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A BIJECTIVE PROOF OF VERSHIK’S RELATIONS FOR THE
KOSTKA NUMBERS

MINWON NA

ABSTRACT. We turn the tableau insertion algorithm for semistandard tableaux to
a sequence called a buming route. We also define a reverse bumping route by the
reverse insertion algorithm. These sequences are used to give a bijective proof of
Vershik’s relations for the Kostka numbers.

1. INTRODUCTION

Throughout this paper, n will denote a positive integer. We write A F n if A is a
composition of n, that is, a sequence A = (A1, g, ..., \y) of nonnegative integers such
that |A| = Z?:l A; = n. In particular, if a sequence A is non-increasing and A\; > 0
for all 1 <7 < h, then we write A F n and say that A is a partition of n. Given a
partition p = (u1,..., 1) F n and a composition A = (Ay,..., \y) E n, we denote by
D,, the Young diagram of p, and by STab(y, A) the set of all semistandard tableaux
of shape u and weight A\. More precisely,

D,={(i,j) €eZ*|1<i<k, 1<j<u},
STab(u,\) = {T | T : D, — {i | \i > 0}, T(i,5) < T(i,j+ 1),
T(i,5) < TG +1,5), (IT7({i}) )iz = A}
The Kostka number K (u, A) is defined to be the cardinality of STab(u, A). We denote
by A the partition obtained by rearranging components of A, and by A@ the composi-

tion of n—1 defined by )\Z@ =\ —1,and >\§-Z) = \j otherwise. For A = (A\y,..., \p) F n
and v Fn — 1, we write y < A if 7, < \; for all « with 1 <17 < h, and define

CONY) =i | 1<i<h, AD =1},
Vershik’s relations for the Kostka numbers is as follows:

Theorem 1 ([I, p.143, Theorem 3.6.13] and [4, Theorem 4]). For any A\ - n and
pbFEn—1, we have

D KN =Y COME ().
ukn yFn—1
HZp Y2
Theorem [I] can be proved using representation theory. As previously stated, since
K(u, A) = | STab(u, M|, it is natural to expect a bijective proof of Theorem [Il In
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fact, Vershik [4, Theorem 4] claims to give a bijection from

£ = JSTab(u, \)

ukEn
wz=p

to
R = U STab(p, A@),
1<a<h

where A = (A1, Ag,...,An) F nand p F n— 1. In order to explain his proof, we
call a tableau in STab(u, A) a p-tableau, and a tableau in STab(p, A*)) a p-tableau.
Since p-tableaux have one more box than p-tableaux, Vershik |4, Theorem 4] claims
that removable of one box from p-tableaux gives a bijection from £ to R. Vershik
[4, Section 4] gives examples, each of which comes with a bijection. However, if
A= (3,3,2) F 8 and p = (4,3) |k 7 then there is no bijection from £ to R arising
from removable of one box. More precisely, we consider two tableaux in £ as follows:

1 11 3
1113 3
A= 5 ., FE=2 2 2
3
The only p-tableau obtainable from A by removing one box is
1 11 3
@=9 929

Similarly, the only p-tableau obtainable from E by removing one box is Q.

In this paper, we describe a bijection between R and L using tableau insertion
and reverse insertion algorithms (see [2] and [3]). We note that, in our bijection, A is
allowed to be a composition which is not necessarily a partition.

This paper is organized as follows. In Section 2, we define a bumping route using
the tableau insertion algorithm. Similarly, we define a reverse bumping route using
the reverse insertion algorithm in Section[3l Finally, in Section [l we prove Theorem [II
by showing that the tableau insertion algorithm gives a bijection.

2. INSERTION

Throughout this paper, A E n. For a positive integer i, we define \* E n + 1 as
follows:

N Aj+1 it =i,
i Aj otherwise.

In this section, we let u = n and T € STab(u, A). We also let = be a positive
integer.

Definition 2. The bumping route of (T,z) is defined as the sequence ﬁ(T, x) =

(J1, 72, - - .) with integer entries defined as follows: first, ﬁ(T, z)=0if {¢ | T(1,q) >
z} = (). Otherwise, j; = min{q | T'(1,q) > z} and for p > 2,

S 0 1f jp—l = 0 or T(p7 lu’p> S T(p - 17jp—1)7
min{q | T'(p,q) > T'(p — 1,j,-1)}  otherwise.



A BIJECTIVE PROOF OF VERSHIK’S RELATIONS FOR THE KOSTKA NUMBERS 3

If j, = 0 for p > [ then we write ﬁ(T, x) = (J1,J2,---,71). We denote by l(ﬁ(T, x))
the length ofﬁ(T, x), that is, l(ﬁ(T, x)) = max{l | j; # 0}. Note that ifﬁ(T, x) =0,
then we define l(ﬁ(T, x)) = 0.

By previous definition, clearly, we have

(1) T(L]l - 1) S T < T(l,jl),
(2) T(p.jp—1) <Tp—1jp-1) <T(p,Jp) 2<p <),
(3) T(l + 1a ,ul—i-l) S T(l>jl)>

whenever T'(-,-) is defined. Moreover, we get j, > j,+1 for all positive integers p.
Indeed, we may assume p < [. Then we have T'(p + 1, j,) > T(p, j,). Thus

jp > min{q | T(p+1,9) > T(p, j,)}
= Jp+1-
For the remainder of this section, we let ﬁ(T, x) = (j1,J2,---, 1), where | =
(B(T, ).
Lemma 3. We have 4, < j;. In particular, pf*' =n + 1.

Proof. 1f | = 0, then it is obvious. Suppose ! > 1. Then by ([B]) we have (I+1, 5;) ¢ D,,.
Since (I, ji;) € D,,, we have py41 < j;. In particular, py1 < . O

Definition 4. We define a insertion or bumping tableau T}, of shape p'*! and weight
A* as follows: if [ = 0, then define T, by

T(p,q) if (p,q) € D,,
(4) g =4 P9 10 q)_ g

x if (p,q) = (1,11 +1).
Otherwise, define T}, by

x if (p7 q) = (17j1>7
T(p— L, Jp- ifg=y ,2<p< l>
(5) To(pg) = { L&~ L) 14 o = =0
T(l>]l) if (p> q) - (l+1>ﬂl+1+1)>
T(p,q) otherwise.

Lemma 5. We have T,(p, j,) < T(p, jp) for all p with 1 <p <.
Proof. We have

N K itp=1,
To(p, jp) = {T(p_ 1) #2<p<] (by @)
<T(p. jp) (by (@) and (@)).

Lemma 6. We have T, € STab(p!*!, \?).

Proof. By Lemma [3, we have u'*! - n+1. To show that T}, is a semistandard tableau,
it suffices to prove

Tw(pujp - 1) < Tm(pajp) < Tw(pajp + 1)7
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Tx(l + 1>,ul+l) < Tx(l + 1>:ul+1 + 1)7
Tx(p - 17jp) < Tw(pv.]p> < T:E(p_'_ 17.jp)7
(6) Tx(laul+1+1) <Tx(l+1a,ul+1+1)>

whenever T,(-,-) is defined.
For all p with 1 < p <[, we have

Tx(pv.jp - 1) = T(pujp - 1)
x ifp=1
< ’ b d
—{T<p—1,jp_1> if2<p<i (by @ and @)
= Tm(pujp)
<T(p,jp) (by Lemma [5))
Also,
Tx(l + 1a ,ul-l-l) = T(l + ]-7/~Ll+1)
x if ﬁ T,z) =0,
<qr AT (by @)
T(l,7) otherwise
:Tm(l+1,ﬂl+1—|—1) (by (lZD and (IE))
For all p with 2 < p <[, we have

z 1fp:27 j1:j27
T(1,4 ifp=2 41>
Tm(p_ 1,]p) _ ( a]2) . 1 P ,» 1 .]27 .
T(p - 27.]10—2) if 3 < p < lu Jp—1 = Jp>
T(p_17.]10) 1f3§p§l7 jp—l >,jp
T(lajl) 1fp - 27
< b and
{T<p—1,jp_1> if3<p<i (by @ and (@)
For all p with 1 < p <[, we have
T (p, jp) < T (P, Jp) (by Lemma [{))
< T(pv.]p) lf .jp :jp-i-la
T\ T+ 15 iG> g
=T.(p+1,7p) (by @)).

Finally, we have ;41 < j; by Lemma [3] so

Tl o + 1) = 4 LU= L) i g+ 1=,
R T+ 1) if g +1 <

< T(l,j) (by @)
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Thus we proved ([@l). O

3. REVERSE INSERTION

In this section, let p = n — 1 and let [ be a nonnegative integer such that p!*! - n.
We also let S € STab(p'™, \).

Definition 7. The reverse bumping route of (S, 1) is defined as <tlle sequence <}_€(S, )=
(j1: 7%, -+, 7;) with integer entries defined as follows: first, R(S,l) = 0 if [ = 0.
Otherwise, j; = max{q | S(l,q) < S(I+1,p+1 + 1)} and

Jp = max{q | S(p,q) < S(p+1,5p41)}
for all p with 1 < p < [.

By previous definition, clearly, we have
(7) S(p,j,) <Sp+1,7p41) <S(p,j, +1) (1 <p <),
(8) SWg) < SU+ 1, prer +1) < S jy + 1)

Moreover, we get j, > j ., for all p with 1 < p < [. Indeed, since S(p,j, ;) <
S(p+1,7,.1), we have

Jp = max{q | S(p,q) < S(p+ L. jp41)}
> Jpi1-
For the remainder of this section, we let <}_€(S, D) = (J1, Jhs -+ J1)-
Definition 8. We define

2(S.1) = S(1,p1+1) ifl=0,
s, ) otherwise.

We define a reverse insertion or reverse bumping tableau S' of shape p and weight
A=30) as follows: if [ = 0, then define S = S|p,. Otherwise, define St by

Sp+1,4,41) if g=j,, 1<p<l,
(9) S'pa) =4 SU+1Lpa+1) i (p,g) = (1, 4]),
S(p,q) otherwise.

Lemma 9. We have S(p, j,) < Sl(p,j;,) for all p with 1 < p <.
Proof. We have

, S(p+1,7.1) if1<p<l,
S / p+1 b d
= 5'(p. Jp) (by ().

Lemma 10. Let x = x(S,1). Then
(i) S' € STab(p, \®),
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(i) B(S,2) = R(S,1),
(iii) (SY, = S.

Proof. (i) If | = 0 then S' = S|p, and z = S(1, p1+1), so S' € STab(p, A\*)). Suppose
| > 1. By Definition B S’ is a tableau of shape p and weight A(®). It suffices to prove
that

(10) S'p—1,4.) < S'p,j.) < S'p+1,4),

whenever S'(-,-) is defined.
For all p with 1 < p <[, we have

< S(p,j,)
< S'(p. jp) (by Lemma [)
S(p+1, 7 if1<p<l,
S(l+1,pl+1+1) 1fp—l
S, +1) f1<p<i,
< P b d
—{S(z,j;+1) ifp=1 (by @ and @)
= S'(p, 4y, + 1) (by @)).
For 2 < p <, we have
: Slp—1.7,) it j,_4 >
S'p—1,7) = L Y by
( 7 {S@JQ if jp1 = Jj by &)
< S(p,Jp)
< S'(p,jy) (by Lemma [)).

If | =1, then py +1 < jj since S(1,p2 +1) < S(2,p2+1),50 (2,p2+1) & D,.
Suppose [ > 2. For 1 < p < [, we have

S'p,j) =Sp+1,441)

S(p+1,3,) if j, > g, 1<p<1-2,
! L PR
S(p—l.-Q,ij) ?f]‘p ].pﬂ’l_p_l % (by (@) and (8))
S, ji_1) if j, > gy, p=1-1,
S(l+17pl+1+1) lf.];;:jgl)-}-lvp:l_l
=S p+1,7).

Thus we proved ([I0).

(ii) Let B(S',2) = (ji,. .., jr) where I = [(R(S',2)). Tf1 = 0 then z = 2(S,1) =
S(1,p1+1) and S' = S|p,. Since S' € STab(p, A\*)), we have S'(1,q) = S(1,¢q) < z
for all ¢ with 1 < ¢ < py, so {q¢ | S(1,q) > 2} = (. Thus ﬁ(Sl,x) =0

Suppose [ > 1. Note that, for all p with 1 < p <[, we have

(11) S'(p.jgy, — 1) = S(p,j, — 1) < S(p, jy).
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We prove j, = j,, by induction on p. If p = 1 then

j1 =min{q | S'(1,q) > z}
= min{q | 5'(1,q) > S(1,51)}
= (by Lemma [0 and (ITJ)).

Assume j, ; = j;_l for some 2 < p < [. Then

jp=min{q | S'(p,q) > S'(p — 1,jp-1)}
=min{q | S'(p,q) > S'(p— 1. j,_1)}

= min{q | S'(p,q) > S(p.j,)} (by @))
Y (by Lemma [0 and (IT])).
Since
S+ 1, pry) = S+ 1, piy1) (by @)
<S(U+1,p41+1)
= S'(L.3) (by @)
= Sl(l>jl)>

we have j, =0forp>1 sol' =1 -
(iii) By (ii), we have ﬁ(Sl,x) = R(S,1). Then (S'), € STab(p'**, \) by (i) and
Lemma [l Suppose first [ = 0. For (p,q) € D,1, we have

(Sl) ( ) — Sl(pa Q) if (p7 Q) S Dpu
x if (p,q) = (1L, +1)
_ ) S(p.q) if (p,q) € Dy,
S(Lp+1) if(p,g) =(1,pm+1)
= S(p.q)
Suppose | > 1. For (p,q) € D +1, we have
(ZI}' lf (p7 q) = (17j1>7
S'p—1,5p1) ifqg=jp, 2<p<I
Sl z\Vs = 4 . P . b -
D= 51015 it (prg) = (L+ Lt + 1),
Sp, q) otherwise
(@ if (p. q) = (1, 1),
_ ) Sr—1,5,0) ifg=j, 2<p<l,
Sl(la]l) if (p>q) = (l+1>pl+1+1)a
LS (p, q) otherwise
= S(p, q)
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4. VERSHIK’S RELATIONS FOR THE KOSTKA NUMBERS
Lemma 11. Let u+n, AE n and T € STab(u, \). Let x be a positive integer and
| = I(R(T,z)). Then
%
() R(T,,0) = R(T,x).
(i) (T,) = 7.
Proof. If 1 = 0, then (i) clearly holds, and (7,)" = Ty|p, = T. Suppose [ > 1 and let
R(T,0) = (jl,....7) and B(T,2) = (j1, ..., ).
(i) Note that, for all p with 1 < p <[, we have
(12) T.(p,jp+1)=T(p,jp,+1) > T(p, jp)-
We prove j, = j, by induction on [ — p. If p = [ then
i =max{q | Tp(l,q) < To(l+ 1, pusr + 1)}
= max{q | Tx(l,q) <T(l,j)} (by @)
= ji (by Lemma [5 and (12])).

Assume j;,,, = jp11 for some 1 < p <. Then

Jp = max{q | Tu(p,q) < Tu(p+1,7,:1)}
=max{q | T:(p,q) < Te(p+1,7p+1)}
=max{q | To(p,q) < T(p,jp)} (by @)
=Jp (by Lemma [5l and (12))).

(ii) By (i), we have R(Ty,1) = R(T,z). Then «(Ty,1) = To(1, 7)) = To(1, j1) = .
so (T;)" € STab(p, ) by Lemma [I0 (i). For (p,q) € D,,, we have

(To(p+1,041) ifg=j, 1<p<l,
(T)' (. q) = Tl + 1y + 1) if (p,g) = (1, 57), (by @)
L T:(p: q) otherwise
(To(p + 1, jps1) ifg=j,, 1<p<l,
= Tm(l + 17 Hi+1 + 1) lf (pv Q) = (lujl)u
L T:(p: q) otherwise
=T(p,q)

Before proving the main result, for A F n, we let
Supp(A) = {i | \; > 0}.
Theorem 12. Let A\FEn and pt-n — 1. Then the map
Usesupp(n) STab(p, A#) = Uprn STab(u, \)

wzp
T > T,

1S a bijection.
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Proof. The map is well-defined by Lemma [6l Suppose S € STab(u,A) for some
p = n with g = p. Then p = p*t for some I. Set x = x(S,l). By Lemma [0,
St € STab(p, A®)) and (S'), = S, so the map is a surjection.

Let T € STab(p, \®) and S € STab(p, A\®)). Suppose T, = S E STab(u, \) for

some p - n with g = p. Then pu = p!*! for some [, so | = I( ﬁ( S, z')
By Lemma [}, we have T = (T})! = (S,/)! = S, so the map is an 1nJect10n D

Remark 13. Let ;4 Fn and let X be a set of positive integers. Define
W(X,n)={AEn| A >0, Supp(\) C X},
STabx(n) = | ) STab(u, ).

AEW(X,n)
For p+n — 1, the map
STabx(p) x X — Jun STabx(u)
(13) n=p
(T, z) — T,
is a bijection (see [3, p.399, 10.60]). This follows from Theorem [I2l Indeed, collecting
the bijections of Theorem [I2] for all A € W(X,n), we obtain a bijection
U)\EW(X,n) UmGSupp STab(p7 ) {SL’} — U)\GW X,n) UM"" STab(,u, >\)

(T, z) > Tm
Then the codomain of the bijection ([[4]) equals that of (I3]), while

U U STab(p, \®) x {z} = U STab(p,v) x X

AEW(X,n) z€Supp(X) veW(X,n—1)
= STabX(p) x X.

(14)

Corollary 14 (Vershik’s relations for the Kostka numbers). For A = (A, Aa, ..., \p)
n and pkn—1, we have

Y KA =Y, CONK(p,7).

ukn yFn—1
HZp Y=
Proof.
D K(u,A) =) |STab(u, \)
ukEn pukEn
H=p HZp
= ) |STab(p,A)| (by Theorem [I2)

1<z<h

= Y ) [STab(p,A®)]

n—11<z<h
Y3 A@) =

= > > [STab(p.7)| (by [T, Lemma 3.7.1])

Yrn—11<z<h
TEX @)=y
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= > e |1 <o <h A® =9} STab(p, )]

Now, we compare Vershik’s bijection with ours using |4, Example 1].

Example 15 ([4, Example 1]). Let A = (3,2,1) -6 and p = (4,1) - 5. Then

,u—tableaux:A:él122,3251123,025;)12,
D:;;13’E:§112;
3
p—tableaux:Lzzl))122, :;123,N:é112,
P:;113’Q:é112

We remove one box from the first row in A and B, one box from the second row in

C and D, and one box (3,1) in E in order to obtain p-tableaux. Then we have a
bijection as follows:

AL, B+~ M, C+< N, D+ P, E+Q.
The bijection given by Theorem [12] is:
L+ I1=F, M+ M =D;
N+ No=A;, P+ P,=C;
Q<+ Q3= DB.

Finally, we give an example, for which there is no bijection arising from removable
of one box.

Example 16. Let A = (3,3,2) F 8 and p = (4,3) - 7. Then
1113 3 11123 1112 2
p-tableaux @ A = 9 9 9 , B= 5 9 3 , C = 5 3 3 ’
1113 111 2
p= L L L2 pm 50 F=223 .
2 2 3 37 ’
3 3
1123 112 2 1113
p—tableaux.L:2 5 3 ,M:2 3 3 ,N:2 5 3
1 11 2 1113 1 11 2
P= 2 3 3 Q= 2 2 2 » Bo= 2 2 3 ’
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As mentioned in Section [I p-tableaux A and E result in p-tableau @, so there is no
bijection between p-tableaux and p-tableaux arising from removable of one box. The
bijection given by Theorem [12] is:

N+ No=D; P+ P,=C;
Q+—Q:3=A;, R+ R3=B.
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