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Abstract

We introduce Besov spaces with variable smoothness and integrability by
using the continuous version of Calderon reproducing formula. We show that
our space is well-defined, i.e., independent of the choice of basis functions. We
characterize these function spaces by so-called Peetre maximal functions and we
obtain the Sobolev embeddings for these function spaces. We use these results
to prove the atomic decomposition for these spaces.
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1 Introduction

Function spaces play an important role in harmonic analysis, in the theory of differen-
tial equations and in almost every other field of applied mathematics. Some of these
function spaces are Besov spaces. The theory of these spaces has been developed in
detail in [35] and [36] (and continued and extended in the more recent monographs
[37] and [38]), but has a longer history already including many contributors; we do not
want to discuss this here. For general literature on function spaces we refer to [1, 5,
19, 28, 34, 39| and references therein.
Based on continuous characterizations of Besov spaces, we introduce new family of
function spaces of variable smoothness and integrability. These type of function spaces,
initially appeared in the paper of A. Almeida and P. Hasto [4], where several basic prop-
erties were shown, such as the Fourier analytical characterisation, Sobolev embeddings
and the characterization in terms of Nikolskij representations involving sequences of
entire analytic functions. Later, [I3] characterized these spaces by local means and
established the atomic characterization. Afterwards, Kempka and Vybiral [24] charac-
terized these spaces by ball means of differences and also by local means, see [27] and
[29] for the duality of B;C(Q)),q() spaces.

The paper is organized as follows. First we give some preliminaries where we fix some
notations and recall some basics facts on function spaces with variable integrability
and we give some key technical lemmas needed in the proofs of the main statements.

We then define the Besov spaces Bz((f))q(.). We prove an useful characterization of these
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spaces based on the so called local means. The theorem on local means that proved
for Besov spaces of variable smoothness and integrability is highly technical and its
proved required new techniques and ideas. Using the results from Sections 3 and 4, we

prove in Section 5 the atomic decomposition for B:‘((.'))q(.).

2 Preliminaries

As usual, we denote by R" the n-dimensional real Euclidean space, N the collection of
all natural numbers and Ny = NU {0}. The letter Z stands for the set of all integer
numbers. The expression f < g means that f < c¢g for some independent constant ¢
(and non-negative functions f and g), and f ~ g means f < g < f. As usual for any
x € R, [z] stands for the largest integer smaller than or equal to .

By suppf we denote the support of the function f , i.e., the closure of its non-zero set.
If £ C R" is a measurable set, then |E| stands for the (Lebesgue) measure of E and
X denotes its characteristic function.

The symbol S(R™) is used in place of the set of all Schwartz functions on R™. We
denote by S’(R™) the dual space of all tempered distributions on R"™. The Fourier
transform of a Schwartz function f is denoted by Ff while its inverse transform is

denoted by F~Lf.

By ¢ we denote generic positive constants, which may have different values at different
occurrences. Although the exact values of the constants are usually irrelevant for
our purposes, sometimes we emphasize their dependence on certain parameters (e.g.
¢(p) means that ¢ depends on p, etc.). Further notation will be properly introduced
whenever needed.
The variable exponents that we consider are always measurable functions p on R™ with
range in [¢, oo[ for some ¢ > 0. We denote the set of such functions by Py. The subset
of variable exponents with range [1, oo[ is denoted by P. We use the standard notation
p~ :=ess-inf p(z), p = ess-sup p(x).

zeR" zERP
The variable exponent modular is defined by 0,y(f) = [z 0pw(If(2)])dz, where
0,(t) = t?. The variable exponent Lebesgue space L*0) consists of measurable functions
f on R™ such that g,.,(A\f) < oo for some A > 0. We define the Luxemburg (quasi)-
norm on this space by the formula || f[|,) := inf{)\ >0 : gp(,)<§> < 1}. A useful
property is that ||f||p(.) < 1if and only if g, (f) <1, see [11], Lemma 3.2.4.
Let p,q € Po(R"). The mixed Lebesgue-sequence space Ei(')(Lf”(')) is defined on se-
quences of LP()-functions by the modular

Qgcé(.)(Lp(.))((fv)v) = Zinf {)xv >0: Qp(.)<%) < 1}.
v=1 v

The (quasi)-norm is defined from this as usual:

. 1
H(fv)sz‘;(‘)(Lp(.)) := inf {,u >0: ng(-)(Lp(-))(ﬁ(fv)v) S 1} (1)



If ¢* < oo, then we can replace (Il) by the simpler expression 21 (160 ((fo)v) ==
Z H\fv|q( Hp(>. The case p := oo can be included by replacing the last modular by

010 ey (o) O

We say that g : ]R" — ]R is locally log-Holder continuous, abbreviated g € C};’f(Rn) if
there exists cjog(g) > 0 such that

Clog (g>
og(e 1 1/ [r—9)) @

for all z,y € R™. We say that g satisfies the log-Hoélder decay condition, if there exists
Joo € R and a constant ¢j,g > 0 such that

l9(z) — g(y)| <

Clog

19(7) = goo| < m

for all x € R™. We say that ¢ is globally-log-Holder continuous, abbreviated g € Clos,
if it is locally log-Holder continuous and satisfies the log-Holder decay condition. The
constants cjg(g) and cjog are called the locally log-Hélder constant and the log-Hélder
decay constant, respectively. We note that all functions g € Cfgf(mn) always belong to
L.
We define the following class of variable exponents

PSR = {p eEP: 2_9 S C’l"g}

were introduced in [I2] Section 2]. We define 1/p., := lim,|o 1/p(2) and we use the
convention é = 0. Note that although % is bounded, the variable exponent p itself can

be unbounded. Let p € P'§(R"), ¢ € L' and W () := supy, >, l¢ (y)|. We suppose
that U € L'. Then it was proved in [I1, Lemma 4.6.3] that

o * fllpey < Wl fllpe)

for all f € LPY), where ¢, := ¢ (%), e > 0. We refer to the papers [7] and [9], where
various results on maximal function on variable Lebesgue spaces were obtained.
Recall that 7, ,,(z) :==t7"(1 +t~" |z|)™™, for any z € R", ¢ > 0 and m > 0. Note that
Nym € L' when m > n and that Hntval = ¢, is independent of ¢, where this type
of function was introduced in [20] and [IT]. We refer to the recent monograph [8] for
further properties, historical remarks and references on variable exponent spaces.

2.1 Some technical lemmas

In this subsection we present some results which are useful for us. The following lemma
is from [10, Lemma 6.1], see also [24, Lemma 19].

Lemma 1 Let a € C\%(R"), m € Ny and let R > ciog(at), where cioq(e) is the constant

loc

from @) for a.. Then

t—a(m)

Demer(@ —y) < ct™Wn, (z—vy)

for any 0 <t <1 with ¢ > 0 independent of x,y € R™ and t.
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The previous lemma allows us to treat the variable smoothness in many cases as if it
were not variable at all, namely we can move the term inside the convolution as follows:

D * f@) < €y x (00 ) ().
Lemma 2 Let r,N > 0, m > n and 6,w € S(R") with suppFw C B(0,1). Then
there ezists ¢ = c(r,m,n) > 0 such that for all g € S' (R™), we have
(On % wn x g ()] < el * |y * g™ ()7, zeR, (3)
where On(-) = N"0(N-), wn(-) = N"w(N-) and ny,, = N"(1+ N |-[)7™.
The proof of this lemma is given in [I5] by using the same arguments of [33] Chapter

V, Theorem 5]. The next three lemmas are from [10] where the first tells us that in
most circumstances two convolutions are as good as one.

Lemma 3 For vy, vy € Ny and m > n, we have

Nvo,m * nvl,m ~ nmin(vo,vl),m
with the constant depending only on m and n.
For v € Ny and m = (my,...,m,) € Z", let Q),,, be the dyadic cube in R", Q,,, =
{(z1, .., zp) s my < 2%; <m; + 1,0 =1,2,...,n}. For the collection of all such cubes

we use Q = {Qum : v € Ng,m € Z"}. For each cube @, we denote by zq,,, the lower
left-corner 27"m of Q) = Qym, its side length by [(Q).

Lemma 4 Let v € Ny and m > n. Then for any Q € Q with I(Q) =27", y € Q and
x € R", we have

o (12 ) ) =l = )

with the constant depending only on m and n.
The next lemma is a Hardy-type inequality which is easy to prove.

Lemma 5 Let 0 < a <1, 0 > 0 and 0 < ¢ < oo. Let {e}, be a sequences of
positive real numbers and denote 6, = 372 |k — j|° alk=ile;. Then there exists constant
¢ > 0 depending only on a and q such that

()" <o ()"

k=1

We will make use of the following statement, see [12], Lemma 3.3 for w := 1.

Lemma 6 Letp € P8 and w : R® — R* be a weight function. Then for every m > 0
there exists v = e~ 2™/es(1/P) € (0,1) such that

(o0 | 1)

1-22)

< max (1L00@) 7% ) i [ WP vy

e (0" 1) (g5 | (et 1)+ (e 1)) i)y,

for every cube (or ball) Q@ C R", 0 < w(Q) < oo, allz € Q C R™ and all f €
LPO(w) + L with wal/p(')Hp(.) + 1 fll, < 1.
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Notice that in the proof of this theorem we need only that
[ P wdy <1

and/or || f||., < 1. The proof of this lemma is postponed to the appendix.
The next two lemmas are the continuous version of Hardy-type inequality, where the
second lemma for constant exponents is from [25].

Lemma 7 Let o : R" = R,p € P(R") and ¢ € P(R), with 1 < ¢" < co. Let {f,},en
be a sequence of measurable functions on R™. For all x € R", v € N and all 6 > 0,

let g, (x) = > po, 270 f (x). Then there exists a positive constant c, independent of
{fo}ven such that

__1
H (t q(t) ||gU||p() X[Q*U,217U}> Zq()(LQ() H (t fl(t) ||fU||p( X[2 v 91— v])

Proof. By the scaling argument, we see that it suffices to consider when the right-
hand side is less than or equal to 1. Observe that

[ee) 21—v [ee)

ST} > T

v=172"" =1 p() t

N a(t) dt

DY OIS TAMY RETRUES (@
=170 =1 t

We divide the second sum in two parts, >, _; ---and >, ---. By Holder’s inequality,

(Zg(k—v)é ||fk||p(.) ) < Z o(k—v)d/a* I fi HQ(t
k=1

for any ¢t € [27%,2'7] and any v € N. We have

g‘;(')(Lq(')).

217k

dr149®)

t) 1
RIS = (@ =k + D10g2" [ [ Wil Yasan 5

for any v > k. Applying Lemma [6, we get

2
_ - dr
15179 < @—k+1wﬂﬁ/nnm8xpmlmﬂ;—
0

+c (v—Fk+ 1)q(t) 9~km

for any t € [27%,217Y] C [27¥,2'7*], where ¢,m > 0 are independent of k and t. By
Lemma [5, @), with > ;_, in place of Y -, is bounded by

[e.e] T ) d
CZ/ ZkaH 0 Xz 21- k(7.>2(k—v)5/q+ (U—]{:—l—l)(ﬁ 1—T+C

T

21k

£ > [ wg Trest



Obviously, @) with Y7, in place of Y 7, is

S (3 2 Ul ) a0 )

k=v+1

Again, Holder’s inequality gives

oo

( Z 9(v—k)s ka‘”p(.)) Z 9v—k)3/q* Hf Hq(t
k=v+1 k=v+1
We have
il
= ((k—v+1)log2)™] : /21” 1Fllp) Xor 21+ (T)d—T]q(t)
(k—v+1) (log2)* Jor p() AR

for any k > v + 1. Applying again Lemma [6] we get

21-v

_ ) dr

1Y < (k= o 4 1) / A Xk ()
.

+c (k— v+ 1)1®27m

for any t € [27%, 28] C [27%,217Y], where ¢, m > 0 are independent of k and ¢. Hence
() is bounded by

o dr
cZ/ S IAIES) ook (P29 (= o 177107

k=v+1
21k

S > [wng Eeest
-
by Lemma Bl The proof is complete. W

Lemma 8 Let s > 0 and g € P8 (R) with 1 < ¢~ < ¢" < co. Let {&;}, be a sequence
of positive, measurable functions. Let

1 t
dr dr

N, = tS/ T %%, — and 0, = t_s/ T e, —.
t T 0 T

Then there ezists constant ¢ > 0 depending only on s, ¢, cog(q) and ¢© such that
||77t||Lq(-)((o,1]7%) + HétHLq(-)((O,l},%) <c ||5t||Lq(-)((o71},%) :

Proof. We suppose that ||| ;4 y,#) < 1. Notice that
b

_1
||77tHLq(-)((o,1],%) ~ H(t q“)ntX[zfv,zl*v])U A0 (La0))



We see that

i—v+1 v 1—j
! dr 2 dr 2 _
T 67— E 7—7 = E . T
—v ]:1 27

Let 0 > 0, § € R such that ¢t < o and 0 < 8 < s. We have

v 21—j v 21—j
dr\a®)/o dr\at)/o
([, =) < (], —=T)

J=1

! 217 dr
< Qj(s—/a)q(t)/a( / e )
o Z 2-J T

7=1
21-J
drya®)/e
_ el Bat)/e N 9liv)(s- q(t/cr(/ T—agT_> _
> [ e

By Holder’s inequality, we estimate this expression by

21-7

dry 9N 1/o
Ba(t) /o( oi—0)(s—Ba(t /o(/ T—BET_) ) ‘
> [ s,
2 dr\ a(®) . 2 d7‘ q(?)
( / T-a&_) ngaqm( / ) _
2-J T i T

By Lemma [6] we get
1 2 dry ()
((U —j+1)log2 /QU gTX[Tj’zlfﬂ(T)?)
1 2 dr :
4 / 53(T)X[2*J‘,21*j](7')_ +27
9—v T

v—7J+1
21-J
— T T dT m
2—v

Observe that

A

9—iBa(t)
v—7+1
for any v > j and any ¢ € [27V,2!7?] C [27,2!7], where in the last inequality we use
the fact that

97Ba(t) < 1+ 97 It — T‘)Bclog(Q)QjBQ(T)
< 2P0 e 2 2t e 277,20,
by Lemma [Il Therefore,
i
< P i QU=0s=B)a" [y — 5 4 1)(1*—1 /21j T—Bq(T)Eg(T)d_T + h,
2-J T

Jj=1

for any t € [27%,2'7"], where

hy = Z Q(J'—U)(S—B)q*/U(U — i+ 1)q+2j(ﬁq+—m)‘

=1



Observe that

1—v 1—v ﬁ t T ﬁ t
/2 1Ba(t) ~Ba(r) B /2 O\t /2 AR
9—v t ™ S T t — Jo T t

Therefore,

21—v dt v ol—j d
/ S SE LI / R L
. 2

2-J T

Applying Lemma [ we get

pdt 2 AT
Z/ q(TS;Lj 52()7+c§1.
By taking m large enough such that m > S¢*. Now we prove that
106l oo 0,17, 22) < € lleell pac 0,1, 22 -
We suppose that ||5t||Lq(.)((071L%) < 1. We see that

—v i+1 o0 1—j
e d7‘ 2 e dT 2 . dr
E = E e, —.
T _ T
0 2i a2

1=—00

21—v

Let 0 > 0, § € R such that ¢t < ¢ and 0 < ﬁ<ﬁ We have
[e%s} 21—J [e%s} 21—J
dr\at)/o dr\at)/o
(L, =" = (L %)
j=v /¥ ’ j=v 727 ’

IA

21—3
22 §(B+s)a(t) /Cf(/ +Be dT)
2-i T
_ gu(s+B)a0)/o Z o (=) (B+5)a(t)/o ( /
Jj=v

2-J

21—J

dr\ait)/o
T_BET—T)
-

Again, by Holder’s inequality, we estimate this expression by

O (3 ool / _—y d_T) q“’) e
T T

j=v 2

Applying again Lemmas [6] and [ we get

_ 1 217 dr a®)
Qaﬁqw( / Nt )
(] — v+ 1) log 9 - € X[2 721 J}(T) T

9—(—0)Betogla) 2" ir
N m / T_ﬁq(T)Ej?_(T)X[2—j7217j]( ) 4 2][3(1( )—v
- 2

—J



where we used,

9—iBa(r) (1 + 9 |t _ 7-|) Berog(a)9—3Pa(t)

<
< 9=(I=v)Beiog(a)9— JBQ(t)’ te [2—v’21—v]’ - [Q—j’gl—j]’
by Lemma Il Therefore,

5;1(”

> : Clog (@ 2
<800 3 g SO o (et / T—ﬁq(ﬂgg(r)‘lT_T v
2

—=J

j=v

for any t € [27%,2'7"], where
j% ::2_U0n+6q+x

Observe that

2l-v - Ba(t)
/ tﬁ‘]( ) ~—Ba(t dt / _ d_
9—v t 9—v T t

for any 7 € [277,2!77] and any j > v. Therefore,

| /\

T/2 T t

—v

2 dt ad Clog (@) 2t d
/ 5;1@)? < Z o(v=3)(s+B(1+ =7 ))Q(t)/a(j — v+ 1)q+—1/ T—Bq(f)gg(f)_T + fo.
2 — 2 T

—=J

By taking m large enough such that m > —f3¢". Applying again Lemma [l we get

i /21” 5f(t < Z/ 5‘1(T +c <1,
v=1 -

The proof is completed by the scaling argument. W
The following lemma is from [32, Lemma 1].

Lemma 9 Let w, pp € S(R") and M > —1, an integer such that [y, x®u(x)de =0 for
all |a] < M. Then for any N > 0, there is a constant cy > 0 so that

sup [t pu(t™) x w(2)| (1+ [2))Y < en M
zeR"

3 Variable Besov spaces

In this section we present the definition of Besov spaces of variable smoothness and
integrability and we prove the basic properties in analogy to the Besov spaces with
fixed exponents. Select a pair of Schwartz functions ® and ¢ satisty

1
suppF P C {x € R" : |z| < 2}, suppFp C {xr € R": 5 < |z < 2} (6)

and

1
R GEE @
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Such a resolution of unity can be constructed as follows. Let u € S(R™) be such that
| Fu(€)] > 0 for 3 < |€] < 2. There exists n € S(R™) with suppFn C {z € R": 5 <
|z| < 2} such that

o dt
| Futore -1 cer
0
see [0], [21] and [22]. We set Fp = FuFn and

Fo(g — { b FAOE A £

Then F® € S(R"), and as Fn is supported in {z € R" : § < |z] < 2}, we see that
suppF P C {z € R" : |z] < 2}.

Definition 1 Let o : R* — R, p € P(R") and ¢ € P(R). Let {FP,Fp} be a

resolution of unity and we put o, =t "p(:). The Besov space B;((f))q(.) is the collection

of all f € 8'(R™) such that

||f||BZ((..)),q(.) =@ * fll,, + H 70 (i, # f)Hp(.)‘

t

< 00. (8)
La0)((0,1],9)

When, ¢ := oo the Besov space B;((.'))’Oo consist of all distributions f € §’(R™) such that

12+ £, + S [t (e # )], < o0

One recognizes immediately that B;“(( ))q(,) is a normed space and if o, p and ¢ are

constants, then Bj  is the usual Besov spaces. For general literature on function
spaces of variable smoothness and integrability we refer to [2-4, 10-11, 13-15, 18, 23-24,
27, 40-45].

Now, we are ready to show that the definition of these function spaces is independent
of the chosen resolution of unity {F®, Fp}. This justifies our omission of the subscript
® and ¢ in the sequel.

Theorem 1 Let {F®, Fp}, {FV, Fy} are two resolutzons of unity, p € P& (R"),
g € P (R) and o € Cllgf (R"). Then ||f|| B2 ||f|| a(()) 0
Proof It sufﬁ(nent to show that there is ¢ > 0 such that for all f € S'(R™) we have

1115 gy Sc [Falhe pe) - Interchanging the roles of (U, ) and (P, ¢) we obtain the
Boi).a) Bo)ae)
desired result. We have

1

Fd(€) = FO(E)FW(E) + » f@(f)fw(fé“)df

and

min(1,4t) d
Fote) = [ T FetoFve)T

for any 0 < ¢t < 1 and any ¢ € R™. Therefore,

@*f:(I)*\If*f—l—//4<I>*¢ >|<f—

10



and
min(1,4¢)

dr
oy *x f= Oy *x P * f—.
t/4 T

Since p € P (R"), then the convolution with a radially decreasing L!-function is
bounded on LP():

1@ I, < 0 fl, )+ / I Flley T < 171

p()q()

and min(1,4¢t)
[0 5 P, / |1 £ dr
t/4
where we used

—1/a(t) (E)‘” " —vat) < p-1/a) < -V/atn),
T

by Lemma [Il Holder’s inequality implies that

Ht—a( —1/q(t) Spt*f H <||f|| a()( NHfH a()

p()tz()

Taking the L0)((0,1])-norm we obtain the desired estimate. Notice that the case
q := oo can be easily solved. [J

Remark 1 Let o : R" — R, p € P(R") and ¢ € P(R), with 1 < ¢* < oo. Let
{F®, Fp} be a resolution of unity. We set

« — oo
£ ey =195 Fllyy || (£ [#7°0 au Dl X )

wlledO (Lae)y”
Then
1fllgeey =N fllgacy - 9)
p(+),q(+) .

p(),q(+)

We define for a > 0, a : R" — R and f € §'(R"), the Peetre maximal function

t>0

wap=al) £(z) = sup -
P @) = S e — )

and o
3 (z) = sup 2 SWI_
yern (1 + ]2 —y|)

We now present a fundamental characterization of spaces under consideration.

Theorem 2 Let o € C,% (R"), p € P (R"), ¢ € P% (R) and a > -+ Let {F®, Fop}

loc
be a resolution of unity. Then

||f“1v3§((_-)>’q(_) = ||(I)*’af“p(.) (10)

“Of o)

La0)((0,1],44)

s an equivalent norm in B;((_'))q(_).
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Proof. Tt is easy to see that for any f € §’'(R") with ||f“;a(-) < oo and any z € R"
p()a()

we have
0 oy x ()] < @tV f(2).
This shows that the right-hand side in () is less than or equal ([I0J).

o

We will prove that there is a constant C' > 0 such that for every f € Bp(f)) o)

Yuy <C a)
HfHBp((-)),q(-)_ HfHBp((-)),q(-)

(11)

By Lemmas 2l and [ the estimates
—a o - 1/p~
o0 gy f)] < Ot (e s [T (9)

~a() ()"
< O (Muwmcnmtne * Clor [ W) (12)

are true for any y € R" and any w > n/p~, t > 0. Now divide both sides of ([I2]) by
(1+t7 |z —y|)", in the right-hand side we use the inequality

T+t e—y) " <A+t r—z2) " QA+t y—2)", z,y,2z€R",

in the left-hand side take the supremum over y € R™ and get for all f € B;‘((.'))q(.) any
t >0 and any w > max(n/p~, a + ceg())

0 f(@) < Co (Mg + (Ol f177) ()

where Cy > 0 is independent of z, ¢ and f. Applying the LP)-norm and using the fact
the convolution with a radially decreasing L!-function is bounded on L), we get

‘ S0;«,(175_0(.)_1/(1@)fHp(.) < Ht_a(')_l/q(t)@t % pr(.) ., t>0.

Taking the L2)((0, 1])-norm we obtain the desired estimate. The proof is complete. W
In order to formulate the main result of this section, let us consider kg, k € S(R™) and
S > —1 an integer such that for an € > 0

1/p~

|Fko(§)] >0 for |£] < 2e (13)
IFk(€)| >0 for % < |¢| < 2¢ (14)

and
/ 2%k(z)der =0 forany |of < S. (15)

Here (I3) and (I4) are Tauberian conditions, while (I3 are moment conditions on k.
We recall the notation

ki(z) =t "k(t 'z), for t>0.
For any a > 0, f € §'(R") and = € R" we denote

W |k % f(y)]
yern (147" o —y[)"

Usually k; x f is called local mean.

J € No. (16)

We are able now to state the main result of this section.
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Theorem 3 Let o € C\°% (R?), p € P2(R”) and q € P8 (R). Let a > -t and
at < S+1. Then

k:,at_a(-)pr(_)‘ (17)

/ *
=W |
I llgeer = ko™ fllp + | L0 )

and

: (18)

n . _a()
£ getr = Wk Pl + |17k 1) oo

are equivalent norms on B;“((f)) o)

Proof. The idea of the proof is from V. S. Rychkov [32].
Step 1. Take any pair of functions ¢, and ¢ € S(R™) such that

[Fpo(§) >0 for [¢] <2e
[Fe(€)| >0 for % < €] < 2¢

for some ¢ > 0. We will prove that there is a constant ¢ > 0 such that for any
1€ Byl )

(19)

gyt O f Hp(.)\

P < %, H .
Hf”Bp((.)),q(.) < clley f||p(.) + ‘ La0) ((0,1],4%)

Let A, A € S(R™) so that

supp FA C{E € R": || <2}, supp FAC{{€eR":¢/2 < [{] <2} (20)

1
FAE) Fol€) + / FArOFr) T =1, ek

a

p(,'){q(,) the identity is true

In particular, for any f € B

1 dr
f=hrgrf+ | Acxponf (21)
0
Hence we can write
1 dr
kex f=kixAxpy*xf+ | kixAoxp xf—, 0<t<1.
0 T
We have
90 [k A x o % F S0 [ ks 0 (g, fly— D dz (22)
R?’L

First let ¢t < 7. Writing for any z € R"

ke x Ar(2) = 77"k x A(=),

z
T

13



we get by Lemma [0 that for any integer S > —1 and any N > 0 there is a constant
¢ > 0 independent of ¢ and 7

o (_)S-i-l
ke * A (2)] < ¢ ——T—=, z€R"
=)

So the right-hand side of (22)) can be estimated from above by

£\ 5+
c W) —n <_) / (1+77" |z\)_N lpr % [y — 2)|dz

T

¢ S+1
_ . (—) 0k lon 5 ().

T

By Lemma [Il the estimates

-« T -«
o0, ele = fl) < (D) et 1))
T
< <?> )f(y)’nT,N—a—clog(a) 1

(;) prr U f(y),

are true for any N > n + a + ¢jog(a) and any t < 7.
Let now t > 7. Then, again by Lemma [0 we have for any z € R™ and any L > 0

IA

()

ke Ar(2)] =t7" — 7
| t ( )| (1+t_1|2‘)L

g(z)‘ <c

t

where M > —1 an integer can be taken arbitrarily large, since D*FA(0) = 0 for all a.
Therefore, for t > 7, the right-hand side of (22]) can be estimated from above by

M+1 _
e (1) / (L4 12) g, % fly — 2)| dz

_a()_n T M+1
= W (D) e, F1()

We have for any t > 7

L
_ t _
(1+ttz)) 7" < (;) (L+77t )"
Then, again, the right-hand side of (22]) is dominated by

M—L+1+4n

a(y) <Z>
t

M—-L+14+n+a~

nT,L—clog(a) * (T_a(')‘(pﬂ' * f‘)(y)
prer U f(y) )
M—-L+14+n+a~

pror=0 f(y),

o
7

Nr.z* o * fI(y)

AN
o
—

M—L+14+n+a~

nT,L—a—clog (a) 1

AN AN
o o
/N 7 N
NERIERNE
N— — 0

14



where in the first inequality we have used Lemma [II (by taking L > n 4+ a + cog(@)).
Taking M > L — a™ 4+ a — n to estimate the last expression by

T\ ett *a,—a

where ¢ > 0 is independent of ¢,7 and f. Further, note that for all z,y € R" and all
t,7 € (0,1]

e U f(y) < eV (@) + 7 e —y))
t\a
< @O f@max (1, (2) )1+ 17 o -y
Hence
—a(y) t\S+l-at .
sup t |kft>|<)\—r*907—*.f(y)| SCQDi’aT_a(')f(SII) % (;) lf t<T
yeR" I+t |z —y|)® " if t>7.

Using the fact that for any z € R", any N > 0 and any integer S > —1

t5+1
ks A2)| < ——,
s AR < € o

we obtain by the similar arguments that for any ¢ € (0, 1]

sup W) |k, % A x @y * f(y)]

S C tS-‘,—l at *llf
S T A e = ) (@)

Hence for all f € B ( ,any z € R and any t € (0, 1]

S—I—l—oz+ d
kPt f(z) < C 5T prt f +C’/ mm ;)QOTG _O‘()f(:c)—T.
T
(23)
Also we have for any z € R", any N > 0 and any integer M > —1
M4
kox M\ (2)| < ——
o Al S e
and )
koxA(2)| <c—
ko x A(2)] G
As before, we get for any r € R"
*,a *,a ! *,a —a() dr
ko fla) < C oo fl2) +C | mortr™ f(a)—. (24)
0

In 23) and ([24) taking the LP()-norm and then using Lemma & we get (7).

Step 2. (We will prove in this step that there is a constant ¢ > 0 such that for any
feB’

p(*),

g < el - (25)

p(-),a(-)

15



Analogously to [20), (2I)) find two functions A, ¢ € S(R™) such that

1 dr "
FAUE) Fho(te) + /0 P Frre) T =1, g

a(’)
and for all f € B)(j ) andt € (0,1]

¢ dh
f=MA* (ko) * f+ @Dh*kh*ff-
0
Hence
t dh
kys f = Ay (ko), * ke f+ kt*Qﬂh*kh*ff-
0
Writing for any z € R"
ki xaby(2) =t (k*wé)(;%

we get by Lemma [g] that for any integer K > —1 and any M > 0 there is a constant
¢ > 0 independent of ¢ and h

4n (Q)K-l-l
ks, (2)|<e ——2—— z€R"
s vl < e o
Analogous estimate
=
N x(ko)(2)| <¢c————, z€R",
e (B < ¢

is obvious. From this it follows that

W ko fy)] < et gk [kx fl(y)

+ h K+1+a~ ~ dh
w[(3) b A
0

Since

M
(l—l—t_1|y—z|)_M§<%) (1+h_1|y—z|)_M, y,z € R"

then by Lemma [I] and Hélder’s inequality, we obtain

W Ky f(y)]
h) K+14+a " —M

t
< e sl flo)+ [ (7
0

dh

h_a(y)nh,M * |Fop, * f|(y)7

—a()p~ - 1/p~
S c <nt,ap* * 1 b |kt * f|p (y)>

t K+4+14a™—M+n _
h ol Vo - 1/p~ dh
+/ <?) (nh,ap* * h Cp |kh * f|p (y)> 7
0
by taking M > a + n + cjog(@). Using the elementary estimates
T+t r—y) " <@+t r—z) " QO+t Hy—2)"

< () Qe =) e ),

16



and again Holder’s inequality to get
(O (@) < emax ™0 [k [P () (26)
LY dh
v [ (3) e 0O e g 0
0
where N > 0 can be still be taken arbitrarily large. Similarly we obtain
(kg f(@)" < enyap- * ko * fl(2) + (27)
! N —a()p~ - dh
h nhap**h P ‘kh*f|p (SL’)—
0 ’ h
Observe that
th,ap* * h_a(.)If |kh * f|p7

—a() P
L(-)/p Sk £l

th,ap* * |k0 * f‘If

< ko = FII”, .,
| Sl
and

‘ Mt,ap— * 1 0 |kt * f|p

for any h € (0,¢] and any 0 < ¢ < 1. Therefore (IZZI), with power 1/p~, in LP()-norm is
bounded by

oy SNk 7

1
dh
N _a(_) @l Z
lho® gy + 1 Ok Sl S WMy

since, N can be still be taken arbitrarily large. In (26)), taking the LP()/?”-norm, using
the above estimates, take the 1/p~ power and then the L90)((0,1], %)—norm, we get
with the help of Lemma B that || fl'yec)y < cllflgecr

p(-),q(*) p(+).q(")

Step 3. We will prove in this step that for all f € B;“((,')) o) the following estimates are
true:

, "
: <c : <c Yo"
HfHBZf.;,qm - ||f||B§<(->),q<-> - HfHBZé';vq(‘)

Let {F®, Fp} be a resolution of unity. The first inequality is proved by the chain of
the estimates

“Ofl,o|

/ ol < @*,CL
HfHBp((.)),q(.) <c| f||p(~) L) ((0,1],4)

< —a() ‘ < ot
< cf@x pr(') + HHt Vi * pr(~) La0)((0,1],44) — ¢ HfHBp((.)),q(.) ’

where the first inequality is (I9]), see Step 1, the second inequality is (25]) (with ¢ and
¢, instead of k and ky), see Step 2, and finally the third inequality is obvious. Now
the second inequality can be obtained by the following chain

Ifllgee < ell@ el +||leie O,

p(+),q(-)
< ¢ " <c "
- HfHBZ((-)),qm - HfHBg((-)),q(-) ’

Lat)([0,1],4L)

where the first inequality is obvious, the second inequality is (I9]), see Step 1, with the
roles of ky and k respectively ¢, and ¢ interchanged, and finally the last inequality is
(25]), see Step 2. Hence the theorem is proved. [
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4 Embeddings
For the spaces B;‘((,'){q(,) introduced above we want to show some embedding theorems.
We say a quasi-Banach space A; is continuously embedded in another quasi-Banach
space Ag, Ay < Ay, if Ay C Ay and there is a ¢ > 0 such that || f|| ., < c||f]|,, for all
f € A;. We begin with the following elementary embeddings.

Theorem 4 Let a € C\% (R"), p € P2 (R") and o, q1 € P'% (R). If (ap — ay)™ > 0,
then ) ()
ao(- aq (-

By(a) 7 Bty
Proof. Let {F®, Fp}, {F¥,Fy} are two resolutions of unity. We have

min(1,4¢)

dr
(pt*f: (pt*qu*f_v te(oul]
t/4 T

Using the fact the convolution with a radially decreasing L!-function is bounded on
LPO) | we get

[t 5 L,

B min(1,4t) dr
(ap—a1) —ao(+) -
S P [

S H IO, + f)HpC)‘ 200 o g2 11260 (/i 22)
< lao—a1)” H HT—ao(')(wT % f)Hp(.)’ L0 (0 11,42 < Hao—a1)” HfHBg(O-;;?zo(-) )

where we have used Holder’s inequality. Taking the LI0)((0, 1], %)—norm we obtain the
desired estimate. W
We next consider embeddings of Sobolev-type. It is well-known that

B2 — B

Po,q P1,9°

if g —n/py = ay —n/p1, where 0 < py < p1 < o0 and 0 < ¢ < oo (see e.g. [35]
Theorem 2.7.1]). In the following theorem we generalize these embeddings to variable
exponent case.

Theorem 5 Let ag, 1 € C,28 (R™), po, p1 € P8 (R") and q € P¢(R). If ag >

loc
and ozo(x)—po’zx) = al(m)_plL(x)7 then

a0() ar()
By)a0) 7 Brityat)- (28)

Proof. We will prove that

. < .
HfHBgll((-)),q(-) ~ HfHBZg((-)),q(-)

for any f € Bzg((f))’q(,). Let as prove that

[ (S 1 T e R )] (29)

p1(-

18



This is equivalent to
[ s | S 1

By Lemma [2l we have for any m >n, d > 0
o % f(@)] < ey * Lo, f14() 7
Hence
o7 E O o ()
—d,—« d+— d
(ntm Clog (1) —Clog(1/p1) * 0 dt 1 P10) |S0 *f| ( ))1/d

- Ht TR, (g o) —cron 11}/ (E |5~ o N

IN

I

where 1 5= z%() + h() The second norm on the right hand side is bounded by 1 due
to the choice of §. To show that the first norm is also bounded, we investigate the
corresponding modular:
n—n4_mn_
On(y (OO (1 0r) —erog (1/p1)) /(T = 7))
/ t_n dz <
= z < 00
wr (14 11 |z — 2])0 Coslo)—tos (/PG /A

for m > 0 large enough. Now

}5—lt—a1(m)—1g0t " f(x)}pl(x)

= [orEE O p @)
S }(5_115_(10(:0)_1@15 % f(l’)}p()(x).

Integrating this inequality over R™ and taking into account the deﬁnition of § gives us
the claim. The proof is complete by taking in ([29) the L70)((0,1], £)-norm. m

Let a € C\°8 (R™), p € P8 (R") and ¢ € P"¢ (R). From 28], we obtaln

loc

p1(x)—py(2)

‘5 1t oo (z)— 90 *.f( )}po(x)

a() a()+n/pt—n/p(-) (atn/pt—n/p)~ (atn/pt—n/p)~— (TR
Briat) = Byt = Byt = By T SRY,
where 0 < & < (a+n/p™ —n/p)~. Let ap € R be such that ag > (o +n/p~ —n/p)*.
We have

n a ap—n/p~+n/p(-) a(:)
SR") = B2 . — B () = Byia0)

Therefore,

Theorem 6 Let o € C°% (R™), p € P'¢ (R") and q € P8 (R). Then

loc

SR") = B2{)

/ n
p(ra() = S (RY).
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5 Atomic decomposition

The idea of atomic decompositions leads back to M. Frazier and B. Jawerth in their
series of papers [16], [17], see also [37]. The main goal of this section is to prove an
atomic decomposition result for B;l((f))’q(.). Atoms are the building blocks for the atomic
decomposition.

Definition 2 Let K € Ng, L+ 1 € Ny and let v > 1. A K-times continuous differen-
tiable function a € C*(R") is called [K, L]-atom centered at Qy.m, v € Ng and m € Z",

if

supp a C YQum (30)
|DPa(x)| < 2°USH2 0 for 0 < |8 < K,z € R" (31)

and if
/ 2Pa(x)de =0, for 0<|B| <L andv>1. (32)

If the atom a located at @, that means if it fulfills ([B0), then we will denote it by
Qym. For v =0 or L = —1 there are no moment conditions (B82]) required.

For proving the decomposition by atoms we need the following lemma, see Frazier &
Jawerth [16, Lemma 3.3].

Lemma 10 Let {F®, Fp} be a resolution of unity and let o,,,, be an [K, L]-atom. If
j €Ny and 277 <t < 2177 then

|01 % ()] < € 207 DEHN2 (1 4 9 |3 — g, )TV

ifv<j and

}th % Qv,m(if)‘ <ec 2(j—v)(L+n+1)+vn/2 (1 + 2]' ‘ZE o va,m‘)—M

if v > j, where M is sufficiently large and o, = t™"¢(;). Moreover

}@ % Qmm(l’)} <c 2—v(L+n+1)+Un/2 (1 + ‘l’ — 0., D_M

Let p € P(R"), g € P(R) and o : R — R. Then for all complex valued sequences
A ={Avm € Cliengmezn we define

pel) {A: Al ac <OO},
P(')v‘I(') H pr((.))’q(.)
where
1
e ) 5 om0 5 e ) g
H ||bp((-)),q(-) W;ZH 0, XO, () rnezzn ) X, p()X[2 ,21-7] v Z(;(')(Lq('))

Here Y, ,, is the characteristic function of the cube @, .
Now we come to the atomic decomposition theorem.
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Theorem 7 Let o € C\% (R"), p € P% (R") and g € PP (R) with 1 < ¢~ < ¢t < 0.

loc

Let K, L+ 1 € Ny such that
K> ([a']+1)", (33)

and
L > max(—1, [—a7]). (34)

Then f € S'(R™) belongs to B;((f))’q(,), if and only if it can be represented as

f= Z Z Aom @y m converging in S'(R"™), (35)

v=0 mez"

where o,,, are K, L]-atoms and X = {\y;m € Cliengmezn € b;“((f))q(,). Furthermore,
inf [Al|,ac) , where the infimum is taken over admissible representations (33)), is an
p()sa()

equivalent norm in B;‘((,'))q(,).

The convergence in §'(R™) is postponed to the Appendix.
Proof. The proof follows the ideas in [16, Theorem 6] and [15, Theorem 4.3].

Step 1. Assume that f € B;“((f)) a0) and let @ and ¢ satisfy

suppF® C B(0,2) and |[FP(E)| > cif |¢] < g (36)

and
suppFip  BO.2\B(O, 1/2) and |[Fp(§)| 2 cif <l <2 (30)

There exist functions ¥ € S(R™) satisfying ([B6) and ¢» € S(R") satisfying (B7) such
that for all £ € R™

! dt
R T
0
see Section 3. Using the definition of the cubes @), ., we obtain

Z/ B(w —y)W * f dy+ZZ/v /m (x — y)o, * f()dy—

mez" QOm v=1 mez"

We define for every v >0, 27% <t < 27" and all m € Z"

o //w FP )" (38)

where
C, = max{sup |D%(y)| : |a| < K}, ¢>0.
ly|<c
Define also
1 21 v _ @ .
oo (@) = 4 TS oo em —yeex f)dy 3 X A0 g
’ 0 it Ay =0
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Similarly we define for every m € Z" the numbers Ay, and the functions g, ,, taking
in (B8) and (B9) v = 0 and replacing ¢, and ¢ by ¥ and ®, respectively. Let us now
check that such g, ,, are atoms in the sense of Definition 2l Note that the support and
moment conditions are clear by ([B@) and (37), respectively. It thus remains to check
(BI) in Definition 2. We have

| D50y ()]
1 2 1/2 1/2 dt
< Ao </ ‘Dx‘Ptx_ )‘2dy> </Qv Wt*f(y)EdZJ) 7
dt 1/2 1/2
< /U/ ol )" ([ s et

(DPp)(*

)‘ dy7)1/2

t

1 21 v
< _< / (—2(n+18)) /
N CSD v v,m

< 9u(lBl+n/2).

The modifications for the terms with v = 0 are obvious.

Step 2. Next we show that there is a constant ¢ > 0 such that ||)\Hba(( ) <c HfHBa(()> .
q q

For that reason we exploit the equivalent norms given in Theorem B involving Peetre’s
maximal function. Let v > 0. Taking into account that |z — y| < ¢ 27 for z,y € Qum
we obtain

ta(y)—oe(x) < 2’[)(0!(50)—0!(2/)) < ClOg(Of)/U < Clog(OK)fU < c 2—1) < t < 2-'U+1’
~ “logle+1/|zr—y|) ~ logle+27v/c) = - =

if v > [logyc] +2. If 0 < v < [logy ¢] + 2, then 2¢(@@—aW) < gvle”—a") < ¢ Therefore,
o) e f(y)| < e tow |ty = f(y)]

for any z,y € Q,m and any v € N. Hence,

D Ayt @O () < Cp Y sup sup o, % ()] Xy (@)

mezZn mezn 27v<t<27 v+ y€Qu,m

3 Wy, * f(y)] -

1 —
S CmGZn ‘y—ms|1;£)2*v (1+t 1‘y_ |) ( i ‘y x|) va( )
< PO f (@) Y Xm(@) = c 70 f(w),

mezZ™

where we have used ) x,,,(z) = 1. Similarly we obtain
mezm

Z)\OmXOm <C\Ij*af( )

mezZ™

This estimates gives

AllL ac <ec o <ec ol
H prf-)),q(-) - Hf”BZ((-)),q(-) - HfHBpf-)),q(-)’
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by Theorem B] (with the equivalent norm (3)).

Step 3. Assume that f can be represented by (33]), with K and L satisfying (33)

and (34]), respectively. We will show that f € B;“((,'))q(,) and that for some ¢ > 0,
1fllgoey <ec H)\Hba( ) . We will use the equivalent norm given in ([@)). The arguments
p(-)a(- )»a(-)

are very snmlar to those in [I5]. We write

f = Z Z )\v,va,m = Z )\O,mQQm + Z Z )\v,mgvﬂn

v=0 mezZn mezZ" v=1 meZ"
[eS)
= A0m90m+§ Y
mezZn v=7+1

From Lemmas [[0] and @, we have for any M sufficiently large, t € [277,2!77] and any
0<v<y

SO Pl [0 % 00 ()]

mezn
< o(v=3)(K—at) Z gv(a(z)—n/2) Mol Mo s (T — 20, 1)
meZn
< o= (K—a®) Z 2@@F/2 |\ s * X (2)-
mezm

Lemma [ gives 2°%0n, 1/ % Xy S Myp * 20X,y with T = M — ¢oe(c) and since
K > o' we apply Lemma [7 to obtain

1 2 ;
<Ht 8) § Q(v—J)(K—aHmj « <2v(a(')+n/2) E | Av.ml Xv,m> H ()X[2j,21j]),
p(: J

mezn
S (t‘qo ZQ(U DE=aT) | gv(al)+n/2) Z |)\Um|vaH X[2-i 21— J]), 40 (a0
S || e Y Jm|xij X)) oy S gt
For v = 0, we have
(72 5 o) 03
S H Z |)‘0m|X0mH H( Q(l')Q_j(K_aﬂX[?jﬂ”])j 01 (La())

mGZ”

< |\ )
NH|M80

Now from Lemma [I0, we have for any M sufficiently large, ¢t € [277,2177] and v > j

S Dl |04 % 00 (2)]

mGZ”
S QUIERED S gia@n) [\ (5 g, )
mezn 7
mGZ”
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where the last inequality follows by Lemmal[3] since 1; y; = yin(y,j), 1+ Again by Lemma
@ we have

nj,M * %,M(SE - va,m) 5 2Unnj,M * nv,M * Xv,m(x>’
Therefore, Y t7@ |\, | |, * 0,,.(z)| is bounded by

mez™

mezZ™

< 2(j_v)(L+1+a*)an . [2v(a(')+n/2) Z |)\v7m\ Xo m] (x),

mezmn

by Lemmas [l and B, with 7" = M — ¢jog (). The convolution with a radially decreasing
L'-function is bounded on LP(")

H(t q()ZQ(] v)(L4+14a~ Hn XNy xov(a()+n/2) Z |)\vm|vaH ()X[z 3,21 ﬂ)j

mezmn

O (La0)

is bounded by

o S

where H := L+ 1+ a~. Observing that H > 0, an application of Lemma [7] yields that
the last expression is bounded by

1 .
c fwwymwmm Am,-ﬁj y ;)
H( n;zn| Js |X17 p()XD J,21-4] j

Clearly, > |Aum||® * 0,,,(2)| is bounded by

mezZm™

2'0(05 +n/2 Z |)\Um|vaH 2 32 J])

) (La0))’

1/r
O (La0)

s H)\”b;x((-')),q(-)

‘ 2—v(L+l+oﬁ)7707T * 1)y [Qv(a(')+n/2) Z [ Avm] Xv,m] ().

mez™

Taking the LP()-norm and the fact the convolution with a radially decreasing L!-
function is bounded on L), we get

o0
S ZQ—U(L—H—FOF‘

S HA

~Y

foes

gula(-)+n/2) Z |)‘vm|vaH

p() =, p()
50 .
P()Q()

where

Moy =sup [[[ =2 37 |

bp().a() v>0 mezZn

o

Le0) (270 21-4],48)
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Indeed, by Holder’s inequality

‘2v(a(~)+n/2) Z |>\vm|vaH

p()

mezZ™
I dt
< f=(a()+n/2)v Ao, H a
~ log?2 /U H HZZ:J ol Xom p() 1
< t—(@()+n/2)v N ‘ 1‘
~ H H W;Zﬁ ‘ ’ ‘ Xv7m p() LQ(')([QfUQlfUL%) Lq’(-)([27v721711]7%)7
< Al

p(-),q(+)

where ¢/(+) is the conjugate exponent of ¢(-). Our estimate follows by the embedding
b;‘(()) q(,);)l;z((:))vq(,) and hence the proof is complete. W

Remark 2 Let o : R — R, p € P(R") and g € P(R). Let {FP, Fp} be a resolution
of unity and we put ¢, = t™"p(:). The Besov space B;((,'){q(,) is the collection of all

t
f e S'(R"™) such that

. —a(t)
£l ey = 11 % flly + ==, 11, -

Similar arguments above can be used to study these function spaces.

6 Appendix

Proof of Lemma [l Let p € P8 with 1 < p~ < p* < 0o and Po = ess—é)nf p(z). Define
zEe
q € P5(R™ x R") by

1 1 1
e =" Gt )
Then
(ot | twtma)™
< o (L@ ) sy [P wds s o [ ey

for every cube Q@ C R”, allz € Q and all f € LP") (w)+ L™ with wal/p(.)Hp(.)_‘_HfHoo <
1. Indeed, we split f (y) into three parts

fily) = f(y>X{y:|f(y)|>l}(y)
LW = TWXwirwi<iow<pe; )

f3(y) = TWXiy150)1<100)>p)3 )-
By convexity of t — t?,

(st [, o)™ < vy (L [ 1wt
= 3”7‘1(}1+IQ+13).
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Estimation of 1. By Jensen’s inequality,

p(x)
I, < p(:v / | f1(y) P2 w(y )

Since | f1(y)| > 1, we have | fi(y)[Pe < |f(y)]"Y < |f(y)PY and thus

I L / F@IPY w(y)dy) Ca / £GP wl)ds)

< @) " (g [ 10 )

by the fact that [, |f(y)["" w(y)dy < 1. If || f||, <1, then fi(y) =0 and I = 0.
Estimation of I5. Again by Jensen’s inequality,

1
]2 P(w)_ o P(w)w d _
<7 w(Q) /Q | f2(y)] (y)dy =

Since | f2(y)| < 1 we have |f2(y)|p(x) < |f2(y)|p(y) and thus

L@) /Q PP w(y)dy

Estimation of I3. Again by Jensen’s inequality,

oy @) < o [ GO X100t 0

Now, Young’s inequality give that the last term is bounded by

1
w(Q) /Q <|f Ol q(x’y)> X{1s)1<1.pt)>p(@ (V)W () dy

w

< — o [ (F@PY + 2% i)y
w(Q) Jg
Now observe that
1 1 1 1 1
e T M I )
where % = Tl-) — Ii . We have
7q(vﬂ,y) — fyq(w,y)/%yq(w,y)/? < 7tz(ﬂmy)/2 (VS(r)/4 + VS(y)/4) )

We suppose that |@| < 1. Then

1 ‘ 1 1 ‘<Clog(1/p)
g(z.y) |p(x)  ply)| ~ —log|Q



Hence, ?@¥/2 < |Q|™. If |Q| > 1, then we use 49@¥)/2 < 1 which follow from
v < 1. Now by [T}, Proposition 4.1.8], see also [12, Lemma 3.3], we obtain the desired
inequality:.

The convergence of ([BH). Can be obtained as a by-product of the proof using the same
method as in [I5, Theorem 4.3]. Let ¢ € S(R™). By B0)-(BI)-(32) and the Taylor
expansion of ¢ up to order L with respect to the off-points zg, ,,, we obtain for fixed v

/Zkvmgvm p(y)dy

mezn
o
/ Z >\v mgvm ( (y> Z (y - va,m)BW>dy'
" mezr BI<L '

The last factor in the integral can be uniformly estimated from the above by
¢ 27 (L4 [y) M2 sup (1+ )72 Y |0%0(@)],
reR” |BI<L+1

where M > 0 is at our disposal. Let 0 < ¢ < 1 and s(z) = a(z) + ;75(t — 1) be such
that L+1 > —s(-)> —a(-). Since g, , are [K, L]-atoms, then for every S > 0, we have

}Qv,m(y)‘ <2 (142 }y — g, ., })_S. Therefore,

‘ / . ”mgv,m(y)Sp(y)dy’

mezn

1 2\—-M/2
< ¢ 2—v(L+1) / Z 2vn/2 |)\v,m| ( + |y| ) de
" mezZ™ (]' + 2U }y - zQU,77l )

Applying Lemma @] to obtain
> Pl (142 y =20, )" £ D Pl s X0 ®):

mez" mezZ"

We split M into R 4 S. Since we have in addition the factor (1 + |y|*)~%/2, Hélder’s
inequality and (1 + |y|*) %2 < (1+ |h|*) %/ give that the term | [, - - -dy| is bounded

by
e S (0 g (3 2 Dl )
2 . p()/
$ 02 gup 2605 T 3|
jes EZ:J siml X, p()/t
= ¢ 2_U(L+1+S(x)) sup gj
7>0

for some x € R" and by taking R large enough. By Holder’s inequality,

1 N 1 2 dT
- < ()+n/2)j E Xim H
& 10g2/» 9t log2/ H meZ"| sim| X Ot T
[l 5= Bymi |

S Ao
p()/t, ()

N

p() /11 L0 (2=3 219,40 [ L O (277 203,42
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where

1A

‘H —(s(-)+n/2)j Z |)\]m‘ij

The convergence of ([3:5]) is now clear by the fact that L + 1 + s(z) > 0 and the

embeddings b (—>bp( e

50 = sup

bp()/tat)y >0 LaO)([2-9,21-3], 47

(-)/t

<—>b /t 4y The proof is completed.
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