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Abstract

We study on the tripartite entanglement dynamics when each party is initially entangled with
other parties, but they locally interact with their own non-Markovian environment. First, we con-
sider three GHZ-type initial states, all of which have GHZ symmetry provided that the parameters
are chosen appropriately. However, this symmetry is broken due to the effect of environment. The
corresponding w-tangles, one of the tripartite entanglement measure, are analytically computed at
arbitrary time. The revival phenomenon of entanglement occurs after complete disappearance of
entanglement. We also consider two W-type initial states. The revival phenomenon also occurs
in this case. On the analytical ground the robustness issue against the effect of environment is

examined for both GHZ-type and W-type initial states.
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I. INTRODUCTION

Entanglement[T] 2] is a one of the important concepts from fundamental aspect of quan-
tum mechanics and practical aspect of quantum information processing. As shown for last
two decades it plays a crucial role in quantum teleportation[3], superdense coding[4], quan-
tum cloning[5], and quantum cryptography[6] [7]. It is also quantum entanglement, which
makes the quantum computer® outperform the classical one[9)].

Quantum mechanics is a physics, which is valid for ideally closed system. However, real
physical systems inevitably interact with their surroundings. Thus, it is important to study
how the environment modifies the dynamics of the given physical system. There are two
different tools for describing the evolution of open quantum system: quantum operation
formalism[I] and master equation approach[10]. Both tools have their own merits.

It is known that the entanglement sudden death (ESD) occurs when the entangled multi-
partite quantum system is embedded in Markovian environments|[I1]. This means that the
entanglement is completely disentangled at finite times. This ESD phenomenon has been
revealed experimentally[12] [13].

It is also examined the dynamics of entanglement when the physical system is embedded
in non-Markovian environment[10, [14]. It has been shown that there is a revival of entangle-
ment after a finite period of time of its complete disappearance. This is mainly due to the
memory effect of the non-Markovian environment. This phenomenon was shown in Ref.[14]
by making use of the two qubit system and concurrence[I5] as a bipartite entanglement mea-
sure. Subsequently, many works have been done to quantify the non-Markovianity [I6H20].

In this paper we consider the tripartite entanglement dynamics when the qubit system
interacts with the non-Markovian environment. For simplicity, we choose the same physical
setting, i.e. there is no interaction between qubit and each qubit interacts with its own
reservoir. We will compute the entanglement of three-types of initial Greenberger-Horne-
Zeilinger(GHZ) state[21] and two types of initial W-state[22] in the presence of the non-
Markovian environment.

Typical tripartite entanglement measures are residual entanglement[23] and w-tangle[24].

L The current status of quantum computer technology was reviewed in Ref.[S].



For three-qubit pure state [¢)) = 211 ik=0 @ijk|ijk) the residual entanglement 74pc becomes
TABC :4|d1 —2d2+4d3’, (1.1)
where

dy = adoaiy) + aio1a310 + 5100501 + Alog00s, (1.2)
dy = apoo@111@011aA100 + Q000G 111@1010010 + A000A 11101100001
+Q011A1002101@010 T @011¢1004110Q001 + A101A01021104001 5
d3 = apoo@110@1010011 + A111G001@0100100-
Thus, the residual entanglement of any three-qubit pure state can be computed by making

use of Eq. (1.1]). Although the residual entanglement can detect the GHZ-type entanglement,
it can not detect the W-type entanglement:

TABC(GHZ) =1 TABC(W) = O, (13)

where

1 1
Ne (|000) + [111)) W) = 7 (|001) + 010) + [100)) . (1.4)

For mixed states the residual entanglement is defined by a convex-roof method[25] 26] as

IGHZ) =

follows:

Tapc(p) = min ZpiTABC(pi)7 (1.5)

7

where the minimum is taken over all possible ensembles of pure states. The pure state
ensemble corresponding to the minimum 74p¢ is called the optimal decomposition. It is
in general difficult to derive the optimal decomposition for arbitrary mixed states. Hence,
the analytic computation of the residual entanglement can be done for rare cases[27]. Fur-
thermore, recently, three-tangle? 73 of the whole GHZ-symmetric states[28] was explicitly
computed[29].

The 7m-tangle defined in Ref.[24] is easier for analytic computation than the residual
entanglement (or three tangle) because it does not rely on the convex-roof method. The
m-tangle is defined in terms of the global negativities [30]. For a three-qubit state p they are
given by

NA= ™)l =1, NB =] =1, N =[o -1, (1.6)

2 In this paper we will call 73 = \/Tagc three-tangle and 7'5? = Tapc residual entanglement.
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where ||R|| = Trv RR', and the superscripts T4, T, and T¢ represent the partial transposes
of p with respect to the qubits A, B, and C respectively. Then, the w-tangle is defined as

1
WABC:§(7TA—|-7TB—|-7T0), (17)
where

A= Nj(BC) —(Nig+Nic) 7= Né(AC) —(Nig+N3o) 7o = -N‘(QAB)C_ (NMic+Nze).

(1.8)
The remarkable property of the m-tangle is that it can detect not only the GHZ-type entan-
glement but also the W-type entanglement:

7TABC<GHZ> =1 WABC(W) = g(\/g - 1) ~ 0.55. (19)

As commented earlier we will examine the tripartite entanglement dynamics of the three-
qubit states in the presence of the non-Markovian environment. We will adopt the 7w-tangle
as a entanglement measure for analytic computation as much as possible. In section II
we consider how the three-qubit initial state is evolved when each qubit interacts with their
own non-Markovian environment[I4]. In section III we explore the entanglement dynamics of
three GHZ-type initial states. The initial states are local unitary(LU) with each other. Thus,
their entanglement are the same initially. Furthermore, if the parameters are appropriately
chosen, they all have GHZ-symmetry, i.e. they are invariant under (i) qubit permutation (ii)
simultaneous three-qubit flips (iii) qubit rotations about the z-axis. However, this symmetry
is broken due to the non-Markovian effect. As a result, their entanglement dynamics are
different with each other. In section IV we examine the entanglement dynamics of two
W-type initial states. They are also LU with each other. However, the dynamics is also

different with each other. In section V a brief conclusion is given.

II. GENERAL FEATURES

We consider three-qubit system, each of which interacts only and independently with its

local environment. We assume that the dynamics of single qubit is governed by Hamiltonian

H = Hy+ H; (2.1)



where
Hy =wyo 0+ Zwkbzbk (2.2)
k

H;:UJF®B—1—J_®BT with B:ngbk.
k

In Eq. (2.2) wp is a transition frequency of the two-level system (qubit), and oy are the
raising and lowering operators. The index k labels the different field modes of the reservoir
with frequencies wy, creation and annihilation operators b;, b, and coupling constants gy.

In the interaction picture the dynamics is governed by the Schrédinger equation

d .
%w(t) = —iH(t)Y(t) (2.3)
where

Hy(t) = et Hiem ! — 5 (1) @ B(t) + o_(t) ® BT(t)

Ui(t) = eiHotO, —iHpt — O,:teﬁ:io.)ot (24)

B(t) = et Be~tHot — Z grbre .
k

+€

The Hamiltonian ([2.1)) represents one of few exactly solvable model[31]. This means that
the Schrodinger equation ([2.3) can be formally solved if ¢(0) is given. Then, the reduced
state of the single qubit p%(t) = Tren|(t)) (1 (¢)] is given by[10, 32]

p0(0) + 11 (0) (1 = [B*)  p5i(0) P

ﬁs(t) - S * S 2
plO(O)Pt P11(0>|Pt|

(2.5)
where p°(0) = T7en|1(0)){(1(0)| and Tr.,, denotes the partial trace over the environment.

The function P; satisfies the differential equation

d

%Pt:—/o dty f(t — )P, (2.6)

and the correlation function f(t —t;) is related to the spectral density J(w) of the reservoir
by
flt—t) = /J(w)emp[i(wo —w)(t —ty)]. (2.7)

We choose J(w) as a effective spectral density of the damped Jaynes-Cummings model[10]

1 A2
J(w) = o

o e e (2.8)

5



where the parameter \ defines the spectral width of the coupling, which is connected to the
reservoir correlation time 75 by the relation 75 = 1/\ and the relaxation time scale 75 on
which the state of the system changes is related to v by 7 = 1/7.

By making use of the Residue theorem in complex plane the correlation function can be

easily computed in a form
A
flt—t) = %e*'”l'. (2.9)

Inserting Eq. (2.9)) into Eq. (2.6) and making use of Laplace transform one can compute P

explicitly. While in a weak coupling (or Markovian) regime 7z > 275 P, becomes

— o3t C_i_ Ay @
P =e2 {cosh (2t> + CZsmh (Qt)} (2.10)

with d = /A2 — 27, in a strong coupling (or non-Markovian) regime 7z < 275 P; reduces

d A d
P = e~ 2t {cos (§t> + 7 sin (§t>
with d = 1/29A — A2, Since, in the Markovian regime A > 27,5, P; in Eq. 1 ex-

hibits an exponential decay in time, it seems to make a ESD phenomenon. However, in

to

(2.11)

the non-Markovian regime A\ < 27vy, P; in Eq. exhibits an oscillatory behavior in
time with decreasing amplitude. It seems to be responsible for the revival phenomenon of
entanglement[14], after a finite period of time of its complete disappearance.

The state p? () at time ¢ of whole three-qubit system, each of which interacts only and
independently with its own environment, can be derived by the Kraus operators[33]. Intro-
ducing, for simplicity, {|0) = |000), |1) = |001),|2) = |010), |3) = |011),]4) = [100), |5) =
|101), |6) = |110),|7) = |111)}, the diagonal parts of p(¢) are

pi(t) = P2 [p11(0) + {p55(0) + p3s(0) } (1 = P2) + ph7(0)(1 — P?)?]

Paa(t) = P? [932(0) + {£35(0) + p5(0) } (1 = P?) + p7(0)(1 — P2)*]

Pia(t) = P [p3(0) + pr(0)(1 = P7)] (2.12)
pia(t) = P? [p1a(0) + {p35(0) + pgs(0) } (1 = P2) + p17(0)(1 — P?)?]

PEs(t) = P [p3s(0) + pr(0)(1 = P?)]

Pis(t) = P! [pgs(0) + pr-(0)(1 — P7)]

A =1- 30



and the non-diagonal parts are

P (8) = Pr [5,(0) + {p33(0) + p15(0) } (1 = P?) + piz(0)(1 — P7)°]

poa(t) = Pr [p32(0) + {p15(0) + pis(0)} (1 = P?) + i (0)(1 — P2)?]

Pa(t) = Pr [54(0) + {p15(0) + pas(0) } (1 = P?) + pi(0)(1 = P7)°]

Pa(t) = P7 [p53(0) + pi(0)(1 — P7)] ﬁ&(t) = P? [p05(0) + p3(0)(1 — P?)]
Pos(t) = P [pis(0) + pi(0)(1 = PA)] - ply(t) = P? [p15(0) + pig(0)(1 — P)]
pis(t) = PP [p15(0) + p5(0)(1 = P2)]  pla(t) = P2 [p1a(0) + p3e(0)(1 — P2)]
pis(t) = B [p15(0) + p5(0)(1 = PY)]  paa(t) = B [p3(0) + oz (0)(1 — PP)] (2.13)
pa(t) = P7 [p5,(0) + pi(0) (1 = PA)] pig(t) = PP [p36(0) + pi(0)(1 — P)]
pis(t) = P [p55(0) + pir(0)(1 = P2)]  pls(t) = PP [pis(0) + pL;(0)(1 — PP)]
Por(t) = P (O) P pl(t) = pls(0)PF  pl(t) = pL(0) B! pas(t) = pias (0) P
par(t) = Py ()P piu(t) = p5(0) B pis(t) = pis(0) P pig(t) = pig (0) P!

Pia(t) = p ()P pi(t) = pi ()P ple(t) = pls(0) ;!
pE(t) = pE(0) P g (t) = pir(0) 7

AT

(t). Now, we are ready to explore the tripartite entanglement dynamics in

the presence of the non-Markovian environment.

I11.

ENTANGLEMENT DYNAMICS OF GHZ-TYPE INITTIAL STATES

In this section we examine the tripartite entanglement dynamics when the initial states

are GHZ-type states. All initial states have GHZ-symmetry[28] if the parameters are appro-

priately chosen. However, this symmetry is broken due to the effects of environment.

A. Typel

Let us choose the initial state in a form

p1(0) =

[ (i ] (3.1)

where |¢07) = a|0) +be®|7) with a®?+b*> = 1. As commented before [¢)7) has a GHZ-symmetry

when a? = b? = 1/2 and § = 0. Then the spectral decomposition of p7 (¢) can be read directly
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from Egs. and ( as a form:

p1 (1) = Ay libr) (U [+ A feho) (U +0° PP (1 — PP {1} (L+[2) 2+ 4) (4]} (3.2)
+bP(1 — P?) {13)(3]+15) (5] +16) (6]}

where
Ap = % {1-30°P}1 - P})} £ \/[1 — 302P2(1 — P2))* — 4bAPS(1 — P?)? (3.3)
and
o) =5 (@0) e I) ) = 5 (510) — e D) (3.4)
with

r=1-b"P*3—3P>+ 2P} + \/ 302P2(1 — P2)]> — 404 PS(1 — P2)?
y = 2abP? (3.5)

and Ny = /22 + 2 is a normalization constant.
Since pF(t) is a full rank, it seems to be highly difficult to compute the residual entan-
glement (or three-tangle) analytically. However, from Eq. (3.2) one can realize the upper

bound of T4p5c as

4a?y?
(22 + 42)2
It is worthwhile noting that p?(¢) does not have the GHZ-symmetry even at a? = b? = 1/2

Tapc < [1 —30°P}(1 — P})] (3.6)

and ¢ = 0. Thus, the symmetry which 57 (0) has is broken due to the effect of environment.

In order to explore the tripartite entanglement dynamics on the analytical ground, we
compute the m-tangle of p¥(¢). Using Eq. it is straightforward to compute the induced
bipartite entanglement quantities N A(BC)» N, B(AC), and ./\/( aB)c- One can show that they are

all the same with

NA(BC) = NB(AC) = N(AB)C (3.7)
= e [P = PRI — 2R 4 — R~ P20

One can also show the two-tangles completely vanish, i.e. Nyp = Nac = Npc = 0, easily.

Thus the 7-tangle of p¥(t) is
7T(I}HZ<t> = fo(BC)- (3.8)



Since P,—y = 1, the w-tangle is maximal initially. It reduces to zero with increasing ¢ because
Pi— = 0. Furthermore, in the non-Markovian regime P, exhibits an oscillatory behavior
and becomes zero at t, = 2[nt — tan~1(d/)\)/d]. Thus, complete disentanglement occurs at

t=t, (n=1,2,---).

B. Typell

Let us choose the initial state in a form

p11(0) = [¥r1) (1] (3.9)

where [1;;) = a|l) + be®®|6) with a? +b* = 1. Since [¢f;) = 1 ®@ 1 ® o, |¢r), (1@ 1 ®
0.)pH(0)(1 ® 1 ® 0,)" has a GHZ-symmetry provided that a* = b? = 1/2 and 6 = 0.
Using Eqgs. (2.12) and (2.13) one can show that the spectral decomposition of pt,(¢)

becomes
p11(t) = Xalrr)(@rrl+(1 = P7) [a® 4+ b*(1 — P2)] [0)(0]+0° PA(1 = P?) (|2)(2|+[4)(4]) (3.10)
where

Ny = P?(a® + b*P?) (3.11)

1
1) =~

Unlike the case of type I p¥,(¢) is rank four tensor. From Eq. (3.10) one can derive the

(a|ll) + bPe”|6)) .

upper bound of T4p¢ for pf;(t), which is
4 CL2 b2 Pt4
a? + b2P?
The negativities Mgy, Npac), and Nap)e of pF(t) can be computed by making use
of Eq. . The final expressions are

TABC < (3.12)

Naoe) = Npacy = \JVIPA(L — P2)? + 4a22PS — 2PX(1 — PY) (3.13)

Napyc = \/(1 — P2)2[a% + b2(1 — PY)]” 4+ 4a20? PP — (1 — P?) [a® + b*(1 — P?)] .
It is also easy to show Nap = Nac = Npc = 0. Thus the 7-tangle of p%;(¢) is
1
Tz (t) = 3 [2N3 5oy + Napye] - (3.14)

When t = 0, 74;,(0) becomes 4a?b* and it reduces to zero as t — oo. Of course, the

entanglement of p7,(t) is completely disentangled at t = ¢, (n=1,2,---).

9



C. Type III

Let us choose the initial state in a form

PA?H(O) = WIH) <¢1H| (3'15>

where [¢777) = al3) + be®|4) with a® +b? = 1. Since |[¢;) = 1 ® 0, ® 0, |¢r11), (1 ® 0, @
0.)p+;(0)(1 ® 0, ® 0,)" has a GHZ-symmetry provided that a*> = b? = 1/2 and § = 0.
Using Egs. (2.12)) and (2.13) one can show that the spectral decomposition of pT,;(¢)

becomes

P (t) = Xslorir)(Grr|+(1 = PP) [a®(1 — B?) + 0] [0)(0]+a” PP (1 — P?) (J1)(1]+[2)(2])

(3.16)
where
A3 = P}(a*P? + b%) (3.17)
1 is
|P1rr) = T (aPy|3) + be™|4)) .

Unlike the case of type I pt,;(¢) is rank four tensor. From Eq. (3.16) one can derive the
upper bound of T4p¢ for pt;;(t), which is

4a2b2pt4

—_ 1
CLQPt2+b2 (3 8)

Tapc <

The negativities Ny pcy, Npac), and Nag)c of pi;;(t) can be computed by making use
of Eq. (1.6]), whose explicit expressions are

Nase) = \/(1 — P2)2[a%(1 — P?) + b° 4+ 4a20? PP — (1 — P?) [a(1 — P?) + b7

Nipac) = Niamo = \Jat PA(L = P2)? + 4002 P — a® PE(1 — P2). (3.19)

It is of interest to note that Nagey and Npac) of type III is the same with N ap)c and
Nacgey of type I with a <+ b respectively. It is easy to show Nap = Nac = Npe = 0. Thus
the m-tangle of pt,,(t) is

1
Tz (t) = 3 (Nisoy + 2N5a0)] - (3.20)

One can also consider different types of initial GHZ-type states. For example, one can

consider ph,(0) = ¢y ) (Wrv|, where [thry) = al2) +be|5). Although, in this case, p,(t) is

10
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FIG. 1: (Color online) The 7-tangle for the initial states (a) a|000)+be*®[111), (b) a]|001)4be?|110),

and (c) a|011) 4 be?|100) as a function of the parameters Yot and a?. We choose A as a A = 0.017p.

different from p%,(¢), one can show that its m-tangle is exactly the same with that of type
I1. Thus, this case is not discussed in detail.

The m-tangle for each type is plotted in Fig. 1 as a function of dimensionless parameter
Yot and a®>. We choose A as a A = 0.0179. The white region in Fig. 1(a) corresponds
to OPH1 — P?)2(1 — 2P?)2 + 4a2®P} < V¥’P*(1 — P?). Thus, Eq. guarantees

7ly,(t) = 0. As expected the tripartite entanglement reduces to zero with increasing
time with oscillatory behavior.

The m-tangles 75y ,(t) , 7ty 4 (t) , and 7l () are compared in Fig. 2 when \/~y = 0.001.
They are represented by red solid, black dashed, and blue dotted lines respectively. Fig.
2(a) and Fig. 2(b) correspond to a* = 0.1 and a? = 0.9. Both figures clearly show the revival
of the tripartite entanglement, after a finite period of time of complete disappearance. The
revival phenomenon seems to be mainly due to the memory effect of the non-Markovian

environment. It is of interest to note that while 74, (t) > nlly,(t) > 7wl ,(t) when

a® = 0.1, the order is changed as 7l ,(t) > 7l ,(t) > 7}, (t) when a? = 0.9.
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FIG. 2: (Color online) The ot dependence of w5 ,(t) (red solid), 7ty ,(¢) (black dashed), and

mlH,(t) (blue dotted) when (a) a? = 0.1 and (b) a® = 0.9. We choose A as a A = 0.001vo.

IV. ENTANGLEMENT DYNAMICS OF W-TYPE INITIAL STATES

In this section we examine the tripartite entanglement dynamics when the initial states

are two W-type states. Both initial states are LU to each other. However, their entanglement

dynamics are different due to Egs. (2.12) and ([2.13)).

A. Typel

In this subsection we choose the initial state as
~W o
pr (0) = [Wy) (Wi (4.1)

where |W) = al1) + be1|2) + ce®2|4) with a? + b? + ¢2 = 1. Then, it is straightforward to

show that the spectral decomposition of p} (¢) is
pr (8) = (1= PA)|0)(01+P7 W) (Wi . (4.2)

Eq. (4.2) guarantees that the residual entanglement and three-tangle of pV(t) are zero
because the spectral decomposition exactly coincides with the optimal decomposition.

By making use of Eq. (1.6) one can compute the induced bipartite entanglement quan-

12



tities Nacscy, Npacy, and Nap)c of pi¥ (t) directly, whose expressions are

Ngsey = /(1 — P2 +4c(a? + 1) P} — (1~ P)

Nacy = /(1 = P22+ 40(a? + ) PA — (1~ P?) (4.3)

Name = /(1= P22 +4a2(8 + ) P{ = (1= B?).

Also, the two tangles Nag, Nac, and Npc become

Nap = \/[(1 — P2) 4 a2P2)? + 4022 P} — [(1-P}) +a*P}]

Nac =/[(1 = P2) + RP2P + 4a22P} — [(1 - P) + BFY] (44)

Npe = \/[(1 — P2) 4+ 2P2)? + 4a2b2 P} — [(1—P)+ PP,

Thus, using Eqs. ((1.7) and (1.8) one can compute the 7-tangle of p¥ (¢), whose explicit

expression is

2
mh(t) = 2|2 [(1= P?) + 2P VI = P2) + a2 + 42¢2 P}

12[(1— P2+ PR /11— P?) + P2 + da2eP}

+2[(1= P + AP [(1 = F2) + P + 40P} (4.5)

~a- - rrraee e

= PR v+ ) p e Ju - R ac(e s

—2(a4 + bt + c4)Pt4 - (1- Pf)(?) + Pf)

When ¢t =0, Eq. (4.5) reduces to

4
i (0) = 3 [aQ\/a4 + 402 4 bV + 4a2c® + AV et + 4a2b? — (at + bt + 04)] ) (4.6)

which exactly coincides with a result of Ref.[24]. Of course, when ¢t = t,,(n = 1,2,---) and

t = oo, the entanglement of pi¥ (¢) is completely disentangled.

B. Typell
In this subsection we choose the initial state as
/5%(0) - |W2><W2| (4-7)
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where [W3) = a|6) + be* |5) + ce2|3) with a® + b* + ¢* = 1. This initial state is LU to |W)
because of |Ws) = (0, ® 0, ® 0,)|W1). Then, by making use of Eqgs. (2.12)) and (2.13)) it is
straightforward to show that plV (t) is

prr(t) = (1= P2)*|0)(O[+ Py [Wa) (Wa | +2P2(1 — PY)or(t) (4.8)
where
orn(t) = % (0 + 1) (L[+(a® + ) [2)(2]+(a® + b%)[4) (4]
+ab (€7 |1)(2]+e 1 2)(1]) + ac (e |1) (4]+e " |4)(1]) (4.9)

be (€70 012) (4] +e ) 4) 2]) |

The spectral decomposition of o;;(t) cannot be derived analytically. Also, analytic compu-
tation of m-tangle for p}¥ (¢) is impossible. Thus, we have to reply on the numerical approach
for computation of 7w-tangle.

However, some special cases allow the analytic computation. In this paper we consider

a special case a*> = b? = ¢ = 1/3. In this case the spectral decomposition of o;7(t) can be

derived as
71(t) = 3las){anl+5las) s+ glas) (4.10)
where
o) = == (1) +e7 )+ |0
02) = == (1) = ™ J0) (4.11)
) = = (1) =267 2) + 74

Thus, Egs. (4.8) and (4.10) imply that pY(¢) with a®> = b?> = ¢ = 1/3 is rank-5 tensor,
three of them are W-states and the remaining ones are fully-separable and bi-separable
states. Thus, its residual entanglement and three-tangles are zero.

Using Eq. (1.6 one can show that N, A(BC)» N, B(AC), and M apyc are all identical as

1
Naey = Nagao) = Nupe = < P? [\/9 TI8P? 1 17P — 3(1 — PY)]. (4.12)

Also Nag, Nac, and N are all identical as

/9—24P2120P1 +2P2(2—P?) )
ek —1 P2>2-4/2
NAB:NAC:NBC: 3 !

0 P2 <242

(4.13)
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Thus, the m-tangle for py (t) with a® = b? = ¢ = 1/3 is given by 7y = N3 ) — 2N,

out[231]=

60

Yot

FIG. 3: (Color online) (a) The a? and 7ot dependence of 7y (t) when ¢ = 1/3. We choose
A = 0.0179. (b) The 7ot dependence of 7}V (¢) (solid line) and 7}¥(¢) (dashed line) when a® =
b = ¢ = 1/3. We choose A = 0.0017q. This figure implies that p} (¢) is more robust against the

environment than py ().

In fig. 3(a) we plot 7}V (¢) as a function of a* and yyt. We choose ¢* = 1/3 and A/~ = 0.01.
As expected the m-tangle reduces to zero as t — co. To compare 7} (t) with 7}y (t) we plot
both 7-tangles as a function of vt in Fig. 3(b). In this figure we choose a®> = b* = c¢* =1/3
and \/y = 0.001. The 7m-tangles 7V (t) and 7}y (¢) are plotted as solid and dashed lines
respectively. In this case as in the other cases the revival of entanglement occurs after
complete disappearance. It is interesting to note that p} (¢) is more robust than p¥(¢)

against non-Markovian environment.

V. CONCLUSIONS

In this paper we examine the tripartite entanglement dynamics when each party is en-
tangled with other parties initially, but they locally interact with their own non-Markovian
environment. First, we consider three GHZ-type initial states |¢0;) = a]|000) + be®|111),
[vrr) = a|001) + be|110), and |vbrrr) = a|011) + be|100). All states are LU to each
other. They all have a GHZ-symmetry, i.e. they are invariant under (i) qubit permuta-
tion (ii) simultaneous three-qubit flips (iii) qubit-rotation about the z-axis, provided that

a’>=10*>=1/2,5 =0, and an appropriate LU is applied. It turns out that this symmetry is
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broken due to the effect of environment. We compute the corresponding w-tangles analyti-
cally at arbitrary time ¢ in Eqgs. , , and . The w-tangles completely vanish
when t,, = 2[nm —tan"(d/\)/d] (n=1,2,---) and t — co. As shown in Fig. 2 the revival
phenomenon of entanglement occurs after complete disappearance of entanglement. This is
mainly due to the memory effect of non-Markovian environment. It is shown that while the
robustness order against the effect of reservoir is |¢y), |¥r1), |¢r11) for large a® region, this
order is reversed for small a? region.

We also examine the tripartite entanglement dynamics for two W-type initial states
[W1) = al001) + be1|010) + ce®2[100) and |[Wy) = a|110) + be®1[101) + ce®2|011) with
a’ + b* + ¢ = 1. Like GHZ-type initial states they are LU to each other. For initial [W;)
state the m-tangle is analytically computed in Eq. . Since, however, |IW5) propagates to
higher-rank states with the lapse of time, the analytic computation is impossible except few
special cases. Thus, we compute the m-tangle analytically for special case a®> = b* = ¢* = 1/3.

It is of interest to study the effect of non-Markovian environment when the initial state

is a rank-2 mixture

p(p) = p|GHZ)(GHZ|+(1 — p)[W){W]| (5.1)

where |GHZ) = (|000) + |[111))/+/2 and |[W) = (|001) + |010) + |100))/v/3. The residual

entanglement of p(p) is known as

0 0<p<po
7(p) = { g:(p) Po <p<p (5.2)
911(p) pr<p<l

where

432 1 31465
= — ' —0.626851--- - -+
) P

2 310
o) =5~ VTP o) =1~ (1) (54 V).

It is interesting, at least for us, how the non-Markovian environment modifies Coffman-

— 0.70868 - - - (5.3)

Kundu-Wootters inequality 4 min[det(p4)] > C(pap)? + C(pac)? in this model.
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