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Abstract

We consider the infinite horizon risk-sensitive problem for nondegenerate diffusions with a compact action
space, and controlled through the drift. We only impose a structural assumption on the running cost function,
namely near-monotonicity, and show that there always exists a solution to the risk-sensitive Hamilton—
Jacobi-Bellman (HJB) equation, and that any minimizer in the Hamiltonian is optimal in the class of
stationary Markov controls. Under the additional hypothesis that the data of the diffusion is bounded, and
satisfies a condition that limits (even though it still allows) transient behavior, we prove that the solution
of the HJB is unique, establish the usual verification result, and show that there exists a stationary Markov
control which is optimal in the class of all admissible controls. We also present some new results concerning
the multiplicative Poisson equation.
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1. Introduction

Optimal control under a risk-sensitive criterion has been an active area of research for the past 30
years. It has found applications in finance ﬂa, @, @], missile guidance ﬂﬁ], cognitive neuroscience ﬂf‘;ﬂ], and
many more. There are many situations which dictate the use of a risk-sensitive penalty. For example, if
one considers the risk parameter to be small then it approximates the standard mean-variance type cost
structure. Another reason that the risk-sensitive criterion is often desirable is because it captures the effects
of higher order moments of the running cost in addition to its expectation. To the best of our knowledge, the
risk-sensitive criterion was first considered in ﬂﬁ We also refer the reader to @ @ for an early account of
risk-sensitive optimal controls. For dlscrete state space controlled Markov chains, the risk-sensitive optimal
control problem is studied in ﬂﬂ—lﬁ timal control roblems where the dynamics are modeled
by controlled diffusions, we refer the reader to E—Iﬁ B@ |ﬁ| @, ., @ .

In this article we deal with nondegenerate diffusions, controlled through the drift, with the control
taking values in a compact metric space (see (LLI)) below). The goal is to minimize an infinite horizon
average risk-sensitive penalty, where the running cost is assumed to satisfy a near-monotonicity hypothesis
(Definition [Tl below). We study the associated Hamilton-Jacobi-Bellman (HJB) equation and characterize
the class of optimal stationary Markov controls. In ﬂﬁ] a similar control problem is studied under the
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assumption of asymptotic flatness, and existence of a unique solution to the HJB is established. This work
is generalized in ﬂﬁ], where the authors impose some structural assumptions on the drift and cost (e.g., the
cost necessarily grows to infinity, the action set is a Euclidean space, etc). Risk-sensitive control problems
with periodic data are studied in @] Risk-sensitive control for a general class of controlled diffusions is
considered in ﬁ—@], under the assumption that all stationary Markov controls are stable. However, the
studies in ﬂﬂ—@] neither establish uniqueness of the solution to the HJB, nor do they fully characterize the
optimal stationary Markov controls. One of our main contributions in this article is the development of a
basic theory that parallels existing results for optimal ergodic control problems. To this end, we remove the
stability hypothesis on the drift, and replace it by a much weaker hypothesis (see Assumption [[T)). Under
this hypothesis and the near-monotone structure of the running cost, we show that any optimal Markov
control is necessarily stable.

The dynamics are modeled by a controlled diffusion process X = {X;, ¢t > 0} which takes values in the
d-dimensional Euclidean space R%, and is governed by the It6 stochastic differential equation

dXt = b(Xt,Ut) dt+U(Xt)th (11)

All random processes in (L)) live in a complete probability space (2, §,P). The process W is a d-dimensional
standard Wiener process independent of the initial condition Xy. The control process U takes values in a
compact, metrizable set U, and U;(w) is jointly measurable in (¢,w) € [0,00) x Q. The set 4 of admissible
controls consists of the control processes U that are non-anticipative: for s < t, Wy — Wy is independent of

§s = the completion of 0{ Xy, U, W,., r < s} relative to (F,P).

We impose the standard assumptions on the drift b and the diffusion matrix o to guarantee existence and
uniqueness of solutions. For more details on the model see Section [[L11

Let ¢: R4 x U — [1,00) be continuous, and locally Lipschitz in its first argument uniformly with respect
to the second. For U € 4 we define the risk-sensitive penalty by

1
R(U) =R(U;¢) = limsup — logEY oo e(Xe,Ur) dt ,
T—o0 T
and the risk-sensitive optimal values by
A" = inf R(U), Ar o= inf R(U),
Ue Ue Usm

where gy is the class of stationary Markov controls.

Unless \* is finite, the optimal control problem, is of course ill-posed. For nonlinear models as in
the current paper, standard Foster-Lyapunov conditions are usually imposed to guarantee that A* < oo.
However, the objective of this paper is different. Rather, we impose a structural assumption on the running
cost function ¢, and investigate whether this is sufficient for characterization of optimality via the risk-
sensitive HJB equation. We need the following definition.

Definition 1.1 (near-monotone). A Borel measurable f: X — R, where X is a locally compact topolog-
ical space, is said to be near-monotone relative to X\ € R, if a sublevel set {:c eXxU: f(x) < ’y} for some
~v > A, is nonempty and is contained in some compact subset of X . We also say that f is norm-like (or
inf-compact) if it is near-monotone relative to all A € R.

Note that the notion of near-monotonicity in the literature is often stricter—a function f is sometimes
called near-monotone if it is near-monotone relative to all A < || f||lso [2].

The main results of the paper are summarized in Propositions [LTHL2] and Theorem [[L3] in Section
Proposition [[LT] assumes that ¢ is near-monotone with respect to A*, and imposes a mild condition that
limits the transient behavior of the controlled process. Existence and uniqueness of a solution to the HJB
equation, a characterization of the optimal stationary Markov controls, and a stochastic representation
of the solution to the HJB are obtained. If the running cost is near-monotone relative to A%, then we
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show in Proposition that there exists a pair (V*,\%) € C?(R?) x R solving the HJB equation and any
measurable selector of the HJB is a stable, optimal Markov control. Under the same near-monotonicity
hypothesis, together with the assumption that ¢ is norm-like, the risk-sensitive problem for denumerable
Markov decision processes is treated in ﬂﬁ], where a dynamic programming inequality is established.

Another interesting result proved in this article concerns uncontrolled diffusions and is stated in The-
orem below. We show that if the process is recurrent and the running-cost function f near-monotone
relative to A(f) (the risk-sensitive penalty with running cost f), then the process is stable and the multi-
plicative Poisson equation has a unique solution. These results are the diffusion counterpart of the results
obtained in E] Let us also remark that unlike E] our results do not assume any (geometric) Lyapunov type
stability on the dynamics.

The notation used in the paper is summarized in Section Section ] contains various results on the
multiplicative Poisson equation, which lead to the proof of Theorem Section [3]is devoted to the proofs
of Propositions

1.1. The model

The following assumptions on the diffusion () are in effect throughout the paper unless otherwise
mentioned.

(A1) Local Lipschitz continuity: The functions
b=[p),...,07 : RExU—SRY, and o = [07]: R — R4

are locally Lipschitz in  with a Lipschitz constant Cr > 0 depending on R > 0. In other words, for
all z,y € Br and u € U, we have

b(z,u) = b(y, u)| + [lo(z) — o(y)]| < Crlz—yl.
We also assume that b is continuous in (x, u).
(A2) Affine growth condition: b and o satisfy a global growth condition of the form
b(z,u)]* + |o(z)]|* < C(1+ |z[*) V(z,u) e REx U,
where ||o||? := trace (o0T).

(A3) Nondegeneracy: For each R > 0, it holds that

d
> aV(x)6g > CREP Va € Bg,
ij=1
and for all £ = (&1,...,&q)" € RY, where a := 1007,
In integral form, (L)) is written as
t t
X, = Xo +/ b(X,, Us)ds +/ o(X,) dW, . (1.2)
0 0

The third term on the right hand side of (L2)) is an It6 stochastic integral. We say that a process X =
{X:(w)} is a solution of ([T, if it is F:-adapted, continuous in ¢, defined for all w € ©Q and ¢ € [0, 00), and
satisfies (L2)) for all ¢ € [0,00) a.s. It is well known that under (A1)-(A3), for any admissible control there
exists a unique solution of () [Il, Theorem 2.2.4]. We define the family of operators £¥ : C2(R?) - C(R?),
where u € U plays the role of a parameter, by

LUf(x) = aij(:n)@ijf(x)+bi(x,u)8if(x), uelU.
3



We refer to L* as the controlled extended generator of the diffusion.

Let Ugy denote the set of stationary Markov controls. It is well known that under v € $lgy (L) has
a unique strong solution HE] Moreover, under v € gy, the process X is strong Markov, and we denote
its transition function by Pf(z,-). It also follows from the work in HE] that under v € gy, the transition
probabilities of X have densities which are locally Holder continuous. Thus £V defined by

LUf(z) = a(z) 0y f(x) + b (z,v(z)) 0; f(z), v € Usm,

for f € C?(R?), is the generator of a strongly-continuous semigroup on Cy(R%), which is strong Feller. We
let P? denote the probability measure and E; the expectation operator on the canonical space of the process
under the control v € gy, conditioned on the process X starting from z € R? at t = 0. We denote by
$Ugsm the subset of gy that consists of stable controls, i.e., under which the controlled process is positive
recurrent, and by pu, the invariant probability measure of the process under the control v € $Uggng.

In the next section, we summarize the notation used in the paper.

1.2. Notation

The standard Euclidean norm in R? is denoted by |- |, and (-,-) denotes the inner product. The set of
nonnegative real numbers is denoted by R, N stands for the set of natural numbers, and 1 denotes the
indicator function. Given two real numbers a and b, the minimum (maximum) is denoted by a A b (a V b),
respectively. The closure, boundary, and the complement of a set A C R? are denoted by A, 9A, and A°,
respectively. We denote by T(A) the first exit time of the process {X;} from the set A C R%, defined by

T(A) = inf {t>0: X; & A}.

The open ball of radius r in R, centered at the origin, is denoted by B,., and we let T, := T(B,), and
T, = t(BY).

The term domain in R? refers to a nonempty, connected open subset of the Euclidean space R?. For
a domain D C R%, the space C*(D) (C>°(D)) refers to the class of all real-valued functions on D whose
partial derivatives up to order k (of any order) exist and are continuous, and C,(D) denotes the set of all
bounded continuous real-valued functions on D. By a slight abuse of notation, whenever the whole space
R is concerned, we write f € C*(R?) whenever f € C*(D) for all bounded domains D C R?. The space
L?(D), p € [1,00), stands for the Banach space of (equivalence classes of ) measurable functions f satisfying
Jplf(x)|Pdz < oo, and L>(D) is the Banach space of functions that are essentially bounded in D. The
standard Sobolev space of functions on D whose generalized derivatives up to order k are in LP (D), equipped
with its natural norm, is denoted by WP (D), k >0, p > 1.

In general, if X is a space of real-valued functions on @, X}, consists of all functions f such that fp € X
for every ¢ € C2°(Q), the space of smooth functions on @ with compact support. In this manner we obtain
for example the space WP (Q).

For a continuous function g : R* — [1,00) we let L3® (or O(g)) denote the space of Borel measurable

|f(z)]
g(z)

= 0. We also let C,(R?) denote the Banach space of continuous

o @)
£y = sup LS.

r€ER4

functions f: RY — R satisfying esssup,cga

|f ()]
g(x)

< 00, and by o(g) the subspace of functions f € Lg°

such that limsupp_, ., esssup,cpe
functions under the norm

We adopt the notation 0; := % and 05 := % for 7,7 € N. We often use the standard summation
i 3 J

rule that repeated subscripts and superscripts are summed from 1 through d. For example,

g . a. 0% 4 Op
a?0ijp + b'0ip = Z a Oz, 0z, * Z v dz;
ij=1 i=1



1.8. Main results
Assumption 1.1. The data b and o in ([LI)) are bounded, and the constant Cr in (A1) and (A3) does not
depend on R. Moreover,

I
max <b($’ u, $> 0. (1.3)

uelU |:L'| |z]—o0

Proposition 1.1. Let Assumption{I 1l hold, and suppose that c is near-monotone relative to \*. Then the
HJB equation

Igleig LYV (z) + c(z,u) V(z)] = AV () Vo e R?

has a solution (V*,\*) € C2(R%) x R satisfying infga V* > 0.
Moreover, the following hold:

(i) The solution (V*,\*) is unique in the class

B, = {(V,\) e C*(RY) xR: V(0) =1, iﬂgde>o, A< A,

and provided that ¢ is bounded, it is also unique in the larger class

Y= {(V,N)eC’RY) xR: V(0)=1, V>0, A<},

(i) Any v* € Ugn that satisfies

LUV (z) + ¢(z,v*(z)) V*(z) = min [£“V*(2) + c(z,u) V*(2)] a.e xR (1.4)

uclU
is stable, and is optimal, i.e., R(v*) = \*.
(#i) A control v* € Ugnt is optimal only if it satisfies (L.
(iv) For any v* € Usy satisfying (L), we have

V(@) = - (V7) liminf EY elo [e(Xev™ (X)) =A"Tdt |
— 00

where, as defined earlier, p,« is the invariant probability measure of ([[LIl) under the control v*, and
Ho* (V*) = fRd v dﬂv* .

Proor. This is contained in Theorems in Section Bl O
Remark 1.1. The hypothesis in (L3)) of Assumption [Tl may be replaced by the following. There exists a

C? function V,, satisfying lim inf ;|50 % > 0, such that

(LY, ()] "
Volx)  lz[=00

0 VuelU.

It is clear from the proof that the result of Lemma [3.2] in Section [3] holds under this assumption. It is also
evident that (I3) may be replaced by the more general hypothesis that EY [|X¢]] € o(t) under any U € 4,
which is the conclusion of Lemma [3.2 on which the proof of Theorem [3.3]is based. Note that when the data
b and o is bounded, it is always the case that EY [|X;|] € O(t).

Proposition 1.2. Suppose that c is near-monotone relative to \},. Then the HJB equation

Igleig LV (z) + c(z,u) V(z)] = AV () Vo e R?

has a solution (V*,\%) € C2(RY) x R. Also, any v* € $sy that satisfies (L) is stable, and is optimal in
the class Hsm, i.e., R(v*) = A%



The proof of Proposition [[.2]is in Section

Remark 1.2. The linear growth condition in (A2) guarantees that trajectories do not suffer an explosion
in finite time. This assumption is a quite standard, but may be restrictive for some applications. As far as
the results of Proposition are concerned, it may be replaced by the weaker condition

2(x, b(x,u)) + ||lo(x)]]* < C’l(l + |x|2) , V(z,u) € RYxU.

The proofs of these results depend heavily on properties of the multiplicative Poisson equation (MPE).
To summarize these we consider an uncontrolled diffusion

dXt = b(Xt) dt + O'(Xt) th s (15)

where o satisfies (A1)—(A3), while b is measurable and has affine growth. We let E,, denote the expectation
operator induced by the strong Markov process with X = x, governed by (LH), and £ := a%(x)d;; +
bi(x) 0;, with a := %(YO‘T. Let f: RY — Ry be measurable and locally bounded, and define

1
A(f) = limsup = log E, [efoT f<Xf>d1 Ve RY.
T— 00 T

We assume A(f) < co. We say that (U, \) € Wiﬁ(Rd) xR, p>d, ¥ >0, is a solution of the multiplicative
Poisson equation (MPE) if it satisfies

LU(z)+ f(x)U(z) = NT¥(z) ae zeR? (1.6)

We refer to \ as the eigenvalue of the MPE.

With respect to Theorem [[3] stated below, note that we do not assume that the running cost is norm-
like, or even near-monotone in the sense of E, p. 126]. Nor do we assume that A(af) < oo for some a > 1,
as is common in the literature. This should be compared with [J, Theorem 1.2], and [12, Theorem 2.2]
for irreducible Markov chains, as well as the more general results in @, @] Therefore, in the case of
nondegenerate diffusions, Theorem is an improvement of existing results on the MPE.

Theorem 1.3. Suppose that the diffusion in (LH) is recurrent, and that f: R? — R, is near-monotone
relative to A(f). Then, for A € [0, A(f)], there exists a unique solution (¥,\) € WiP(RY) xR, p > d, ¥ > 0,
to the MPE in (24), satisfying ¥(0) = 1, and the following hold.

(i) The diffusion in ([L3) is positive recurrent, and A = A(f).

(i) For some positive constants Co and 3, it holds that

U(x) — u(V)E, [efot[f(XS)_A(f)] ds} < Coe P U(x) VzeRY, Vt>0,

where p is the invariant probability measure of the diffusion in (LH).
(ii) The function ¥ satisfies

\I/(QE) = Ez |:ef0T[f(Xt)_A(f)] dt \I/(XT) VT >0.

(iv) There exists a bounded open ball B, and & < A(f) such that, with T := T(BS), we have
E, [efoTo[f(Xt)*Eo] dt} < oo Ve %z -

and
U(zx) = E, [efOTo[f(Xt)*A(f)]dt\II(XTCJ} -

PROOF. The proof of Theorem [[3]is contained in Lemmas 241 and 77 and Corollary [Z8 of Section O
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2. Some results on the multiplicative Poisson equation

In this section we establish basic properties of the MPE through lemmas that lead to the proof of
Theorem Some well known properties of the MPE are summarized in the following lemma.

Lemma 2.1. Let f be near-monotone relative to \, and (¥, \) € WIQC;ZC’(Rd) xR, p>d, ¥ >0 o0nR% bea
solution to ([LLOl). Suppose that at least one of (a) or (b) are true:

(a) The diffusion ([L3) is recurrent.
(b) infra ¥ > 0.
Then the following hold:
(i) The function U is inf-compact. In particular, infra ¥ > 0.

(ii) The diffusion (L) is geometrically ergodic, i.e., it is positive recurrent with invariant probability
measure [, and there exist positive constants k and (3, such that if g : R4 — R is any locally bounded
measurable function satisfying ||g|lw < oo, it holds that

[Eo[g(X1)] — ulg)| < we Plglle(L+¥(2))  VE>0. (2.1)

(@ii) It holds that A(f) < .

PROOF. Let B be a bounded ball and § > 0 a constant, such that f — XA > ¢ in B°. Then with T = t(B°)
we have

U(z) > E, [T 0(Xz) 1{T < o0} VeeB . (2.2)

If (a) holds, then since infg ¥ > 0 by the Harnack inequality, part (i) follows. Therefore (a) implies (b),
and we continue the proof by assuming (b).

Since LU < —§¥ on B¢, and infga ¥ > 0, it is well known that I holds (see [19, 24]). This proves
part (ii).

By (L) and Fatou’s lemma we have

V()

Y]

E, {efoT[f(Xt)fA] dt \II(XT)}

Y

(mf \11) E, [efoT[f(XfH] dt} ,

Rd

and part (iii) follows by taking log and dividing by T O
We quote a result from @] on eigensolutions of the Dirichlet problem.

Lemma 2.2. For each n € N, there exists a unique pair (\Tln, 5\n) € (WQ’I’(B") ﬂC(Bn)) xR, for any p > d,
satisfying T, >0 on By, T, =0 on 0By, and \Tln(()) =1, which solves

LUy (z) + f(@) Up(z) = Ay Uy () a.e. v € By, . (2.3)
Moreover, A\, < 5\n+1 for all n € N.
We refer to (\Tln, 5\n) as the Dirichlet eigensolution of the MPE on B,,.

o~ ~

Lemma 2.3. Let (U,,, \,) be as in Lemma[2Z2. Then

(i) An < A(f) for alln € N.



~

(i) Any limit point (U, ) € Wiﬁ(Rd) x R of the Dirichlet eigensolutions (¥, \,) in &3) as n — oo is
a solution of the MPE (LG]).

(iii) If f is near-monotone relative to A(f), then A, 7 A(f) as n — oo.
(iv) It holds that A < ;\n+1 for alln € N.

PROOF. Parts (i) and (ii) are as in [§, Lemma 2.1], while part (iii) follows by part (i) and Lemma ZI(iii).
Part (iv) is a straightforward application of the strong maximum principle. Suppose A;, = Ap41. Then

we can find constant k > 0 such that ¢ := kW, 11 — ¥, > 0 in B,, and ¢ attains the value 0 at some point
in B,,. By [23)) we have

Lo—(f—A) ¢ = —(f—A)T6 <0 inB,.
Therefore by ﬂﬁ, Theorem 9.6] we must have ¢ = 0 on B,,, which is a contradiction to the fact that ¢ > 0
on 0B, [l

For the remaining of this section we assume that (LX) is recurrent, and f: R? — R, is near-monotone
relative to A(f). This implies that (L) is positive recurrent. We let p denote the invariant probability
measure of the Markov process governed by (LI). Lemma shows that there exists a positive solution
U c W?&’C)(Rd), p>d, to

LU(z)+ f(x)T(x) = A(f) ¥(x) ae. x € RY. (2.4)
Then, necessarily infre ¥ > 0 by Lemma 2.1
Lemma 2.4. The map

U(z) = lim E, [eff[ﬂxt)—A(f”dt}. (2.5)

T—o00

is in WP (R), p > d, and is a positive solution of Z4). It also satisfies
U(z) = E, [eff[ﬂxf)*A(fﬂdt\y(XT)} VT >0. (2.6)

In general, if a function ¥ € W22(RY), p > d, such that infga ¥ > 0, solves Z4) and satisfies [ZB), then

loc
for some positive constants Cy and B, it holds that

U(z) — p(0)E, [efé[ﬂxs)*A(fﬂ dﬂ < CoePU(z) VzeRY, Vt>0. (2.7)

PROOF. We first establish (Z717). Using the martingale property in (Z.6]) over a 2¢ horizon, and conditioning
at § == 0(Xs, 0 < s <t), we have

U(r) = E, [efom[f(Xs)*A(f)] ds th)}
= E, [efot[f(Xs)—A(f)] ds Ry, [‘I](Xt)]} .
Therefore, by (21]), we obtain

U(z) — () E, |eo[fX)=AD] dS}

c oo N 003,

IN

—1
2;{(%1;\11/\1) e P U(z) V>0, (2.8)

and (Z7) follows.



If f is bounded then any positive solution of ([2.4]) satisfies ([2.6]). Indeed, by ﬂ, Lemma 3.7.2], we obtain

tATnH

E, el "I X)=ANIds g (X, 0 Y1 {t > Tn}} < elfl=t B, [w(Xx.)1{t>71,}] —— 0 Vt>0.
n—oo
Thus the claim follows by applying the monotone convergence theorem to
E, [efJ[f(Xs)fA(f)] Sy (X)) 1{t < Tn}] )

If f is not bounded, then the truncated function f A ¢ is clearly near-monotone relative to A(f A ¢) for
all large enough ¢ € N. Let () A(f A £)) be the limit of the Dirichlet eigensolutions corresponding to
f AL Then ¥ satisfies (@5). Since any limit point of ¥ of U as ¢ — oo satisfies LU + fU = AU, with
A = limy, oo A(f AL) < A(f), it follows by Lemma ZTI(iii) that A(f) < A and therefore A = A(f). It is
straightforward to show that for some bounded ball B and £ € N, we have LT < —§U(®) on Be for all
¢ > 0. This implies that inf,; infga ¥ > 0, and also that (1) holds for ¥ = ¥ for some constants x
and A3 that do not depend on ¢ > /.

-1
We normalize U9 so that ;(¥®)) = 1, and with Cp := 2x (infgzg infga WA 1) we use (Z8) to write

‘\Ij(e) (z) — E, {efoT[(f/\@)(Xt)—A(f/\f)] dt} < Coe_ﬂT\If(é)(:E) Ve > 7. (2.9)

Taking limits as £ — oo we obtain

}\If(ac) _E, [eff[f(xﬂ—A(f” dt} < Coe PTU(z). (2.10)

This also shows that ¥ = limy_,o, ¥©®.
It easily follows by ([Z9)—-(2.I0) that there exist constants Tp € Ry and M = M(T) > 0 such that

v < M(T)¥(x) YT >Ty, £>1.
Therefore, using the identity

VO (z) = JAN-AUNT R, [eff (A=A O (x)] |

and passing to the limit as £ — oo, employing dominated convergence for the integral, it follows that

U(z) = E, [efoT[f(XH—A(f)J e @(XT)} VT > Tp. (2.11)
By Fatou’s lemma

U(z) > E, [efoT[f(XH—A(f)J e @(XT)} VT >0. (2.12)
Combining (ZIT)—(ZT2) we deduce that (ZIT]) holds for all "> 0. This completes the proof. O

To simplify the notation define the Nisio semigroup 7, t > 0, acting on nonnegative measurable functions
by
Tigla) = E, [efg[f(xs)"‘(m a Q(Xt)} :

Note that if ¥ is a positive solution of ([24]), then T;: Ly — L.

Lemma 2.5. Let U be a positive solution of 2.4) satisfying 20), and let B, be an open ball centered at
the origin such that infge W > 2u(¥). Then

Jim Tilp,(2) > VreRe. (2.13)



PRrROOF. By (2.6]) we have
(inf ¥) Titn; < To(Vis) < W,

which after rearranging we write as
-1
Tils, > Tilge — (i{élf q/) v,

The inequality in (ZI3) follows by letting ¢ — oo and using Lemma [Z4] O

Lemma 2.6. There exists a bounded open ball B, and a constant § > 0, such that if f = f — olg,, then

A(f) < A(S)-

PROOF. Let § > 0 be small enough such that the sublevel set {z: f(x) < A(f)+ 2§} is bounded, and let B
be a bounded open ball that contains it. Let G be the class of measurable functions g: R? — [0, 6], and for
each g € G let (\Ilg, A(f— g)) € WIQO’S(]R”I) xR, p>d, ¥, >0, be the solution to the multiplicative Poisson
equation

LY, (z)+ (f —g)(x) V() = A(f —g) Vy(x) a.e. r € R?,

as defined in Lemmal[Z4l Since A(f—g) < A(f), then A(f—g)— f+g+d < 0 on B¢, and combining this with
Harnack’s inequality, we deduce that there exists a finite constant k¢ such that (A(f—g)—f+g+9)¥, < Ko
for all g € G. With T = t(B¢) we have

Uy(z) > E, [eﬁqu(xf)n{%@o}] VreB, Vgeg,

from which if follows, again by using Harnack’s inequality, that there exists a bounded ball B, such that
infgp. Uy > % for all g € G. Since

LYy = (AMf—g)—f+9) Y,
S /-@075\119,

it follows that u(¥,) < £0 for all g € G. Therefore, infg. W, > 2u(V,) for all g € G, and in particular for
g = (5]1{30. B B
It is clear that A(f) < A(f). Suppose that A(f) = A(f). Write (Z4) as

LU(2) +6¥(2) Ls, (2) = [A(f) — f(2)] ¥ (z).

Let _ -
Tig(z) = E, [efo F(a) =400 dsg(Xt)} :

By It6’s formula, we obtain

U(z) > 5/()Tﬁ(q/1930)(x)dt+7~}qf(x). (2.14)

Since infg, ¥ > 0, it follows by Lemma 23] that lim;_ o, T; (\IJ 1130)(z) > 0, for all z € R%, and therefore
the first term of (ZI4) diverges as T' — oo. This of course is a contradiction, and therefore, we must have

A(f) > A(f) O

The following lemma plays a crucial role in obtaining the stochastic representations in Proposition[[Tl(iii).

Lemma 2.7. Let B, be as in LemmalZ0, and define T, := t(BE). Then, the following hold
(i) There exists & < A(f) such that

E, |[elo FX)=Eldt] o vz e B, (2.15)
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(i) The Dirichlet eigensolutions (V,,, \,) in Z3) have the stochastic representation
y(2) = B, [l VOO MG (X ) 1w, < )] Vo€ B\ B,

for all large enough n € N.

o~

(iii) If U is any limit point, as n — 0o, of the Dirichlet eigensolutions (¥, \,) in (Z3), then
U(z) = E, {e 0 [F(X)=A(f)] dt\I/(XTO)} Ve B, (2.16)

PROOF. Let f := f — 0lg,. Then ([ZI3) follows by selecting & = A(f), which by Lemma is smaller
than A(f).

Let ng € N be such that An > &, for all n > ng. Also, without loss of generality we may assume that
f—¢& >0on BS. With M(x) denoting a bound for (213]), we obtain

limsup E, elo [F(X0)=An] dt U, (X7) 1{T < 1, /\Tn}] < M(:I:)( sup \Tfn) lim sup e~ (Gn=)T
T— o0 B, \Bo T— o0

=0 VzreB,\B,. (2.17)
Therefore, using ([2.17) and monotone convergence, and since T, = 0 on 0B,,, we obtain

Uo(w) = lim B, [l VOOMIU G, (X0) 1T < 0 Ay}

T—o0

T—o0

+ lim E, [efo“[f XO=Al At G (X Y1 T < T A Tn}}

= E, [e CoLFXD=Aldt g (x Y1, < Tn}} . (2.18)

This proves part (ii) of the lemma.

To prove (2.16) we write ([2.I]) as

U,(z) = E, [efofo[f(xt)—xn]dt\I,(XTO)H{TO <Tn}}
+ <Sup }\Ij — \/I;n}> EI [ef;o[f(xt)fj\n] dt II.{TO < Tn}:|
Bo
< E, [efﬂm[f(xf)fx"]dt \II(XTO)} + (sup ‘\If — \Tlno E. [efgo[f(xt)*x"] dt} . (2.19)
Bo

Note that the terms on the right hand side of (ZIJ) are finite by [ZIH). Since A, is nondecreasing in n,
and A, /' A(f), we have

E, {efoT"{f(Xt)*Xn]dt\I;(XTO)} — L E, {e J"[f(Xt)*A(f)]dtq;(XTo)} < U(z) (2.20)

n—oo
by monotone convergence and (22). Since \T/n — W as n — oo, uniformly on compact sets, it follows that

the second term of the right hand side of ([ZI9) converges to 0 as n — oco. Thus taking limits in (ZI9) as
n — 0o, and using (Z20) we obtain (ZI6). This completes the proof. O

Corollary 2.8. Suppose that the diffusion in (L) is recurrent, and f: R — R, is near-monotone relative
to A(f). Then there exists a unique positive solution ¥ € WIQC;IC’(Rd), p > d, satisfying ¥(0) = 1, to the MPE

in Z4). In particular, VU satisfies (Z3)—-(Z71).
11



PROOF. Let ¥ be as in Lemma 27(iii), B, as in Lemma 26 and ¥ some other solution to (Z). By Ito’s
formula and Fatou’s lemma we have

W) 2 B, [olUADI ()] va e B,

while U satisfies (2.I6]). Therefore, if ¥ < ¥ on B, then ¥ < ¥ on R%. This implies that if we scale ¥ until
it touches W in at least one point from below, then it has to touch it at a point & € B,. Thus ¥ = ¥ on R?
by the strong maximum principle. O

3. Proofs of Propositions [I.THI.2

For the proof of Proposition [[LJ] we need some auxiliary lemmas. The lemma which follows is the
nonlinear Dirichlet eigenvalue problem studied in @], combined with a result from ﬂé, Lemma 2.1].

~

Lemma 3.1. For eachn € N, there exists a unique pair (Vo, \) € (C?(By)NC(Bn)) xR, satisfying V>0
on B, \7n =0 on 0B, and 17n(0) =1, which solves

min [LV(2) + c(z,u) Vo(z)] = A Vi(z), € B,. (3.1)

Moreover, j\n < )\

Lemma 3.2. Suppose that o is bounded and

. <b(:1:, u), x>+

uelU |.T| || —o00

Then,
1
lim sup " Eg“XtH =0 YU €.

t—o0

PROOF. We claim that for each € > 0 there exists a positive constant C. such that eC. — 0, as € \,0, and

max (b(x,u), x>+ < C.(1+ela]) Va e RE.

Indeed, if f is nonnegative and f(z) € o(|z|), we write

f@) < sup fla)+ (sup £ )jal
|z|<R x

:MR+€R|:C|

<1+ Mg+ eg|x|

= (1+ Ma)(1+ t2lal )

which proves the claim since e \, 0 as R occ.
By It6’s formula, under any control U € 4, we have

IN

EmU[|Xt|2] || +/O IEIU [2 (b(Xs,Us), Xo)T + trace(a(Xs))] ds

IN

t
o €2 [ (1 YN[ s, (32)
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where C? also satisfies eCL — 0, as € \, 0. Let ¢(¢) denote the right hand side of (8:2)). Then

p(t) < CL(1+eve(t)),

which implies that

e 2:C" (3.3)
e+ (1)
Integrating ([B3), and using [3.2)), we obtain
1
EY[|X:]] < Ve 2+9(t) < eClt+ = (3.4)
Since ([B4]) holds for all € > 0, the result follows. O

Theorem 3.3. Let Assumption{l 1l hold, and suppose that c is near-monotone relative to \*. Then the
following hold

(i) There exists a solution (V*,\*) € C2(RY) x R, satisfying V*(0) = 1 and infga V* > 0, to the HJB
equation
miurjl LV (z) + c(z,u) V(z)] = AV(2) Yz eRe, (3.5)
ue
(i) If ¢ is bounded, and (V,\) € U satisfies (B0), then A = \*, and infra V' > 0. In general, if (V,\) € U,
satisfies [B.0), then any measurable selector from the minimizer of ([B.3]) belongs to Ussm and is optimal,
i.e., R(v) = \*.

PROOF. Truncate ¢ by letting ¢(¥) := ¢ A ¢, ¢ € N. As shown in E, Lemma 2.1], any limit point, (V;, A\¢) €

C%(R%) x R of the eigensolutions (‘7717@, /A\nyg) of the Dirichlet problem on B, in Lemma [B1], as n — oo,
satisfies

[LVi(z) + O, u) Vi(z)] = N Ve(z) Vo eR. (3.6)

min
uel

Clearly then, V; > 0 on R¢, V2(0) = 1, and Ay < \* by Lemma Bl Since b, o, and c® are bounded, the
uniform Harnack property implies that there exists a constant k = k(£) > 0 such that

e FIFIE) < Yy (z) < el gy e R (3.7)

Let vy be a measurable selector from the minimizer of [B.G]). A straightforward application of Fatou’s lemma
on the stochastic representation of the solution V; of ([B.6) shows that

Vi(z) > E% {ef(,T[c(“(Xt,v(Xt))—/\e]dtVZ(XT)} VT > 0. (3.8)

Evaluating (3.8)) at = = 0, taking the logarithm on both sides, applying Jensen’s inequality, dividing by T,
and rearranging terms, we obtain

1 T 1 1
- B [/ ® (Xt,v(Xt))dt] + 7 By [log Ve(Xr)] < Ao + logVe(w). (3.9)
0

Hence, since |log Vy(X1)| < k(1 +[Xr|) by @D, it follows by Lemma B2 that

lim sup % Ey [[log Ve(X7)|] = 0.

T—o0

Therefore, by ([89]) we obtain

1 T
lim sup T EY [/ W (Xt,w(Xt)) de| < A
0

T—o0
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Since Ay < A*, it follows that v, is stable for all large enough ¢ (by [I, Theorem 2.6.10 (¢)]). Therefore
Vy is inf-compact, and R(vg; ¢(¥) < Ay by Lemma Il By the same argument as in the proof of Lemma 5]
it follows that liminf,_, o infre V; > 0. Hence, (V7, \¢) converges as £ — oo, along a subsequence, to some
(V*, \) satisfying ([3.3)), and such that V*(0) = 1 and infg« V* > 0. Let v be a measurable selector from the
minimizer of ([3). Then, by Lemma 1] v is stable and R(v;c) < A. This of course implies that A\ = \*.
This proves part (i).

The proof of part (ii) follows by repeating the argument in the preceding paragraph. O

Theorem 3.4. Let the assumptions of Theorem [3.3 hold. Then:

(i) The solution (V*,\*) € C?(R?) xR of [B.3) is unique in the class Vo, and provided c is bounded, it is
also unique in V.

(ii) Any 0 € Usnm that is optimal satisfies

LOVH(x) 4 ¢z, 0(x)) V*(z) = min [L“V*(2) + c(z,u) V(z)] ae z€ R<. (3.10)

uelU
(iii) Part (iv) of Proposition [Tl holds.

PrROOF. We first show uniqueness. By Theorem B3I(ii) it suffices to prove uniqueness in the class 0.
Suppose that a pair (V,\) € U, solves

min [£“V (2) + c(z,u) V(z)] = AV(z), reR?. (3.11)

uel

Let ¥ be a measurable selector from the minimizer of (3.I1)). It then follows by Theorem that R(0) =
A= X", and infga V > 0.
We simplify the notation, by defining ¢,(z) := c(z, v(x)), for v € Ugy. If ¢ is bounded, we let V* be

some limit point of V,, in Lemma Bl as n — oo. Otherwise, we let VV* be some limit point of V4 in the proof
of Theorem B3 as ¢ — oo. By (BII) and (ZI) we have

LV (x) 4 ey(x) Vz) = N V(x), (3.12)
LOV*(x) + Ep(x) VF(x) > N V*(x) (3.13)

for all z € R%. Let B, be defined as in LemmaB with ¥ replaced by V and j = py. Recall that T, := T(BS).
By 312), Lemma 27 and Corollary [Z8 we obtain

V(z) = E [efo“[éﬂxﬂ—”]dt V(XTO)} Ve Be. (3.14)
By Lemma 2.7](i), there exists & < A* such that
EY [efgo[aﬁ(xt)7£°]dt] < o0 Ve B.. (3.15)
First suppose ¢ is bounded. Let j\n be as in Lemma Bl and ng € N be large enough so that 5\n > &,
and By, © B,. Since ¢ is in general suboptimal for @I, by It6’s formula, and also using (I3 and the
fact that V;, = 0 on 0B, following the argument in (ZI7)-(2I8), we obtain
Vi(z) < E? [efo”wxﬂ—inldt V(X ) 1{1s < Tn}} V€ By \ B,
and using a triangle inequality as in (2.19), and taking limits as n — oo, we obtain

Vi(z) < E {efo“’{éﬂxf)*”]dt v*(XTO)} Ve B, (3.16)
14



If ¢ is not bounded, following the argument in the previous paragraph, we obtain
Vi(z) < EY {efo”[é%““f)ﬂddt Vg(XTO)} Ve B, (3.17)

for all ¢ sufficiently large. Let ¢y € N be such that Ay > &, for all ¢ > ¢3. By monotone convergence, we
obtain from [B.I7) that

Vi(z) < E [efo“[éﬁ(Xt)*Mdtw(XTO)} VzeB, (3.18)

and that the right hand side of ([BI8) is finite for all £ > ¢y. Hence, using (BI8)) and the triangle inequality
in (ZI9), and letting ¢ — oo along a subsequence over which V; converges, we obtain (B.14).

Hence, in either case, following the proof of Corollary 2.8 and using B12)-B14) and B.I6]), we deduce
that V = V.

Next we show that every optimal control satisfies (BI0)). Let v € Ugy such that R(v) = A*. Since ¢ is
near-monotone relative to \*, it follows that v € $ggy. Thus, by Theorem [[3] there exists a unique positive
V e W2P(RY), p > d, with V(0) = 1, which solves the MPE in (3I2) a.e. in R?, and clearly (3I3) holds.

loc
Using the argument in the preceding paragraph we obtain ([3.I4) and (BI6]). Thus, again by the argument
in the proof of Corollary 2.8 we must have V' = V*. This proves part (ii).

Part (iii) follows by Theorem O

PROOF OF PROPOSITION [L2]l Let g9 > 0 be small enough so that ¢ is near-monotone relative to A% +¢, and
for e € (0,0), let v € Ly be a e-optimal control relative to A% . In other words, v, satisfies R(v.) < A\ +e.
Define

b(x, u) forz e B, and wel,
bye (z,u) =
b(z,ve(z)) forx € BE,

n,ve

and ¢} (z,u) in an exactly analogous manner. Let 453)° denote the class of stationary Markov controls that
agree with v. on By,. By [36, Theorem 1.1], there exists a unique pair (V,5, A7) € (W2P(By,)NC(Bk)) xR,
for any p > d, satisfying V,/3, > 0 on By and V,’5,(0) = 1, which solves

17}16%1 [L“Vé’fk(z) + cpe(x,u) Vé’fk(z)] = Ao Vow(@) a.e. x € By, (3.19)
and Vrffk = 0 on 0By, (compare with Lemma 22). Following the proof of ﬂE, Lemma 2.1], we deduce that
Ak < A + e Taking limits as k& — oo along some subsequence, we obtain by [.I9) a pair (V;,\}¢) €
W?&?(Rd) x R, for any p > d, satisfying A% < A% +¢, V,' > 0 on R, and V,’s = 1, which solves

meillUl [LUVYe (@) + e (@, u) Vs (z)] = A Vioe () a.e. r €RY. (3.20)

It also follows by elliptic regularity that the restriction of V% in B,, is in C2(R9).
Let 0,, be a measurable selector from the minimizer of (B20). Since v, € Ug};°, it follows that 0, € Uggnm.
Let B(gp) be a bounded open ball such that ¢(z,u) > X + g for all (z,u) € B(gp) x U. Applying Itd’s

formula to ([B:20)), and using Fatou’s lemma, we obtain, with T = T(Bc(f;‘o)), that

Vie(e) 2 B oo (Rt e )]
> ( min V,ff) E’ [exp(%(so —e) T)} Vi € B(ep). (3.21)
83(80)
It follows by (B.2I) and Harnack’s inequality that
inf inf V= > 0. (3.22)

neN Rd
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Thus, taking limits in ([3.2I) as n — oo, along some subsequence, we obtain a pair (V¥s, \%) € C?(RY) x R,
satisfying A"s < A}, + ¢, infga V¥ >0, and Vs = 1, which solves

meitIUl [LYV (@) + c(z,u) Ve (x)] = AV (x) ae. x € RY. (3.23)

By Lemma 27T](iii), we have AVs = R(v.). Taking any limit of [B23]) as € \, 0 along some subsequence, we
obtain a function V* € C*(R?), satisfying

min
uel

LV (2) + c(z,u) V(z)] = A\, V@), reRY. (3.24)

It holds that infga V* > 0 by B22)), and V*(0) = 1 by construction.
Let v* be a measurable selector from the minimizer of ([324). Then v* € Ugsnm, and R(v*) = A% by
Lemma [ZT] O
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