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Abstract

We consider the macroscopic disordered system of free lattice fermions with the
one-body Hamiltonian, which is the Schrodinger operator with ergodic potential. We
assume that the expectation E{|P(z,y)|} of the entries of the Fermi projection P =
{P(x,y)} 4 yeza of the Hamiltonian decays exponentially: E{|P(z,y)|} < Celz=ul ¢ <
00, 7 > 0 (a typical behavior in the localization regime). We prove that if Sy is the
entanglement entropy of the cubic block A of side length L of the system, then for
any d > 1 E{L7(@"1)G,} has a finite limit as L — oo and we identify the limit.
We then prove that for d = 1 and under the same assumption on the potential the
entanglement entropy admits a well defined asymptotic form with probability 1, which
is not selfaveraging as L — o0, i.e., its fluctuations do not vanish as L — oo even if the
ergodic potential consists of i.i.d. random variables according to recent numerical results
by Pastur L., Slavin V.: Phys. Rev. Lett. 113 (2014) 150404. On the other hand,
if d > 2 and the ergodic potential consists of i.i.d. random variables with sufficiently
smooth probability distribution, then the variance of L~@=1G, vanishes as L — oo,
i.e., in this case the entanglement entropy is selfaveraging.

1 Introduction

Entanglement is a fundamental feature of quantum mechanics manifesting non-local intrin-
sically quantum correlations between separated quantum systems. Having been first used by
Einstein, Rosen and Podolsky in 1935 to demonstrate the incompleteness of quantum descrip-
tion and explicitly introduced by Schrodinger in the same year, entanglement is nowadays
an object of extensive studies ranging from general relativity, cosmology and foundation of
quantum mechanics through quantum optics and quantum statistical mechanics to quantum
information and computation. Among the wide variety of ideas, problems and results there
are those dealing with many-body (macroscopic) systems, common in statistical mechanics
and condensed matter physics. Here one often uses the so called bipartite setting, in which
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a macroscopic quantum systems S being in its pure state is divided in two parts £ and B
of characteristic sizes £ and L in space and one asks how the parts are correlated in the
asymptotic regime

1< L<L. (1.1)

A widely used measure (a quantifier) of the corresponding correlations is the von Neu-

mann entropy

SB = —tl"lg PB 10g2 PB (12)
of the reduced density matrix pg of the block B, i.e., the density matrix of the (pure) state of
S traced with respect to the degree of freedom of £. One of important problems of the field
is the asymptotic behavior of the entanglement entropy in the regime (L1I). Since the r.h.s.
inequality of (L)) is usually implemented via the macroscopic limit £ — oo for S, in which
the entanglement entropy is usually well defined, the problem is to find the asymptotics as
L > 1 of the entanglement entropy of a block of size L of an infinite many body system.

It has been found in the last decades that these asymptotics may be unusual if the whole
system is in its ground state, more generally, in a pure state. Namely, it was shown in
several physics works that the entanglement entropy is proportional to the surface area L1
of the block but not to its volume L¢. The latter (extensive) length scaling is standard in
quantum statistical mechanics for non-zero temperature, while the former was found first in
cosmology and quantum field theory and then in other fields and is known as the area law.
Moreover, the area law is not always valid, e.g., at quantum critical points of several one-
dimensional translation invariant quantum spin chains, where the entropy is proportional to
log L, L > 1. (recall that the area law in the one-dimensional case is just the boundedness
of the entanglement entropy in L).

More generally, the area law const-L¢~! is to be valid for quantum systems with finite
range interaction and a spectrum gap, while for gapless systems other asymptotics are pos-
sible, const-L?1'log L in particular, which again has to be closely related to the existence
of a quantum phase transition in the corresponding system [5]. This is, however, not sim-
ple to deal with, since the spectrum of many-body interacting quantum systems is rather
complex and is known mostly for certain one dimensional exactly solvable models. On the
other hand, there is a simpler model having the both types of spectrum (i.e, gapless and
gaped) and the both type of asymptotics. These are the quasi-free fermions described by
Hamiltonians quadratic in the creation and annihilation operators. The Hamiltonians arise
in condensed matter theory and statistical physics (e.g., electrons in metals, including super-
conductivity, and other mean field type approximations, exactly solvable spin chains, etc.).
For these Hamiltonians with finite range and translation invariant coefficients the large-L
behavior of the entanglement entropy for any d > 1 and a gapless spectrum was obtained first
via the upper and lower bounds both of order O(L% !log L) and certain conjectures on the
subleading term in the Szegd theorem for Toplitz determinants [I3], 15] and then rigorously
[20], by using a rather sophisticated techniques of modern operator theory [29] 30].

All the above concerns the translation invariant systems. Following a widely accepted
paradigm of condensed matter physics, it is natural to consider a disordered version of the free
fermion model replacing the translation invariant coefficients of the fermionic Hamiltonian
by random coefficients, which are translation invariant in the mean and have sufficiently fast
decaying spatial correlations, i.e., ergodic.

The analysis of many body quadratic fermionic Hamiltonians reduces to that of certain
one body operators determined by the coefficients of the form. Thus, in the case of random



coefficients we obtain a problem of the theory of one body disordered systems, the Anderson
localization in particular.

It was rigorously shown in [24] (see also related works [22] [32]) that if S is in the ground
(or even a pure) state of the fermionic quadratic form determined by the Anderson model
(discrete Schrédinger operator with an i.i.d. random potential) and the Fermi energy pu, then
the expectation E{Sy} of the entanglement entropy Sy of the d > 1 dimensional cube A of
side length L admits the two sided bounds

C_LTV<E{S\}<CL L7 0<C_<CL <0 (1.3)

The result is valid in the both cases, i.e., if the Fermi energy p lies in a spectral gap of the
Anderson model and if y lies in the localized (pure point) spectrum of the model. The first
fact (gaped case) is fairly simple and follows from the general principle of spectral theory
while the second (gapless case) is essentially based on the exponential decay of the Fermi
projection of the Anderson model, one of fundamental results of the localization theory.
For d = 1 and L > 1 two sided bounds for the entanglement entropy of the almost all
realizations of disorder were also obtained in [24] and then used to show numerically that
the entanglement entropy of one-dimensional disordered fermions is not selfaveraging, i.e.,
has non vanishing random fluctuations even if L > 1

In this paper we first prove that for any d > 1 there exists a "surface macroscopic" limit
of the entanglement entropy per unit of a cubic block

lim L~VE{S,}, (1.4)
L—oo
which is non-zero and finite in view of (L3]). In other words, the entanglement entropy of
disordered fermions satisfies the area law in the mean.

We then show that for d > 2 the variance of S, vanishes as L — oo, i.e., that for d > 2
the entanglement entropy of disordered fermions is selfaveraging.

As for d = 1, we show that Sy has the limit as L — oo with probability 1 (non-zero and
finite with probability 1 in view of (L3))). According to the numerical results of [24] the limit
is random, i.e., the entanglement entropy of disordered fermions is not selfaveraging in the
one-dimensional case.

Note that the selfaveraging property, i.e., the vanishing of fluctuations of extensive ob-
servables in the macroscopic limit is widely known in condensed matter theory and statistical
mechanics of disordered systems. In the entanglement studies an essentially analogous prop-
erty is known as the entanglement typicality (see e.g. the recent review [10]) and is used
to simplify the problem in hand by considering entanglement characteristics of a pure state,
which is "typical", i.e., random with respect to a certain multivariate probability distribution
provided that the distribution is strongly picked in the number of variables. In the most of
known cases the distribution is related to the Haar measure on the multidimensional unitary
group U(N), which is not always easy to interpret physically in the corresponding context,
in particular, to determine the system physical dimension entering explicitly in large block
asymptotics of the entanglement entropy (see (L3]) and (L4) and many formulas below). On
the other hand, the random ground state (more generally, pure states) of N free disordered
fermions are just the Slater determinants of N eigenfunctions of the Schrodinger equation
with random (more generally, ergodic) potential in the d-dimensional space.



This allows one to study in a simple setting of free fermions various depending on d
entanglement properties, in particular, to conclude that the corresponding quantum states
are typical for d > 2 and are not typical for d = 1.

Throughout the paper we will use the symbols C, C, ¢, ¢y, etc. for quantities, which can
be different in different expressions and which value is not essential for the validity of the
expressions.

2 Main Results

In this section we formulate and prove our main results (see Theorems 2.2, 2.4 2.6] and 2.§)).
Various technical results are given in the next section

2.1 Generalities

We consider the system of spinless lattice fermions confined to a finite domain D C Z¢ and
described by the quadratic Hamiltonian

Hp = Y Alx,y)che, (2.1)
z,y€D

where ¢, ¢, € D are the Fermi creation and annihilation operators, Ap = {A(z,y) }zyep
is a N x N hermitian matrix, the restriction to D CZ? of a bounded hermitian operator
A = {A(z,y)}syeze acting in 1*(Z?). We will choose

Ap = (Hp — p), (2.2)

where p is a parameter (Fermi energy) to be chosen below and Hp is the restriction to D of
the discrete Schrédinger operator

H=-A+V (2.3)
in Z?, where A is the d-dimensional discrete Laplacian
(AY)(z) = > W(y), v (2.4)
lz—y|=1
and
(V) (z) = V(2)(x), x € Z%. (2.5)

is the potential.
It follows from a quite standard second quantization calculation (see e.g. [9, 25 132]) that
the entanglement entropy of a cube A € D is

SP =Tr h(PP), (2.6)

where

h(z) = —zlogyz — (1 — x) logy(1 — ), (2.7)

is a binary Shannon entropy, PP is the restriction to A of the spectral projection measure
Eny,, of Hp (2.3), corresponding to the interval (—oo, i (10, pt], where pg > —oo is the finite
lower edge of the spectrum of H, if we assume that V' is bounded):

PP = PP|,, PP :=Ep,((—o0, 1)) (2.8)
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It is easy to show that Hp converges strongly to H as D 7 Z%, say in the van Hove sense
[27], hence PP converges strongly to

P = &n((~00, 1)) (29)

and since A is finite, S¥ of (2.6 converges to
SA ="Tr h(PA) (210)

We will assume in this paper that the potential (Z.3) is an ergodic field in Z?¢. Recall that
the field is defined by a measurable function v on a probability space (€2, F, P) endowed
with a measure preserving and ergodic group of transformations {7, },cza:

Vi(z,w) = v(Tyw), (2.11)
V(z, T,w) =V(zx +a,w), viw) =V(0,w). (2.12)

As a result, the whole operator H = {H(x,y;w)}, ez is an ergodic operator (see [23]), i.e.,
satisfies with probability 1 the relation

H(z,y; Tow) = H(z + a,y + a;w), Ya,z,y € Z°. (2.13)

More generally, an operator A = {A(x,y)}, eze in *(Z?) is called ergodic if it satisfies
213).

It follows then (see [23], Theorem 2.7) that P of (2.9) is an ergodic orthogonal projection,
i.e., P is selfadjoint, P2 = P and

P ={P(z,y,w)}syezs, P(x,y,Tyw) = P(x+a,y+ a,w). (2.14)

In particular, for any collection {(z;, yi)};?:l of pairs of points of Z¢ the expectations

E{ ﬁP(m,,y,)} = E{ f[ P(z;+a,y; + a)}, Va € Z°. (2.15)

are translation invariant.
One of the main results of spectral theory of the Schrodinger operator with ergodic
potential, which we will use extensively below, is the bound

d
E{|P(z,y)|} < Coe o4, Co< o0, 750, [t —y =3 |z, — . (2.16)
j=1

The bound is a manifestation of the exponential localization for the Schrodinger operator
(pure point spectrum and the exponential decay of eigenfunctions). It is generically valid for
random i.i.d. potential with sufficiently regular probability distribution (see (3.35)) and for
certain classes of quasiperiodic potentials for any p in the spectrum if the amplitude of the
potential is large enough and for i belonging to a certain neighborhood of spectrum edges
if the amplitude of the potential is fixed. In the one dimensional case and i.i.d. potential
with regular probability distribution the bound is valid for any g in the specrum and any
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amplitude of potential. We refer the reader to the works [I], 3, 12} 17, 21l [31] and references
therein, where the validity of the bound is proved and discussed.

However, it is worth mentioning that the proofs of a considerable amount of our results,
in particular, those of Section 2 do not use that P is the spectral projection of an ergodic
Schroedinger operator (see (Z8])). In other words, the results are valid for any ergodic
orthogonal projection (2.14) — (2.16) satisfying (2.16]) and even having a sufficiently fast
power law decay.

Given the domains C; C Z? and C; C Z¢, consider the selfadjoint operator acting in
[?(Cy) (see Lemma [3.4] for its properties)

Hey e, = {HCLCZ(:Z: y)}LyEClv HCl,Cz z Z/ Z P T, Z ) (217)

2€Co

The operator can also be viewed as acting in the whole [?(Z?), if we continue by zero its
matrix for z,y outside Cy, i.e.,

HCLCz x, y ZP ZE Z )1xEC11yEC1> (218)

z€Cao

or, alternatively, as the restriction Il ., |c, of the operator II . ¢, corresponding to any C, C
Zd. 1 1
We will confine ourselves to the case where A in (2.6) — ([2I0)) is

A=[-M,M*CZ% |Al=L"% L=2M +1. (2.19)
We will also use the change of variables for the function h of (271):
h(x)o = h(z(1 —x)), € [0,1]. (2.20)

It is easy to check that hg is monotone increasing, convex and hy(0) = 0 (see Lemma B.T]).

It follows then from (ZI0), 27), @I17) with C; = A and C, = Z% \ A that
Pr(1x — Pp) = 1Ip gava (2.21)

and
SA =Tr h’O(HA,Zd\A)' (222)

We will prove now a simple general result, manifesting already that the large block behavior
of the entanglement entropy is different from that of the thermodynamic entropy, which is
extensive, i.e., asymptotically proportional to the volume L¢ of the box A. The theorem also
shows the advantage to use formula (2.22]) rather than (2I0)), since (2:22)) takes explicitly
into account the fact that the main contribution into Sy is from a neighborhood of the surface
of A. This is because the matrix of the operator Il¢, ¢, of (ZI7) is essentially concentrated
on the boundary between C; and C,, the fact, which is systematically used below, especially
in view of the exponential bound (2.16). Here we will use only the general and quite weak
decay of P(x,y) given by its property

> |P(z,y)] = P(z,2) < 1. (2.23)

y€Z4



Theorem 2.1 Let P be an ergodic orthogonal projection (2.13) — (2.13) and Sy be defined
by (2.10), (2.20) and (222). Then

lim LE{S,} =0. (2.24)

L—oo

Proof. We have according to (2.22):

L™"E{Sx} = L "E{Tr ho(Ily za\n)}
LT B{ (ol o), ),

TzEA

where {(ho(ITa z\a) (%, Y) 2 yen is the matrix of ho(IIx z\4). We will use twice the convexity
of hy of (220), see Lemma B.Il First, we use ([3.22) for f = hq yielding

(ho(TTa,zaa)) (, ) < ho(TTa z\a (7, 7).

Then, treating the operation L¢3
Jensen inequality, we obtain

LB{Sh} < ho (L7 BTy za(e, 2)}).

sen E{...} as a generalized "averaging" and using the

zEA
Now, using (2.17) and denoting
Qz —y) = B{|P(z,y)|*}, (2.25)
we get
L™E{Sx} < ho(Qa), (2.26)
where
U=L") Y Q-
TEA yeZa\A
Let us show that Qy = o(1), L — oo, since then (2.20) implies ([2.24]) in view of the equality
We write

Qa=L""Y > Qe—y)—L"> > Q—y)

zeN yezd €N yeA

Since P is an orthogonal projection, it follows from (2.23) and ([2.25)) that {Q(z}.ez € I1(Z).
Hence, the first term on the right is

@:zZQ(m)<oo

x€Z4

On the other hand, the second term on the right can be written as

> H (1 = fa51/ L),



thus its limit as L — oo is also CAQ ]

We are ready now to present our main results and their proofs modulo certain auxiliary
facts given in the next section and a short discussion of a link with the Szegd theorem just
Now.

Recall that the Szeg6 theorem treats the large box asymptotic behavior of Tr ¢(A,),
where A = {A(z — y)}, yeza is a selfadjoint convolution operator in (*(Z?), Ay := Al is its
restriction to the box A of ([Z.19) and ¢ : R — C is a function. According to the theorem
[6, 28]

Trp(Ay) = Ld/ o(a(p))dp + LTy + o(L*), L — oo, (2.27)

Td

where a is the Fourier transform of {A(z)},ez¢ and Ty is a functional of a and ¢. Functions
a and ¢ are known as the symbol of A and the test function. It is important that (2.27)
is valid only if a and ¢ are smooth enough. If, however, a is piece-wise constant, then the
second (subleading) term of the formula is Ty L% !log L. These asymptotic formulas play an
important role in the description of the entanglement entropy of translation invariant free
fermions [13] [15], 20} 29].

Let us confine ourselves to the case d = 1 and view the operator of multiplication by p
in L?(T) as the symbol of the selfadjoint operator p in (*(Z). Then we can write the r.h.s.
of 227)) as Tr ¢((a(p))a). This make natural to consider a more general setting, where one
chooses a sufficiently standard convolution operator B and studies asymptotic behavior of
Tr ¢((a(B))a) depending on the choice of the pair (a, ¢).

Note now that convolution operators can be viewed as a particular case of ergodic oper-
ators defined by (2I3). Indeed, it suffices to take in (2.13) the trivial case of the one-point
space of events 2 = {0}. Thus, we can extend the above general setting for the Szegé theo-
rem to ergodic operators just choosing as B a certain "standard" ergodic operator, say the
discrete Schrodinger operator H with ergodic potential (2:3]) and studying the asymptotic
behavior of the random variable Tr¢((a(H))a), e.g., its expectation, its behavior for typical
realizations of potential, i.e., with probability 1, etc. A particular case of this setting, where
a and ¢ are smooth enough, was considered in [18]. It was found, that in this case and for
i.i.d. random potential the subleading term in the analog of (Z27) is not 77 but has the
order L'/? and is a Gaussian random variable. Likewise, the case, where ¢ = h of (Z7)) and
@ = X(—oo,, the indicator of the interval (—oo, 1] (see (2.8))) corresponds to the entanglement
entropy (2.22). We prove below that in this apparently non-smooth case the subleading term
does not depend on L and is a random variable, i.e., again the corresponding result differs
from that for convolution operators.

2.2 One-dimensional Case
2.2.1 Limit of Expectation

The proofs of (L) for the cases d = 1 and d > 2 are similar. We will consider, however,
the case d = 1 separately, since it is simpler and makes more transparent several important
steps of the proof strategy for d > 2.

Theorem 2.2 Let P be a non-trivial (P # 0,1z4) ergodic projection of (2.14) — (2.13)
satisfying (2.18), h be defined by (27) and A = [-M, M|, |A| =: L =2M + 1 (¢f. (219)).



Then there exists

Jim B{Sx} = E{Trh(P,_)} + B{Tr h(Pz.)}, (2.28)

where
Zy = [0, +00) (2.29)

and Py, are the restrictions of P to Z.

Remark 2.3 Assume that in addition to the ergodic group {7,},ez of (ZII) — (2.I4)
the probability space is endowed with the measure preserving transformation R such that

V(z, Rw) = V(—z,w), hence
P(SL’, Y, Rw) = P(—LE‘, —-Y, w)' (230>

This is, for instance, the case for any random i.i.d. potential as well as for the quasiperiodic
potential V(z,w) = v(ax + w), where v : T' — R! is an even l-periodic function, « is an
irrational number and w is uniformly distributed over the one-dimensional torus T'. Under
assumption (2Z30) we can write (2.28)) in a simpler form

lim B{S)} = 2B{Tra(P;_)} =2 > E{(n ,x)}, (2.31)

v€L_
where {(h(Pz_))(x,y)}syez_ is the matrix of h(P; ).
Proof. Given M € N, we can write in the one dimensional case, i.e., for A = [—M, M]:
Z\NA=Apy UA_y, Appyy = (M, 00), Ay = (—o00,—M)
and in view of (2:2])) and Lemma B4 (iv)

Haza = Haa,,, + Ay, (2.32)
hence
TrhO(HA,Z\A) :Trho(HA7A+M +HA,A,M)~ (233)
This, (2.22) and (2.28) show that we have to prove the limiting relation
Jim E{Trho(IInza)} = E{Trho(Ilz_n, )} + E{Tr ho(Ilz, v )}, (2.34)
where
Ny = (0, £00). (2.35)

To this end we will use Lemma B2 (i) for d =1, p = 2, A} = Iy a,,, and Ay =Tz ,,,
hence A+ Ay = I z\a (see ([232). Let us check the first condition of (B1]), i.e., the uniform
in L bound
1/4
B{(TrIL/; )%} < .

It follows from Lemma B.5] (i) that

B{(Tr11{% ) <0 Y e m'/‘*) (2.36)

TEA 2€Z\A
2
(XX Y Y e < <o
TzEA Z€A+]w €N zEA_



Hence we have verified the first inequality in (B.1I).
Likewise, it follows from the Holder inequality for expectations and (2.10) that for any

collection {(z;,y;)}5-::

B{ HP I HEI/S{\P@,% < o[t

7j=1

This implies the inequality
E{(Tran, Man )" < C (TrTlaa,, Maa )% (2.37)

where Il¢, ¢, is obtained from Ilg, ¢, of (.I7) by replacing P(x,y) by 01/8 —le=yl/8 Hence,
it suffices to estimate Tr HA,A+MHA7A,M We have

T T _ /2 —Y(|lz—z4|+|y—2z4|+|x—2—|+|y—2-])/8
TeTlyn,, Tan , = CO2 3" S0 emlloseblyssltloscttly==/s

z,YyEN 24+ EAL

Taking into account that A = [-M, M] and Ay = (£M,£00), hence z_ < z < z;, the
exponent on the right of the above expression is —y(z; — z_)/4, hence the expression is
bounded by C'L?e~7%/* and

E{(Tr s, Ian_,,)%} < CLYeE2, (2.38)
Thus, the second inequality in (B.1]) is also verified and then Lemma (1) yields
E{Sr} = E{Trho(ITpa,,, + Har_,,)} (2.39)
= B{Tr ho(Man, )} + E{Trho(Txa_,,)} + O(e™*), ¢ > 0.
We are left to prove that (see (2.34)))

[}l—r}olo E{TI' hO(HA,AiM)} = E{TI' hO(HZZFNZF)}' (240)

Since the proofs of both relations are identical, we consider the case of IIz_n, and IIya_,,.

It follows from (2.14]) — (2.15) that
E{Trho(IIpa,,,)} = E{Tr ho(IL_L,0)n, )},

hence we have to prove that

lim E{Tr ho(I_10x, )} = B{Tr ho(Ilz_x,)}. (2.41)

L—oo

We will use Lemma (i) with Ay = IlIz_n, and Ay = Ilj_orqn, and we will view
;o7 0)n, as the restriction IIz_ n. |(—1 ¢ to have the both operators A; and A, acting in the

same space [*(Z_) (see Lemma 3.4 (iii)). To check the condition (B.3]), we will use Lemma
(iii) with C; = (—=L,0], ¢} = Z_ and C; = N,. Thus, we have from (BEEI)

E{Tr |z n, —M_rogn,|} <C Z Z Z e~V (Zzma=y)/ (2.42)

z€(—L,0) ye(—o0,—L] z€ENy

oY Y ek g,

x,y€(—o0,—L] z€N4

This implies (241]), hence (240) and, in view of (Z10) and (2.22)), the theorem. m
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2.2.2 Asymptotics with probability 1

We will now take into account that all the bounds for expectations above are exponential
in L (see e.g. (239) and (2.41])) and find the asymptotic form of the entanglement entropy
valid with probability 1.

Theorem 2.4 Let Sy, A = [-M, M] C Z be the entanglement entropy (2.22) of the one
dimensional system of disordered fermions having the discrete Schridinger operator with
ergodic potential as the one body operator. Then we have with probability 1

SA = S+(T+Mw) + S_(T_M(A)) + 0(1), L= (2M + 1) — 00, (243)

where
S:t ="Tr h(PZ;)a (244)

Iz, n. are defined in (Z17) and (Z29) and Ty are the shift transformations, see (Z11) -
(2-14)

The random variables (2.44) are finite and not identically zero with probability 1.

Proof. It follows from the exponential bound (239) and the Borel-Cantelli lemma that
we have with probability 1

Sy =Trho(Iap,,,) + Trhog(a s ,,) +o(1), L:=2M +1 — oo. (2.45)
Next, it follows from the exponential bound (2Z41]) and analogous bound for the pair
Tr ho (M- a,a1] (~00,~21)) = Trho(TIaa_y,)

and
TI‘ hO(H[—M,oo),(—oo,—M)) = TI‘ hO(PZJ”Ni)

that we have with probability 1
Tr hO(HAJ\JrM) = Tr hO(H(—oo,M),(M,oo)> + 0(1), L:=2M+1— o (246)

and
Tr hO(HA,A,M) =Tr hO(H[—M,oo),(—oo,—M)) + O(].), L:=2M+1— oc. (247)

Now, combining (2.45]), (246]) and (2.47), we obtain with probability 1
Sy ="Tr hO(H(_OO7M)7(M7OO)) + Tr hO(H[—M,oo),(—oo,—M)) + 0(1), L:=2M+1 — cc. (248)

Denoting
S:t(w) = TI' hO(HZ;,Ni)a

we find that the first term on the right of (2Z48) is S (7 ymw) and the second term on the
right of (248)) is S_ (T pw). This and the equalities

Tr hO(HZJF,Ni> =Tr h(PZ;)u

following from (2.20) and (ZI7), cf. (2.10) and ([2:22), prove (2.43).
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To prove that (2.44]) are finite and not identically zero with probability 1 it suffices to
prove that E{S.} is finite and positive:

0 <E{S:} < . (2.49)
We have by (2.44)), (2:20) - (222) and Lemma B.1] (iii):
4E{TI' HZ:F7NJE} S E{TI' hO(HZq:Ni)} = E{TI' h(PZ:F)} S QE{TI' H%{iNi}. (250)

By using the Peierls inequality (3.23), (ZI7) and (2.I6]) in the r.h.s., we obtain

(LI <2 (2 E{|P(x,y)|2}>1/2 < (<.

r€Zz yeNy

This proves a finite upper bound for r.h.s. (Z50), hence, for the r.h.s. of (2:49).
Furthermore, we have for the Lh.s. of (2.50):

AB{TrTlz w,} =4 ) Y B{|P(x,y)l’} =4 _1Q(),
r€lx yeENL =1
with @ defined in (2.25]). Thus, if the Lh.s. of (Z350) is zero, then P(z,y) =0, z # y with
probability 1 by (2.25), i.e., the projection P is diagonal, P(z,y) = P(x,x)d,. Since P
commutes with the Schrédinger operator (2.3), we have P(z,z) = P(x + 1,2+ 1), Vx € Z,
i.e., P =ply, p € {0,1} with probability 1. This contradicts the hypothesis of the theorem.
n

Remark 2.5 The lower bound for the entanglement entropy (see (2.50)), which follows from
Lemma [B.T] can also be used in the translation invariant case, where the operator A of (2.1))
is a convolution operator in [?(Z?), e.g. the Schrodiger operator with a constant potential:

A={A(x = y)}tayeze, Y |A@)] < oo, (2.51)

In this case _
sink (z —y)

m(x —y)
where x € [0,7) depends on the spectral interval in question and the Fourier transform

(symbol) of {A(z)},eze. In this case we have from (2.I0) and Lemma B.1] for d = 1:

P(z,y) = , (2.52)

Sizd Y Sg(z(—f;ﬁ) (2.53)

|| <M, |y|>M
= 8n? Z min{L, [} sin® kl/I* = 47 2log L + O(1), L — oo.
=1
Analogous argument yields for d > 1
Sa > CyL log L+ O(L*™Y), L — o0, (2.54)

where Cj is universal, i.e., does not depend on the operator A.
The bounds (Z53]) — (2.54) provide a simple manifestation of the logarithmic corrections
to the area law in the translation invariant macroscopic systems, see |8 [11] [13 [15] 20, [30].
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2.3 Multidimensional case

We will deal now with the entanglement entropy Sy of (2.10]) for the d > 2 dimensional cube
A of [ZI9). We will prove first that the limit of expectation of L4915, exists and give a
formula for the limit generalizing formula (2.28)) of the one dimensional case. We then prove
a power law decaying bound for the variance of L?'SyThus, for d > 2 the entanglement
entropy per unit surface is selfaveraging, i.e., converges in probability to the nonrandom
limit equals to the limit of its expectation.

2.3.1 Limit of Expectation

We will use the same strategy as in the one-dimensional case, i.e., the replacement of the
operator I, za\ in (222) by an appropriate "limiting" operator.

To present our results in a compact form we will assume certain symmetry properties of
the ergodic potential (general case is described in a remark after the theorem).

Assume, just as in the one-dimensional case (see Remark 2.3)), that our probability space
possesses the measure preserving transformation R (reflection) such that with probability 1

(cf. 2.30))
V(z, Rw) = V(—z,w), v € Z°. (2.55)

Assume also that there exists a collection of measure preserving transformations {3, } (per-
mutations) of the probability space that form a representation of the d-dimensional symmet-
ric group Sy and such that with probability 1

V(r,Yw) = V(oz,w), x € Z%, 0 € S, (2.56)

Note that an important case of an i.i.d. potential has the both properties. Since the d-
dimensional discrete Laplacian commutes with the reflection x — —x and permutations of
the components = = (21, ..., q) = 0% = (To(1), ..., To(a)) Of vectors of Z¢, the Schrédinger
operator H, hence its spectral projection (see Theorem 2.7 of [23]), also possesses these
properties:

P(z,y, Rw) = P(—z,—y,w), z,y € Z° (2.57)

and
P(z,y,3,w) = P(ox,oy,w), z,y € 7 (2.58)

Theorem 2.6 Let P be an ergodic orthogonal projection (2.17) — (Z13) satisfying condition
(218) as well as (2:57) and (238), h be defined by (27) and A = [-M, M|?, L =2M + 1.

Then there exists

lim L~ VE{Sy} = 2d Y " E{(h(Pga))(21,0;21,0)}, (2.59)

L—oo
z1<0

where

{(nPa)) (e, m)}

is the matriz of the operator h(Pya) and we write Z* = Z_ x 247", Z_ = {0, -1, ..., —oo},
i.e., the explicit splitting of x € Z% into the "longitudinal” x, € Z_ and the "transversal”
€ € Z%71 components.

2141 €7 € ezd—1
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Remark 2.7 We will give here the general form of Theorem where we do not assume
the symmetry properties (Z.55) and (2.56]) of ergodic projection. Denote

7t () ={x = (v1,...,04) € Z%: s2; <0}, 5 = +.

Then have instead of (Z.59))

d
Jlim LUVE{S =YY (2.60)

Jj=1 s==x s2;<0

x B{(h(Pga_(;,))(0,....0,2;,0,...,00, ..., 0,2;,0, ..., 0},

where
{ (h(PZ‘is)> (#:y) }x,yezds(j)

is the matrix of the operator h(Pya ).

Proof. Denote by A§°’, e ,A;?i) the faces of A, by Aq,..., Ay the semi-infinite cylindric
domains adjacent to each of A§°>, cee Ag%) from the exterior of A and by

A=727\ (U2, A)). (2.61)

J=0

This and additivity of the operator Il¢, ¢, of (2.17) with respect to Cy allow us to write (cf.

[2.32))

2d

Mazoa = > My, + 10, 5. (2.62)

Jj=1

Let us prove first that

L—oo

2d
lim (L=“VE{S\} =Y lim B{L™DTrhy(Ilxa,)}) = 0.
—00
j=1

i.e., that in view of (2.22)) and (2.62)

L@VB(S,) = B{L0VTeh i Mo, +1,5) | (2.63)

J=1

2d
_ E{L—(d—lm ho(; HAvAJ) } +o(1)
_ iE{L—w—wTr ho (HA,AJ)} +o(1), L — oo.

We will prove this in two steps both based on Lemmas and 3.0 The first step is the
justification of the omission of II, 5 in the second line of (2Z63) and the second is the proof
of the approximate additivity of hg given in the third line of (2.63).
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For the first step we will use Lemma (ii) with Ay = II) za\p and Ay = Z?il IS
hence A; — Ay =11, ; and (3.29) . According to the lemma we have to check conditions
B3). The first of conditions in our case is the validity of the uniform in L bounds

B{(L-@VTrIn)7, )% < oo, B{(L™* Tk H/l\/iz_dlAj)Q} < 00 (2.64)
I "=

To prove the first bound above we will use Lemma [B5 (i) according to which the bound is

valid if
1~ d=1) Z e M=/ -
TEN,2EZNA
The sum in z € Z? \ A is not less than the sum over the all half-spaces, where one of

coordinates z; of z = (21, ..., zq) is either z; > M or z; < —M. For instance, the term with
the sum over the half-space {2z = (21,() € Z%: 2, > M, ¢ € Z '} is

I, (@=1) Z Z e (z1—a1)/4=|€=(|/4

|z1|<M,z1>M £€]—M,M|4-1 ¢ezd-1

< CL~d-1) Z e 1E=Cl/4 < (] < oo
g€[—M,M]d—1 cezd—1
since the double sum over z; and z; is uniformly bounded in L. — oo, the sum of the
exponential e 7E=¢/4 over ¢ € Z? is independent of ¢ and the sum over ¢ is L. The
proof of the second bound in (2.64]) is analogous. Thus, the first of conditions of (8:3]) holds.

Let us consider the second condition of (B3), i.e., determine the order of magnitude of ¢
in L — oo from the asymptotic relation

E{L- DT, 5} = Ofe), (2.65)

where we took into account that II, 5 is positive definite, hence |II, 3| = I, 3. We will
use Lemma (ii) with A =TI, 3, according to which it suffices to determine the order of
magnitude of € in L guarantying the bound

I, (@=1) Z Z el < o = g (2.66)

TEA ek

The bound follows from the first inequality of (3.29), if we split A in parallelepipeds and
apply twice the first inequality of (8.29) to each of the corresponding sums, the first in the
initial dimension d and the second in the dimension d — 1. Then Lemma (ii) implies

2
B{ (170D T (ho(ITy sy 05) = ho(Ta oz 0))) | = O(LMP log? L), (2.67)

hence the second line of (Z.63).

Let us prove the passage from the second line to the third line, i.e., the approximate
additivity of hy. Here we will use Lemma (i) with A; =TIy s, and p = 2d, i.e., we are to
check conditions (B.1]) for these operators.

Since in our case (see (2.17) and (2.62)))

q
Z Man; =My ay, 1< g <24,

j=1
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the verification of the first of conditions (B.1]) is quite similar to that of (2.36]) and (2.64]).
Thus, consider the second of conditions (B.1]), i.e., the determination of € from the bounds

(cf. 238) )
E{(L™“ Ve p0,)"} <% 1<j#k < 2d. (2.68)

The corresponding argument is quite similar to that proving (2.38) for d = 1. The only
difference is that for d = 1 the distance between the "neighboring" sets A, and A_; is L
(hence the exponential bound (238])), while for d > 2 every A; has nearest neighbors with a
non-empty boundary with A;. However, the codimension of the boundary is at least 2 (cf.
the proof of (2.67))) and we obtain that ¢ = O(L™'), cf. the proof of (2.65)), hence o(1) in
the third line of [.63) is O(L~/5log® L), since according to Lemma (i)

E{ (L—<d—1>Tr <h0 ( i HA,M) . i hO(HA,A].)»z} — O(L™Y510g? L), (2.69)

hence we get the third line of (2.63))) or, in the case, where the ergodic potential possesses

the symmetries (2.55) and (2.56), that
LU DE{S,} = 2d E{L"“"VTr hy(Tyn,)} + O(L7V), L — 0. (2.70)

Moreover, even in the case, where the above symmetries are absent, it suffices to prove the
existence of the limit of the expectation on the right of (2.70]), since the proof for any j > 1 is
identical to that for 7 = 1 modulo the change of notation. Thus, we will prove the existence
of the limit

Jim L™ DE{Tr hy(TTy4,)} (2.71)
—00
assuming for convenience that

A =[M+1,00) x O czd A9 =[-M M ezt (2.72)

It is also convenient to shift A and A; to the left by the vector (—L,0) € Z¢ in order to deal
with the cube (cf. (ZI9)) and the semi-infinite parallelepiped

A =[=2m,0] x AQ AT =N, x A©, (2.73)
where N is defined in (2.35]), since this shift does not change ([2Z.71), i.e.,
L™ VE{Sy} = 2d E{L™“"VTr ho(Ilp- p2)} + O(L™VM), L — o0, (2.74)
or, if {(ho(ITa= az)(21,¢; yl’n)}ml,yle(—L.o],g,neAgo) is the matrix of ho(ITax ax),

L~VE{S,} (2.75)

= 2d L~V Z Z E{ho(Ia a7) (21, & 1,m) ) + O(L™YM), L — oo,
216(—L,0] £€A©)

Let us show first that it suffices to justify the replacement of fg(IIx« 41) in the first term on
the right of (2.75) by the restriction hg(Ilza e ) A of hg(Hza ya ) to A* where

N4 = Nx x N1, (2.76)

16



Indeed, let
{(hO(HZ{,Ni)(zla 5; Y1, 77)}:(:173116 Z—,¢EmeZd—1] (277)

be the matrix of hig(Iza y¢). Then the first term on the right of (2.74) becomes after the
replacement

L™ VE{Tr ho(p-a:)} (2.78)
= L7903 B (ho(Tze ) (21,6 21,€)} + (1), L — oo

z1€(~L,0] 56/\(0)
Let T(o,n) be the measure preserving shift transformation (see, e.g. (2.1I) - (2.14)) by a
vector a = (0, ) € Z%, a € Z41, so that we have with probability 1
Hzi,Ni (551, & Y1, M; T(o,a)w) = Hzi,Ni (551, §+ oy, n+ o W), (2-79)

i.e., the equality is valid for every (z1,y1) € Z4y x Z; and all w € Qy, 4,, P(Qy,,,) = 1.
Since the set of values of (z1,y1) € Z, X Z, is countable, the equality is valid for all
(r1,11) € Zy x Zy on the set of event Qo = Ny y1)ezyx 2. Qg P(o) = 1, ie., the
matrix

{(Mza e (21, & 91,1) Yoy iz g meza

determines a random operator in /2 (Zi), which is ergodic with respect to the "transversal"
coordinates (&,7) € Z3t x 7471, Tt follows then from an extended version of Theorem
2.7 of [23] that the matrix (2.77) determines the operator ho(Ilza e ), which has the same
property. In particular, since T, is a measure preserving transformation of the event space,

E{(hO(HZli7Nd+))(a:1, & 1,€)} does not depend on & € Z471 in view of ([2.79), hence the first
term on the right of (2.78) is

> B{(ho(lgs pyg)) (w1, 0521, 0)} (2.80)

z1€(—L,0]

We are left then to find the limit of the above expression as L — oo. Since the terms of the
sum are non-negative, it suffices to show that the sum is bounded uniformly in L — oco.We
will use the bounds 0 < hg(z) < 222 (see Lemma 3. (iii)) and the Peierls inequality for
f(z) = 22'/% (see Lemma [3.3] (i) to obtain

(holMlgs o)) (w1, 051,0) < 2 (12, ) (a1, 0521,0)
1/2
< 2 (Hzg,Ni(xh 0; x4, 0))
and then the Schwarz inequality for expectations, (2.17), the bound,
[Pz, y) <1 (2.81)
valid for any projection in 1?(C), and (2.I6) yield

E{(ho(Ilza na))(z1,0;21,0)} < 2E1/2{H21,N1($170;$1,0)}
1/2
= 2E1/2{ > |P(171>0§Z)|2} < 2(00 > 6_7(“_“)_7'(') < Ce™rz,

zeNd z1<1,¢eZI1
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guarantying evidently the uniform in L = 2M + 1 — oo boundedness of (2.80).

In view of the above it suffices to justify (2.78), i.e., the replacement of hg(Ilx-z:) in
(2.74) by the restriction WA*hO(HZ(LNi)ﬂ'A* of hO(HZi,Ni) to A* of (2773) and we write here
and below 7¢ for the orthogonal projection onto the subspace (?(C) C I*(Z%).

This will be carried out in two steps: (i) [Ty« s — I, o and (ii) Iy« o = g .

(i) The replacement
HA*vAT — HA*yNi'

We will use Lemma (i) with A; = HA*,Ni and Ay = Ip«a:. To check the first of

conditions (B3), we note first that (Tr (A)* + AY*))2 < 2(Tr A)/")2 + 2(Tr (AY*)2, hence
we have to prove that uniformly in L — oo

E{(L7DTr (Ia- ap) ")} < 00, E{(L™VTr (M. e)'*)?} < oo

The both bounds follow from Lemma (ii) (cf. (236) and (2.64])). Thus, let us check the
second bound in (33). Since A} C N%, have from Lemma 3.4 (v)

Hpe g = Maray = Mpemara; 20

and in view of Lemma [3.2 (ii) we have to determine the order of magnitude of € in L — oo
from the expression

L™ N "B Trll goas } = Ole).

TEA*
We have from Lemma [3.5] (ii) and (8.29]) the following bound for the L.h.s. of the expression:

COL—<d—1>Z Z e Mle—El < o,

TEA* zeND\AY

Indded, the bound follows from the first inequality of (3.:29), if we apply it twice: first in the
dimension d and then in the dimension d — 1. Thus, e = O(L™!) and Lemma B2 (ii) yields
the asymptotic relation

L™ VE{Tr ho(Ip-a:)} (2.82)
= L VE{Tr ho(lye jya )} + O(L™VM), L — o0

justifying the first step of replacement Iy~ z= — II AsNd D 2.74).

(ii) The replacement II arnd = Iz ja . We have to prove that

L™ VE{Tr (mp-ho(Tpx n, ) Tax — Ta-ho(Hza n, )ma<)} = o(1), L — oo, (2.83)

where we inserted the projection 7y« in the first term on the left to make the subsequent
argument more transparent. It is convenient to introduce the operator

Myey,, A =75\ A (2.84)
acting in [?(A*) and the block operator II a vt ® Ilgs e acting in 12(Z4). Since

Tr TOA* hO(HA*,Ni)ﬂ-A* ="Tr TTA* hO(HA*,Ni S¥) HPNi)T{'A*

18



we can write (2.83) as
L_(d_l)E{Tl" (WA*ho(HA*,NJr ©® HF,Ni)ﬂ-A* — TTA* hO(HZ‘i,NJr)ﬂ-A*)} = 0(1)’ L — oo, (285)

Relations analogous to (Z83]) but without the projection my« have been proved above by using
Lemma [3.2 (ii), see e.g. (2.41)). Here the lemma, as it was formulated, is not applicable since
the involved operators are infinite dimensional. However it is easy to check that the lh.s.
of (2.85]) can be estimated by using an analog of the lemma valid under the conditions (cf.

B.3))

L2EDE{(Te I )% = L2EVE{(Trma Y, @ T2 7)) < oo, (2.86)

g ' N4
L72@-DE{(Tr WA*H;{i‘lNd ma- )2} < o0,
— Ny

and

E{L—<d—1>Tr \R}} = O(e(L)), R=Tp yu — e o & Tlge e, L — o, (2.87)
Conditions (2.86) are analogous to those verified several time above (see (2.36]) and (2.64])).
Let us find ¢(L) from (Z.87). By (3:26) and B31) with (=1, L, = L

L-@IB{Ty R} < AL™*D Y " 3" N " elesltv==h2 < o~ =2 — o

TEM" YR et
We conclude that ¢ in ([285) is e = O(L™!) and according to Lemma 3.2 (ii)
L= IB{|Trmy (ho(Tae ) = ho(Tlza i, ) ) 7

Thus, we have justified the replacement of Ily. ya by Ilze e in @7). This, 2.10) and
(2:22)) prove the theorem. m

} — O(L~Y1), (2.88)

2.3.2 Variance

The above result on the limit of the entanglement entropy per unit area, hence for the
validity of the area law in the mean, is valid for any ergodic orthogonal projection P of
(222) satisfying the exponential bound (ZI€) and even a weaker power law bound, guar-
antying the validity of the above proofs. Confining ourselves to the spectral projections
(2.8) of the Schrédinger operator with ergodic potentials, we note that the most studied
class of the operators for which (2.I6]) holds consists of operators with i.i.d. potential hav-
ing a regular common probability distribution, more generally, potentials with sufficiently
fast decay of correlations [I, B, 12, BI]. However, the bound (ZI€]) holds also for the one
dimensional Schrodinger operators with quasiperiodic potential (see, e.g., [17] for the corre-
sponding proofs and references), which have, so to say, a minimum amount of randomness.
Thus, the sufficiently fast decay of correlations of ergodic potential is not necessary for the
sufficiently fast decay of entries of ergodic projections, hence for the validity of Theorems
2.2, 24 and (2.6).

On the other hand, the next theorem on the decay, although rather weak, of the variance
of the entanglement entropy per unit area as L — oo is proved for i.i.d. random potentials.
We believe that our bound on the decay of variance is not optimal and that this and more
strong bounds are also valid for random potentials with sufficiently fast decaying correlations.
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Theorem 2.8 Let P be the spectral projection (2.8) corresponding to a spectral interval I of
the Schrédinger operator (2.3) in 1*(Z%) with i.i.d. random potential such that its common
probability distribution F is the Holder continuous: F((a—e,a+¢)) < Ale|®, a € suppF, € >
0, s € (0,1]. Let Sy be the corresponding entanglement entropy (2.10). Assume that the
exponential bound (Z16) is valid on I. Then there exists L-independent C' < oo providing
the bound

Var{L @V, } .= E{(L7“YS,)?} — (E{L~ Vs, })? <LV, (2.89)

Proof. The scheme of the proof is as follows. We present the entanglement entropy
as a sum of sufficiently large number of independent random variables modulo error terms
vanishing as L — oo at least as fast as L~/ and use then the additivity of the variance of
a collection of independent random variables choosing their number to guaranty the order
O(L~Y) for the sum. Since, however, the variance is not simple to estimate, we will often
use its rather rough bounds via the expectations of squares of the corresponding random
variables, in particular those obtained above. This is why our final bound (2.89) is O(L~'/11),

cf. (270) and (2.82)).

Here is the simple inequality, which we will often use below:
Var{¢,} < 2Var{&} + 2E{|& — &%) (2.90)

Using this inequality with

2d
& =L"1Ng, &= ZL_(d_l)Tr ho (HA7Aj) :

i=1

and taking into account (2.67) and (2.69), we get

2d
Var{L™ "V} < 2Var{> L~ DT ho(Ilyx,)} + O(L ™ log” 1/L?). (2.91)

J=1

We will use now the general inequality

Var{ i@-} < <i Var1/2{§j}>

with & = L™ DTr hg(Ils,4,) and p = 2d to obtain instead of (291

2d

2
p
Var{ L—<d—1>Trh0(HA7Aj)} < <ZVar1/2{L_(d_1)TrhO(HAJ\j)}) .
: _

Jj= Jj=1

Recall now that we are dealing in this section with a i.i.d. random potential, hence satisfying

(2.517) and ([258). This, (ZI7) and the above inequality allow us to write instead of (2.91])
Var {L=D 5, } < 84* Var { L™V Ty hy (IIy 4,) } + O(L™?log L). (2.92)

We conclude that the problem on the variance of the entanglement entropy reduces to that
on Var{L 'Tr ho (ITx A,)}.
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To proceed it is convenient, again as in the case of expectations, to pass from the cube
A of (219) and the semi-infinite parallelepiped A; of (2.72)) to the shifted cube A* and
parallelepiped A} of [ZT73). Choose | = [log® L] and split the cubic face A® as

AO = AP UAD, AP NAY =0,

where .
AP =AY, m=o((L/@+0)“"),
k=1

with Ag%), k =1,...,m being (d — 1)-dimensional cubes of side length L; to be chosen later,
separated by corridors of width I, and Aéo) = A§0) \Ag?()) is the set of all corridors between

the cubes Ag%)’s. Denote A} and A}, the cylindrical sets adjacent to A§°) and Ago) from the
exterior of A*. Then evidently

Has oy = Has ap + s ag.

It follows from ([B.27) and ([B.29) with A; = [Ty« ar and Ay = II- ¢ that

L™ VE{Tr [Mp- py — pe |} = L7 VE{Tr e oy } (2.93)
<C ) e <L I|A| < ClY/Ly.
zEA* yeA]

Similarly, denote A} and A} the cylindrical sets adjacent to A§°) and Ag)) from the interior
of A* and use Lemma (iii) and (B30) to obtain

L@ VE{Tr [y — Mg} <C Y Y ezl (2.94)

z€N zeA* yeA]

< CL U D|Ay| < Cl/Ly.

Let AY,, kK =1,...,m be the cylindrical sets adjacent to Ag(,? from the interior of A*. Since
AT = UL, Af}, one can consider the matrix ITyy o as a block matrix with the diagonal part
D consisting of m blocks Dy, = {lay o, (,Y) }zyenr,, & =1,...,m and the off diagonal part
R =TIy ar — D. Then Lemma (iii) and (B31) yield

LU VE{Tr[Myyn =D} <CY Y Y el (2.95)

zeNy j7Fk zeA; yeA],

< COm2e M2 < Qe /4,
Combining the bound (2.93) - (2.95) with Lemma (i) and (2.90), we get

Var{L “"VTr by (TIxa,)} = Var{L™ @V Tr by (Ip+ a:) } (2.96)
< 2Var{ L@ VTr hy (D)} + O((1/L)/?) + O(e™V3).

Since D is block diagonal, we can write
Trho (D) =Y Trhg (Dy)
k=1
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and if A, k=1,...,m are the cylindrical sets adjacent to Ag%) from the exterior of A*, then

E{Tr Dy —Tzp ar, |} = E{Tr [y ar —Tan a0 |} < Z Z eyl < O3,
:EGA’llk yEA’l\A’lk

The last two bounds and (2.96) yield finally

Var{L "UTr hy (TIy ,)} < 2Var {L—<d—1> > Trhg (HA,l,k,A,lk)} +O0(l/Ly).  (2.97)
k=1

Let Ay, k =1,...,m be the cylinders such that each of them contains the cylinder AL UAY,
and the distance between them is [/3. Let Hjy be the restriction to Ay of the discrete
Schrodinger operator H of (23)), i.e., the "Dirichlet" Schrédinger operator in l2(]\\;). We
will replace in IIy» A, of above formula the spectral projection P (28) of H by the spectral

projection lek of H Ko corresponding the same spectral interval I. It is important that since
the random potential (2.5]) in A consists of i.i.d. random variables and the distance between

the different Ay is [/3, the operators H A k =1,..,m and hence their spectral projections

P; , k=1,..,m are independent. Introduce the operators (cf. ([2.I7))
I, = {m(z,y)}x,ye/\lk, k=1,...,m, Hk (z,y) Z Py (z,2)P;  (2,9), (2.98)
z€N!

1kq

then by Lemmas 3.6 and (3.4))
E{ L2600 (Te o (T, a,,) — Trho(TTi))*} < Ce. (2.99)
Bounds (2.97) - (2.99) combined with (2.90) yield

Var{L =T hy (Iy 4,)} < 2Var{L~“D> " Tr ho(Ix)} + O(1/Ly). (2.100)
k=1

We will now take into account that by construction (see (2:98)) {Tr ho(II;)}™, are indepen-
dent random variables, thus

Var{L—<d—1> YT ho(ﬁ)} = L@ ZVar{Tr ho(ﬁ)} <CO(Ly/D)* Y (2.101)
k=1 =1
Choosing here L; = L%©®%% and using (2.92)), (Z.100) and (ZI01)), we obtain (2.87). m

3 Auxiliary Results

In this section we present technical results, which we use to prove the above theorems. First
is an elementary facts on the function hg of (2.20).
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Lemma 3.1 Let the functions h : [0,1] — [0,1] and ho : [0,1/4] — [0, 1] be defined by (2.7).
Then hg:

(i) is nonnegative, monotone and convez:

(ii) admits the representation: ho(x) = \/Tp(x), where 0 < (x < Cz'/4;

(#11) satisfies the bound: 4x < ho(z) < 24/.

We pass now to the main technical result of the paper.

Lemma 3.2 Let A be a parallelepiped in Z¢ with sides of lengths Ly, ..., Ly and parallel to
the coordinate axes and Ay, ..., A, be positive definite random operators acting in the lo(A)
such that 0 < A; + ...+ A, <1/4, ¢=1,...,p. We have

(i) if LY .= L,...Ly4, uniformly in L — oo,

E{(L lerZA W42 < O < oo, (3.1)
7j=1

E{(L7“VTr A;4,)°y <e*(L), 1<j<k<p
and hg is defined by (2.20), then there exists C' € (0,00), depending only on Cy and p and

such that ) )
2
EC (LT (ho( Y A;) =D ho(4)) < Chet0log?1/e. (3.2)
(e (n( 3 0) - S mia)) )
(it) If 0 < Ay, Ay < 1 and uniformly in L — oo
E{(L—<d—l>Tr (AV* 4 A;/4))2} <Oy <oo, LT@UE[TH[A, — A} <e(L),  (3.3)

where |A| .= (A2)'/2 then there exists C € (0,00), depending only on Cy and such that
E{(L™“ DT (ho(A1) — ho(A2)))*} < CPlog? 1 /e. (3.4)

Proof. (i). Let us prove first the case p = 2 of the assertion. Write

ho(A) = r(A)p(A), (3.5)
where
r(A) = VA1p (N (3.6)
and
p(A) = (ho(N)/VA) 11/ (V). (3.7)
Let us prove first that
L2EDE{Tr? (r(Ar + A2) — r(V AL+ vV A2)?) ) (A1 + As) } = O(e7P). (3.8)
Set n = £~'/% and consider the convolution of
Ty =1%Py, (3.9)
and the Poisson kernel.
P = W—lL
n )2 + n2 '
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Then

sup |r,(A) —r(A)| < Cn'/?
A€[0,1/2]

and
||7“77(A1 + Ag) — T’(Al + A2)|| S C?’]l/2.

This and the inequality
|T1"M1M2| S ||M1||T1"M2, (310)

valid for a hermitian M; and a positive definite Mj, yield
L DE{ (T (ry (A1 + A2) = r(A1 + A2))p (A + 42))°} (3.11)
< CpL 2 VE{(Tro(Ar + A2))°} < Cin.
Here in the last inequality we use the first condition of (3.1]) combined with the bounds
©(\) < CIAM4 (3.12)

Similarly

2B (Tr ([ry (VA +VA)) = (VA + VA oA+ 49)) < on

We will use now the resolvent identity

Gi(z) — Ga(2) = G1(2)(My — M1)Ga(2), (3.13)

where

GLQ(Z) = (MLQ - Z)_l (314)

are the resolvents of hermitian matrices M; . The identity and the spectral theorem for
hermitian matrices yield

1/4
1 O0) = (M) = [ AN )G+ i) = Gah+ in) (3.15)

1/4
:/0 dNr(N)S(Gy (A + in) (Mg — My)Go(A +in)).

2
Hence, taking M; = A; + Ay and M, = (\/Al + \/A2> , we get

L~ (d-1) |TI' (7’77(141 —+ Ag - 7",7 \/ 1+ \/ Al + A2 | (316)
S CT]_2L (d=1) Tl" 1/2(141142) Tr 1/2 2(A1 + Ag),
where we used the Schwarz inequality for traces, (B.10) and the bound
IG()I| < 927 (3.17)

valid for the resolvent of a hermitian matrix.
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The bound (B.I6) combined with the Schwarz inequality for expectation, ([B.II) and

n = e'/? yields (3.8).
Now let us prove that

2DE{Tr 2/ A1 (p(Ar + As) — (A1)} < Ce'/Plog’e ™!, (3.18)
2(d-1) E{TrQ\/ 2 (A1 + Az) — p(A9))} < Ce'/?log? et
Similarly to (8.9]) we introduce the convolution

Py = 90*7)777 77:51/57

satisfying (see (2.71) and (B.6]))

sup [ioy(A) — p(N)] < Cn'Plogn™!
0<X<1

Then, an argument similar to that proving (B.I1) yields
L72EVELTe 2 /A (p(Ar + As) — (A1 + 45)) } (3.19)
< Cplog® n ' L2 VE{Tr*/Ar} < Cylog® ™!
We can also write an analog of (3.15):
L~V Ty \/Z(%(Al + Az) — on(Ar))

1/4
= L_(d_l) / d)\QO )TI" \/ AlGl()\ + Z?])AQGQ()\ + ZT]),
0
where now
Gi(2) = (A1 —2)7Y, Gaz) = (A1 + Ay —2)7°
Since G1(z) and A}/z commute, we have by (3.10), (3.17) and with n = ¢'/°
L2 DE{(Tr A)Y?Gy A5Go)?)
— LIE{|(Tr A2 452 A2 GaG1)?| | < Ot L2 0VB{ T Ay AT Ap)
< On ' L2EVEY{(Tr A1 Ap)? JEYA{(Tr 45)°} < Onte = Ce'VP.

The above inequality combined with (8.19) implies the first inequality of (8.18). The second
one can be obtained similarly. Combining (B18) with (B.8) we get (3:2).

We have proved the case p = 2 of assertion (i) of the lemma. The case of an arbitrary
p > 2 follows from the above by induction in p.

(ii). The proof is similar to that of assertion (i). First we prove the inequality

LTEVE{(Tr (r(Ar) — r(4y))p(A))*} < Ce'/Plog?e™, (3.20)
and then
L_2(d_1)E{(Trr(A2)(g0(A1) _ go(A2)))2} < Ce'Plog?et. (3.21)

The next three lemmas are useful to check the conditions of the previous lemma.
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Lemma 3.3 Let M be an n X n hermitian matriz and f : R — R be a convex function. We
have:
(i) for any vector e € C" of norm 1

(f(M)e,e) < f((Me,e)); (3.22)

(ii) for any orthonormal basis {e;}7_, in C"
Tef(M) <) f(Mj;), My; = (Mej, ;) (3.23)
j=1

Proof. According to the spectral theorem for hermitian matrices

<fw@a@:i[wfun%wm,

where p, is non-negative and of the total mass 1. Hence, by the Jensen inequality and again
by spectral theorem the r.h.s. is bounded from above by

P ) = 7 (are.).

oo

This proves ([3.22). As for ([B:23), known as the Peierls inequality (see e.g. [27]), it follows
from ([B:22) with e = e; by summation over j. m

Lemma 3.4 Let ¢, ¢, be defined by (Z17) where P is an orthogonal projection in I*(Z%).
We have
(i) ¢, ¢, is positive definite;
(i) |, c,|| < 1 and if C C Z7\ Co, then ||Te, ¢, < 1/4
(iii) if C; C C{, then e ¢, is the restriction of ey e, to 12(Cy) : ey e, = Ter e,
(Z’U) Zf Cg = U;):ngj and ng N Cgk = @, j 7A ]{3, then HC1,C2 = Z;‘le HC1,C2j;
(v) if C, C Cl, then e, e — e, o = e, ciney-

/7
cl

Lemma 3.5 Let C be a domain in Z¢ and A = {A(x,y)}syec be a random selfadjoint
operator acting in l5(C). We have the bounds:
(i) for a« = 1/2,1/4 and a positive definite A

BE{(Tr A*)2} < (ZEQ{A(x,a:)}>2 (3.24)

zeC

and for A =1, ¢, of (Z17), (2.81) and (2108)
B{(T1lg .} <o Y eleel)’ (3.25)

x€C1,2€C2

(ii) for a bounded A and |A| = (A?)1/?
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E{Tr|Al} < Y E{|A(z,y)|}, (3.26)

z,yeC

and
E{Tr [, c,|} = E{Trle,c,} <C Y ek (3.27)

x€Cq,2€C2

(i11) for C; C Cy

E{Tr T, c, — ey c,|} <200 Y > Y e lslzmb=srz (3.28)

z€C1 yeC1\C} 2€C2

(iv) for Cy =Z_ x Ay, Co =Ny X Ay, and C} = Z_ x N with AyA}, Ay C 2471, Ay C A}

Sii= Y e oy N e < Cmin{| Ay, [Asf} (3.29)

zeCy yECQ z’'eM y’EAz

Spim ) D Y e ERTIER < OIA A, (3:30)

z€C1 yeC1\Cf z€C2

where x = (x1,€), (y1,m), *1 € Z_, y1 € Ny, £ € Ay, n € Ay and if Ay is a (d — 1)-
dimensional cube with an edge length Ly, A} is a (d — 1)-dimensional parallelepiped (may be
infinite), and dist{A;,A}} > 1> 1, then

Yy = Z Z Z e =222/ < et/ pd—2 (3.31)

z€Cy yeCy 2€C2

Proof. (i). To prove (3.24)), we use the Peierls inequality (8.23)) for f(z) = 2%, x € [0, 00)
yielding

E{(TrA*)’} < ) E{(A(z,2))*(A(y.9))"}.

z,yeC

We have then by the Holder inequality for expectations with v = 1/2,1/4:
E{(A(z,2))*(A(y, )"} < E*{A(z,2) }E*{(A(y.y)},

thus, ([3.24)).
If A=1l¢, ¢, of (2.17), then

Az, z) = |P(,2)

z€Cao

and we have by (281 and (2.10)
E{A(z,2)} <Y E{|P(z,y)|} <C) e

z€Cq z€Co

Plugging this into (3:24) and using (3:32), we obtain (3.25]).
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(ii). We have by B.23) with f(z) = 22, x € [0, 00):

E{Tr|A} <B{ ) _((4%)(z,2))"?}

{3 (T4 nP) ) < Bl 33 Ay}

Here we have used a simple inequality

(Z\%I) < al’, s €01, (3.32)
If A=Tlg, ¢, of (ZI7), then we have by (281)) and (2.I6):
E{Trlle,c.} = D E{|Pr2)P}<Co Y el

x€C1,2€C2 x€Cq,2€C2

(iii). If in the previous proof A = Il¢, ¢, — Il¢s ¢,, then by Lemma [3.4] (iii) A = Il¢, ¢, —
Il¢, c,]c; and we have for the r.h.s. of ([3.26) by (I7), the Schwarz inequality, (2.81) and
2.16)

YoE{A@yl}<2d Y E{lllgelny)l} <2C0) Y Y etz

z,y€C z€C1 yeC1\C} z€C1 yeC\C} 2€Co

(iv) To prove ([B.29), we write z = (x1,&), (y1,71), v1 € Z_, y1 € Ny, £ € Ay, n € Ay
and take into account that

[z =yl =21 — |+ —n| (3.33)

and that z; < 0, y; > 0. Then the sums with respect to x; and y; give a factor C' in the
r.h.s. of (8:229) and we obtain the first inequality of (8:29). Next, summing in the r.h.s. first
with respect to & and then with respect to 7, we obtain ¥; < C|A;| and summing in the
opposite order we obtain ¥; < C|A;|. This proves the second inequality of (3.29])

To prove ([3.30), we write again x = (x1,€), v = (y1,1, 2 = (21,(), and take into account
the analogs of ([8.33)) for |z — 2| and |y — z|. Since x1,y; <0, z; > 0 we can take a sum with
respect to z1,y; and z; which gives us a multiplier C' Then, since for any &, 7

Z e~ Ne=C1/2=7In—=C1/2 < 1 e=IE—nl/4

Z/

we obtain the sum, similar to that we have in the proof of (3.29).
To prove (B.3T), we repeat first the argument used in the proof of ([330) and obtain

Y, < C Z Z e =y'l/4 — Eé.

r'eh1 y' €N

We then note that it follows from the condition dist{A;, A} > [ that there is o € [2,d] such
that we have for & = {&/}42,, n = {n. 42

inf &, —na| >1/d

£eA ney
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and that without loss of generality we can assume ov = 1 and & > n; for any £ € Ay, n € Al.

Then, denoting e; the first basic vector in Z%!, we obtain

=& = ml| < =[l/d] = & —m = [1/d]],

<Gty YT el

¢eAr neN|+(i/dles

hence

Since in the last sum &; < Lo := supgep, {1} < 11, we can sum with respect to &1, 71 like we
did in the proof of (3.29) and we get (3.31)). m

We will prove now an important bound, which we use in proof of Theorem Let H
be a discrete Schrédinger operator in [2(Z4) with i.i.d. potential

V =9Q, Q={Q(x)}.ez (3.34)

such that the common probability distribution F' of every Q(x) satisfies the condition
Flg+8) — Flg—8)| < Cl3*, C < oo, s € (0,1 (3.35)

for all ¢ € supp F and sufficiently small §. Assume that on an interval [ of the spectrum of
H the bound N
E{|(H — X —ie) Yz,y)|*} < Ce v 2y c 74 (3.36)

holds uniformly in € > 0 and A € I for some s € (0,1) and C' < co. According to [3] the
bound is valid for any I in the spectrum of H if g in (3.34) — (B35 is large enough or
for any ¢ and [ lying in a certain depending on g neighborhood of spectrum edges. The
bound (B36)) is a manifestation of the Anderson localization, i.e., the pure point spectrum
and exponential decay of eigenfunctions. In fact, (3:36]) implies various other manifestations,
which are commonly associated with the Anderson localization [1, 2] 3, 12} 31].

We have

Lemma 3.6 Let H be the discrete Schridinger operator in I2(Z4), Hy be its restriction to
a domain A € Z* and P and P™) be the spectral projections of H and Hy corresponding to
a spectral interval I. Then we have for any I on which (3.36) holds

E{|P(z,y) — PN (z,y)| < CloNe ™2, 2,y € A, dist({z,y},07) > R,
where O\ denotes the boundary of A, v > 0, C' < o0.

Proof. It follows from the spectral theorem that if G(z) := (H—2)"' = {G(z;2,9) }, yeza
and Gy (2) := (Hy —2)7! = {Ga(z; 2, y) }ayen are the resolvents of H and Hy, then we have
with probability 1

Pla) = 57  GlGia)ic (3.37)
and
POz, y) = o 7{{ G (G 2, y)dC, (3.38)
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where K is a rectangular contour, which encircles I and crosses transversally the real axis at
the endpoints of I (recall that the probability that a given point of real axis is an eigenvalue
of H is zero, see [23], see Theorems 2.10, 2.12 and 4.21).

We will now use the resolvent identity (3.13)) for My = H and My = Hp ® Hza, taking
into account that the non-diagonal parts of i and Hj are —A (see (2.3)) and —Aj © Azayx:

G(Cv Z’,y) - GA(Cv Z’,y) == Z G(Cv Z’,U)GA(C, v, y)a T,y € Aa
(u,v)eL

where L is a collection of bonds between the points v € JA and their nearest neighbors in

74\ OA. Tt follows from (3.32)
|G(C7 z, y) - GA(Cv z, y)|8/2 S Z |(G(<7 xz, U)GA(Ca v, y)|8/2a T,y € A>
(u,w)eL

and then the Holder inequality for expectation yields

E{|G(¢;x,y) — Ga(( 2, )7
< Y EE{GG) EYGA G ). oy € A

(u,v)eL

We have also the bound
E{|GA(Gz,y)]"} <C < o0, 2,y €A

valid uniformly in 3¢ under the conditions of the lemma (see e.g. [3]).

This, (B30, (B38), B1D), and (E30) imply

< 5= § 16(Gizy) ~ GalCar, ) IRC ]
K

< C’0|8A|e‘”~’R/27{ IS¢ |dC| < CloAle T2,
K

4 Conclusion

Here we discuss obtained results and their possible meaning.

We have proved in Section 2 that the entanglement entropy of the system of free disor-
dered fermions with the Schrédinger operator with ergodic potential as one body Hamiltonian
satisfies the area law in the mean for any dimension d > 1 and area law with probability 1
for d = 1. The condition of validity of these results is the exponential decay of the entries
of the matrix of the spectral projection of Schrédinger operator (see (2.16) and the text
below). Note also that the exponential decay (2.16]) of spectrum projection does not require
the complete localization for all the energies below the Fermi level p (see (22) and (2.8)),
moreover a single (connected) spectral interval of localized states. It applies also to the case
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in which the Fermi level is in a localized segment of spectrum above the bands of extended
states.

Our results may also be compared with those of work [7], where the area law for many
body quantum system is derived from the exponential decay of all multipoint correlations
(exponential clustering property). The property, in turn, is closely related to the existence
of the gap between the energy of the pure state in question and the rest of the many body
spectrum [I4]. Note, however, that in the disordered case (for the disordered fermions at
least) the exponential decay results not from the spectrum gap but from the exponential
localizations of the one body states in the gapless spectrum.

In this paper we use the version of the setting in which one first carry out the macroscopic
limit £ — oo and then the large block limit L — oo (cf. (II])). Another possible version is
where these limits are carried out simultaneously: £ — oo, L — oo, L/L — ¢ € (0,1), see
e.g. [19,26]. Our basic results are also valid in this setting since there is an analog of bound
(210) for large but finite systems [3], 12].

The above has to be contrasted with the case of constant (zero) potential of the Schrédinger
operator, more generally, for convolution operators in (?(Z?), where the entanglement en-
tropy is asymptotically proportional to L4 !log L, see (254) and [15, 20, [30]. Thus, our
results can be viewed as a manifestation of the instability of the L¢~!log L asymptotics with
respect to the replacement of convolution operators by ergodic operators having the pure
point component of the spectrum. This is especially well pronounced in the one dimensional
case, where the exponential bound (2.I6) is valid for i.i.d. potential of any non zero ampli-
tude of random potential (although with v — 0 as the amplitude tends to zero) [2I]. This
instability seems reminiscent to the instability of the conducting state or the rounding effect
of disorder on phase transitions, see e.g. [4].
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