exists a self-map MTO — MTO inducing a map

P9 Q;OMTH — Qq";MTﬁ
such that

(i) ¥ commutes (strictly) with the action of hAut(6),
(i) 7 is over the identity map of Q*°~MTH,
(iii) 7 induces an isomorphism in homology with coefficients in any Z[q~*]-module.

By we may form the Borel construction of the map 9 with respect to the
action of hAut(#), and by the map obtained continues to induce an isomorphism
in homology with coefficients in any Z[g~!]-module.
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Corollary 10.2. The map 7 induces a map of homotopy orbit spaces
(Q;OMTG)//hAut(g) — (Qg;MTG)//hAut(g)
which induces an isomorphism in homology with coefficients in any Z[q~']-module.

We shall also prove a version of Theorem for ¢ = 2, although it will be
marginally weaker in that rather than the map ¥? being defined integrally and
inducing an isomorphism with coefficients in any Z[g~!]-module, 12 will only be
defined after localising the spaces involved away from 2.

Theorem 10.3. In the setup of Theorem|10.1} if x is even then there is a hAut(6)-
equivariant weak equivalence of localised spaces

U £ (QEMTO)] — (MTO)3)
over the identity map of (QOo’lMTg)[%],

As in Corollary[10.2] we may deduce a weak equivalence of homotopy orbit spaces.
Before proving Theorems and let us explain how to deduce Theorem [1.10,
from them.

Proof of Theorem[T10. Let W ¥ B % BO(2n + 1) be a Moore Postnikov n-
stage of the map classifying the once-stabilised tangent bundle of W, and define
6 : B — BO(2n) by pullback. Then fy has a canonical lift £y : W — B, and this
is n-connected because fy and B — B both are. Thus by Corollary and our
assumption that 2n > 6 and W is simply-connected, the map
aw : BDiff(W) — ( f;V)Mm) /hAut(8)

is a homology isomorphism in degrees * < gW)=3

If we write W/ = WH#g(S™ x 8™) and let X : W ~» W’ be the trace given
by performing g surgeries along trivial (n — 1)-spheres, then the f-structure £y
extends to X (as the surgeries were trivial) and induces a f-structure £y, whose
underlying map is also n-connected. As the tangent bundle of W’ is 2n-dimensional,
this admits a further lift /y to B, and so the map

aw : BDIff(W') — (Q;’;V,)MTe) /hAut(6)

is a homology isomorphism in at least the same range of degrees.

Now (W) C mo(MT0) is the mohAut(f)-orbit of the cobordism class repre-
sented by (W, fy ), and similarly (W#g(S™ x S™)). The f-cobordism X shows
that (W', ¢yw) and (W,fy ) give the same elements of 7_;(MT#), so under the
bijection the classes they represent in mo(MT@) differ only in their first co-
ordinate. As we have assumed that the p-adic valuations of x(W) and x(W’) are
the same, we may write

a-x(W)=b-x(W)
for numbers a and b both coprime to p. Furthermore, as x(W') = x(W)+(—1)"-2¢g
these two Euler characteristics have the same parity, so if either a or b is even then

both x (W) and x(W') are even too.
By Theorems and writing ¢* = 1*/2"2 o (¥?)"2(®) | there are maps
o0 wa o0
(255, MT0) " (222 ) MT0)

(55w MTO) o v (2% vy MTO)

(p)

(p)
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which are weak equivalences and hAut(#)-equivariant, so
( ;‘ZmMT@) » /hAut(0) ~ ( ;O(W,)MTe) o JhAut(8).

The final step is to note that the natural map hAut(6) — hAut(#) is a weak ho-
motopy equivalence by obstruction theory, as BO(2n) — BO(2n+1) is n-connected
and 6 is n-co-connected. U

The proof of Theorem [10.1] is by an explicit construction of ? as a map of
spectra. The main ingredient is a certain commutative diagram of spectra, which
we first describe informally. Let us write § : B — BO(2n) for the restriction of
0: B — BO(2n+1) to BO(2n) C BO(2n + 1). Then the important diagram is

B > MT¢ ST AMTE
n*B > %*B Ct

where s : B — B is the natural map covering BO(2n) — BO(2n+1). The map s is
homotopy equivalent to a smooth fiber bundle with fibers $%” so we have a Becker—
Gottlieb transfer ¢ : Zf? — X B, factoring as a pre-transfer p : Ef? — MTé
composed with a map z : MT# — X5°B induced by the zero section of 6. The
spectrum Cly; is defined to be the homotopy cofiber of st, and both rows are cofiber
sequences. It follows that the right square in the diagram is also homotopy pullback,
and hence we get a homotopy pullback diagram of infinite loop spaces

QXMTH — Q>°~IMTEH

e o

Q(By) Q%Cst

(which incidentally yields the description of moMT#). To produce an en-
domorphism of Q>*°MT@ satisfying part of the theorem, it therefore suffices to
produce an endomorphism of Q(B,) over 2°Cy. For ¢ = 1 + 2k, we may use
the map id + kst : ¥°B, — X°B, which is obviously over Cy;, at least in the
homotopy category, since Cy; is the cofiber of the map st. In spectrum homology,
st multiplies by x(S5?") = 2 and hence id + kst induces multiplication by 1+ 2k = ¢
on mXPB = moQ(B) = Z, ensuring part of the theorem.

It remains to explain how to achieve part ({il) of the theorem, that the continuous
action of the topological monoid hAut(6) on the space Q°MT@ commutes with 9.
It is not sufficient that ¥? commutes up to homotopy with the action of individual
elements of hAut(f), since we want to descend ¢ to the homotopy orbit space.
To give a convincing proof, it seems best to spell out a point-set model for the
square ((10.2]).

Proof of Theorem[10.1} As explained above, it remains to give a point-set model
for the diagram and the self-map id + kst of Q(B..) over Q°Cy, all of which
commutes strictly with the action of hAut(8).

We shall take BO(2n+1) = Gra, 11 (R>), filtered in the usual way by Gra, 1 (RY).
We are given a map 6 : B — Gra,41(R*) and set By = (6) }(Gra,41(RY)). Here
we regard RN C R¥*! as the subspace of vectors whose last coordinate is 0 and
R as the direct limit. There is an induced map f : By — Gra,;1(RY) and we
shall write f*y* = f*y3, ., y for the pullback of the (N — 2n — 1)-dimensional
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bundle of orthogonal complements. Then MT# is the spectrum with Nth space the
Thom space (EN)JM"’L and
* L

Q®°~IMTE = colim Q¥ 1 (By) 7.
N —o00

There is a map Gra,(RV™1) < Gra, 1 (RY) induced by the linear embedding
RN-1 — RY as the subspace of vectors whose last coordinate is 0. It is 2n-
connected, but covered by an (N — 2)-connected map Gra, (R¥71) = S(v2541.n)
and hence a (2N — 2n — 2)-connected map

SYA (By_y)1Bv—)" 2081y §(f*yp g )T e
This defines a spectrum map from MTé to the spectrum whose (N — 1)st space is
S(vgnH,N)f*%’L"H-,M and this map is a weak equivalence. This map is also hAut(6)-
equivariant. (This weak equivalence does not come with a spectrum map in the
other direction, let alone an equivariant one.)

The square will be assembled from a square of spaces fibred over By, and
we first explain the constructions on fibres. Let V € Gra,41(RY) and write S(V)
for the unit sphere of V and SV for the one-point compactification. If z € RY
we shall write 7y (z) € V for the projection. If x € V \ 0 we shall write 7g(x) =
x/|z| € S(V) for the nearest point in the sphere. We will describe certain explicit
maps p(V) : SV = S(V)e and 2(V) : S(V)e' = S(V); ASY, and explain how the
composition z(V) o p(V) gives rise to a model for the Becker-Gottlieb transfer for
a linear sphere bundle.

The map

p(V): 87— SV,
is induced by the Pontryagin—-Thom construction applied to the embedding S(V') C
V. In formulas, we can take e.g.

p(V)(@) = (ms(x),log |2]) € S(V); A S* = S(V)*

when = # 0,00 € SV. The Thom space S(V)E1 is homeomorphic to the quotient
SV /SO and under this identification the map p(V') is the quotient map.
The map

2(V): S(V)E — S(V)TSWes' — g(v), A SV
is given by the zero section of the tangent bundle of S(V'). In formulas, it sends
(z,t) € S(V) xR C S(V)E to (z,tx) € S(V) x V C S(V)4 A S
If we compose these two maps and smash with S VL, we get

SN =SV AS S(V)E' AS S(V)sASYASY" = S(V),ASN.
Finally, we write s(V) : S(V); ASY — SV for the map induced by collapsing S(V)
to a point. Then the composition

b(V)=s(V)o (2(V)Aid) o (p(V) Aid) : SV — SV
is a continuous map of degree y(S?") = 2, depending continuously on the point
V € Grapi1(RY). The resulting continuous map b : Gra, 1 (RY) — QN SN in the
limit gives a map BO(2n + 1) — QS° which is a model for the Becker-Gottlieb

transfer of the sphere bundle over BO(2n + 1).
Now consider the diagram

1L p(V)Aid 1L z(V)Aid
vt p(V) vt z(V)

sV YL syt A SV —— Oy
st(V) \L \L
SN SN Cst(V)v
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where the entries in the right column are the mapping cylinders. Since p(V) induces
a homeomorphism SV / SVt 8 (V)EA SVL, it follows from the Puppe sequence
that there is a canonical induced homeomorphism Cpyy = ST A S V™ Since st(V)
has degree 2, there is a homotopy equivalence from Cy; vy to a mod 2 Moore space,
but this is not quite sufficiently canonical for our purposes (since we get a different
mod 2 Moore space for each V). We have proved that for each V' € Gra,41(RY)
there is a canonical commutative diagram

S(V)E ASYT — = STASYT

(10.3) l i

SN Csi(vy,

which is a pushout and homotopy pushout.

There is a canonical homotopy from the composition of st(V) : SN¥ — SV and
SN — Cyyv) to the constant map. Suspending once, S* A SN — ST A SN —
ST A Cyy(vy is canonically null homotopic. If £ > 0 is an integer, we may use the
S coordinate to form the sum of the identity map 1: ST A SNV — ST A SN and k
copies of the map st(V) : S1 A SN — ST A SN, We obtain a diagram

STASN — 5 ST A Cst(V)
(10.4) 1+kst(V)L
Sl A SN —_— Sl A Cst(V)7

which commutes up to a canonical homotopy. (The canonical nullhomotopy of each
st gives a homotopy from 1 + kst to the sum of the identity map and k copies of
the constant map; this is in turn canonically homotopic to the identity map.) The
homotopy class of the map 1+kst(V) : SN — SV is determined by its degree which
is 2k + 1, but the actual map depends in a non-trivial way on V &€ GrgnH(RN).

All spaces in the diagram “vary continuously in V”, in the sense that they are
fibres over V of fibre bundles over Gra,;1(R"). The commutative diagram
in the category of spaces over Gra,;1(RY) may be pulled back along f : By —
Grapn11(RY) to form a diagram

* L

S(fry)= el —= S'ABY
(10.5) sz i
SN A (By)y ——— CB~,

which is again a pushout and homotopy pushout, where C'EN is the mapping cylin-
der of the map SV A (Bn)y — SV A (Bn); given on (v,z) € SV x By by

st(v,z) = (st(f(x))v,z).
Similarly, the diagrams (10.4)) assemble over V = f(z) to a diagram

S'ASNA(By)y —= SLACEY
(10.6) 1+kstl
S'ASN A (By)s —= St ACEY,

which commutes up to a canonical homotopy.
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Applying QV+1S1 A (=) to diagram and letting N — oo we get a model
for (10.2). The monoid hAut(f) acts on the whole diagram since the diagram
is pulled back from a diagram fibering over Gry, 1 (RY). This gives a weak equiv-
alence from Q°°MT6 to the homotopy pullback in 7 which is also an hAut(0)
equivariant map. The monoid hAut(f) also acts on the diagram , including
the homotopy, and after applying QV*1 and taking N — oo we obtain a self-map
of Q(B.) which is over 2°Cj; up to a specified homotopy. Again this self-map and
the specified homotopy commutes strictly with the action of hAut(6) since both the
map and the homotopy arose from fibrewise constructions over Gra, ;1 (RY).

Finally, the self-map of Q(B,) induces an hAut(f)-equivariant self-map of the
homotopy pullback of Q(By) + Q°Cy; — Q°~IMTH, and we have seen that this

pullback is weakly equivalent to Q°MT@ by an hAut(f)-equivariant map. O

Proof of Theorem[I10.3. We continue with the notation developed above. The spec-
trum homology of Cy; is all 2-torsion, so the localisation Cst[%] as a spectrum is
contractible. However, the localised space (2>°Cy;)[3] is not contractible since it
has two components. Instead, there is a spectrum map wsq, : Csy — HIF5 which
becomes an isomorphism in homology of infinite loop spaces with coefficients in any

Z[%]—module. Similarly, the map

Q°MTO — Q(By) xqwpr, Q° *MTH

induces an isomorphism in homology with coefficients in any Z[%]—module, and
hence a weak equivalence of localised spaces. The spectrum map 2 : S% — S°
induces a self-map of Q(B,) commuting with the action of hAut(f) and whose
restriction to the even-degree path components commutes with the map to Q> HF,.
This self-map can be used in place of 1 + kst to produce 2. 0

APPENDIX A. HOMOLOGY EQUIVALENCES AND LOCAL COEFFICIENTS

This appendix is loosely based on one written by Johannes Ebert for an early
(uncirculated) draft of [BERW14]. The authors are grateful to him for allowing us
to make use of it.

A.1. Local coefficient systems. We shall take the point of view that a local
coefficient system on a space X is a functor £ : 71 (X) — Ab from the fundamental
groupoid of X to the category of abelian groups. It is important that local systems
form a category, whose morphisms T : £ — L' are the natural transformations.
In particular each coefficient system £ has an endomorphism ring R = End(L),
and in fact the functor £ : 71(X) — Ab naturally factors through the category of
R-modules. In particular the values £(z) are naturally Z[m (X, z)]-R-bimodules.
Singular homology assigns to such a local coefficient system £ a chain complex
C.(X; £) and homology groups H,(X; £), and a natural transformation T : £ — £’
induces maps of chains and of homology T': H.(X; L) = H.(X;L). If f: X =Y
is a continuous map and £ : 71(Y) — Ab is a coeflicient system, then there is a
pulled-back coeflicient system f*L£ : 71(X) — Ab and an induced map

fe i Ho( X L) — H (Y L).

For a fixed £ the singular chains and the homology groups H,.(Y’; £) are naturally
modules over the ring R = End(£), and the functoriality with respect to f : X — Y
is compatible with this structure.

For any space X with coefficient system L there exists for any = € Hy(X; L)
a finite CW complex K and a map f : K — X, such that x is in the image of
ot Ho(KG f*L) = Ho (X5 L).
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A.1.1. Homology equivalences.

Definition A.1. A local coefficient system £ : 71(X) — Ab is constant if the
action of m (X, z) on L(z) is trivial for all z € X. The system is abelian if the
commutator subgroup of 71 (X, z) acts trivially for all z € X.

Definition A.2. Let f : X — Y be a continuous map, and for each coefficient
system £ on Y let

(A1) fo t Ho(X; f°L) — H, (Y5 L)
be the map induced by f.
(i) If (A.1)) is an isomorphism for all n and all £ then f is called an acyclic map.
(ii) If (A.1) is an isomorphism for all n and all abelian £ then f is called an
abelian equivalence.

(iii) If (A.1) is an isomorphism for all n and all constant £ then f is called a
homology equivalence.

We remark that the class of coefficient systems £ : w1 (Y) — Ab for which is
an equivalence is closed under filtered colimits and extensions. Hence, if f : X — Y
is an abelian equivalence then will be an isomorphism for any coefficient
system L obtained from abelian ones by extensions and filtered colimits. This class
of local systems can alternatively be described as those which for all y € Y satisfies
that £(y) admits no non-trivial homomorphism L(y) — W for any Z[m1 (Y, y)]-
module W with Wm®w).m vl = q,

A.1.2. Special abelian coefficient systems.

Definition A.3. A special abelian coefficient system on a space X consists of
a commutative ring R and a coefficient system £ : m(X) — Modpg such that
{z € X | L(z) # 0} is a path component of X, and for z in this path component
L(z) is a free R-module of rank 1.

Note that a special abelian coefficient system is indeed an abelian coefficient
system, as m1 (X, z) acts on L£(x) via R*, an abelian group.

Lemma A4. If f : X — Y is a continuous map such that f. : H (X; f*L) —
H.(Y; L) is an isomorphism for all special abelian coefficient systems L on'Y, then
f is an abelian equivalence.

Proof. It L : m(Y) — Modp, is the unique special abelian coefficient system
supported on the path component given by y € m(Y), then the dimension of
Hy(X; f*L) as an Fy vector space is the cardinality of the inverse image of y under
mo(X) = mo(Y). Hence f induces a bijection my(X) — mo(Y).

We can then restrict to the case where both X and Y are path connected and
deduce that f. : Hi(X;Z) — Hy(Y;Z) is an equivalence by using the constant
coefficient system Z : m1(Y) — Modyz, which is special abelian. Then we pick a
point y € Y and use the Hurewicz homomorphism 71 (Y,y) — A = H1(Y) to define
the coefficient system L, : m1(Y) — Modz4) by

Ly(2) = Z[A] @i, (v ZIm (Y)(y, 2)]-
Then H.(Y; L,) and H,.(X; f*L,) calculate the homology of the universal abelian
covers and if f, induces an isomorphism between these, then it induces an isomor-
phism for all abelian coefficient systems. O

The following lemma is the main advantage of special abelian systems over all
systems. In general if f : X — Y and £ is an arbitrary coefficient system on Y,
then the natural map End(£) — End(f*L) can be very far from surjective if the
system is not abelian, even when X and Y are path connected.
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Lemma A.5. Let £,L' : m1(Y) — Modg be isomorphic special abelian coefficient
systems. Then the R-module Hompg (L, L"), consisting of natural transformations
of functors w1 (X) — Modg, is free of rank one.

Let f : X = Y be a map inducing a bijection mo(X) — mo(Y) and let £,L' :
m1(X) — Modpg be special abelian coefficient systems. Then the natural map

Hompg (L, L) — Hompg(f*L, f*L')
is an isomorphism.

Proof. The second claim clearly follows from the first, which in turn follows from the
fact that the restriction map Hompg (L, £') = Hompg(L(x), £'(z)) is an isomorphism
when X is path connected and L£(z) and L'(x) are free R-modules of rank one:
it is injective as X is path connected, and a choice of an isomorphism £ = £’
gives an element of Homp(L, L") which restricts to a generator of the R-module
Homp(L(x), L' (x)) = R. O

A.1.3. Homotopies. Finally, let us discuss homotopies. The two inclusion g, :
X — I x X induce two functors m (ig), 71(41) : m1(X) — 71 (I x X), and there is a
canonical natural isomorphism 7y (ig) = 71 (i1) given on the object x by the path
from ig(z) = (0, ) to i1(x) = (1,z) along the interval. If R is an associative ring
and £ : m1(I x X) — Modg is a coefficient system, we may compose £ with this
natural transformation to get an induced isomorphism 7" : ¢{£ — 7L of functors
into Modg. For any homotopy H : [ x X — Y from f to g and coeflicient system
L :7m1(Y) = Modg we therefore have an induced isomorphism

Ty f*L— g"L
of functors 71 (X) — Modpg, fitting into a commutative diagram
H. (X fL) L~ H.(v; L)
(A2) Tyi
H(X;9"L) —— H.(Y; L)

A.2. Invariance properties for abelian coefficients. The following observation
is immediate from diagram (A.2).

Proposition A.6. Let f,g: X — Y be homotopic maps and let L : 71(Y) — Modg
be any coefficient system.
(i) For any n, f. @ Hy(X; f*L) — H,(Y;L) is surjective if and only if g. :
H,(X;9*L) — H,(Y; L) is surjective.
(ii) For any n, f. : H(X; f*L) — H,(Y;L) is injective if and only if g. :
H,(X;9"L) — H,(Y; L) is injective.
In particular, f is a homology equivalence, abelian equivalence, or acyclic map, if
and only if g has that property. O

It turns out that in the case of abelian equivalences, the assumption in the
above proposition that f and g be homotopic can be replaced by the following
weaker assumption.

Definition A.7. Two parallel maps

are weakly homotopic if for all finite CW complexes K and maps i : K — X we
haveio f ~idog.
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Proposition A.8. Let X and Y be path connected, let f,g : X — Y be weakly
homotopic and let L : m(Y) — Modg be a special abelian coefficient system.
(i) If fo + Hp(X; f*L) — Hi(Y;L) is surjective, then g. : Hp(X;g*L) —
Hy(Y; L) is also surjective.
(ii) If fu - He(X; f*L) — Hi(Y; L) is injective, then g, : Hp(X;9*L) — Hi(Y; L)
1s also injective.

Proof. Without loss of generality we may assume X is a CW complex. The surjec-
tivity part in fact holds true for any coefficient system, with essentially the same
proof as in Proposition Any homology class in H, (Y; £) is by assumption the
image of some z € H,(X; f*L£) under f., and any such x is supported on some
finite subcomplex K C X, but the map

(g|K)* : Hn(ng‘}(E) - Hn(Ya‘C')

has the same image as (f|x)«, by diagram .

Injectivity is not true for general coefficient systems, but when £ : m(Y) —
Modpg is special abelian we may argue as follows. Suppose f. : Hp(X; f*L) —
H,(Y; L) is injective and suppose = € Ker(g.) C H,(X;g¢*L). Again z is supported
on some finite subcomplex K C X and by assumption we may choose a homotopy
Hk : flk ~ g|k, inducing an isomorphism of coefficient systems Ty, : f|5L —
gl £ and a commutative diagram

HL(K: i) 5

THK\L
o (gl
H.(K;g|i L) —H

(Y5 L)

(Y5 £)

If we assume, as we may, that K is also path connected, the special abelianness of
L implies that

Homp(f*L, g"L) — Homg(f|x L, 9|k L)
is an isomorphism of R-modules, and in particular the isomorphism T}y, is induced
by an isomorphism T' € Hompg(f*L, g*£). We may therefore form a diagram

* % fx
HL(K: flie£) — HL(X; L) L 1,

(Y5 L)
S
H. (K3 glic£) — Hu(X:9"L) =" H.(Y; L)
whose horizontal maps are induced by the maps of underlying spaces and whose
vertical maps are induced by isomorphisms of coefficient systems, in which the left-
hand square and the outer square commute. Now the element = € H,,(X; g* L) lifts
to an ¢’ € H,(K;g|} L) by assumption, and by the commutativity of the outer
square we have (f\K)*TI}}{ (') = (g|lx)«(2") = g«(x) = 0. As f, is injective and
the left-hand square commutes, it follows that x = 0, as required. ]

Corollary A.9. Let f,g: X — Y be weakly homotopic maps. Then f is an abelian
equivalence if and only if g is.

Proof. Tt is easy to reduce to the case of path connected spaces, and by Lemma[A-4]
it suffices to consider special abelian coefficient systems, where the claim follows

from Proposition U
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A.3. Ladder diagrams and abelian equivalences. A ladder diagram is a dia-
gram of spaces of the shape

g1 g2

X X, X,

(A.3) lfo lfl J/fz
Yo sy, 2y,

A commutative ladder diagram is one in which each square commutes, and a ho-
motopy commutative ladder diagram is one in which each square commutes up to
homotopy.

For a ladder diagram as above we shall write X, for the telescope (homotopy
colimit) of the top row and Y, for the bottom row. If the diagram commutes, there
is an induced map X., — Y. If the diagram homotopy commutes, then a choice
of homotopies H; : h; o f;_1 ~ f; o g; induces a map X, — Yo,. The homotopy
class of the map of telescopes in general depends on the choice of homotopies H;,
but we have the following result.

Lemma A.10. For a homotopy commutative ladder diagram , any two choices
of homotopies H; : h; o fi_1 ~ f; o g; induce weakly homotopic maps Xoo — Yoo.
In particular, the property of the induced map Xoo — Yoo being an abelian equiva-
lence depends only on the underlying commutative ladder diagram in the homotopy
category, not on the choices of homotopies H;.

Proof. The induced maps become equal when restricted to each X; C X, and hence
they become homotopic when restricted to the finite telescope of (Xo — -+ — X;)
for all 5. Any map from a finite CW complex will factor through one of these finite
telescopes. O

Definition A.11. A map f : X — Y is an almost homotopy equivalence if there
exists a map g : Y — X such that fog and go f are each weakly homotopic to the
identity.
The following is immediate from Corollary [A-9] and this definition.
Corollary A.12. An almost homotopy equivalence is an abelian equivalence. [
The main technical result of this subsection is as follows.
Proposition A.13. A homotopy commutative ladder diagram as in (A.3) induces
an almost homotopy equivalence Xoo — Yoo, and hence an abelian equivalence,
provided that the following condition holds: for each n, there exists a k > n, a map
1:Y, = Xy such that froi~hygo---0hyy1, as well as a map j : Yy, — Xy such
that jo fn, ~ g o -0 gnt1-
Proof. After restricting to cofinal subsequences and reindexing, we may assume
that we have maps i,, j, : Yo_1 — X,,, making each triangle in the diagram

gn
anl > Xn

Jn
| |5
in

Yn—l > Yna
hn

homotopy commute, but possibly i,, and j, are not homotopic. If we write k, =
Jn O fn_10ip_1: Yn_o — X,, we may calculate
fn ok = fn 0 Jn © fnfl Olp_1 fn O gnOln_1 =~ hpo fnfl 0lp_1 = hpohp_1,
kn © fn—2 = ]n © fn—l o in—l © fn—2 = ]n © hn—l © fn—2 = ]n o fn—l © hn—l
= hn o hn,]_.
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In other words, after passing to a further subsequence and reindexing we have a
single diagonal map

In
Xn—l > Xn

e

Ynfl T> Yru

such that both triangles homotopy commute. The resulting diagram may be rein-
terpreted as a homotopy commutative diagram

g1 g2

Xo X, X,

N

Yo —=Y, —2>Y,

N

Xl 92 X2 g3 X3

such that the vertical maps from the top row to the bottom row are homotopic
to gn : Xn_1 — X,. Any choice of homotopies in the squares now induce maps
kof: Xy — Yo = X4, whose composition X,, — X is weakly homotopic
to the “shift map” of the telescope, and hence weakly homotopic to the identity
map of X.. By a similar argument we see that fok : Yoo — Xo — Yoo is
weakly homotopic to the identity, and hence f : X, — Y is an almost homotopy
equivalence, as claimed. O

A.4. The generalised group completion theorem with local coefficients.
Let C be a topological category, and write N,C for the nerve, so that NyC is the
space of objects and N;C is the space of morphisms. Let BC be the geometric
realisation of the nerve as a semi-simplicial space. The space of morphisms from «a
to b is denoted C(a,b). We first formulate a technical assumption on C.

Assumption A.14. The combined source/target map (s,t) = (d1,dp) : N1iC —
NoC x NoC is a Serre fibration.

Fix a sequence of objects and morphisms

co f1 e f2 e fao

in C. Then, for objects a and b of C and a morphism ¢ : a — b, we obtain a
commutative ladder diagram

Cb,co) L2 b, 1) 2 C(b, ¢3) —> - -

(A.4) o o g
C(ai,co) LC(},Q) %C(al,@) e,

Assumption A.15. For each morphism ¢ : a — b in C, and each n, there exists a
k > n and two (possibly different) diagonal arrows in the diagram

frofk—10-0fpqt10—

C(b7 Cn) C(b7 Ck‘)

log/ log
k0fk—10-0fnt10—

C(a,cp) C(a,ck),
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one making the upper triangle homotopy commute and one making the lower tri-
angle homotopy commute. The arrows need only exist as maps of spaces for each
g, no functoriality or naturality is assumed.

The generalised version of the group completion theorem is then as follows.

Theorem A.16. Let C be a topological category satisfying Assumption[A.14), and
let ¢, and fr, (n >0) be as above. If either

(i) the functor hocolim C(—,¢;) : C°? — Top sends each morphism to an abelian
71— 00

homology equivalence, or
(ii) Assumption[A.15 holds,
then the natural map
hocolim C(a, ¢;) — hocolim Q, .1 BC
12— 00 1— 00

is acyclic.

Proof. First, note that Assumption implies that the functor hocolim; C(—, ¢;)
sends each morphism to an abelian equivalence, using Proposition[A.13] It is there-
fore enough to only consider condition (i).

Consider the over categories C | ¢,. The classifying space B(C | ¢,) is con-
tractible, and there are maps B(C | ¢,) — B(C | ¢41) induced by composition
with the morphism f, 1, as well as a map that forgets the target B(C | ¢,) — BC.
We look at the map

F : hocolim(B(C | ¢g) = B(Cl¢1) = ---) — BC.

The homotopy fibre of this map at a given a € NyC C BC is homotopy equivalent
to hocolim §, ., BC because the source of F' is contractible. The geometric fibre
over a is the homotopy colimit

hocolim(C(a, cp) — C(a,c1) = C(a,c2) — -++)

and the map in Theorem is the natural geometric-to-homotopy-fibre compar-
ison map. We have to verify that this map is an abelian equivalence (since the
target, when it is non-empty, is homotopy equivalent to the loop space €2, BC, its
components have abelian fundamental groups and therefore the map will be acyclic
as well).

If we only wanted to deduce that the map is a homology equivalence, one uses
the (easy) analogue of Proposition for homology with constant coefficients
and the results of [MST76] to prove that F' is a homology fibration in the sense of
[MS76], which guarantees that the fibre comparison map is a homology equivalence.
In our case, one uses Proposition together with the modification of the results
of [MS76] in [MP15], §2] to prove that F is an abelian homology fibration, which
implies that the comparison is an abelian equivalence.

We now give some details, and use the terminology of [MP15] without further ex-
planation. First of all, replacing the category C by the geometric realisation |Sing,C|
of the singular simplicial sets neither changes the assumptions nor the conclusion
of Theorem This has the effect that BC becomes locally contractible, which
is convenient for applying the results of [MP15].

Let Ei be the semi-simplicial space with Ef = {ag % -+ = a, Mt c Np+1C
and let F} : E) — N4C be the map that forgets h and ¢;. The map F' is the
geometric realization of the map

F, = hocolim F! : hocolim Ei — N,C
1— 00 71— 00
of semi-simplicial spaces. Each map F;; is a Serre fibration by an application of
Assumption This implies easily that the homotopy colimit F), is an “twisted
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Leray homology fibration” in the terminology of [MP15] (in particular, an “abelian
Leray homology fibration”). Next, look at the commutative diagram

e ds R
hocolim E}, — hocolim Ej,_,
i— 00 1—00

ipp lpp_l

N,C —~—= N, _,C.

Unless ¢ = p, this diagram is cartesian. If ¢ = p, then it is not necesarily

cartesian. Let a = (ag & --- & ap) € N,C; the preimage (F,)"'(a) is the space

hocolim(ay, ¢;), and the fibre transport map d, : (Fp) " *(a) = (Fp—1)'(dpa) can
71— 00
be identified with the map
— o0 gp : hocolimC(ap, ¢;) — hocolim C(ap—_1, ¢;)
1—> 00 1—> 00

which is an abelian equivalence by condition (i). We have verified the hypotheses
of [MP15l Proposition 2.8] to conclude that F' is an “abelian Leray homology fibra-
tion”. By Proposition 2.4 loc. cit. (and because we have arranged that BC is locally
contractible), F' is also an “abelian Serre homology fibration”, which means that
its geometric-to-homotopy-fibre map, i.e. the map in Theorem is an abelian
equivalence, as claimed. O
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