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WEAK STABILITY OF RICCI EXPANDERS WITH POSITIVE
CURVATURE OPERATOR

ALIX DERUELLE AND TOBIAS LAMM

ABSTRACT. We prove the L™ stability of expanding gradient Ricci solitons with positive
curvature operator and quadratic curvature decay at infinity.

1. INTRODUCTION

We investigate the stability of expanding gradient Ricci solitons with positive curvature
operator along the Ricci flow in the spirit of Koch and Lamm [KL12]. The main aim of this
approach is twofold : on one hand, it allows to start the Ricci flow from singular initial metrics
that are close to a self-similar solution of the Ricci flow in the L™ sense, on the other hand,
it proves the existence of global solutions of the Ricci flow, i.e. solutions that are defined for
all positive time.

We recall that an expanding gradient Ricci soliton is a self-similar solution of the Ricci
flow, i.e. it evolves by dilating homotheties and diffeomorphisms generated by the gradient
of a smooth function. Formally speaking, it consists of a triplet (M™, g, V9 f) where (M", g)
is a complete Riemannian manifold endowed with a smooth function f : M™ — R called
the potential function such that the associated Bakry—Emery tensor is constantly negative as
follows :

Ric(g) + V**(~f) = 5.
Alternatively, the corresponding Ricci flow is given, at least formally, by g(7) = (14+7)¢%g, for
T € (—1,+00) where (¢;)r>—1 is a one parameter family of diffecomorphisms generated by the
vector field —V9f /(1 + 7). Expanding gradient (Ricci) solitons with non negative curvature
operator are non collapsed, that is, the volume of geodesic balls is Euclidean for any scale
and are diffeomorphic to the Euclidean space R™, where n is the dimension of the underlying
manifold. Thanks to the work of Schulze and Simon [SS13], they appear as natural blow-
down of Ricci flows starting from Riemannian manifolds with bounded non negative curvature
operator and positive asymptotic volume ratio. Here are some examples of such geometric
structures with non negative curvature operator :

(1) The Gaussian soliton <R",eucl, yeud <¥>>, where ¢-(x) :=x/(V/1+71), 7> —1.

(2) The Gutperle-Headrick-Minwalla-Schomerus examples [GHMS03] in dimension 2 : it
consists of a one parameter family (R?, ge, V% fe)ce(0,1) asymptotic to (C(S'),dr? +
(cr)?df?,18,./2)ce(0,1), With rotational symmetry.

(3) The Bryant examples [Chap. 1,JCCGT07|] correspond to the previous examples in
higher dimensions : again, it consists of a one parameter family (R™, gc, V9 f¢)cc(0,1)
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asymptotic to (C(S"~1), dr? + (cr)2ggn—1,r(9r/2)ce(071) with rotational symmetry.

(4) In [Derlda] and [Derl5|, the first author proved the existence and uniqueness of defor-
mations of gradient expanders with positive curvature operator smoothly coming out
of a metric cone over a smooth Riemannian sphere (X, gx) satisfying Rm(gx) > 1.

Finally, we mention that there is a one-to-one correspondence between the following geo-
metric notions : for such expanders, the asymptotic cone (in the Gromov-Hausdorff sense) is
the singular initial condition of the corresponding Ricci flow : see the introduction of [Derl5]
for an explanation.

Now, the Ricci flow is well-known to be a degenerate quasilinear parabolic equation : this
comes from its invariance under the whole diffeomorphism group of the underlying manifold.
That is why it is more convenient to study the so called (time dependent) DeTurck Ricci flow
s let (M™, go(t))s>0 be an expanding gradient Ricci soliton, we consider the following system,

Org = —2Ric(9(t)) + Ly (91,90 (1) (9(F)),  on M™ x (0, +00),

g(O) = gO(O) + h7 Hh”L‘X’(M”,go) SmalL
where V' (g(t), go(t)) is a vector field defined by

V{g(t), 90(8)) = vy (9(0) — 90(t)) — 5770 trgy 1 (9(1) — gol).

See section [2 for the equivalence with other flows that appear naturally in this setting.
We are now in a position to state the main result of this paper :

Theorem 1.1. Let (M™,go(t))i>0 be an expanding gradient Ricci soliton with positive cur-
vature operator and quadratic curvature decay at infinity, i.e.
< ¢
~ 1+ dfm(p,x)’
for some point p € M and some positive constant C (depending on p). Then there ezists a

positive € such that for any metric g € L>(M, go) satisfying [|g — goll Lo (ar,90) < €, there exists
a global solution (M™, g(t))i>0 to the DeTurck Ricci flow with initial condition g. Moreover,

Rm(go) >0, |Rm(go)|g, () Vo e M,

(1) the solution is analytic in space and time and the following holds for any nonnegative
indices o, B :

sup | (t"2V2O)(10,)7 (g(t) — g0(t))lgo(t) < Casl9(0) = gol oo (11,60)5
rEM t>0

(2) this solution is unique in Bx(go,€) where X is a Banach space defined in section [3.
Let us comment the assumptions and the proof of theorem [Tl The condition on the
sign of the curvature operator is global whereas the one on the decay of the curvature is
asymptotic (or local at infinity) : it ensures in particular that the asymptotic cone is C1® for

any « € (0,1) as shown in [CD]. Both assumptions are crucial to estimate the homogeneous
equation associated to the DeTurck Ricci flow (section @) :

Oth = Lih, on M™ x (0,400),

h(0) € S*T*M, 1A (0) )| Loo (am,go) < +00,
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where (L¢)¢>0 is the one parameter family of time dependent Lichnerowicz operators associated
to the background expander (M™, go(t))i>o defined on the space S?T*M of symmetric 2-
tensors on M by :

Lih = Ago(t)h + QRm(go(t)) *h — RiC(go(t)) QRh—h® Ric(go(t)),
(Rm(go(t)) * h)ij := Rm(go(t))ikijhet, h € S?T* M.

The main strategy to prove theorem [l is due to Koch and Lamm [KL12] inspired by
a previous work on the Navier-Stokes equation by Koch and Tataru [KTO01] : it is based
on Gaussian bounds for large time of the heat kernel associated to the linearized operator.
Of course, such bounds are given for free in the Euclidean case, reinterpreted here as the
Gaussian expanding soliton. Therefore, the main challenge of this paper is to get uniform-
in-time Gaussian bounds for the heat kernel associated to the time dependent Lichnerowicz
operator. We describe succinctly the main estimates we need to reach such goal :

(1) We establish a L> — L° bound together with an L! — L! bound for this heat oper-
ator : only the positivity of the curvature operator is used. See section Bl This gives
more or less an on-diagonal bound for the heat kernel, modulo a Nash-Moser iteration.

(2) This implies that the heat operator is bounded on LP for any p € [1,+oc] but it
does not imply that it is contractive, unless the expander is flat. In particular, the
L? norm of the solution to the homogeneous equation is not decreasing. Despite this
lack of monotonicity, we are able to adapt the ideas of Grigor'yan [Gri97] to get an
off-diagonal bound.

We mention that the literature on heat kernel bounds in various geometric settings is
immense : see the book [Gri09] and the references therein in the case of static metrics. On
the other hand, more and more refined Gaussian estimates for the heat kernel along the Ricci
flow for short time are being investigated intensively under weaker and weaker curvature
bounds : see the recent work by Bamler and Zhang [Bam15] and the references therein in the
presence of a uniform bound on the scalar curvature only.

Let us describe now briefly where our main theorem [[.1]is placed in the panorama of sta-
bility results along the Ricci flow : the methods are very different whether the manifold is
compact (without boundary) or not. Indeed, the L? spectrum of the Lichnerowicz operator
is not discrete anymore in the non compact case.

Concerning the compact case : see [HM13] in the Ricci flat case then [Krol4] for Ricci soli-
tons. Their work consists in establishing an adequate Lojasiewicz inequality for the relevant
entropies (introduced by Perelman). This approach goes back to the work of Leon Simon. It
has been used recently by Colding-Minicozzi for Ricci flat non collapsed non compact Riem-
manian manifolds [CM14]. See also the work of Sesum [Ses06] under integrability assumptions
of the moduli space.

In the non compact case, the hyperbolic and Euclidean case have first been considered by
Schniirer-Schulze-Simon [SSS11] : their method is based on an exhaustion procedure, solving
corresponding Dirichlet DeTurck Ricci flows. The inconvenient of this approach, although
being very geometric, is that it does not provide local uniqueness of the solutions in some
functional space. Bamler [Baml10] proved, among other things, stability in the L> sense for
non compact symmetric spaces of rank larger than 1, the analysis is based on [KLI2]. The
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first author considered the expanding case in the L N L2(efdu(g)) sense for metrics with
non negative curvature operator in the spirit of [SSS11] : [Derl4b]. Again, as the solution is
not built by a fixed point argument, we did not know if this solution was unique. By relaxing
the assumptions on the initial condition, theorem [[.T] ensures the well-posedness of the Ricci
flow with small initial condition (in the L sense) for such expanders.

We end this introduction by explaining the reasons that led us to consider the time-
dependent DeTurck Ricci flow. In [Derl4b], we investigated the asymptotic stability of ex-
panding gradient Ricci solitons with initial condition belonging to a weighted space L?(efdu(g))
by studying the bottom of the spectrum of the weighted laplacian Ay. It is then legitimate
to ask only for stability in the L° sense. The quasi-linear evolution equation to consider is

g = —2Ricg —g + Lonsy(9) + Lr(g.00)(9): (1)

where (M", go, V° fy) is a fixed background expanding gradient Ricci soliton and %y (g 40)(9)
is the DeTurck’s term described previously. The linearized operator of (] is the weighted
(static) Lichnerowicz operator L := Ay 4+ 2Rm(g)*. In the Euclidean case, the heat kernel
associated to L = Ay is the Mehler kernel given by :

k(x,y) =

(87 sinh(¢/2))7/2 N T

1 |z — y|? l—e P <ay> nt
PY7T30 —e ) 1t 2 4

The first difficulty lies in estimating the derivatives in time and space of the Mehler kernel
associated to a non necessarily Euclidean metric : indeed, the semigroup associated is not
strongly continuous nor analytic in L* as DaPrato and Lunardi showed [DPL95]. Secondly,
the choice of norms is crucial : Koch and Lamm use scale invariants norms together with
the implicit fact that the measure is doubling. In this case, this is not true anymore, i.e.
Voly B(z,2R) := fB(x,ZR) e/du(g) is not uniformly comparable to Voly B(z, R), which would
make the analysis harder. That is why the main advantage of the time-dependent DeTurck
Ricci flow on (IJ) is that the time dependent linearized operator is the unweighted classical
Lichnerowicz operator L;. Therefore, even if the coefficients are time dependent, the volume
measure is now doubling and it is controlled by the time-independent asymptotic volume ratio
of the expander : see appendix[Al As a consequence, we get a uniform-in-time Mehler bound
for the static weighted Lichnerowicz operator L : B.4.11

The organization of the paper is as follows : section [2] discusses the equivalence of various
Ricci flows that are pertinent in this context and describes more precisely each non linear
term that appears in the time-dependent DeTurck Ricci flow. Section [3] defines the relevant
Banach spaces. Section [ is devoted to the analysis of the homogeneous equation associated to
the time-dependent DeTurck Ricci flow. Section [ proves Gaussian bounds for the heat kernel
associated to the time-dependent Lichnerowicz operator. Finally, section [0l proves theorem
[C1 by a careful study of the inhomogeneous equation associated to this Ricci flow.

The research leading to the results contained in this paper has received funding from the
European Research Council (E.R.C.) under European Union’s Seventh Framework Program
(FP7/2007-2013)/ ERC grant agreement No. 291060.
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2. EQUIVALENCE OF RICCI FLOWS

An expanding gradient Ricci soliton is a triplet (M™, go, V9 fy) where (M™,go) is a Rie-
mannian manifold and fo : M — R is a smooth function (called the potential function)
satisfying

1 )
5 L0 ,(90) = Ric(go) + %-

We assume that (M™, gg) is complete, this suffices to ensure the completeness of the vector
field V9 fy : [Zha08].

Let us fix an expanding gradient Ricci soliton (M™, gg, V9 fy). In this paper, we study the
stability of such gradient Ricci soliton under the Ricci flow, i.e.

Org = —2Ric(g(t)) on M x (0,4+0c0),

g(0) = go + A,

where h is a symmetric 2-tensor on M (denoted by h € S?T*M) such that g(0) is a metric.

In this setting, a more relevant flow, called the modified Ricci flow, has been introduced in
[Der14b] :

Org = —2Ric(g(t)) — g(t) + Lso g, (9(t)) on M x (0,+00),

9(0) = go + h.

It turns out that these two flows are equivalent, as shown in [Der14b]. Here, we decide to fix
the vector field V9 fy. We could allow the metric to vary by choosing instead V9O f, this
would not affect the analysis. Choosing an implicit function f(¢) for any positive time should
be done by a minimizing procedure involving a relevant entropy in the spirit of Perelman as
it is done in [HM13].

In the spirit of the so called DeTurck’s trick, as the modified Ricci flow is a degenerate
parabolic equation, we first need to consider the following modified Ricci harmonic map heat

flow (MRHF) :
Org = —2Ric(g(t)) = g(t) + L9 £, (9(1)) + L (9(t).90) (9(1)); on M x (0, +00)
9(0) =go+h
where V' (g(t), go) is a vector field defined globally by,
V(g(t),g0) = divg glt) — £ 9% trg, g(1) )

Following [Shi89] and [Derl4b|, the modified Ricci harmonic map heat flow can be written
in coordinates as :

2
Orgij = gV g1 + VL, 095 — 9" gip Rm(go) jr1p — ™ 9jp Rm(90)ik1p
+gix Ric(go)r; + gk Ric(go)ri
1
+gt g <§V?°gpaV§°gqb + V“Z’LOgijZngb)

b
_ga gpq (Vgogjpvzogiq - Vgogpavgogiq - Vgogpavzogjq) .
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Define h(t) := g(t) — go. The previous system can be rewritten as follows

(O — Lo) hij = V¥ (((go +h)™ — 98b> Vgohm‘) — V9 (go + h)* VP hi; — 2Rm(go)irjh
— " gip Rm(g0) jrip — 9™ 9jp Rm(g0)iktp + gir Ric(go)r; + gk Ric(go)ki
1
+ (g0 + )™ (g0 + )" <§V§° pa V% gy + Vb, V0 hib>

— (90 + h)ab (90 + R)" (Vgo hjpvgohiq - V§° hpavgo hig — V?O hpavgohjq) )

where (g0 + h)® := ((go + h)ap) " and where Loh := Agoh + V%)gofoh + 2Rm(gp) * h is the
weighted Lichnerowicz operator acting on symmetric 2-tensors. Hence, we write the previous
system in the following form as in [KL.12] modulo an extra zeroth order term :

(3t — LO) h = Ro[h] + VgoRl [h], (3)
where,

Rolhli; = —2Rm(go)iriihur — 9" gip Rm(g0)jkip — 9 g0 R(g0)ikip
+9ir Ric(go)kj + gjx Ric(go) ki
1
+3 (g0 + h)™ (go + h)P? (VP hpa Vi hgy + 2V 9 hjp VI hip
-2V hjpvgo hig — 2V§O hpavgo hig — QVfO hpavgo hjq)
—V9 (go + h)™ Vi hij,
veRiAly = V2 (904 1) - ") Vihy)

Note that one can simplify the zeroth order terms of Ry[h] as follows :

—2Rm(g0) ikt — 9™ gip Rm(90) jktp — 9 955 Rm(g0)ikip
+gir Ric(go)kj + gjx Ric(go) ki

= —2Rm(go)irjhu — 9" hip Rm(g0) jkip — 9 hjp Rm(g0)ikip
—g™ Rm(go) ki — ¢ Rm(go) ik,
+9gir. Ric(go)r; + gjx Ric(go) ks

= —2Rm(go)iriihrr — hip Ric(go)jp — hjp Ric(go)ip
_hklhip Rm(go)jklp - hklhjp Rm(QO)z‘klp
—2Ric(go)ij — Rm(go)jmih™ — Rm(go)smiih™
+2Ric(go)ij + hair Ric(go)kj + hjr Ric(go)ri

= —2Rm(go)iktj (hws + h*)
—h¥ i Rm(go) sty — W™y Rm(go) iy

= (gil * h* h*Rm(go))ij,
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since, if g = (1 + \g)dx; is diagonalized in a orthonormal basis of gy at some point, where
M ER fork=1,...,n

hi + b = O+ 1+ M) = 1) oy
= (1+ M) Ao
= (gil *h*h)kl
Therefore, Ro[h] = g~  x h* h* Rm(gg) + g~ * g~! * V9h % V9h,

Now, we introduce the last flow equivalent to () that we will study in the next sections :

(8; — L) h = Ro[h] + VO R, [h], (4)
with
Ro[h] = h~'xhxRm(g ())
+g(t) "t g(t)7? O« V9O,
VRO R [l = VO (((90(0) + B)ab — o)) Vi Vi)
where,

Lih = Agyyh +2Rm(go(t)) * h — Ric(go(t)) ® h — h @ Ric(go (1)),
go(t) == (1 +t)digo, h(t) = (1+t)p;h(In(1+1)), ¢>0,

_ Vgofo
(9t¢t——1+t o ¢y.

The flow (@) can be expressed globally by :
0g = —2Ric(g(t)) + L (g(t),g0(1)) (9(1))
9(t) := go(t) + h(t).

3. FUNCTION SPACES

Let (M™, go(t))t>0 be a Ricci flow. Let p € (0,400]. For a family of symmetric 2-tensors
(h(t))i>0 € S*T*M, we define the average parabolic LP-norm of h as follows :

1/p
-H-hHLP(P(:v,R)) = (]i( R |h|p 8)(% )dlu’go(s)(y)d8> >

P(a,R) = {(y.s) e M xR} | s€(0,B), ye By le.R)},

where dpig, (s)(y) is the Riemannian measure associated to the metric go(s) and where By s) (z, R)
denotes the geodesic ball for the metric go(s) centered at x of radius R.
We define the function space X as in [KL12| :

X = {h | ||h||lx < +oc}, where,
[hllx = sup||h(t)l| Lo (h,go ()
t>0

+  sup (RVh 2(pe.r)) +VIVA] )
ey, N e E WV s (e ()
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We also consider the space Y := Y% + VY'! where

hlly, = R*th R + RHA| » )
e (a:,R)SEuJ\I/;XRi< o ey + 2 HL#(P(%R)\P(%ER))
Iblly = sup  (Bithllza(pe,my + $VEl s ooy oo, 2)) ) -

(z,R)EM xR?,

These spaces are invariant under the following scaling, for some positive radius R :
gO,R(t) = R_ZQO(RQt)a hR(t) = R_Qh(RQt)a t>0,

where (go(t), h(t)) is a solution to the Ricci-DeTurck flow ().
As noticed in [KLL12], we have the following estimate :

Lemma 3.1. Let (M™,go, V% fy), n > 3, be an expanding gradient Ricci soliton with qua-
dratic curvature decay. Then, for any v € (0,1), the operator Ry[-] + VR1]-] : Bx(0,7) C
X =Y is analytic and satisfies

|Ro[R] + VRi[A]lly < e(y,n, g0)|[Bl%, € Bx(0,7),

[1Ro[l'] = Ro[h] + V(R1[l] = Ra[h])]ly < e(v,n, 90) (17 [lx + 116l x) IB" = Allx,
for any h,h' € Bx(0,7).

Proof. This can be checked directly. The only non trivial estimate concerns the zeroth order
quadratic term of Ry[h] which uses the decay of the curvature tensor in an essential way. In-
deed, as the metric gy has quadratic curvature decay, the metric go(t) has quadratic curvature
decay too and if p is such that V9% fy(p) = 0,

| Rm(go(t))lgo () (=)

C

< t>0, zeM
— 2 7 — ) )
1+t+ dgo(t) (p,x)

for some positive constant ¢ independent of time. Therefore,

1
| Rm(go(£))[go () gty < c][ ditgot):
fBQO(t) (va) % % Bgo(t) (iB,R) 1 + t + d?]o(t) (p’ y) 90

for any nonnegative time ¢. If dg ) (p,x) > 2R, then dg ) (p,y) > R for any y € By ) (z, R)
and

1 C
dpig(r) < :
]égo(t)(x7R) I+t+ dgzm(t) (p, y) g0 1+ R2

for some positive constant ¢ uniform in time, space and radius R. If dg ) (p, z) < 2R then,
by the co-area formula,

1 1
dprgery < / Apigoe)
/Bgo(t)(x,R) 1+t+ dfm(t) (pa y) 9 By, ) (0,3R) I+t+ dQO(t) (p, y) 90

g
3R ,.n-—1
c(n)/ T—zdr
0 1 +7r

c(n)R"2,

IN

IN
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if n > 3. In any case, we get :

R2
[t IRl <
0 Bgo(t)(x,R)

for some positive constant ¢ uniform in time, space and radius R.

4. ESTIMATES FOR THE HOMOGENEOUS LINEAR EQUATION

Theorem 4.1. Let (M™, go(t))t>0, n > 3, be an expanding gradient Ricci soliton with positive
curvature operator and with quadratic curvature decay, i.e. such that

lim sup dy, (p, 2)? Ry, () < 400,

r—>+00
for some (any) point p € M. Let (h(t))i>0 be a solution to the homogeneous linear equation
Oth = Lih with hg = h(0) € L>®(S*T*M, go). Then, (h(t))i>0 € X, and
1Bllx < ellholl oo (a1,g0)

for some uniform positive constant c.

Remark 4.2. The proof of theorem[{.1] actually shows that the heat kernel associated to the
Lichnerowicz operator is positivity improving in case (M™, go(t))e>0 is an expanding gradient
Ricci soliton with positive curvature operator, i.e. with the notations of theorem [{.1,

ho >0, hge S*T*M\ {0} = h(t) >0, t>0.

Proof. e [ estimate :

First of all, let us notice that H(t) := go(t)+2(1+t) Ric(go(t)) satisfies O, H = L H,

H(0) = go + 2Ric(go) (= L 1, (90))-

Indeed, this comes from the well-known fact that the Ricci curvature Ric(go(t))
satisfies 0 Ric(go(t)) = Lt Ric(go(t)) along a Ricci flow (go(t))i>0. On the other hand,
there is some constant ¢ such that

h(0) — clhol oo (a1,90) H (0) = ho — c|ho| oo (a1,90) (90 + 2Ric(go)) >0, on M,

since H(0) is positive definite (since Ric(gg) > 0).
We claim that for any positive time ¢, h(t) — c|ho|rec(ar,90) H (t) > 0. To prove this
claim, define for any positive e,

he(t) := () — clho|poo (n,g0) H (t) + eePp(t) H (2),

for some positive constant C' to be chosen later and ¢ : M x R} — R, is a smooth
function defined by :
n
ow,t) = n ((1+ 097 (f +n9) +5)) (5)
where 1(g) defined the entropy (see Appendix[Al) and where (¢); is the flow generated
by —V% fo/(1+t). It is well defined since by the soliton equations, f + pu(g) +n/2 >
n/2 > 1. In particular, ¢ satisfies on M x [0,T] for some positive finite time T,

’8t¢‘ + ‘Vgo(t)¢‘ + ’Ago(t)¢‘ < C(T)7
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for some positive space independent constant C'(T") depending on T' (at least).
Therefore,

Oihe = Lihc+ e (COH(t) = 2980 H(t) = Ay 6H (1))

> Lihe + ee“t (C inf ¢— C(T)) H(t),
M x[0,T]
since H(t) and g(t) define equivalent metrics. Since infy;,o7) ¢ is positive, one can
choose C' big enough so that,

athe > Lthe,

on M x [0,T].

Now, if inf 7 [0,7] he < 0, there must be a first space-time point (zo,t9) € M x [0, T]
and some unitary vector u € T,, M such that h(zg,to)(u) = 0 since ¢ is an exhaustion
function (Appendix[Al). In particular, h.(t) > 0 for ¢t < ty. Extend u in a neighborhood
of zop by parallel transport with respect to go(tg) independently of time as done in
[Theorem 3.3, Chap. 2,[CLNO06]]. This vector field will be denoted by U. Then, as to
is positive, we have at (zo, to),

0> 0 (he(U7 U)) = ( ) (U7 )
> Lto (U, )
= 90 (to) (Re(U, U)) + (2Rm(go(to)) * he) (U, U)
= go (to) ( E( ’ )
> 0,

which is a contradiction. Therefore, he > 0 on M x [0,7T] for any positive ¢, i.e.
h(t) > clho|Loo(a1,90)(90 + 2 Ric(go)). The same previous argument can be applied to

(=h(t))e=0 which shows supyrug, [|A(t)] Lo (0,go(r)) < lel(1+2supyy Ric(go)) [ holl Lo (1,go)-
e L2 estimate :
Since (h(t)):>0 satisfies Oh = Lih, one has,
3t\h’§0(t) < Ago(t)\hfzo(t) - QWQO(t)h’zo(t) + c(n)| Rm(QO(t))’go(t)‘h@O(t)

Multiplying this inequality by any smooth cut-off function 2 : M x R, — R, gives,
after integrating by parts (in space) :

at/ 1/}2‘}” dugo + 2/ v vl h‘go(t dfigo(y <

/M (=9 Oy2 VOORE )+ (062 + c(n)6?| R(g0(8) ooy I (o ditgnte

< | AVCO] g0 0Bl oy U VOO Rl g 1) + (9597 + e(n)t® Rm(go () lgory) Pl 1)
=y go(t)1"*1go(?) go(t) t cn migo go(t) go(t) P go(t)-

Hence, by applying Young’s inequality to the term 4| V90 (*))| e go(t)w\vsm(t)h\ go(t)>
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at/ v |h|90(t dprgy () +/ (G |vg0(t h| t)d'ugo(t) =
c(n) |V90 ()42 )+ 0® + % Rm(go(t))| |h? .d .
v go(t) t 90 go(t) go(t) EHgo(t)

Now, let (x, R) € M x R and consider the following cutoff function : ¢, r(y,t) :=
¢(dgo(t) (z,y)/R), where 9 : Ry — R, is a smooth function such that Vo] =
Y|[2,400) = 0 and supg, || < c. ¢ g is a Lipschitz function satisfying :

—_

90(1) <L 0<Oppn<——
VI s Rlgot) < 7 0SOWer < VT

almost everywhere, by lemma [AZ3l Hence, by integrating in time :

R2

/ |h|go(R2)dﬂg0 R?) / / V9 t)h| 0y BHgo(0ydt <

o(r2)(@R) By ot

MO, 0y 00

/Bgom)(mR) 90(0)*Fg0

R? ) 1 |
+C/ / <_+—+ ngt )h du B
0 IByy@2r) RV | Rm(go(8)lgot) | 110 (1) g0 (o)

R2
< eh(O) 2 (arg0) (R"+ /0 /B (QR)\Rm@o(t))rgo(t)) gy oy,
g0 (£)\T>

since Volg, ) Bgyt)(z,5) < ¢(n)s™ for any nonnegative s by the Bishop-Gromov theo-
rem since Ric(go(t)) > 0. Now, as AVR(go(t)) = AVR(go) > 0 by Appendix [Al we get
the reverse uniform inequality Volg ) Byo)(z,s) > AVR(go)s", for any nonnegative
s by the Bishop-Gromov theorem again. Hence,

R2
B o) < RO a0 <1+ / f

Hence the desired L? estimate by the proof of lemma 311

|Rm(go(t))|go(t)dﬂgo(t)dt '

o L™ estimate :
We prove that

sup VEVOOR . . < cl||h]| 7 . 6
(LR)GMX(O7+OO)|’ I (P(z,R)\P(z,R/V2)) 12 oo (a,g0) (6)

We establish rough a priori estimates by computing the evolution of

[l + VP ORE )
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as follows :

ai|nl?

A

t)|h| - 2|Vg0(t)h|30(t) + c(n)| Rm(go(t))lg, t)|h|go(t
Aoty (AT OnE ) ) = 219%O L ) + 192 Ohf
+c(n)| Rn(go (6)) g0 (i HIV DRI 1)
(VIO Raa(g0(6)) oy VEIT® DB g Bl
Therefore, as (M™, go(t))+>0 is a Type III solution of the Ricci flow, i.e.
| Rm(go(t)) o) + VEIVD Rm(go(t))
for t > 0, one has
(0 — Agot)) <|h| + | v9® 2 ) < (|h| + t| vt 2 ) .
go(t) go(t) gp®) = 14 go(t) go(t)

In particular,

(0 = Do) (14072 (10, + 0v2 D2 ) )) <0, >0, (7)

To end the argument, we need to prove a mean value inequality in the spirit of
Zhang [Zha06] in a Ricci flow setting. The proof is very close to his, but we reproduce
it here for the convenience of the reader and for the consistency of the paper. We
must be careful about the time dependence of the constants involved in this mean
value inequality.

go(t) = go(t)

IN

C
o) < T3

Proposition 4.3 (L' mean value inequality). Let (M™, go(t)):>0 be a Type III solution
of the Ricci flow with nonnegative Ricci curvature which is noncollapsed, i.e.

(1+ 0)| Rm(go(6)) () < Ro.  Riclgo(t) >0, AVR(go(t)) > Vo >0, t>0.

Then any nonnegative subsolution u of the heat equation, i.e.
Ou < Agypu, on M x (0,+00),
satisfies, for r? <t, 0 € (0,1),
o s D [ s
where P(x,t,7) :={(y,s) € M x [0,4+00) | se(t—r>t], y€ Bys(z,r)}
Proof of proposition [{.3 Let p € [1,400). Then,
opuf < Agoyul, (8)

on M x (0,+00). Take any smooth space-time cutoff function 1) and multiply (&) by
?uP and integrate by parts as follows :

/ 2/ 2 uP A gy sy uPdpigysyds < — / 2/ 2uPouP dfigy(s5)ds,
t—r t—r

/t 2/ |V90(8 (Yu?) 52108 _|vg0(8 ¢| u Pdpgy(s)ds <

v s (12 lndu 5)
/t 2/ 90() 2pd,ugo(s / 1/}2 2pdug0 )
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for any ¢ € (t—r2,t]. Since the scalar curvature is nonnegative, s (In dys) = — Rgo(s) <
0, for s > 0. Hence,

/t 2/ |vg0(s (T;Z)up)|go(s dfigy(s)ds + 5 / Pu 2pd'u90(t) S

t st 9
(2wt v

Let 7,0 € (0,400) such that 7 + o < r. In particular, P(x,7,0) C P(z,t,7 +0) C
P(z,t,7). Now, choose two smooth functions ¢ : Ry — [0, 1] and n : Ry — [0, 1] such
that

supp(¢) C [r,7+0], ¢=1 in[0,7], ¢=0 in[r+o0,+x), —c/o<¢ <0,
supp(n) C [t — (7 —1—0)2,—1—00), n=1 in [t — 712, +00),
n=0 in(t—r’t—(r+0)?%, 0<7n <c/o’

Define 9(y, 5) 1= ¢(dg,(s)(2,y))n(s), for (y,s) € M x (0, +00). Then, thanks to lemma
(A3

Ty, < F g < < (o)

o o2 o\t—(r1+0)?

for some uniform positive constant ¢(Rp). On the other hand, (M", go(s))s>0 satisfies
the following Euclidean Sobolev inequality [Chap.3, [SC02]] since it has nonnegative
Ricci curvature and it is non collapsed :

n—2
2n_ " s
</M(wu7’)n2d#ga(s>> < elm Vo) /M [V @) o g

for any s > 0. We could have used a local Sobolev inequality which would amount to
the same by using the non collapsing assumption.
Now, by Holder inequality, for s > 0,

n—2

/M(wup)2+id:ugo(8) < (/M(¢up)%d/‘go(s)> ’ </M(¢up)2d/‘go(s)>

Therefore, to sum it up, if ay, := 1+ 2/n,

/ (u2p)an dprgy(syds < / (wup)%m dfigy(s)ds
P(z,t,7) P(x,t,r)

(o) (v

2
e(n, Vo, Ro)  sup (/ <wup>2dugo<s>) [ I9m O @) ditnt
M P(x,t,r)

se(t—r2t]

1 1 o
c(n, Vo, R — + / u?Pdp, (s .
(n, Vo, Ro) <02 o/t —(1+ a)2> ( P(z,t,7+0) Vool )>

S

IN

IN

IN
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Define the following sequences :
i
pi=al, o;:=2""1-0), T_1:=7r, Ti=r-— Zaj, 1> 0.
j=0
Then, lim;_, 1 7; = Or and, for any ¢ > 0,

1

[4? | pit (Pt < | €(n, Vo, Ro) 2t [ | 2oi (PGt 1))
i o\t —TE 4

i.e.
1

n

Q

1 1
[l oo (Pt ory) < T2 | e(n, Vo, Ro) at [l 72 (Pt
i o\t — T4

It remains to estimate the previous infinite product. It turns out that

m >/t — (0r)2 > c(0)oo > c(0)os, >0,

c(0) = 2 G%Z)l/g.

Therefore,
1
1 1 an 1+n/2 A i
;'20 — + < max {1, —0} H;;OS’ (4Z+1(1 _ 9)_2r_2) n
Ui Ui t - Ti2—1 C( )

12 1
< cm{izgt g

< /
— C (n) ((1 _ (9)7")"+2,
i.e.
o _ c(n, Vo, Ro) / 5
sup u” < om v u dpe, (5)ds. 9
P(a,t,0r) (L =0)r)"*2 Jpir goe) )
To get a bound depending on the L' norm of u, we proceed as in [LS84]. Define
Uy = SUPPp(z,t,r),) u?, where
k .
re=r(1=0)> 67,
i=0

for k > 0 . Then, by (@), one has, for any k > 0,

c(n, Vo, Ro)0—F-1\"** / 1/2
< .
U, < ( p— i) udfigy(s)ds | (Upy1)

Hence the result.
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We end the proof of the L"** estimate as follows. By applying lemma 3] for ¢ :=
R?, r:= (3/4)'?R, and 6 := (2/3)'/? for some positive radius R to the subsolution
(1+ t)*c(\h];)(t) + t\VgO(t)h\fm(t)) (see (), one has :

P(x,t,0r) = P(x,R)\ P(z,R/V2),
sup (14 s)7¢(|h|? s + s|V9(s)p? &) <
P(mﬂr)( )" IPlg(s) + 5l l90(5))
c(n, Vo, Ro, 0) ]i( . )(1 + 5)7C(|h|30(8) + 5|vgo(s)h|30(8))d:ugo(3)d8‘

Now, by the L> bound together with the L? bound, one has

P(iutpﬁr)(’h‘zo(s) + 5|V ORIZ ) < e(n, Vo, Ro,0)lho[fo (a1, g0)-

Hence we get (B]), hence the L™ bound.
O

Remark 4.4. The L* estimate of Theorem[{.1] shows that the operator hy € L*° — hy € L™
fort > s > 0 where (hy)i>s is a solution to the homogeneous Licherowicz heat equation is
contractive for the scalar product H(t) := g(t) + 2(1 4 t) Ric(g(¢)).

We close this section by estimating the heat kernel associated to the Lichnerowicz operator
in terms of the heat kernel associated to the laplacian acting on functions :

Theorem 4.5. Let (M"™, go(t))t>0, n > 3, be an expanding gradient Ricci soliton with positive
curvature operator. Let (h(t))i>o be a solution to the homogeneous linear equation Oih = Lih
with hg = h(0) € L®(S*T*M, go). Let (u(t))i>0 be a solution to the homogeneous linear
equation Oyu = Ay pyu + Ry v with u(0) = |holg, € L>(M, go). Then,

—u(t)go(t) < h(t) < ult)go(t), t=0,
in the sense of quadratic forms.

Proof. The proof of theorem mimics the proof of the L estimate of theorem .1l Indeed,
consider the following symmetric 2-tensor

h(t) = h(t) +u(t)gt), t>0.

Then, one computes the evolution of (h(t));>o as follows :
(8 — L)h = Ry u(t)go(t) — 2u(t) Ric(go(t))
> Rgo(r) (t)go(t) — u(t) Ryy(s) 90(t)
> 0,
since go(t) has positive curvature operator. Now, by using a barrier function as in the proof
of the L™ estimate of theorem [l the result follows by applying the maximum principle for

symmetric 2-tensors.
0

Remark 4.6. The proof of theorem [{.5 does not use the expanding structure in an essential
way.
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5. HEAT KERNEL ESTIMATES

5.1. Estimates of the heat kernel acting on functions. We follow the same strategy
adopted by Grigor’yan and Zhang.

Let (M™, g(t)):ejo,r) be a complete Ricci flow with bounded curvature for each time slice.
We consider the scalar heat equation with potential coupled with this Ricci flow :

oiu = Ag(t)u + Ry 4,

(10)
drg = —2Ric(g(t)),
on M™ x (0,T). We also consider its conjugate heat equation :
Oru = Ayryu,
(11)

drg = 2Ric(g(1)),
on M x (0,t] where 7(s) :=t — s for some fixed positive time t.
We denote the heat kernel associated to (I0) by K(z,t,y,s), for 0 < s < ¢t < T, and

x,y € M. This heat kernel always exists and is positive : see [Gue02]. It satisfies by
definition, for any fixed (y,s) € M x [0,T),

atK('7 Y, 8) = Ag(t)}—((ﬁ Y, 3) + Rg(t) K(7 Y, 3)7
Org = —2Ric(g(t)), (12)

limy s K(-,t,y,s) = dy.
On the other hand, if (z,t) € M x (0,7) is fixed, then K(z,t,-,-) is the heat kernel
associated to the conjugate backward heat equation :

asK(xa i ) = _Ag(s)K(xa i, ')a
Dyg = —2Ric(g(s)). (13)

limg ¢ K(z,t,-,8) = 0.

Or equivalently, if 7(s) ==t — s, (y,7) = K(z,t,y,7) satisfies the following forward heat
equation :

aTK(x7 [ ) = Ag(T)K(x’ i, '),

drg = 2Ric(g(7)), (14)

lim; 0 K(z,t,-,7) = 5.

Proposition 5.1. [L'-bound] Let (M™, go(t))i>0 be a Type III solution to the Ricci flow with
nonnegative scalar curvature. Then,

| Kot dugo@) =1, s<t ye . (15)
M

14+¢\¢
1< MK(xat,y, S)d/‘go(s)(y) < 1+s ) s < ta T c Ma (16)
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for some positive constant c.

Proof. The proof is quite standard : let (£2;);>0 be an increasing sequence of domains of M
with smooth boundary exhausting the manifold M. Let Kj;(-,-,y,s) be the heat kernel asso-
ciated to (I0) on ©; with Dirichlet boundary condition. Then, one can prove that K;(-,-,y,s)
is an increasing sequence converges locally uniformly to K(-,-,y,s). By integrating by parts,
one gets, for some fixed (y,s) € M x [0, +00),

at/ﬂ Kj(z,t,y, s)dpg, ) (z) = / Ay Kj(z,t,y, 8)dpgy s (v)
J
= / <vgo(t) (.%' t y Y, S )7n> duj,go(t)(x)
09;
< 0,

where dp; g ;) is the induced measure on 9€; by dpg, ;). Therefore,

/Q Kj(x,t,y,s)dugo(t)( z) < lim Kj(z,t,y,s)dpg, ) (v) = 1,
5

t—s QJ

for any ¢t > s and any j large enough so that y € €;. By letting j tending to +o0, we get the
first estimate.

The second estimate is proved similarly. Remark that K;(x,t, -, ) satisfies ([Il) with Dirich-
let boundary condition. Therefore,

1+t\°
K;(x,t d < t
/Qj ](CE, ,y,S) //Jgo(s)(y)— <1—|—S> , 8 <1i,

for any index j large enough where ¢ := sup;>o(1 +t) Rgy(¢)- This implies

14+t\°
K > .
[ Kt > (155 s<t

On the other hand, let (¢y)r be any sequence of smooth cut-off functions approximating the
constant function 1, then

Oy /M o7 (y)K(ma Ly, S)dugo(t) (y) = / A o(t) ¢k (.%'7 Ly, S)d:u'go(t) (y)
< sup \Ago(t Pl
SUPP(¢k)

which implies by letting k tending to +oo,

at /M K(x7t7y7 S)d:u'go(t) (y) > 07
i.e.
/ K(z,t,y,s)dpg,y(v) =1, s<t, ye&M.
M

Similarly, one can prove the expected lower bound for fM K(z,t,y, s)dugo(s) (y).
O

Remark 5.2. In particular, proposition [0 tells us that the heat semigroup associated to
Agoy + Ryo(r), where (M™, go(t)) is an erpanding gradient Ricci soliton with non negative
scalar curvature, is L' contractive but not L™ contractive unless it is flat.
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Proposition 5.3 (On diagonal upper bound : L? — L* bound). Let (M™, go(t))i>0 be a
non collapsed Type III solution of the Ricci flow with nonnegative Ricci curvature, i.e.
(14 8)| Rm(go(?))lgory < Ro,  Ric(go(t)) =0, AVR(go(t)) = Vo >0, t=0.
Then,
C(TL, Vv(]a RO)
(t—s)%

Proof. Tt suffices to apply lemmald.3]together with proposition[E.Jlto the nonnegative (sub)solution

0< K(z,t,y,s) < , 0<s<t, xz,yeM.

14 s o)
wet)= (155) Kl tas)

for some fixed (y,s) € M x (0,4+00) with 72 = (t — 5)/2 :

1+$ C(RO) 1+S C(RO)

K < ..

<1+t> (2,t,y,8) < sup <1+_> K(\y,s)
P(a:,t, fgs)

< ( 1+s >C(R°)C(H7V0,Ro)/
T o\L+t—r? (t—3)"F Pty /5

( 2+ 2s )C(R“ c(n, Vo, Ry)
2+t+s (t—s)2

K(a',t',y, )dpgyn («')dt’

Hence the expected estimate.

0

5.2. On-diagonal bounds of the Lichnerowicz heat kernel K. Let (M", go(t)):c(0,4o0)
be an expanding gradient Ricci soliton with positive curvature operator. We are now in a
position to estimate the heat kernel K associated to the Lichnerowicz operator.

Recall that it satisfies, by definition, that Ky (z,t,y,s) € Hom(SzT;M, S2T*M), Ky, is C*
w.r.t. time and C? w.r.t. space variables, and for any fixed (y,s) € M x [0, +00),

atKL('a Y, S) = LtKL(', Y, 5)5
drgo = —2Ric(go(t)), (17)

hmt%s KL('a t, Y, S) = 5y-

Now, if (z,t) € M x (0,+00) is fixed, then K (x,t,-,-) is the heat kernel associated to the
conjugate backward heat equation :

aSKL(x7 ta y ) - _LSKL(xa t7 y ) + Rgo(s) KL('%'7 ta y ')7
dsgo = 2 Ric(go(s)), (18)

limgy¢ K7 (z,t,-,8) = 0.

As a corollary of theorem and proposition B3] we get that the Lichnerowicz heat flow
associated to the Lichnerowicz operator is ultracontractive too, i.e.
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Theorem 5.4 (On diagonal upper bound for Ky, : L? — L* bound). Let (M™, go(t))i>0 be
an expanding gradient Ricci soliton with positive curvature operator. Then,
c(n, Vo, Ro)

0<s<t, z,yeM
(t_s)f ) e ?y )

||KL (CE, 2572 S) HHom(SQT;M,SQT;M) <

where Ry := supys Rg,, and Vo := AVR(go).

As a corollary of the L! estimate (5] for the operator Ago(t) T Ryo(r) glven by proposition
BEIand the L estimate due to theorem 1] we get that the Lichnerowicz heat flow is bounded
on LP for every p € [1,+o0] :

Theorem 5.5 (LP — LP estimates). Let (M™, go(t))t>0 be an ezpanding gradient Ricci soliton
with positive curvature operator. Then, for any p € [1,+0o0],

||htHLp(dugo(t)) < C(p)HhSHLP(dugO(S)), t>s,
hi(x) := Kr(x,t,-,s) * hs,
for some positive uniform constant c¢(p) > 1.

Remark 5.6. A priori, Theorem does mot hold for the scalar operator Aoy + Rgoqr) *
see ([I6) in proposition [5.1]

Remark 5.7. The Lichnerowicz heat flow is not a priori contractive on LP unless p = 1.
In particular, the L? norm of a solution to the Lichnerowicz homogeneous equation is not
necessarily decreasing.

5.3. Off-diagonal bounds for the Lichnerowicz kernel K. Let (M", go(t))i>0 be an
expanding gradient Ricci soliton with positive curvature operator.

Let  C M be a bounded open subset of M with smooth boundary. Let zg € Q and
(hzo(t))e>0 be a one parameter family of symmetric 2-tensors on € satisfying in the smooth
sense,

[ Oihay = Agyyhay + Rm(go(t)) * hay, on Q x (0,400),

Orgo(t) = —2Ric(go(t)), on Q x (0,+00),
(19)
V9O |hy |- m <0, on N x (0,+00),

hao(x,0) =0, x # xo,
where n denotes the exterior normal to 992 and where Rm(go(¢))* denotes any contraction of
the curvature operator on S2T*M. Consider the following integrals :

Inlt) = [ a0 )t 0 (0),
Q\Bgo(t)(mm ©l90(t) 50(t)

_ d? . (xq,7)
E T ¢ ,
p(f): /Q|h:’30|§0(t) (z,t)e*r( ’t)dﬂgo(t) (), &p(w,t):= S Dt

for R >0 and ¢ > 0 such that By, (w0, R) C Q.
Theorem 5.8. Let (M™, go(t))i>0 be an expanding gradient Ricci soliton with positive cur-
vature operator. Assume that, for some positive constant Cy, the following holds :

In(t) < C
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Then, for some positive constants Cy, Co depending on Cy,

In(t)< —Le~ v, t>0, D>4,

t>0, D>4.
Remark 5.9. The proof works for different behavior of Iy(t) as soon as it is reqular in the
sense of Grigor’yan : see [Gri97| for a definition.

Remark 5.10. The proof of theorem [5.8 neither uses the positivity of the curvature operator
nor the special structure of the Ricci flow. It only uses lemmalA.3 to get good bounds on the
distance distortions. Therefore, it can also be applied to the backward heat equation associated

to (I8).
Proof. As in |Gri97], the proof consists in three steps :
(1) We first estimate the evolution of Iy(t) as follows :
Lemma 5.11. The function
t e (0,+00) = (14 t)~Fo (1),
18 mon increasing, where

Ro:= sup (1+t)|Rm(go(t))ly)-
M x[0,400)

Proof of lemma[5.11. We temporally simplify the notations by suppressing the depen-
dence on the base point zg.
By using the properties of (h(t) := hg,(t))i>0 given by (19),

R
8,5[0@) = /92 <3th +h® Ric(go(t) + RiC(go(t)) ® h — g%(t)h, h> . d,ugo(t)
go(l

= /92 <Ago(t)h + Rm(go(t)) * h, h>go(t) dﬂgo(t)

B ) 712 c(n)Ro
< Q/Q\VQO h’go(t)d:“go(t) + T+t Iy(t)
c(n)Ro
Io(t).
< Ty bl
Hence the result by the Gronwall inequality. O
Consider the following weight function
dz, 1 (@)
£) = ol M, T>t>0
CD(x7 ) D(t_T)’ 'Ie Y > > )

where dg, 7(z) is defined by

R —dgyr)(20,2), if x € Byyr)(20, R),
dme(.%') = (20)
0, otherwise.

Consider the following integral quantity,

&p(t) == /Q |22 0 (2, )P @D dpg, o (), &> 0.
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Then we estimate &p(t) as follows :
Lemma 5.12. The function
€ (0,7) — (1+t)~F) gp (1),
is mon increasing for any D > 4 for some positive constant ¢(Rp).

Proof of lemma[512. We proceed as in the proof of lemma [5.17] :

O ép(t) = /Q 2 <e<DAg0(t)h + 0i(pe‘Ph, eCDh>g0(t) Aftgo (1)

+/Q < Rm(go (t)) * eCDh, GCDh >go(t) d,ugo(t)

_2/Q <V9°(t)h, v790(t) <62<Dh>>d,ug0(t)

c(R
+2/at<De2CD|h|go<t go(t) + (Fo)

1+t
— —Q/QWgo(t <eCDh) go(t)dﬂgo(t)

+2/Q (|ng Yol + ath) € 1Ml 1y dHign(e) +

IN

&p(t)

c(Ro)

t).
1+to§"D()

Now,
8td§0,T(x)) B dio,T(w)
D(t—-T) D(t—-T)2
. di‘o,T(‘IE)
D(t—T)%
[VOOCp[2 (@) = g0(t)7D:(pd;Cp
90(T)? 3:¢pd;¢p
4d§0,T(x)
D2(t—T)%
where we used lemma [A.3] Therefore, if D > 4,
0o + [VPDCp|2 () <0, on M x (0,T).

8t<D('Ia t) =

IN

IN

Hence the result by integrating the following differential inequality :

c(Ro)
1+

O ép(t) < 7 ép(t), € (0,T).
O

We proceed exactly as in [Gri97] by estimating Ir(¢) from above by I,(7) for any
radius 0 < r < R and time 0 < 7 < t. By invoking lemma [5.12] we get :

x, 1 X, T
1 +t / | | 2<D t)dlu/go(t)(x) S m/ﬂ|h|30(q_)($’7')e2cD( ) )dlu’go(T)(x)’
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where we omitted the dependence of ¢ on Ry. In particular,

i O o L pet
(L4 Q\By (1) (w0, R) go(t) MHgo(t) = T+

1
+7/ h(t 2 r d:u T)*
(1+71)e Q\BgO(T)(mo,r)| lgor)dHtao(r

B2, o s
/Bgo(T)(aro,r) go (1) “Hgo(T)

Now, by assumption on Iy(t), one has

C
()2 hgo(ry < 1o(T) < =5,
/Bgo(T)(JBOW) ao(r) wlr) T /2

and by lemma[A.3, Q\ By r)(zo,7) C Q\ Byy(r)(w0,7). Therefore, by letting T' go to
t, one gets :

T < :

2 (R—r)?

m T(T)‘i‘me Dt (21)

Consider now the following decreasing sequences of positive radii (R );>0 and times
(tk)k>0 defined by :

1 1
Rk._<§+k—_i_2>R 5 tk.

Remark that Ig, (t;) goes to zero as k goes to +oo since by assumption, h(z,t) = 0
for any time ¢ and any z # xy and Ry tends to the positive constant R/2. Therefore,

t
~k

i k>0, y>1.
Y

by iterating inequality (2II), one has :

1 ¢ _ 2 BeRes)?
0 £ e R

2
>0 tea (1 + trg)e

Now, a rather straightforward estimate as done in [Gri97] leads to the following ex-
pected estimate :

C1 g/ 2 E?
Ir(t) < We 2 )

where C7 and C5 are two positive constants depending on «, Cy and n but independent
of R and t.
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(2) The second step is almost word for word step II in [Gri97]. Therefore we will be
sketchy. For any positive radius R,

Ep(t) = / |h(t) ‘30 (t)e%D ) ditgo(t)
g0 (t) (zo,R)

+ / |h(@)|? ne2P Oy )
];O Bgo(t)(1072k+lR)\Bg (t)(mO,QkR) go(t) g0

Co 2. m2 24k+132
S t_n/QeD t +Z t QkR(t)
k>0
Co z.R_Q zaHle? 2 ake?
S tn/2€D ! tn/2z St oe Dot
k>0
Co 2.R2 2 4kR?
< tn/ZeD ! tn/QZe b,
k>0

if D > 5Dg where Dy is a fixed positive constant such that the previous step holds.
Now, choose R such that R?/Dt = In2 (this particular value is arbitrary) to get

C
Ep(t) < 5’2, t>0,

for any D large enough and where Cg is a positive constant independent of .

(3) The third step consists in proving the expected estimate for Ep(t) for any D > 4. It
suffices to prove the estimate for D < D; where D; is a sufficiently large constant
such that the previous step holds. Adapting the proof of lemma [5.12] to the weight
function

2
£(x,t) = T 0 7)
’ A4t+T)
leads to the following inequality :

2
1+t /’ 0™ d/‘%(”—ﬁ/‘h’go(r Tdpigyr),

for any positive 0 < 7 < t. Now, we force the appearance of Ep(t) (respectively of
Ep, (7)) on the left hand side (respectively on the right hand side) of the previous
inequality. This amounts to solve the following system :

A(t+T) = Dt,

T >0,

(22)
A4(t4+T) = Dy,
which has the solution
D—-4 D—-4

T .= t>0, 0 = t<t.
> 0, <7 D=4 <
Hence,
C (D, Cy)
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Remark 5.13. The second and third steps in the proof of theorem [2.8 use in a very essential
way the fact that the curvature Rm(go(t)) decays like c¢/(1 + t), the uniform boundedness of
the curvature for all time alone would not have been sufficient.

We are now in a position to prove Gaussian bounds on the Lichnerowicz heat kernel K7,
acting on symmetric 2-tensors :

Theorem 5.14. [Gaussian estimate] Let (M™, go(t))e>0 be an expanding gradient Ricci soliton
with positive curvature operator.
Then the heat kernel associated to (I0l) satisfies the following Gaussian estimate :

_ o(n,Vo, Ro, D) exp{ d3 (@ 7y)},

K t * * n

| K1 (x, ayaS)HHom(S?TyM,SQTzM) s (t— o) D(t — )
0<s<t, z,ye M, D>A4.

where Ry := sup,,; | Rm(go)|g, and Vi := AVR(go).

Proof. Define the following integral quantities :

)(IZ)

/ KL (z,t,z S)H2€ B dpgory(z), s<t, z€M, D >4,
2d (s)(zy)

/ IKL(z,t,y, )ng B dpges)(y), s<t, ze€M, D>4.

By considering a smooth exhaustion (£2;); of M and the Lichnerowicz heat kernels (K7, ;);
solving the corresponding Dirichlet problem on ; x (0,400), one can invoke theorems [5.4]
and (p =1,+00) to apply theorem [5.§ (see remark [b.I0) to K7, ; for each index j in order
to get the following uniform integral estimates :

1 < ) ) ’
ED(t)_—(t_S)n/2 . s<t, D>4,
2 < ) ’ ’
ED(S)_—(t—S)"/Z , s<t, D>4

Now, by the semi-group property, the triangular inequality and lemma [A.3],
HKL(x, t, Y, S)H.‘]

= H/ KL(,I,t, Z,T) OKL(Z,TayaS)dlu’go(T)(z)
M

g
d£270 ) (@2) 90(7)(2 v) _ 90(7)(1 v)
< [ IRtz e BT KLl B dig () B

d (t)(x 1Z) df]o(s)(%y) _df]o(T)(x,y)

< C(Ro) [ IKplet e BT K ery. )l B0 di (e B
M
where || - ||, stands for the norm on Hom(S?T*M, S?*T*M) and

t+ s
2

s< T = < t.
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Therefore, by the Cauchy-Schwarz inequality and lemma [A.3] we get the following ”universal”

inequality :
dzo(ﬂ (2, y) }

IKL(@,t.y.5)lly < C(Ro) Eb@)E%(T)eXP{‘ D(t—s)

which implies the expected Gaussian estimate :

2
c(n, Vi, Ro, D) dgy(r) (@ Y)
K t < —= T D(t— )
H L(CE, ,y’S)Hg = (t_s)% & { D(t—s)

2 D(t —s)

c(n, Vo, Ry, D) o dzo(s)(x7y)
A Y0, 0, H) oy 9o T
(t—s)2

}, 0<s<t, =z,ye M,

where we used lemma [A.3] to estimate from below the distance dg,(-)(x,y) in terms of the
distance dg, ) (z,y)- .

5.4. Miscellaneous results on the bottom of the spectrum of the (weighted) Lich-
nerowicz operator.

5.4.1. Links with the weighted Lichnerowicz heat kernel. We first investigate the bottom of
the spectrum of the weighted Lichnerowicz operator.

Lemma 5.15. Let (M"™,g,V9f), n > 2, be an expanding gradient Ricci soliton with non-
negative sectional curvature. Then the bottom of the L*(eldu(g))-spectrum of the weighted
Lichnerowicz operator is bounded from below by n/2, i.e.

n
M(=Ay = 2Rm(g)s) > 2.

If n =2 then \i(—Ay —2Rm(g)x) =1 =n/2. If n > 3 and (M",g) has positive sectional
curvature then A\i(—Ay —2Rm(g)*) > n/2.

Remark 5.16. In [Derl4b|, we proved that \(—Ay — 2Rm(g)*x) > 0 if (M™,g,VIf) is an
expanding gradient Ricci soliton with positive curvature operator. The argument was proved
by contradiction using a mazximum principle type argument.

Proof. By the variational characterization of A\j(—Af —2Rm(g)*), it suffices to prove that
> Jus (=Arh = 2Rm(g) * b, h) dpis (9)
hELA(S2T* M dps (9))\{0} Jar IM5dns(9)
By [Derl4b],

n
> —.
-2

| A duto) = [ @unedusta). 6 e CroD)
n
Agf — Rg +§
Therefore, if h is a symmetric 2-tensor with compact support, we get by the Kato inequality,

[+ 2Ragph ) dugle) = [ (Rg~2Rua()e) by duslo) + 5 [ by (o)
M M M
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Hence the result if we prove the pointwise inequality : Ry |h|* — 2 (Rm(g) * h, h) > 0, for any
symmetric 2-tensors. Indeed, let h € S?T*M and = € M. Let (€i)i1<i<n be an orthonormal
base of (T;M, g(x)) diagonalizing h, i.e. h(e;, e;) = X\;d;j, with A; € R. Then,

Rg B> —2(Rm(g) «h,h) = |2 Kj <Z Ai) —4) " Kijhi)
k=1

1<j 1<j

= 2) Ky | (=N + YA
i<s kti.j
> 0

where Kj; := Rm(g)(e;, e, e;,e;) denotes the sectional curvature with respect to the metric
g of the 2-plane spanned by (e;, e;). Now, if n = 2, then

(A; +2Rm(g)*x)h = Afh+Rgh, he S*T*M.

Hence, if h :=e~/g, then (A; + 2Rm(g)*x)h = —h and e~/ € L2(du;(g)).

If n > 3 and (M™,g) has positive sectional curvature, then, as shown in [Der14b], there
is some eigentensor h € L?(S?T*M,du¢(g)) \ {0} associated to the bottom eigenvalue of the
spectrum of the weighted Lichnerowicz operator. The previous pointwise inequalities imply
easily \i(—=A; —2Rm(g)*) > n/2.

]

If (M",g,V9f) is an expanding gradient Ricci soliton, the heat kernel K,  associated to
the weighted Lichnerowicz operator Ay + 2Rm(g)* is linked to the (classical) Lichnerowicz
heat kernel K, studied in the previous sections by the following formula :

Ki(x,t,y,0) = (1 +t)¢; . Kr s(In(1 + t),z,y)efW, zyeM, t>0,

where ¢, denotes the pull-back with respect to the = variable by the one parameter family
of diffeomorphisms (¢¢);~—1 generated by —VIf /(1 +t).

As suggested in the introduction, the kernel K7, ; is the Mehler kernel in the case (M™, g, V9 f)
is flat. Therefore, theorem [5.14] enables to prove Mehler bounds (instead of Gaussian) for the
heat kernel K7, ; in case the expander has positive curvature operator.

5.4.2. Hardy inequalities on Ricci expanders. Regarding remark B.7, one can ask when the
Lichnerowicz heat flow is contractive on L?. It turns out that it is equivalent to prove that
the operator —A, —2Rm(g) *x+ R, /2 is non negative. We provide a yes answer with the help
of a suitable Hardy inequality.

Proposition 5.17. Let (M™,g,VIf) be a normalized expanding gradient Ricci soliton with
nonnegative Ricci curvature and positive scalar curvature (i.e. non flat). Then the following
Hardy inequality holds :

() /.. (ﬁ@fﬁ“‘(g) < . [Trebanto)

for any ¢ € CF°(M™).
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Proof. By the soliton identities of lemma [A.T] observe that if F':= f + u(g) > 0,
g
A 2FY?) = div, (V—f>

VF
20— |VISfPFE
= 2 TF
_ 2Ry4+n—1+RgF!
= TF
s - 1
ik
Define p := 2v/F. Then,
AT = -z ; zp_nT_Q_lﬁngr i ; 2 (n ; 2 + 1) V9p2p 7 2

< <—(n_1)2(n_2)+n;2 (ng2+1>>p_n7_2—2

< n—2)" 1 —n32

Therefore, if ¢ := p_nT_Q, we have shown that

—2\% ¢
Agng—<"2 > =,

p
Now, by an argument due to Carron [Car97], let ¢ € C§°(M), and note that
| 1vrwokaute) = [ ovdyweuls)

= / ¢2\v¢12du(g)—/ P>V AGYdpu(g)
Mn Mr

= (F) L. (5) w0

27

0

Corollary 5.18. Let (M™,9,VIf) be a normalized expanding gradient Ricci soliton with

nonnegative Ricci curvature. Then there exists a positive constant c(n) such that if
sup(f + u(g)) [ Rm(g)[ < e(n),

i.e. if the aperture of the asymptotic cone is large enough, then
M (—=Ag —2Rm(g) * +Ry /2) > 0.

5.5. Bounds on the covariant derivatives of the heat kernel. Once one has pointwise
estimates on solutions of heat equations type, pointwise estimates on the covariant derivatives

follows automatically as soon as the potential is controlled pointwisely.

Proposition 5.19 (Covariant derivatives bounds). Let (M™, go(t))i>0 be a Type III solution

of the Ricci flow with nonnegative Ricci curvature, i.e.

(1+ )| Rm(go(t))lgery < Ro, Ric(go(t)) =0, ¢>0.
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Let h be a tensor solution to the following system :
Oih = A gyyh + Rm(go(t)) * (23)
on M™ x (0,400). Then, for any integer k > 0,

t t
$F|v90(s).k St
sup \Y% hly oy < c(n,k, Ry, 0 <1+ + ) sup |h 5)
P(z,t,0r)\P(z,t,0r/2) | ‘g (&) ( ) r? o t—r? P(m,t,?’)’ ‘gO(
where (x,t) € M x (0,+00), and r is such that t > 2 > 0.

Proof. The proof is in the spirit of Shi’s estimates [Shi89]. Again, we have to pay attention
to the time dependence of the constants. We prove the case k = 1, the other cases can be
proved similarly. We compute the evolution of the first covariant derivative of h as in the
proof of theorem [Tk

8t|v90(t h| < Ago(t)|Vgo(t)h|g270(t) - 2|Vgo(t)’2h|go(t)
+¢(n) V2D Rin(go ()| go e) | Plgo (1) VO Bl go 1
+e(n)| Rm (g0 (1) lgo ([ VORI 1)

O (t‘vgo(t)h‘zo(t)> < DBy (t‘vgo t)h‘f?o(t)> = 2t[V¥ t)72h‘90(t)

c(n, Ry) )
2 (1002 + 09 ORE, )

HVRORE, .

go(t)

where we used (1 + )3/2|V9%® Rm(go(t Doty < ¢(n, Ro) for t > 0. Define ug := [h/|?
up = t\VgO(t)hlzo(t), for t > 0. Then,

go(t)?

u;  c(n, Rp)
Orup < Ago(zt)uo - 27 + 111 Uuo
(t),2 (n7R0)
Oruy < Ago(t)ul — 2t]V9° ): h‘g (t) + — + 11t (UQ + ul).

Consider now the function wu;(ug + a) where a is a positive constant to be defined later :

By (w1 (uo + @) < Ay (ur(ug + a)) — 26[VO2h2 . (ug + a)

ui(ug + a u?  c(n,R
2T gl [T g + T8y AT 4 g 4 )
< Aoy (un (ug + ) = 2| VPR (ug + a)
2
+8u(1)/2u1lvg°(t)’2h]go(t) + w it + M(ul(uo +a)+ az)
t t 1+t
ui(ug + a w?  c¢(n,R
< Agopy (ur(uo +a)) + wlwota) i, e Bo) o gt a)ta?)
t t 1+t
ui(ug +a))?  ¢(n, R
< Aoy (ur (o + ) — LT D] 0 o) 10 1 2)

a?t
if a = CSUPP(4,t0,r0) 0> L0 € M, t9 > 0, 7“8 > (0 being fixed such that ty — T(Z] > 0, where ¢
is a positive "universal” constant. Consider the following cut-off function v as in the proof of
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theorem [4.1] : choose two smooth functions ¢ : Ry — [0,1] and 1 : Ry — [0,1] such that
supp(¢) C [0,r], ¢=1 in[0,0r], ¢=0 in[r,+o0),

_C <4 <0 (@) ¢ s ¢
rl=0)= "~ 7 ¢ ~(Q-0)r)? - ((1=0)r)*
supp(n) C [t —r%,t], n=1 in[t—(r)% ¢ = ((6r)/2)%],
c(0)

n=0 in (0.t —r?Ult+oo), Il <5

Define 1(y, s) := ¢(dg,(s)(z,y))n(s), for (y,s) € M x (0,+00). Then, the function Yu; (ug +a)
attains its maximum on M X (0, +00) at some space-time point (z1,¢1). Now, at such a space-
time point, uq (ug + a) satisfies :

0 = Yo (Yuy(ug+ a))
2
< U + o)) - (L0 AL n )
(0% — Dgo1))¥ (Pur (uo + a)) — 2 < VDp, 9O (uy (ug + @) >4

V9ot
_((q/)ul(z;o +a))? N c(n, Ro) (ur (uo + a) + a2) + 2 W(qbu (ug + a))
a tl tl ¢

+(0 = Dgoe0))¥ (Yur(uo + a)) .
Let us estimate (9; — Ay, ;) as follows :

(Yuy (ug + a) + a?)

IN

oY = 1+nd ddgyy(x,) < c(6) <i2 + ;>

r Vit —rir
Agoy0 = 18/ Agys) (dgo(sy () + 08" [V g2 )
- c(n) ‘ 1 B c
T dgye(x,) =0 ((1—0)r)?

1
> = (e ) 2

where we used the estimate
n—1

N © =
Ban(e) o) (T+7) < ==y

that holds outside the cutlocus of z since Ric(go(s)) > 0 together with lemmal[A.3l Therefore,
at (z1,t1), the maximum of Yu;(ug + a) denoted by S satisfies :

§? < ¢(n, R, 0)a? <1+—+ : >5+C(HR0) :
T

which implies

a sup up < S = sup ui(ug+ a) < c(n, Ry, 0)a’ <1 + % + %) ,
P(a,t,0r)\P(,t,0r/2) M x(0,400) re o t—r
that is,
sup s|v90(s) h|20 (s) < c(n, Ro, 0) (1 + % + %) sup |h|go(8
P(x,t,0r)\P(x,t,0r/2) e =17 paitr)
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which is the desired estimate. O

6. ESTIMATES FOR THE INHOMOGENEOUS EQUATION
We finish the proof of theorem [[LT] by proving the following theorem :
Theorem 6.1. Let R be in Y. Then any solution to (0 — Ly) h = R with h(0) = hy €
L>(M,go) of the form h = Kr, * R, i.e.

t
ant) = [ [ < Kilot5) R0 >0 ditg s
0
is in X and satisfies the following estimate :
1Rllx < e(llhollzoe (ar,go) + 1Ry ),
for some positive uniform constant c.

Proof. By theorem [Tl it suffices to consider the case hg = 0. The proof is very similar to
what is done in [Lemma 4.2, [KL.12]]. According to the high number of estimates that need
to be proved, we separate each into three lemmata.

Lemma 6.2 (L estimate). Let R be in Y. Then any solution of the form h := K %« R
satisfies the following estimate :

sup ||| Leo (ar,g0(1)) < IRy
>0

for some positive uniform constant c.

Proof of lemma [G.2. e Let us estimate the Ry term. B
We cut the integral into two pieces with respect to Q(x, R) := P(x, R)\ P(x, R/v/2),
for (z,R) € M x RY :

Ky * Rol(n.1) < / K L(2. 1., 8) o | Rol (4, 8)dj1g0 )5
Q(z,\t)

+/ K ,I,t,y,S R y,Sd st:ZI - +1 ez .
M\Q(m,\/Z)| L( Mgo | Rol(y, 8)dpigy(s) Qv T Loc@p

Now, on one hand, by theorem (.14l together with Holder’s inequality,

< .
vy < IKL(=,t,, )\|Ln+2(Q \/))H Ro[ 24 o aD)
2
< " N
< C(n,go)t +“HROH B )
< C(n, go)fftRol| = < C(n,90) [ Rollvy,

L"F Q)

where C'(n, go) is a positive constant depending on n and go(= go(0)) only.
On the other hand, notice that

Q°(w,Vt) C ((0,8/2] x M) U (t/2,t) x M\ By, /2 (x, V).
Therefore, by covering M \ By, (@ ,V/t) by balls of radius /¢ as follows :

M\BQO(t)(x7\/Z) = Ui>1 U () B, (t)(ggj7\/2)7
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where dgo(t)(mj, x) =i/t when j € {1,...,5(i)}. One has j(i) < C(n,go)i" by volume
comparison. In particular, by using theorem [5.14] (fixing the constant D > 4 once and
for all), if zg := =z,

Igevyy = Cn.90 ZZ@ Clrmgo t_n/z/ / ’ROI(?A 8)dfigy(s)ds
i>0 j=0 Bo () 3517
< C(n,go)sup sup tfRo|| 2
120 j€[0,5(4)] LA (Ple; /0)

IN

C(n, go)l| Rollvo,
by using lemma [A.3] repeatedly.

e Finally, the Ry term can be handled in the same way after integrating by parts by
using proposition [5.19
O

Lemma 6.3 (L? estimate). Let R be in Y. Then any solution of the form h := K * R
satisfies the following estimate :

sup  VHVA| 2 (pg vy < €l Ry,
(z,t)eM xR%. L2(P(zv1)

for some positive uniform constant c.

Proof of lemmal6.3. The proof goes along the same lines of the proof of the corresponding
estimate for the homogeneous equation : see the proof of theorem H.11

Since (h(t))¢>0 satisfies O;h = Lih + R, one has,
i\l

]h\ — 2‘Vg0(t)h‘§0(t) + c(n)| Rm(go(t))\go(t)]h\zo(t) +2 < Rh > -

go(t) = QO(t go(t)

Multiplying this inequality by any smooth cut-off function ¢ : M x Ry — R, gives, after
integrating by parts (in space) and using Young’s inequality :

at/ ¢|h|go t)d/‘go(t /¢2|Vg0 h| t)dlugo(t =
() [ (19O + 002 + ¥ Ranlan(t)) ) 1t
/ W2 Ri 5y + [Rolge(ty%? 1hlgoe) dhtgo (t)-

Now, let (z,t) € M xR and consider the following cutoff function : 1, +(y, s) 1= ¥(dgq (s )(x,y)/ﬂ),
where ¢ : Ry — R is a smooth function such that 910 1] = 1, ¥[2,400) = 0 and supg,, [¢'| <
Yz ¢ is a Lipschitz function satisfying :

&
|vgo(s)¢:v,t|go(s) < — 0 <0

\/Z, ¢:vt_\/—\/—
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almost everywhere, by lemma Hence, by integrating in time together with lemma :

t
ng(S)h ; s d:u' s ds S
A ‘/;90(5)(337\/2) ‘ ’90( ) 90( )

¢
c(n tg—i—// Rm(go(s adiy ods | R
( )< 0 Bgo(s)(xa\/z)’ (9o ))‘go() go(s) I HL (Pla2vD)

since the curvature of gy has quadratic curvature decay : see the proof of theorem 411
O

Lemma 6.4 (L™ estimate). Let R be in Y. Then any solution of the form h := Ky * R
satisfies the following estimate :

sup VHVh n . . < c||R||y,
(ea)eMxRY VAl +4(P(z,Vt)\P(z,V1/2)) I R[ly

for some positive uniform constant c.

Proof of lemma[6.4. As noticed in [KL12|, the method used in the proof of lemma to
estimate Ige(y, /) for (zo,to) € M x R implies that

Vo sup / ‘ < VPOK (2,t,y,5), Ro(y,s) > ’ dpge(s)(y)ds < c||R]ly,
(z,)€Q(z0,v%0) / Q°(x0,v%0)

Vi s | < VIOTRO KL (@, 5), Ry, ) > | ditgy(s) ()ds < el Rlly-
(z,t)€Q(w0,v/T0) ¥ Q°(z0,v/0)

That is why we assume from now on that the support of Ry and R; is contained in a parabolic

neighborhood of the form Qg := Q (o, /o).

o [Ry estimate]
Consider the following map :

TKL (Ro)(l',t) = / < ng(t)KL(x7tay7 8)1S<t7R0(y7 S) > dugo(s)ds'
MXR+

In order to apply the Riesz convexity theorem, we show first that T, is of type (1, p)
and of type (p/,00) where p’ is the conjugate exponent of p, as soon as p € [1, Z—ﬁ)
Tk, is of type (p/,00) : indeed, by Hélder’s inequality, one has
I Tic, (Ro)|(w,8) < VPO KL (@, t, )| o arx 0.9 | Roll 1o (o)

for (x,t) € M x R%. Now, by the Gaussian estimates established in theorem (.14l
together with proposition [5.19] one gets by the co-area formula :

t _ \n/2
C/ (tis()wds
n+1)p
0 (t—s) 2

< a(3+)a-p+E

vao(t)KL(x, t, -, ‘)1s<t Hpj;p(Mx(OJ))

IN



IN

IN
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ifpe [1, Z—ﬁ) where ¢ is independent of time and space. Therefore,

H\/gTKL(RO)HLOO(Qo) < C'1'ftRO||LP’(Qo)'

Tk, is of type (1,p) : indeed, by Minkowski’s integral inequality, one has, if p €

+2
5),

1T, (Ro)ll e (a1 (0,t0))

1
P

/ </ IV K (2, t,y, 8)1s<tHZd/~6t($)dt> [ Rolgo(s) (4> 8)dpigy (s) (y)ds
M x(0,to) M x(0,to)

(2+1) l_l +l
A TT N

which reads :

Vo Tr, (Ro)ll e (0o < clitoRoll L1 (@o)-

Therefore, by interpolation, Tk, is of type (pt, ¢:) where t € [0, 1] and py, ¢; are defined
by

1 11—t t 1 1-—t¢ t

—=— =, = — 4 —

Pt 1 P P o0

In particular, with (p¢, ¢:) := (n +4)/2,n +4) and p := Z—ig € [1, "—H),

v/t (Ro)lln+s(@p) < clftoRoll aga o

[R1-estimate] The proof is based on singular integrals defined on homogeneous spaces
as in [KL12]. Indeed, by theorem 2.4 and section 3.2 of [KocO§|, the result follows
if the following parabolic Riesz operator satisfies suitable estimates that are recalled
below.

Consider M, := M x R endowed with the parabolic distance :

d(z,t,y,s) = max{dy, (s (z,y), vVt —s}, xyeM, 0<s<t

This turns (M4, d) into a homogeneous space, i.e. a complete metric space with a
doubling measure.

Consider the operator Tk, (R1) := Vgo(')(KL * Vgo(')Rl), for R; with compact
support in Qo as defined above. This operator is an integral operator whose kernel
Kp, is given by the second covariant derivatives of K. By theorem [5.14] together with
proposition 519 £, satisfies on M,

L (z,t,y,s)|lg < cd(x7t’y’s)—(n+2)’
min{d(z,t,y,5)"", (@', ¢,y )| Kp(,t,y,8) — Koty 8y <

d(CE, t, .’E,, t,) + d(y? S, y/a 5,)
d(l’, t7 Y, S) + d(x/7 tla yla 8,) ’

for any (z,t), (y,s), (2/,¢') and (y/,s") in M.
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Moreover, by an integration by part on M, one can check that Tk, is continuous
operator on L?(Qp), i.e.
1T, (B1)llz2(@o) < ellBallL2(qu)s

where ¢ is a positive constant independent of @)y and R;. Therefore, by invoking
theorem 2.4 of [Koc08], Tk, is a continuous operator on L™"(Qy), which corresponds
to the expected estimate after rescaling appropriately by a power of tg.

U
g

To prove theorem [LT] it is now sufficient to invoke lemma [B.1] together with theorem [6] to
show that the map T,
h € Bx(0x,r) — K« h(0) + K1 * R[h] € Bx(0x,7),

is well-defined and is a contraction mapping for r < 1 sufficiently small. Therefore, by the
contraction mapping theorem, one gets a locally unique solution to the DeTurck Ricci flow
with initial condition ¢(0) := go + h(0).

APPENDIX A. SOLITON EQUATIONS

The next lemma gathers well-known Ricci soliton identities together with the (static) evo-
lution equations satisfied by the curvature tensor.
Recall first that an expanding gradient Ricci soliton is said normalized if | M e f dpg =

(47)"/? (whenever it makes sense).

Lemma A.1. Let (M"™,g,VIf) be a normalized expanding gradient Ricci soliton. Then the
trace and first order soliton identities are :

24
25

26
27

Agf - R,g +ga
VIRg +2Ric(g)(VIf) =0,

IVIfP+ Ry = f + ulg),
divy Rm(g)(Y, Z,T) = Rm(g)(Y, Z,V f,T),

for any vector fields Y, Z, T and where u(g) is a constant called the entropy.

(24)
(25)
(26)
(27)

The evolution equations for the curvature operator, the Ricci tensor and the scalar curvature
are :

AyRm(g) + Rm(g) + Rm(g) * Rm(g) = 0, (28)
Ay Ric(g) 4+ Ric(g) + 2Rm(g) * Ric(g) =0, (29)
AfRg+Rg +2|Ric(g)|* = 0, (30)

where, if A and B are two tensors, Ax B denotes any linear combination of contractions of
the tensorial product of A and B.

Proof. See [Chap.1,|CCGT07]] for instance.

Proposition A.2. Let (M",g,VIf) be an expanding gradient Ricci soliton.
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o If (M™, g,VIf) is non Einstein, if v:= f+ u(g) + n/2,

App=v, v> |Vl (31)

o Assume Ric(g) > 0 and assume (M™,g,VIf) is normalized. Then M" is diffeomor-
phic to R™ and

n
v > ) > 0. (33)
1 1 ?
= 2 4+ minv < <=z i
4rp(3:) —i—mj\}[nv <w(zr) < <2rp(x) + mﬁn@) , VexelM, (34)
1B
AVR(g) = tim YAB@T) ove (35)
r——+o00 rn
—C(n, Vo, Ro) <min f <0 5 p(g) > maxRy > 0, (36)

where Vy is a positive number such that AVR(g) > Vi, Ry is such that supy; Rg < Ro
and p € M is the unique critical point of v.

e Assume Ric(g) = O(r,?) where 1), denotes the distance function to a fived point
p € M. Then the potential function is equivalent to 7“]2)/4 (up to order 2).

For a proof, see [Derl4a] and the references therein.

Lemma A.3 (Distance distortions). Let (M™, go(t))i>0 be a Type III solution of the Ricci
flow with nonnegative Ricci curvature, i.e.

R .
[R(g0(0)lgo(ey < 75 Riclgo(t) 20, t>0.

Then,

s ¢(Ro)
(155) @ < w <l

dgo(s)(x’y) - C(RO) <\/E - \/g) < dgo(t) (:c,y) < dgo(s)(xay), s<t, z,yeM,

for a positive constant ¢(Ry), and any 0 < s < t.
In particular,

c(Ro)
Vit

for a positive constant c¢(Ry).

< 8tdg0(t)(xay) <0, t>0, =myeM,

Proof. The upper bound comes from the fact that the Ricci curvature is nonnegative, hence,
go(t) < go(s) for any s < t in the sense of symmetric 2-tensors.

The lower bound has been proved by Hamilton and a proof can be found for instance in
[lemma 8.33, [CLNOG]]. O
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