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QUADRATIC CHABAUTY AND RATIONAL POINTS I:
p-ADIC HEIGHTS

JENNIFER S. BALAKRISHNAN AND NETAN DOGRA

ABsTrRACT. We describe how p-adic heights can be used to find rational points
on higher genus curves by making explicit some aspects of Kim’s nonabelian
Chabauty program. We give the first examples beyond the Chabauty-Coleman
method where nonabelian Chabauty can be used to precisely determine the
set of rational points of a curve defined over Q or a quadratic number field.
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1. INTRODUCTION

Let X be a smooth projective curve of genus g > 1 defined over a number field
K. By Faltings’ work on the Mordell conjecture, the set of K-rational points on
X, denoted X (K), is known to be finite [I7]. However, the method of proof is not
constructive and does not produce the set X (K). Nevertheless, in certain cases, it
is possible to compute X (K), and perhaps the most widely applicable technique is
the p-adic method of Chabauty and Coleman.

The Chabauty-Coleman method imposes linear conditions on the Jacobian of X,
and in an essential way, requires that the Mordell-Weil rank of the Jacobian is less
than g. Kim has proposed that one can lift this restriction on rank by replacing
the Jacobian of X with an object known as the Selmer variety [22]. In this paper,
we discuss new techniques for studying Selmer varieties, which we translate into
methods for determining the set X (K) in a number of new cases. In particular, we
study certain curves whose Jacobians have Mordell-Weil rank equal to g.
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To give some context for our results, let us begin by recalling the Chabauty-
Coleman method. Let J denote the Jacobian of X, let p be a prime of good
reduction, and let p be a prime above p. Let

log; : J(Kp) — H(X,, Q)

be the p-adic logarithm map for the abelian variety J. Suppose that X (K) # 0,
and for convenience, that we know one point b in X (K). If the Mordell-Weil rank
of J is less than g, the method of Chabauty [9] produces a finite set of p-adic points
on X, which we shall denote X (K,);. The set X (K,); is a subset of X(K,), and
further, X (K) is a subset of X (K,);. Following Coleman [IT] the set X (K}); may
be interpreted as the zeroes of a p-adic path integral

X(K,) = {z € X(K,): /bzw _ 0}

for some differential w in H(X KP,Q}(). By further interpreting this p-adic path
integral as a p-adic power series and solving for its zeros, in practice, one can often
recover X (K). This is known as the Chabauty-Coleman method.

The Chabauty-Coleman method requires that the Mordell-Weil rank of the Ja-
cobian be less than the genus, which is somewhat restrictive. As such one would
like to have a refinement of the Jacobian which remembers more information about
the set X (K). The insight of Kim [21] is that rather than trying to generalise the
Jacobian of X, it is easier its Galois cohomological avatar: the Selmer group. In
[22], Kim defined a family of Selmer varieties Sel(U,,) giving a decreasing sequence
of subsets 2]

X(Kp)l B} X(Kp)g D,

of X(Ky)n, which can be computed in terms of iterated p-adic path integrals.
The sets X (K,), contain X (K'), so by proving finiteness of X (K, ), and explicitly
computing it, one can hope to recover X (K). Note that when K = Q, conjectures
of Bloch and Kato imply that X (Q,), is finite for n sufficiently large [22].

However, at present the only documented example of a curve X where X (K),
has been proved to give more information than X (K,); is when K = Q and X is
a curve whose Jacobian is isogenous to a product of CM abelian varieties. In this
case, Coates and Kim prove in [I0] that for n > 0, X(Qp), is finite. Even in this
case it is not clear how to actually compute X (Qp)s.

In this paper, we give techniques to handle some cases beyond the scope of
classical Chabauty, by computing finite sets containing X (K,)2. The methods
used are a generalisation of those employed to study integral points on hyperelliptic
curves using p-adic heights [6], combined with new methods for relating unipotent
path torsors to p-adic heights [16].

In [6], one works with a hyperelliptic curve X/Q of genus g with a model

(1) y: = f(x) =22 + ang2g + -+ ag, a; € 7.

Let Tj) denote the set of primes of bad reduction for this model and let p be a prime
of good reduction. Suppose that the polynomial f does not reduce to a square in
(Z/q)[z] for any prime g. Let Y = Spec(Z[xz, y]/(y? — f(x))), so that Y (Z) denotes
the set of integral solutions to (). Using p-adic heights, one can compute Y (Z):
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Theorem 1 (“Quadratic Chabauty”, [6]). Let Q C Q,, be the explicitly computable,
finite set of values taken by the sum of the local heights

- Z hy(zy — 00),
veTyH
for (zv) in [l eq, Y (Zy). Suppose that the Mordell-Weil rank of J is g. Then there
is a symmetric bilinear map

B: H%(Xq,,0")" x H'(Xg,. ") = Q,
such that Y(Z) C Y (Z,) is contained inside the finite set of solutions to
hp(z = 00) + B(log (2 — 00),log ; (2 — 00)) € Q.

In the present work, we give a generalisation of this theorem which also allows
us to study rational points in some special cases where the Mordell-Weil rank is
not less than the genus. To state our results more precisely, we fix some notation.
Let K be Q or an imaginary quadratic field, and let X/K be a smooth projective
curve of genus g > 1 with a K-rational point b. Let Ty be the set of primes of
bad reduction for X, let p be a prime of Q such that {v|p} NTy is empty, and let
T =Ty U{v|p}. We show that X (K). is finite whenever the rank of J(K) minus
the rank of the Néron-Severi group of J, denoted NS(J), is less than g — 1 (see
Lemma []).

In particular, the main example we consider is the situation when the rank of
the Jacobian of X is g and the rank of NS(J) is greater than 1 (for a result applying
when the rank is greater than the genus, see Proposition 2]). We further assume
that the map

J(K) @z Qp — J(Kp) ®z, Qp

is an isomorphism. Let X := X xx K. By our assumptions on the Néron-Severi
group, there is a cycle Z in X x X whose image in A2H},(X) under

Qp(-1) — Hezt(Y x X, Qp) — Hé}t(yv Qp) ® He}t(ya Qp) — /\2H§t(yv Qp)

is nonzero (where the maps are, from left to right, the cycle class, the Kunneth
projector, and the antisymmetric projection), and such that the intersection number
of Z with A — X x P, — P, x X is zero, where P; and P, are any points on X.
For distinct points b and z in X intersecting A;Z properly, we associate a cycle
D(b, z) to the triple (b, z, Z) (see Definition [IT)).

Theorem 2. Let X/K be a smooth projective curve of genus g > 1. Let b, z, D(b, 2)
be as above. Let X' := X —i '|Z|.

(i): For each prime v 1 p, hy(z,D(b, 2)) takes only finitely many values for z in
X'(Qy,). Ifv is a prime of potential good reduction, then h,(z, D(b, z)) is identically
zero.

(ii): Suppose the rank of J(K) is g and the rank of NS(J) is greater than 1. Let
Q C Qp be the finite set of values taken by the sum of local heights

= huo(z0, Db, 2))

vip

for (zv) in [1 4, X'(Ky). Then there is a symmetric bilinear map
B:H(Xk,, Q") x H'(Xk,, Q") = Q,
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such that the set of z in X'(K,) for which
hyp(z,D(b,2)) — B(log;(z — b),D(b, 2)) € Q
is finite and contains X (K)o N X'(K,).

To produce an algorithm using Theorem Pl to find a finite set containing X (K)o,
one needs to explicitly compute the cycle Z and the local heights h,. In this paper
we focus on the simplest such example, which we describe below.

Remark 1. There is also an affine version of this result (describing integral points
of X under weakened assumptions on the Néron-Severi group of J), and in §1l we
show that Theorem [l can be recovered from this.

Remark 2. It should perhaps be emphasised that the link with p-adic heights is not
needed to prove finiteness of X (K,)2. Indeed, the proof of finiteness of X (Kj)o,
given our assumptions on the ranks of the Mordell-Weil and Néron-Severi groups of
the Jacobian, is very short (see Lemma B]). Furthermore the method of producing
algebraic functions on the Albanese variety which contain the image of the Selmer
variety does not depend on the link with p-adic heights, although it is inspired by
Nekovai’s construction of the p-adic height pairing.

Let X/K be a genus 2 bielliptic curve with affine equation
y? =2 + azt + ba? + ¢,

with a,b,c € K. The problem of determining the rational points of X was previ-
ously considered by Flynn and Wetherell [I8]. Let E; and Es be the elliptic curves
over K defined by the equations

Ei =23 4ar +bzx+c Ey i y? = 23 4+ ba? 4 acx + 2
and let f; and fy denote the corresponding maps
f1 : X — El fQ : X — E2
(z,y) = (@%y) (z,y) = (ca”%eya™).

Let hg, and hg, denote the height pairings on F; and E; corresponding to an
idele class character
X:GR —Q,
and an isotropic splitting of the Hodge filtration. In the case when K = Q, we
take p = (p) to be a prime of good reduction. In the case when K is an imaginary
quadratic extension, we take p to be a prime of Q which splits as pp in K, and take
X to be a character which is trivial on Og.

Theorem 3. Let X/K be a genus 2 bielliptic curve
y? = 2% + azt + ba? + .

(i): For all v not above p,
hizy o (f1(2)) = hEs o (f2(2)) = 2x0(2(2))

takes only finitely many values, and for almost all v it is identically zero.
(ii): Let Q denote the explicitly computable, finite set of values taken by

- Z(hEhv(fl(zv)) = hgyw(f2(20) — 2x0(2(20)))

vip
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for (20) in [],, X(Ky). Suppose Ey and E; each have Mordell-Weil rank 1, and
let P; € E;(K) be points of infinite order. Let o;; = %. Then X (K) is
contained in the finite set of z in X (Ky) satisfying

hip(f1(2)) = B p(f2(2)) = 2xp(2(2)) — anlog, (f1(2))* + azlogg, (f2(2))* € Q.

We show how Theorem [B] can be used in conjunction with other techniques to
determine the set X (K). In our first example, X is a hyperelliptic curve with affine
equation y2 = 2% — 22* — 22 + 1 over K = Q. Applying the theorem with p = 3
produces the finite set X (Q3)y, including a few “extra” points which do not appear
to be in X (Q). In fact, an argument invoking the 3-adic formal group of an under-
lying elliptic curve can eliminate these points from consideration, thereby finding
for us the set X(Q). In our second example, X = X,(37) and K = Q(7). Using
Theorem Blfor one prime p produces a number of extra p-adic points. Nevertheless,
applying the theorem for a suitably chosen collection of primes and then carrying
out the Mordell-Weil sieve (as done by J. Steffen Miiller and described in Appendix
[A]) allows one to find X (K).

The organisation of the paper is as follows. In SectionPlwe review the Chabauty-
Kim method. In Section[3 we describe the particular curves and quotients of funda-
mental groups we consider and explain why they give new instances of non-density
of the localisation map. In Section [4] we recall the notion of mixed extensions and
Nekovéi’s construction of p-adic height functions on such objects. In Section [l
we explain how to replace G-equivariant U-torsors with mixed extensions in the
category of G-representations and use this to construct local height functions on
the Selmer variety, and hence to give equations for the image of the localisation
map. Section [0] gives an algebro-geometric characterisation of the mixed extensions
constructed out of path torsors, and hence relates height functions on the Selmer
variety to Nekovai’s height pairing on algebraic cycles. In Section [l we review some
properties of Coleman-Gross height pairings on hyperelliptic curves and use this to
relate our results to the results in [6]. We conclude in Section Bl by translating these
techniques into a quadratic Chabauty method for finding rational points on certain
bielliptic curves and present a few examples. Appendix [A] by J. Steffen Miiller,
discusses how the Mordell-Weil sieve can be used in conjunction with quadratic
Chabauty to find rational points and describes the sieving carried out to recover

Xo(37)(Q(7))-

2. THE CHABAUTY-KIM METHOD

We begin by recasting the Chabauty-Coleman method in a motivic framework
and then use this to describe Kim’s generalisation. Nothing in the section is new,
although as far as we are aware, the statement of Lemma [Ilis not in the literature.
In this section, X is a smooth projective curve of genus g over a number field K.
By a curve over a field K we shall always mean a separated, geometrically integral
scheme over K of dimension 1.

2.1. The Chabauty-Coleman method. Let Tj denote the set of primes of bad
reduction for X, let p be a prime of Q which splits completely in K and is coprime
to Tp. Let T = Ty U {v|p}, and fix a prime p lying above p. Let Gr denote the
maximal quotient of the Galois group of K unramified outside T'. Unless otherwise
indicated when we write G we will mean either G or G, for v a prime of K.
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Let V := H},(X,Q,(1)) and define H}(Gr,V) to be the subspace of the space
of continuous cohomology classes in H*(Gr, V) which are crystalline at all primes
above p. Let

k:DIVY(X)®Q, —» HY(Gr,V)
be the map sending a divisor Y u;z; to the Kummer class of [> p;2] € J(K) @ Q
in H(Gr,Tp,J) ®Q, = H'(Gr,V). Then  lands in the subspace H}(Gr, V), and
there is a commutative diagram

K

X(K) Hi(Gr,V)
[ |10c\
X(Iy) —2 HYH Gy, V) —=— Dan(V)/F°

where the top map sends z to k(z — b), and the bottom right isomorphism is
via p-adic Hodge theory. The composite map j : X(K,) — Dqr(V)/F° may be
described, via the isomorphism

Dar(V)/F° ~ Hiz(X)*/F° ~ H°(X,Q")*,

as the functional sending a global differential 1 to the Coleman integral sz 7. Since
the Mordell-Weil rank of J is less than g, there is a differential w in H°(X, Q1)*
which annihilates the image of J(K) ® Qp. Hence X(K) C X (K,) lies in the set
of points for which [, w = 0.

2.1.1. Refinements over number fields. In [31], Siksek explains a refinement of the
classical Chabauty-Coleman method over number fields. As explained in loc. cit.,
heuristically one might expect that if X is a curve of genus g defined over a number
field K of degree d over QQ, then the Chabauty-Coleman method works whenever
the rank of J(K) is less than or equal to d(g — 1) (as the Weil restriction of X
is now a g-dimensional subscheme of the Weil restriction of its Jacobian). In [31]
Theorem 2] a precise technical condition on linear independence of p-adic integrals
is given which is sufficient to ensure that the Chabauty-Coleman method produces

a finite set of points in [, X (k).

2.2. The Chabauty-Kim method. We now explain how this motivic approach
generalises. Given a rational point b in X, let wlet’Qp (X,b) denote the unipotent
Q,-étale fundamental group of X with basepoint b [14]. Recall that this is equal to
the Q,-Malcev completion of the usual étale fundamental group. In particular, as a
pro-algebraic group (i.e. forgetting about the Galois action) it is isomorphic to the
quotient of a free pro-unipotent group on 2g generators by one quadratic relation.
Let U := wft’Qp (X,b), and for i > 0 define U™ := [U(®) U"=D]. Define

Un = Un(b) = 77" (X, b) /U™,
and define
Uln] := Ker(U,, = U, —1).
We will mostly be interested in the case when n = 2. In this case, using the
standard presentation of the topological fundamental group of a surface of genus g
there is an exact sequence

(2) 0— HZ(X,Q,)" 55 A2V — U[2] — 0.
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Define o
P, (b, 2) :== 7$H(X;b, 2) X nét (X b) U, (b).
Then the assignment z — [P, (b, z)] defines a map
X(K)— HYGr,U,(D)).

One of the fundamental insights of the theory of Selmer varieties is that the co-
homology spaces H(G,U (b)) carry a much richer structure than merely that of a
pointed set, and that this extra structure has Diophantine applications. For the
following theorem we take G to be either G, or Gr:

Theorem 4 (Kim [21]). Let U be a finite-dimensional unipotent group over Q,,
admitting a continuous action of G. Suppose H°(G,U'/UT1)(Q,) = 0 for all i.
Then the functor

R— HY(G,U(R))
is represented by an affine algebraic variety over Q,, such that the siz-term ezact
sequence in nonabelian cohomology is a diagram of schemes over Q.

In this paper we will never distinguish between a cohomology variety and its
Qp-points. We now take U = U(b) to be a finite-dimensional Gp-stable quotient of
U, (b) whose abelianisation equals V. Note that since the abelianisation of U(Q,)
has weight —1, it satisfies the hypotheses of the theorem, and hence H'(G, U) has
the structure of the Q)-points of an algebraic variety over Q. For z a point of X,
we denote by P(z) = P(b, z) the push-out of P, (b, z) by U, — U.

2.3. Local conditions. To go from the cohomology varieties H!(Gr,U) to Selmer
varieties, one must add local conditions. For each v { p, there is a local unipotent
Kummer map

jo : X(K,) — HY(G,,U)
z = [P(2)]

which is trivial when v is a prime of potential good reduction and has finite image
in general [23]. For v|p, by the work of Olsson [25], the assignment z — [P(x)]
lands inside the subspace of crystalline torsors H}(GP, U). We define

Jp t X (Kp) — H}(G,,,U).

There is then a commutative diagram

X(K) HY(Gr,U)
J JH]OCU

(3) H?)ETX(KU) - HvET HI(GU?U)'
It is also shown in [21] that the localisation morphisms are morphisms of varieties,
and the set of crystalline cohomology classes has the structure of the Q,-points of
a variety. At any prime v { p, the image of X (K,) in H'(G,,U(x)) is finite [23].
We would like to understand the following subscheme of H(Gr,U(z)):

Definition 1. The Selmer variety of U, denoted Sel(U), is the reduced scheme
associated to the subscheme of H!(Gr,U) consisting of cohomology classes ¢ sat-
isfying the following conditions:

(1) locy(c) comes from an element of X (K, ) for all v prime to p,
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(2) locy(c) is crystalline for all v above p,
(3) the projection of ¢ to H!(Gr, V) lies in the image of Jac(X)(K) ® Qp.

Remark 3. We have included the third condition to avoid any assumptions on the
finiteness of the Shafarevich-Tate group of the Jacobian of X in the statement of our
results. Consequently, our notation differs slightly from other work on Chabauty-
Kim theory.

Remark 4. In the present work, we are only interested in Q,-points; the only
relevance of the scheme structure is to ensure that certain maps are algebraic.

We shall denote by Hp, (G, U) C Sel(U) the subvariety of cohomology classes
which are trivial at all v in Ty. Hence H}DK (Gr,U) consists of cohomology classes

which are trivial at all places prime to p, crystalline at primes above p, and whose
image in H(G7,V) lies in the image of J(K) ® Q,.

2.4. Applications to Diophantine geometry. Let p be a prime above p. We
have a refinement of the commutative diagram (B

X(K) Sel(U (b))

J ) Jlocp
Jp

X(Kp) — H}(Gan(b))-

The map j, is not algebraic, but is locally analytic, i.e., on each residue disk in
X (Kp), we have that j, is given by a p-adic power series. Furthermore by [22], j, has
Zariski dense image. Hence if loc, is not dominant, then the set j, ' (loc, (Sel(U)))
is finite.

Definition 2. Define the set X (K,)uy C X(Kj,) to be j, '(locy(Sel(U))). When
U =U,, we write X (K,)y, as X(Kp)n.

Remark 5. The sets X (K,), are contained in the set of points which are weakly
global of level n, defined in [2]. If the p-primary part of the Shafarevich-Tate group
of the Jacobian of X is finite, then the two sets are equal.

2.5. Properties of Sel(U). In this subsection we recall some properties of the
varieties Sel(U). We make repeated use of the twisting construction in nonabelian
cohomology, as in [30] 1.5.3]. For topological groups U and W, equipped with a
continuous homomorphism U — Aut(W), and a continuous U-torsor P, we shall
denote by W) the group obtained by twisting W by the U-torsor P:

W) =W xy P.

Given a group U with an action of G and a continuous G-equivariant U-torsor P,
we may form a group U") which is the twist of U by the U-torsor P, where U acts
on itself by conjugation. There is a bijection

HY(G,U) = HY(G,U"))

which sends G-equivariant U-torsors to G-equivariant U")-torsors. We will make
use of the following properties of the twisting constructions:
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o If U — W is a homomorphism of G-groups, then the diagram

HY(G,U) —— HYG,UWD))

l |

Hl(Ga W) — Hl(Gv W(Q))

commutes, where P is a G-equivariant U-torsor and () is the W-torsor
P XU w.

e If H is a subgroup of G, U is a G-group and P is a G-equivariant U-torsor,
then the following diagram commutes:

HY(G,U) — HYG,U®)

|

HY(H,U) — HY(H,U®).

In our cases of interest these morphisms will actually be morphisms of schemes, by
functoriality. It follows from the two commutative diagrams above that if P is a
crystalline U-torsor then the map

HY(Gy,U) = HY(Gy,UD))

sends crystalline U-torsors to crystalline U()-torsors, and that if P is a Gp-
equivariant U-torsor whose image in H'(Gr,V) lies in J(K) ® Q,, then twisting
by P sends the preimage of J(Q) ® Q, in H*(G,U) to the preimage of J(Q) ® Q,
in H'(G,U®). This is summarised in the following lemma.

Lemma 1. Via the twisting construction, Sel(U) is isomorphic to N disjoint copies
of H(lf)K(GT, U), where N is the size of the image of Sel(U) in

11 jo(x(x&)) c I] HY(G., V).

veTy veTy

3. NON-DENSITY OF THE LOCALISATION MAP

For the rest of this paper we take K to be Q or an imaginary quadratic extension
of @Q. Unless otherwise stated, we will henceforth take U to be a quotient of Us
surjecting onto V. From the standard presentation of the topological fundamental
group of a smooth surface of genus ¢ in terms of 2¢g generators and 1 quadratic
relation, the natural map

AV — U[2]
gives an exact sequence
(4) 0— HL(X) 5 A2V - U2] — 0.

Hence the quotients U intermediate between Us and V correspond to Galois sub-
representations of A2V/HZ,(X)*. Note that for any such choice of U, there is an
inclusion X (Kp)2 C X(K,)y. In this paper we restrict attention to the case where
[U, U] is isomorphic to Q,(1)™.
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3.1. Finiteness results. The reason for considering quotients of the fundamental
group which are extensions of V' by Q,(1)™ is that
H(Gr,Qy(1)) ~ Of ©Q, =0,
and
H}(Gm Qp(1)) ~ OpX ® Qp = Qp,
hence dim H (G, Qp(1)) = 0 and dim H}(Gy, Qp(1)) = 1.

Remark 6. This is the only place where our restrictions on K are essential.

In many situations the Galois cohomology computation above is enough to prove
non-density of the localisation map for Sel(U).

Lemma 2. Let U be a quotient of Uy which is an extension of V' by Qp(1)". Let
p be a prime of Q such that X has good reduction at all primes above p, and let p
be a prime above p.

(i): The dimension of Sel(U) is bounded by vk J(K).

(ii): The dimension of H}(GP, U) is equal to g+ n.

Proof. (i): Consider the commutative diagram with exact rows

Hl(GT7[U7 U]) Hl(GTaU) Hl(GTaV)

[Ler H(G., (U, U]) [Toer HY(G,,U) [Ler HY(G,, V).

As explained in §2.5] to prove non-density of the localisation map, we may assume
that the local conditions at primes away from p are trivial. Hence we reduce to
proving non-density of the map

Hp, (Gr,U) = Hi(Gy,U).
Via the exact sequence of pointed varieties
Hj(Gr,[U.U]) = Hj(Gr,U) = Hy(Gr,V)

the dimension of Hg (Gr,U) is bounded by rk J(K).
(ii): The computation of the dimension of H}(G),U) follows [22, §2]. By p-adic
Hodge theory we have an isomorphism

H}(G,,U) ~ Dar(U)/F°,
and this gives a short exact sequence
1 = Dar([U,U])/F® = H(Gy,U) = Dar(V)/F° — 1.
Since [U, U] ~ Q,(1)", the dimension of H}(Gy,U) is g + n. O
Now we consider the problem of finding such a quotient of U;. Note that
Homg, (Qy(1), A*V) =~ Home, (Qp, HE (J, Qp(1)))

and hence the rank of this vector space is at least the rank of the Néron-Severi
group of J. (Furthermore this is an equality, since H? of an abelian variety satisfies
the Tate conjecture [I7].) On the other hand by §2, the representation U[2] is
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isomorphic to the cokernel of Q,(1) Y, A2V. Hence from Lemma [ one may

deduce the following lemma.

Lemma 3. Suppose X is a curve of genus g, such that tk J(K) < g+rkNS(J)—1.
Then X (K,)u is finite.

The remainder of this article is concerned with making Lemma [3] more explicit.

4. MIXED EXTENSIONS AND NEKOVAR’S p-ADIC HEIGHT FUNCTION

In this section we introduce some notation for mixed extensions in an abelian
category, discuss the relationship between mixed extensions and cohomology with
values in unipotent groups, and then review Nekovai’s p-adic height function on
mixed extensions.

4.1. Mixed extensions. Let A be an abelian category. Let Wy, ..., W,, be objects
of A, such that for all i < j

HomA(Wi, WJ) =0.

Definition 3. We define a mized extension with graded pieces Wy, ..., W, to be a
tuple (M, (M;, «;)), where M is an object of A,

M:Mo(—’Ml(—’MQ(—’...(—’MnJrl:O
is a filtration in A and «, ..., o, are isomorphisms
(673 Mi/Mi+1 ~ Wi.

A mixed extension (M, (M;,a;)) as above will sometimes be denoted simply by
M.

Definition 4. Let (M, (M;,a;)) and (N, (N;, 5;)) be mixed extensions with graded
pieces Wy, ..., W,. A morphism of mized extensions is a sequence of commuting
isomorphisms
T . Mz i> Nz

such that if r; denotes the induced morphism M;_1/M; — N,_1/N;, then for all ¢,
Biori =a;.

We denote by C(A; Wy, ..., W,,) the category of mixed extensions with graded
pieces Wy, ..., W, and by C(A; Wy, ..., W,,) the set of isomorphism classes. Note
that our assumption on Hom 4(W;, W;) implies that an object of C(A; Wy, ..., W,,)

has no nontrivial automorphisms. For any 0 < ¢ < 5 < n we have a tautological
functor

which induces a map

Pij: C(A;Wo,...,Wn) — C(A;Wi,...,Wj).

Remark 7. The reason for the term “mixed extension” is as follows: if n = 2 and
M is an object in C(A; Wy, Wi, Ws), then in the notation of [I9] M is a mized
extension of o 1(M) and @1 2(M).
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In the case n = 1, we have an isomorphism

C(A; Wy, W1) ~ Ext*(Wo, Wy)
and in particular we can add mixed extensions with two graded pieces. For general
n, if M and N are objects in C(A; Wy, ..., W,,) such that @1 ,—1(M) ~ @1 ,—1(N),
then the Baer sum of M and N, denoted M +; ,—1 N, will again be an object in
C(A; Wy, ..., W,,). Similarly, if pa,,(M) =~ p2.,(N), then we can form M +5, N.
Definition 5. Let A be an abelian group. A function

a:CAWy,...,W,) = A
is said to be bi-additive if, whenever 1 ,,_1(M) = @1 n—1(IN), we have
a(M 41,1 N)=a(M)+ a(N),

and whenever ¢, (M) = ¢2,,(N), we have

a(M +2, N) = a(M) 4+ a(N).
4.2. Relation to nonabelian cohomology. Now suppose that A = Repr(G)

is the category of continuous p-adic representations of a profinite group G. Let
Wo, ..., Wy be objects in Repg (G).

Definition 6. Define U(Wy,...,W,) to be the subset of Go<; j<nW;* ® W; con-
sisting of elements whose W ® W; component is zero if ¢ > j and the identity
endomorphism if i = j.

Note that U(Wy, ..., W,,) is a unipotent group with a compatible action of G.
Definition 7. Let (M, (M;, a;)) be an object in C(Repg, (G); Wo, ..., Wy). Define
®(M) to be the set of isomorphisms of vector spaces

pM-=Wod...aW,
such that p(M;) =W, @ ... ® W,, and the induced quotient homomorphism
pi: M;/M;1 — W,
is equal to «;.

®(M) has the structure of a G-equivariant U (W, ..., W,,) torsor, and this in-
duces a map

@ : C(Repg, (G); Wo, ..., W) = H (G, UWy, ..., Wn)).
Lemma 4. ® is a bijection.

Proof. To construct an inverse to ®, define ®’ to be the functor from the category of
equivalence classes of G-equivariant U-torsors to C(Repg, (G); Wo, . .., W) sending
a torsor P to the twist of Wy & ... 8 W, by P. O

Under this correspondence, when G = G, the subcategory of crystalline G,
representations is sent to H}(GP, U(Wo,...,Wy)), and similarly for semistable rep-
resentations. Define

HL(Gr, UWy,...,W,)) € H (Gr,UWy,...,W,))

to be the subvariety of U-torsors which are semistable at all primes above p (with no
conditions at the primes in 7p). We will henceforth use C'(Repg, (G); Wo, ..., Wy)

and H'(G,U(Wy,...,W,)) interchangeably.
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4.3. Nekovar’s p-adic height pairing on mixed extensions. In this section we
recall the construction of Nekovai’s p-adic height pairing [24]. We will only work in
the context of a smooth projective curve over K and p a prime of good reduction.
Our categories will be G representations (for G = Gr or G,) and our objects will
be Wy = Q,,W1 = V,Wy = Q,(1). The variety C(Repr (@);Qp,V,Q,(1)) has a
natural involution defined by
M — M*(1).

We say a function

« O(Repr (G)a va V7 Qp(l)) - Qp
is symmetric if a(M) = a(M*(1)). Nekovai’s p-adic height pairing is defined via a
family of local height functions

hy Hl(Gva U(va v, Qp(l))) - QP?

for v prime to p, and
hy : Hy (Go, U(Qyp, V,Qp(1))) = Q,

for v above p, which are continuous, bi-additive and symmetric. The input for
Nekovai’s construction is a class x in H'(Gr,Q,) and a splitting

(5) S H&R(XKU’Q;D) - FlH&R(XKwQ;D)
of the Hodge filtration of H}(Xk,) at every prime v above p.

4.3.1. v prime to p. For v not above p, the construction of local height pairings is
immediate given the weight monodromy conjecture for curves [27], which implies
that

H°(G,,V)=HYG,,V) =0,
and hence by the six-term exact sequence in nonabelian cohomology,

Hl(va U(Qyp, V,Qp(1))) ~ Hl(Gva Qp(1)).

This gives a function

U X - Hl(Gva U(Qp, V,Qp(1))) = Qp
via the isomorphism H?(G,,Q,(1)) ~ Q, coming from local class field theory.

4.3.2. v above p. For v above p, the construction of local height pairings uses p-
adic Hodge theory. As we will only be interested in the crystalline case, we restrict
attention to describing Nekovai’s functional on crystalline mixed extensions

hy : Hi(Gy, U(Qp, V,Qp(1))) = Qp.
The construction is analogous to the case when v was prime to p: given a mixed
extension M in the category of filtered ¢-modules, with graded pieces Qp, Der (V)

and D¢ (1), one constructs an extension ¢ of Q, by D¢ (1), identifies this as an
element ¢’ of H}(Gp, Qp(1)), and then defines

h(M) := ¢ U xy.
We now sketch the construction of ¢. Note that (in the category of admissible
filtered ¢-modules) Ext!(Q,, Der(1)) = Dar(1), so one may equivalently think of ¢
as an element of Dyr(Q,(1)). Let (M, (M;, «;)) be a mixed extension with graded
pieces Qp, Der(V) and Der(Qp(1)). The extension class of M in Ext'(Q,, M)

defines an element of M;/FY. Using the splitting s specified in (&), one lifts this to
an element of M;. For weight reasons there is a canonical ¢-equivariant splitting of
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the inclusion My < My, and hence via a2 one obtains an element ¢ of Dar (Q,(1)),
as required.

In the language of [22] we may define the local height of a crystalline mixed
extension as follows. There is an isomorphism [22] §2]:

H}'(va U(Qp, V,Qp(1))) =~ Dar(U(Qp, Vv@p(l)))/FO'

As for G-representations, we define a unipotent group U(Qp, Der(V'), Der(Qp(1)))
with filtration and ¢-action and a filtered unipotent group U(Qp, Dar(V'), Dar(Qp(1))).
These are then isomorphic to D (U(Qp, V,Q,(1))) and Dar(U(Qp, V,Qp(1))) re-
spectively. The quotient U(Qy, Dar(V), Dar(Q,(1)))/F° parametrises mixed ex-
tensions with graded pieces Q,, Dey (V') and D¢ (Q,(1)) in the category of filtered
¢-modules. Arguing as above, a splitting of the Hodge filtration determines an
algebraic function

U(Qp, Dar(V), Dar(Qp(1)))/F” — Dar(Qp(1))-

In particular we obtain the following lemma.

Lemma 5. The local height function
hy H}”(Gva U(Qpa V, Qp(l))) = Qp

is algebraic.
4.3.3. Global heights. We define

h: Hy (Gr,U(Qp, V,Qp(1))) = Qp
to be the composite of

HY (G, U(Qy, V, Qp(1))) T2 T HY (G, U(Qus Vi QD) X[ [ HA(G U@, V. @, (1))

veTy v|p
with
hu

[T 7'(Go, U@y, V,@p(1))) x [ [ Hot (G, U(Qy, V,Qp(1))) 1%, ,

veTy v|p
By Poitou-Tate duality, h factors through

®o,1 X ©1,2 - Hslt(GTa U(Qpa Va Qp(l))) — H}(GT,V) X H}(GT,V),
using the fact that Hy(Gr,V) ~ H(Gr,V). By additivity, symmetry and conti-
nuity, it hence factors through
Hslt (GTv U(va V, Qp(l))) - Sym2 H}(GTa V)
M = 0,1 (M) (p1,2(M)"(1)).

5. SELMER VARIETIES AND MIXED EXTENSIONS

We now return to Selmer varieties. Here U will be an extension of V' by Q,(1).
To obtain equations for X (K, )2, we use Nekovai’s construction to define a map

Sel(U) — Qp.

A natural analogue of Nekovai’s construction is to start with the input of a coho-
mology class x in H'(Gr,Q,), and to define, at all primes v in Tj, an algebraic
function

Hi (Gm U) — QP
which, restricted to H*(G,,Q,(1)), is simply the cup product with x.
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Given a splitting of the Hodge filtration, one may certainly do this, but from
the point of view of finding equations for Selmer varieties, it is better to have a
construction with some kind of linearity properties analogous to those of the global
height pairing. For this reason, in this section we define a way to embed Sel(U)
into HY (G7,U(Qy,V,Q,(1)) via twisting. We then apply Nekovai’s construction,
giving (via composition) local functions Sel(U) — Q,. Note that if Q,(1) is re-
placed by a different Galois representation W of motivic weight —2 arising in U[2],
one may mimic Nekovai’s construction with the cohomology class x replaced by
a cohomology class in H'(G7, W*(1)) which is nontrivial and noncrystalline at p
(assuming one can prove such a class exists). This will be pursued in future work.

5.1. Twisting the enveloping algebra. To construct a mixed extension associ-
ated to an element of H*(G,U), we define a G-representation with an equivariant
U-module structure, which will be denoted A(b), and then send a U-torsor P to
the twist of A(b) by P.

A(b) will be defined to be a certain finite-dimensional quotient of the universal
enveloping algebra of wft’Qp (X,b). By the theory of Malcev completion, this has a
very concrete description, which we now recall. Let I denote the kernel of

Qp[ﬂ—lét(yu ,T)] — Qp

Ay d N,

Since 7¢(X,x) is isomorphic to the profinite completion of a free group Fy,
on 2g generators modulo one relation lying in [Fay, Fa,], we have that A (z) is
isomorphic to the completion of an algebra obtained by quotienting a free associative
Q,-algebra Ry, on 2g generators by a 2-sided ideal generated by an element e € I2.

Definition 8. Let A, (b) = Q,[r{*(X,z)]/I".

A, (b) is equipped with the structure of a Galois-equivariant 7{(X, z)-module,
since it is a quotient of the group algebra by a Galois stable ideal. Hence for any
Galois-equivariant 7¢¢ (X, x) torsor P we can twist A, (b) by P to get a Galois rep-
resentation A, (b)), When P = 7¢*(X;z,y), A,(0)F) may be identified with the
Galois-equivariant A, (b)-module A,, (b, z) obtained by tensoring Q,[7{(X;x,y)],
thought of as a Q,[n¢*(X,r)]-module, with A, (b). For this reason we refer to it
A, (b, z) as a path module. Tt follows from the theory of Malcev completion that the
action of 7¢*(X,b) on A, (b) factors through the homomorphism

(X, b) = Uy (b).

Furthermore, A, (b) is a quotient of the enveloping algebra of U, (b), and a faithful
representation of U, (b). More generally we can view the Q,-vector space generated
by the torsor of paths from b to z, denoted Q,[r{!(X;b, )], as a G-equivariant free
rank 1 module over Q,[r{!(X,b)]. Hence we may make the following definition.

Definition 9. Let A, (b, z) be the G-equivariant free rank 1 A, (b) module
QP [7Tlét (77 b, Z)] XQp[ﬂ-ft (X;b,2)] An(b)
Note that A,,(b, z) is naturally equipped with a G-stable filtration
An(b,2) DTA,(b,2) D ... DI A, (b, 2) = 0.
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coming from the I-adic filtration on Q,[7¢*(X;b,2)], and that the action of A, (b)
respects this action. We define

Alk] == I* A, (b)/T* A, (b).

A second viewpoint is that A, (b, z) is the twist of A, (b) by [r{(X;b, 2)] via the
left action of 7{*(X,b) on A, (b). There is also a more general construction: for all
k, I* A,,(b) admits compatible actions of U, (b) and G. Hence for any G-equivariant
U,(b) torsor P we may construct the twist A, (b)") of A, (b) by P. In the case

when P is 7{t(X; b, 2) X et 5y Un(b), we have that AL s just A, (b, z). The action
1 5

of U,, on I*/I**+1 is trivial, hence for any such P we have an isomorphism

I8 A, (D)) JTF A, (0) ) ~ TR A, (b)) TFT1 A, (b).
Hence we obtain a well-defined map

[.]: HY(G,U,) — H(G,U(A[0], A[1],..., A[n]))

P [A, (b))

An equivalent definition of this map would be to define Aut(A, (b)) to denote the
group of unipotent automorphisms of A,,(b) as a filtered vector space (i.e. automor-

phisms of A4,,(b) which respect the filtration and are the identity on the associated
graded). Then there is a group homomorphism

U,(b) = Aut(A, (b))

and an induced map on cohomology
HY(G,U,) - HY(G, Aut(A,(D))).
There is also an isomorphism
HY(G, Aut(A, (b)) — H(G,U(Qp, A[1],..., An]))

coming from the G-equivariant (Aut(A4, (b)), U(Qp, A[1],..., A[n]))-bitorsor of iso-
morphisms of filtered vector spaces

An(b) = @i AlK],

(see [30], Proposition 35). The map [ .| defined above is simply the composite.
We now focus on the depth 2 case. There is a short exact sequence

0— A[2] = Ay(b) — A1(b) = 0
compatible with the action of G and U. A[2] is canonically isomorphic to [Uz, U] @
Sym? V.
Definition 10. Suppose the rank of NS(J) is bigger than 1. Let
£: A2 = Q,(1)

be a surjection whose restriction to [Uz, Us] is nonzero and factors through [Us, Us] —
[U,U]. Define A(b) to be the mixed extension with graded pieces Q,, V and Q,(1)
obtained by pushing out A[2] < As(b) by £ : A[2] — Q,(1). We define TA(b) to be
the kernel of the projection

A(b) — Qp.
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The representation A(b) has a compatible U-action, and hence for any U-torsor P
we obtain a mixed extension A(b)(") with graded pieces Q,, V and Q,(1). Since the
projection map A(b) — Q, and the inclusion map Q,(1) — A(b) are U-equivariant,
for any P we have exact sequences

0— TAD)Y) = AL)P) - Q, =0
and
0— Q1) = AD)P) = A, (1)) — 0.

When P = P(b,z) we denote A(b)(") by A(b, z) and TA(b)") by TA(b,z). When
we want to emphasise the dependence on X, we write A(X)(b) and A(X)(b, z).
By our assumptions on the homomorphism A[2] — Q,(1), A(b) is a faithful U-
representation. Note that since the U-action on A[2] is trivial, we could define
A(b)P) to be the pushout of A[2] < A3(b)F) by A[2] — Q,(1). As in the above
discussion of the map [ . ], the map from H'(G,U) to H'(G,U(Q,,V,Q,(1))) is
algebraic.

5.2. Description of h(A(b,z)). Let U be a quotient of Us which is an extension
of V by Q,(1). Let A(b) be the corresponding quotient of the enveloping algebra
of U. We now consider the maps

HY(G,,U) = Q,
P = ho(AD)™D)
HY(Gr,U) = Q,
P h(A®D)D).
The following lemma follows from the work of Kim and Tamagawa [23].
Lemma 6. Let v be a prime of K that is coprime to p. Then the map
X(Ky) = Qp
z = hy(A(b, 2))

is identically zero when v is a prime of potential good reduction and has finite image
in general.

Proof. If v is a prime of potential good reduction then there is a finite Galois
extension L|K, such that for every L-point z, the U-torsor P(z) admits a Gp-
equivariant trivialisation. From [30, §7.5.8|, there is a short exact sequence
1 — HY(Gal(L|K,),U%) - HY(Gk,,U) = H*(Gy,U),

and hence every G, -equivariant U-torsor is trivial, since U%% = 1.

For the general case, we use [23, Corollary 0.2], which says that the map

jv: X(Ky) = H' (Gg,,U)

has finite image. This implies the lemma, as the map z — h,(A(b, z)) factors
through j,. O

We now consider global properties of A(b, z). The mixed extension A(b, z) is a
mixed extension of A; (b, z) and TA(b, z)*(1). To understand the height of A(D, z),
we first need to understand the map

HY(G,U) — Ext"(V,Q,(1))
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defined by sending a torsor P to the twist of TA(b) by P (when P = P(b,z), the
twist of TA(b) by P is TA(b,z)). Let (,) : V x V — Q,(1) be the homomorphism
induced from the Weil pairing and let o : V' — Hom(V,Q,(1)) denote the homo-
morphism sending v to w — (w,v). Let 7 = 7z : V — Hom(V,Q,(1)) denote the
homomorphism sending v to w +— [w, V], where w and v are lifts of w and v to U.
Let 7, denote the induced homomorphism

HY(G,U) = HY(G,V) — Ext"(V,Q,(1)).

We will also denote by 7. the map H'(G,V) — Ext*(V,Q,(1)) through which the
above map factors. Then by definition of the twisting construction there is an
equality of extensions of Q,(1) by V:

[LA(D, 2)] = [TA(D)] + 7([P(D, 2)))-
Let a(Z) denote the linear map
Hi(Gr,V) = Hj(Gr,V)
defined by a(Z) := 75 ' o 7.. Then by §4.3.3 we have the following lemma.
Lemma 7. Suppose D1, ...,D,, F,...,E, are divisors in Div®(X) satisfying
Y R(Di)R(E:) = (2 = b) (15 (TA(D)) + a(Z)(k(z b))
in Sym® H}(Gr,V). Then Y h(D;, E;) = h(A(b, 2)).

Using the above lemmas, one obtains equations for the finite set X (K,)y. First
we should be a bit more specific about our choice of p-adic height. If K = Q then
up to scalars, there is a unique choice of character x. Recall that in the imaginary
quadratic case, we have a decomposition pOg = pp. We henceforth take x to be an
idele class character which vanishes on OX. By class field theory the space of such
characters is one-dimensional, and hence x is uniquely determined up to scalars.
Since the mixed extensions A(b, z) are crystalline at all primes above p, this means
that

h(A(b,2)) = hp(A(b,2)) + > ho(A(D, 2)).

veTy
Let wo, ...,wy—1 be a basis of H(X,, Q).
Proposition 1. Suppose tk J(K) = g, that tk NS(J) > 1, and that the map
(6) J(K) ®zQp — Hp(Gy,V)
is an isomorphism. Let b be a K -rational point of X. Then the set
Q={-> hy(Ab,z)): (z) € [] XFE)}
veTy veTy

is finite, and there are constants c;j,d; (for 0 < i < g —1) such that X (K,)y is
finite, and equal to the set of z in X (K,) satisfying

hp(A(b,z)H;qj </ bwi> <dj +3 alZ)n /bzwk> €.
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Proof. By injectivity of (@) for all 0 < i < g — 1 there is a «; in H}(GT, V') such
that locy (ki) = w} via the isomorphism H}(Gy) ~ H(X,,Q")*. Let H,; be a
mixed extension with graded pieces Q,, V and Q,(1) such that g 1(H;;) = k; and
<P1,2(Hij) = Ii;(l) Define Cij = —h(HZ) Define dl by

loc, (TA(b Z d;wy .

Then since (@) is an isomorphism, we have

eoa(a0.) =3 ( [Cwi) w

" p12(A(b,2)) = Z(d 3 a(2) wk)

Hence in Sym? H{(Gr,V),

eoa(a0. Nera(a.) = 3 ([ ) (44 D@ [ ) mass,

giving an equality of global heights

paw2) =3 ([ i) (a5+ a2 [ o) atet),

]

This establishes that K-rational points satisfy the above equation. By §4.3.2 and
§5.1] for any § in Q,, and any functional

B:H(Gy,V)® H} (G, V) = Qp,
the equation
hyp(A(D) ) + B(A1(0)7), (1A(D) )7 (1)) = 8
defines a codimension one subvariety W, of H} (Gp,U). For P = A(b, z), the left
hand side of this equation is equal to

A(b,2)) + Z (/z_b““) <dj +> a(Z) /b wk) B(w} ®w}) = B.

Then, as in [22], jp_l(Wa) is finite, completing the proof of the proposition. O

To complete the proof of Theorem 2, we need to relate h(A(b, z)) to a height
pairing between algebraic cycles. This identification is explained in §6

5.3. Equations for X (K,)y when the Mordell-Weil rank is bigger than
the genus. We briefly consider the case where the rank is bigger than the genus.
Then the formula becomes more complicated, as to get constraints on the height
of A(b, ), one needs to know the class of Ay(b,2) in Hj(Gr,V), and this can
no longer be recovered directly from its image in H}(Gp, V). Instead one shows
that the the class of a point in H'(Gr,V) is “overdetermined" by the linear and
quadratic relations it satisfies and produces an equation just involving functions on
X (Kp) by taking an appropriate resultant.
For convenience we fix a connected component of Sel(Us) corresponding to

a=(ay) € H Jo (X (K

veTy
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and describe

X(Kp)a = J, "locy (( H]v )) C X(Kyp)u.
veTy

Suppose that rk J(K) = n = g + k, and that rkNS(J) > k. Let
(Zoy ., Z1) = Qup(= 1) 5 Ker(A2HL(X) — HZ(X)).

be an injective Galois-equivariant homomorphism, let Uz, be the quotient of Us
corresponding to Z,,, and let Az _(b) denote the corresponding quotient of As(b).
For 0 < m < k, define a,,, to be minus the sum of the local heights of Az (b)(P)

away from p:
= > hu(Az, () ).
veTy

Let Do, ..., D,_1 be elements of Pic’(X) generating Pic®(X) ® Q. For 0 < m < k,
let (a(Zm)ij)o<i,j<n denote the matrix of the endomorphism of J(K) ® Q induced
by Zm, and let the image of TAz, (b) in HY(Gr,V) equal 3" ¢(Z,,)ik(D;). Define
polynomials Fy, ..., F, in Qu[So,...,Sn-1,T0,...,Tn-1] by

F,, =T, ZS/ Wm
for0<m<g-—1, and
Fm:Tm_am—g_ Z h(DzaD])Sz(( m— q S + Z m g l]Sl)
0<i,5<n o<i<n
for g <m <n.

Proposition 2. Let F = Res(Fy, ..., F,) € Qy[To,...,T,] be the resultant of the
polynomials Fy, ..., F,. Then the set of z in X(K,) such that

F (/ wo,...,/ wg_l,hp(AZO(b,z)),...,hp(AZk(b,z))) —0
b b
is finite, and contains X (Kp)a.

6. CHABAUTY-KIM THEORY AND p-ADIC HEIGHTS

This section is concerned with relating the mixed extensions A(b, z) defined above
to the mixed extensions arising from the theory of motivic height pairings as de-
veloped by Nekovar [24] and Scholl [29]. Such relations have been established in
the case of fundamental groups of affine elliptic curves in work of Balakrishnan and
Besser [3] and Balakrishnan, Dan-Cohen, Kim and Wewers [2] and in the case of
affine hyperelliptic curves in work of Balakrishnan, Besser and Miiller [6].

6.1. Notation. In this section we will repeatedly consider various Ext groups of
constructible Q,-sheaves on X x X. As all cohomology will be étale, we will omit
subscripts. For codimension 1 cycles Z1, Zy C X x X, we will write H*(X x X —
|Z11];]1Z2|) to mean

Ext’ (j11jf Qp, 2173 Qp) 1= Qp @ b Ext’ (juj12/p" Z, jonj5s 2/p" L),

where j; and jo are the open immersions of the complements of Z; and Zs into
X x X, and the Ext groups are in the category of constructible sheaves on X x X.
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We write D.FE to mean the intersection number of the cycles. For a smooth variety
S and a cycle E in Z%(S) we write clg to mean the induced homomorphism

Qy(—k) — HE'(S)
and write clg to mean the composite map
Qp(—k) = HE(S) — H?*(S).

6.2. The height pairing on algebraic cycles. To relate fundamental groups to
p-adic heights, we first explain what the local height functions defined above have
to do with height pairings. We restrict attention to the case of the p-adic height
pairing on the curve X. Given a pair (Z,W) of cycles in Div®(X) with disjoint
support |Z| and |W/|, we construct a mixed extension H(Z, W) with graded pieces
Q,,V and Q,(1) as a subquotient of H*(X — |Z];|[W|)(1) as follows [24, §5.6].
The representation H'(X — |Z|;|W|)(1) is a mixed extension with graded pieces
Ker(H‘QZI(Y) — H%*(X))(1), V and Ker(HIQW‘(Y) — H?(X))*. Pulling back by

d — —
Qp =2 Ker(Hi (X) — H*(X))(1)
and then pushing out by the dual of

Qp(—1) &5 Ker(HZ,((X) - HA(X))

gives a mixed extension with graded pieces Q,, V and Q,(1), denoted Hx (Z, W).
Composing with h, gives, at each prime, a functional

(Z, W) — h(H(Z,W)).
By [24] §2], this is bi-additive, symmetric, and if Z = div(f) then
ho(Z, W) = xo (f(W)).

We denote h, (Hx (Z, W)) simply by h,(Z, W). Given cycles Z and W in Div®(Xx)
with disjoint support one defines the global p-adic height h(Z, W) associated to , s
to be the sum over all v of h,(Z,W). The function h is bilinear and factors through
Pic’(X) x Pic’(X) (unlike the local heights).

6.3. Beilinson’s formula. The proof of the relation to p-adic heights is to use
a motivic interpretation of A, (b, z), due to Beilinson [I5, Proposition 3.4], and
then do a little diagram chasing. To state Beilinson’s theorem, let Y be a smooth
geometrically connected variety over a field K of characteristic zero. Let b and z
be K-points of Y. As before let

A (Y)(b) := Qp[rf! (Y, 0)] /17!
and

An(Y)(b,2) := Qp[ﬂft (Y, b,2)] O, (8t (¥ ,b)] An(Y)(b).

Theorem 5 (Beilinson, [15], Proposition 3.4 ). Let Y™ denote the n-fold product
of Y over K. Let Do denote b x Y™™ D, denote Y"1 x z, and for 0 < i < n,
define D; to be the codimension one subscheme of Y™ on which the ith and (i+1)th
co-ordinates are equal.

(i): When b # z, there is an isomorphism of G i -representations

An(Y)(b,z) = HMY"; | Di)*.
1=0
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(ii): When b = z there is an isomorphism of G i -representations

A, (Y)(0) ~ HMY"; | Di)* © Q.
=0

We will be interested in applying Theorem [l in the case when n = 2, for the
smooth projective curve X and for the affine curve Y := X —z obtained by removing
a K-point of X. Define S:=Y x Y.

Let b and z be distinct, and both not equal to z. Define X; := {b} x X, X5 :=
X x {z}, and define

i1,19,in: X = X x X
to be the closed immersions of X1, X5 and A respectively into X x X. For future
use we also let

7T1,7T227><7—>7

denote the projection maps. We use the same notation for the corresponding maps
with X and X x X replaced by Y and Y x Y.

We first describe the difference between H?(Y x Y; X; U X5 UA) and
H?(X x X; X1 UX3UA). There is a short exact sequence

0— H'(Y;bUz) - H*(Y xY; X1 UXoUA) = H* (Y xY; X1 U X3) — 0.
There is also an isomorphism
H*(S; X1 UXy) ~ HY (X)) ® H'(X)
coming from the composite of the Kunneth decomposition
H*(S; X, UXy)~ HYY;b) @ H' (Y 2)
together with the isomorphisms
HYY;b)~H (Y;2) ~ H(Y) ~ H'(X).
Hence we get a short exact sequence
0= H (Y;bUz) - H*(Y xY; X; UXoUA) - H(X) ® H'(X) — 0.

The dual of Az(X)(b,2) is isomorphic to H*(X x X; X1 U Xo U A), which sits in
an exact sequence

0 = H'(X;bUz) — HA(X xX; X;UX2UA) - H2(X xX) (0243) g2gyes .

The natural map
H* (X x X; X1 UXoUA) - HA (Y xY; X, UXa UA)
is injective and gives a short exact sequence
0 H*X xX; X1 UXoUA) - H* (Y xY; X1 UXoUA) — H*(X) — 0.

Via the above, if Z is a cycle in X x X whose image in H2(Y xY) is nonzero then Z
defines a subobject of H2(Y xY; X;UX,UA). If the intersection number of Z with
A — X — X, is zero then this subobject is in the image of H*(X x X; X1 UX5UA)
(specifically, its image in H?(X x X) is the Kunneth projector of Z).
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6.4. h(A(b,z)) as a height pairing between algebraic cycles. Via Beilinson’s
cohomological characterisation of the mixed extension As(Y)(b, z), characterising
the local heights of A(b,z) in terms of the height pairings on algebraic cycles is
reduced to relating subquotients of H*(Y — |Z1|;|Z2|) to subquotients of H2(Y x
Y;|W|), where the divisors W arise from Beilinson’s theorem.

Let Z be a divisor of S intersecting X1, Xo and A properly. We somewhat
abusively denote the composite map

Q,(—1) 25 H2(5) —» HY(X)®? = H2(S5; X1 U X»)
by clz, where the last map is the isomorphism induced by
H?(S; X1 U Xa) — H?(S).

Definition 11. Define D(b, z) € Div®(X) to be the cycle it Z—i{Z —i5Z+(Z.X,+
Z.Xs — Z.0)z.

Let E; = Ez(b, z) be the mixed extension with graded pieces obtained by pulling
back H2(S; X1 U X5 U A)(1) by the image of Z:

EZ Qp

| o

H2(S; X, U Xo UA)(1) — HY(Y) @ H'(Y)(1).

As in §5.1, if clz is nonzero it defines a surjection A[2](Y) — Q,(1) and hence a
quotient A(b, z) of A2(Y)(b, z). The representation A(b, z) is the dual of Ez. If the
intersection number of Z with A — X7 — X5 is zero then A(b, z) in fact comes from
a quotient of A2(X)(b,z). The following theorem says that the mixed extension
A(b, z) is exactly the one built out of the zero divisors z — b and D(b, z). In [13
Theorem 2.2], Darmon, Rotger and Sols proved that the Abel-Jacobi class of D(b, z)
is equal to the extension of Z-mixed Hodge structure corresponding to the motive
whose étale realisation is T A(b, z). This generalised previous work of Kaenders [20].
The theorem below refines this to determine A(b, z) as a mixed extension of (z—b)
and TA(b, z)*(1).

Theorem 6. Let Z be any codimension 1 cycle in X x X whose image in H*(Y xY)
is nonzero. The mized extension Ey is isomorphic to Hx(z —b,i\Z —i{Z —i5Z +
mx)(—1), where m is the intersection number of Z with X1 + Xa — A.

Proof. For any cycle W we have a commutative diagram with exact columns and
rOwWs

H|1«LZW| (Y;{b}u{z}) — H},

‘W‘(é; X1 UXoUA) — H?

l W]

HY(Y;{b}u{z}) ————— H*(S; X1 U X2 UA) ———— H?(S; X1 U X2)

l J

HY Y — |ia Wi {b} u{z}) — H2(S — [W|; X1 UX2UA) — H2(S — |[W|; X1 U X2).

(S; X1 U X2)

To prove the theorem, we first find a cycle W such that the image of clz(Q,(—1))
in H2(S — |[W|; X; U X3) is zero. This identifies Ez with a subspace of
HY(Y — |i3W|;{b} U {z}). One then determines the subspace exactly by giving a
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cohomological interpretation of the inclusion of the weight 2 part of Ez inside the
weight 2 part of HL(Y — [iAW|; {b} U {z}).

Let 75i7Z denote the divisor obtained by fibering the divisor ijZ of X with
X (so that if i{Z = Y niz;, then 73i3Z = Y n;z; x X). Similarly define 7}i3Z.
Define

W =27 —n3iiZ —nyisZ.
Lemma 8. The image of clz(Q,(—1)) in H*(S — |[W|; X1 U X3) is zero.

Proof. Let D := X x X — S. It is enough to show that clz(Q,(—1)) is in the image
of

Hiyup(X x X5 X1 U Xy) = H2(S; X1 U Xo).

Let Wy := |ifW|Uiy D and Wy := |isW| Uiy ' D. There is a commutative diagram
with exact rows

0—> HlWlUD(X X X; X1 UXg) — HlWlUD(X x X) — Hyy (X) ® Hy, (X)

H2 (X x X; X1 UX3) —— H>(X x X) —— H%(X1) ® H?*(X2).

The class of Z in H%(X x X) lifts to an element of HZ, (X x X) by construction.
Hence to show clz(Q,(—1)) lifts to an element of HZ, (X x X;X; U Xo) it is
enough to show it lies in the kernel of
— = @i
Hiyp(X x X) = Hiy, (X) & Hiy, (X).
This is the case since, in Hy, (X) , i{73iiZ = i1 Z and {757 = 0, and similarly

for Hy, (X). O

Hence we deduce that Ez is a subobject of HY(Y — |iAaW|;bU z), and all that
remains is to determine the homomorphism

Qp(=1) = Hiy . (X)

induced by this identification. Let ¢ : Ker(y) — Coker(«) denote the connecting
homomorphism associated to

H' (Y;bUz) ———— H*(S; X1UX2UA) ———— H?(S; X1UX5) —— 0

le le |

0— HYY — [iaW|;bUz) — H*(S — |W|; X1UX2UA) — H*(S — |W|; X1UX>).

Then by construction Ey is isomorphic to the pullback of H(Y — [i\ W|;bU z) by
the homomorphism

5 —
Qp(—1) — Ker(y) — Coker(a) — HIQi*AWI(Y; bU z).
We claim that the diagram
)

Ker(y) ————  Coker(a)

loe

p— A —
Hfy (S5 X1 U Xp) — Hﬁ-ZW|(Y;bU z)
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commutes. This follows from the definition of the long exact sequence in cohomol-
ogy associated to a short exact sequence of sheaves: for example it is implied by
the following lemma, whose proof we sketch.

Lemma 9. For 1 <i,j <3, let I?; be complexes of abelian groups, and let

0 0 0
0 17, Iy I 0
0 134 132 135 0
0 I35, I3s I3 0
0 0 0

be a commutative diagram of abelian groups with exact columns and rows. Define
Ji == Ker(H'(I3 3) = H'" "' (I3 ,))
Jo 1= Coker(H'~' (I3 4) — H'(I3,))
K1 = Ker(H'(I$ 3) — H™ (I3 )
Ky := Coker(H'"'(I3 3) — H'T' (I3 1))

Let
§ : Ker(Jy — H'(I3 4)) — Coker(H' (I3 1) — Jo)

be the connecting homomorphism associated to

Hi(Iy1) — H'(I22) Ji 0
| | |
0 Ja H'(I32) — H'(I33).

Then the diagram

Ker(Jy — Hi(l35)) —— Coker(Hi(Ip1) = Ja)

_— \K2
\ /

Hi(ILg) E—— HH_l(ILl)

Ky

commutes.

Proof. Let dﬁj be the differential IZ-’fj — Ii’fjl and let ZZ-’fj = Ker(dﬁj). Consider the
following function from K7 and Kpy: start with v; in Kj, lift to ve in Z] 5, lift that
to get vs in 15'72, take differentials to get v4 in Z;El, check that this can be lifted
to vs in Zfrll, take its image in K5. We claim the top and bottom maps from K;
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to K5 are both instances of this construction. In the top map, one starts with an
element in Z} 3, maps it to an element of Zj 5, lifts it to an element of Z3 ,, maps
it down to Z3 o, lifts it to an element of Zj |, lifts that to an element of I3 ;, maps

it to an element of Zﬂl and finally lifts that to an element of Z{T. In the bottom

map, one starts with an element in Z{yg, lifts it to an element of If72, maps that
down to an element of ij;l, and then lifts that to an element of Zfrll. This proves
the claim, since I7 , and I3, are both subcomplexes of I3 5, and the differentials on

I? 5, and I3 | are just the restriction of the differential on I3 ,. g

By commutativity of the diagram
Hy (S5 X1 U Xo) —— Hpy ()
i i

HIQi*AWI(?; bUz) — HI%ZWI(?)

we deduce that Eyz is isomorphic to the pullback of H*(Y — [i3W|;bU 2) by

cliyw : Qp(=1) = HﬁZW\(Y)-
Finally, we show that this implies that the map

Qp(—1) = Ker(Hf, ), (X) = H* (X))

is equal to

clisw—(w.a)e = H‘%ZW‘UI(X).
Via the isomorphism

HYX;bUz)~ HY(Y;bU 2),
one obtains an isomorphism
H\%ZW\(?) = Ker(H\%ZW\Um(Y) — H*(X))

which sends the class of a cycle 3 d;(z;) with support in WNY to > d;(z)— (> d;)z.
This completes the proof of the theorem. (I

7. p-ADIC HEIGHTS ON HYPERELLIPTIC CURVES

In this section we recall facts about height pairings and use them to relate the
height pairing of the cycles z — b and D(b, z) to the height pairings arising in
Theorems [l and Bl We fix a choice of idele class character y and an isotropic
splitting of the Hodge filtration on Hjg (Xk, ).

By the work of Besser [7], Nekovai’s p-adic height pairing is equal to the p-adic
height pairing of Coleman and Gross defined in [12]. In [3], §2], it is shown that one
may extend the Coleman-Gross local height pairing to divisors with non-disjoint
support, although as in the case of the real-valued height pairing such an extension
will in general depend on a choice of a global tangent vector at each point. As
explained in [6] there is a canonical choice of such a tangent vector when X is a
hyperelliptic curve with a fixed odd degree model.

We write h, (D) to mean h, (D, D), and h(D) to mean ), h,(D). When X = E
is an elliptic curve with origin oo, for z in F(K,) we define

hy(2) = hy((2) = (00)).
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7.1. Height identities. Let X be a hyperelliptic curve, and let w denote the
hyperelliptic involution on X. In this subsection we briefly review the theory of
height pairings on hyperelliptic curves [3] [4].

Definition 12. For a divisor D on X, define DT := D+w*D and D~ := D—w*D.

Lemma 10. For any divisors Dy, Dy € Div’(X),

1 1 o
Zhv(DfaD;) + ZhU(Dl ,Dy).

Part (i) of the next lemma is proved in [6] (see (4.3) and the subsequent discus-
sion). Part (ii) also follows straightforwardly from the proof.

hy(D1, D2) =

Lemma 11. Let X be a hyperelliptic curve of genus g, defined by an equation of

the form
29

y? = 22941 4 Zaﬂfi-
=0
Let oo denote the point at infinity.
(i) Let z be a point of X not equal to oo, with y(z) # 0. Then

ho (27 = 200) = 2x4(y(2)) + 2x0(2)-
(#i) Let z1, z2 be points of X not equal to co. Suppose x(z1) # x(z2). Then
hy (2 — 200, 25 — 200) = 2x,(2(21) — 2(22)).
Proof. As explained in [6 §4], one finds normalised parameters at z and w(z) are
given by x — z(2)/2y(z), and that —y/x97! is a normalised parameter at infinity.

The lemma now follows from the definition of the Coleman-Gross pairing on divisors
of non-disjoint support. (|

As a corollary we deduce
Lemma 12. Let E be an elliptic curve
y? =23 +ax® + bz +c.
Then for any z1, 22 in E both not equal to co, and with x(z1) # x(z2),
2hy(21 — 00) + 2hy (22 — 00) — hy(21 — 22) — ho(21 — w(22)) = 2x0(2(21) — x(22)).

Proof. We first break the left hand side into symmetric and antisymmetric parts.
The antisymmetric part equals

1 _ 1 _ 1 _ _ 1 _ _
§hv(21 )+ §hv(22 ) — Zhv(zl —25)— Zhv(zl +25).

By expanding out this can be seen to be zero. The symmetric part equals

1 1 1
ghv(zf —200) + ghv(z; —200) — ghv(zf‘ —zy).

Expanding, this equals
1 1
Ehv(zf — 200, 25 — 200) + Ehv(z;r — 200, 2{ — 200),
hence the result now follows from Lemma [T1] O

Lemma 13. For any z not equal to oo,

hy(z = 00, w(2) = 00) + hy(z = 00,2 — 00) = xu(2y(2))-
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Proof. The antisymmetric parts of h,(z — oo, w(z) —o0) and hy (z— 00, 2 —00) cancel
out, hence the left hand side is equal to $h, (2" — 200), which equals x.(2y(z)) by
Lemma [TT] O

7.2. Integral points on hyperelliptic curves. Let X be a hyperelliptic curve
given by an equation of the form

y* = f()
where f(x) is a monic polynomial in Ok [z] of degree 2g+1. Let Y = X —co. Take
Z to be the cycle T',, = {(2,w(z))} C X x X. Let {z1,..., 2,} denote the set of K
points of X with y-coordinate zero, and let W denote the divisor ), z;. Let b and
z be points of Y with nonzero y-coordinate. Then

i1 = w(b)
50 = w(z)
il =W+ o0

hence D(b,z) = W — w(b) — w(z) — (29 — 1)oo. So the class of A(Y)(b,z) is dual
to Hx(z —b,W —w(b) — w(z) — (29 — 1)o0), by Theorem [6l The following lemma
illustrates how Theorem [l may be deduced from Theorem 6] together with the affine
version of Theorem

Lemma 14. For any prime v,
hy(z = b,D(b,2)) = hy(z — 00) — hy(b — 00).

Proof. First, note that additivity yields

hy(z — b, D (b, 2)) = hy(z — b, W — (29 + 1)00) — hy(z — b, 200 — w(z) — w(b)).
Since 2(g 4 1)oo — W = div(y), the first term is equal to x(y(z)) — x(y(b)). For the
second term, since z — b and 200 — w(z) — w(b) are disjoint,
hy(z=b,200—w(z)—w(b)) = %hv(z—b, 2oo—w(z)—w(b))+%hv(200—w(z)—w(b),z—b).
By additivity

hy(z = b,200 — w(z) — w(b)) = hy(z — 00,00 — w(2)) + hy(z — 00,00 — w(b))

+ hy(00 — b, 00 — w(2)) + hy (0o — b, 00 — w(b))

and similarly for h, (200 — w(z) — w(b),z — b). Using the fact that h, (D, D2) =
hy(w(D1), w(Dsz)), this gives

hy(z —b,200 — w(z) — w(b)) = hy(z — 00,00 — w(2)) + hy(co — b, 00 — w(b)).
The result now follows from Lemma [T3] O

7.3. Rational points on bielliptic curves. In this subsection we return to the
case where X is a genus 2 curve of the form
y? =2 + azt + ba? + ¢,

and explain how to deduce Theorem Bl from Theorem[2 Let h, and h denote (local
and global, resp.) heights on X, hg, , and hg, heights on E4, and hg, ., and hg,
heights on F>. Recall from the introduction the associated elliptic curves E; and
morphisms f; : X — E;. Define Z; C X x X to be the graph of the automorphism

g1: (:E,y) = (_:Evy)
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and Zs to be the graph of
g2+ (2,y) = (=2, —y).

As explained in §6.4, the fact that the intersection number of Z; — Z5 with A —
Xy — Xs is zero implies that Z defines a quotient of the fundamental group of X,
and a quotient A(b, z) of A(X)(b, z). Note that

i1(Z1 — Za) = g1(2) — 92(2)
i5(Z1 — Z2) = g1(b) — 92(b)
Z'*A(Zl - Z2) = (07 \/E) + (07 _\/E) -0 w(oo)

so D(b, z) = (0,/c) + (0, =v/c) — 00 — w(00) — g1(2) + g2(2) — 91(b) + g2(b). The
following lemma completes the proof of Theorem

Lemma 15. For any b and z with z(b) # x(z) and both not equal to zero or infinity,
hy(2 = b,D(b,2)) = hg, o(f1(2) — 00) = hg, w(f1(D) — 00) — hiyo(f2(2) — 00)
+ hgy 0 (f2(b) — 00) + 2x(2(b)) — 2x(x(2)).

Proof. Define divisors D1 and Dy on E; and Fs respectively by

Dy =w(f1(2)) +w(f1(b)) — 200

Dy = w(fa(2)) + w(f2(b)) — 20,
Then
00 +w(00) = (0,v/¢) = (0, =v/¢) — g1(2) + g2(2) — g1 (b) + g2(b) = f1(D1) — f5(D2),
hence

ho(z = b, D(b, 2)) = hp, o (f1(2) = f1(b), w(f1(2)) + w(f1(b)) — 200)
= hEaw(f2(2) = f2(b), w(f2(2)) + w(f2(b)) — 200).
As in the proof of Lemma [4],
he, o (f1(2) = f1(0), w(f1(2)) + w(f1(b)) — 200) = hp, (f1(2) — 00) = hp, o (f1(b) — 00)
+x(y(f1(2))) = x(y(f1(0)))
and similarly for fo. Hence
hy(z = b, D(b, 2)) = hp, v (f1(2) = 00) = hp, 0 (f1(b) — 00) = hp, 0 (f2(2) — 00)
+ hgy 0 (f2(b) — 00) + X (y(f1(2))y(f2(0)) /y(f1(0))y(f2(2)))-

The lemma now follows from recalling that y(f1(2))/y(f2(2)) = cx(2)2. O

The proof of Theorem Bl now follows from Theorem [0 together with Lemma

8. COMPUTING X (K,)u

In this section, we explain how to use Theorem [3] in practice and describe the
computation of X (K,)y. We give two numerical examples of X (K,)y and further
discuss how one might effectively extract X (K) from X (K,)y.
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8.1. Another formula for X (K,)y. We record the following slight variant of
Theorem B which turns the computation into one which can be carried out over
two affine patches covering X (K).
Corollary 1. Let X/K be a genus 2 bielliptic curve

y? = 2% +azt + b2? + ¢
over K = Q or an imaginary quadratic field.

(i): For allv{p,
hi, o(f1(2) + (0,Ve)) + hp, o (f1(2) + (0, =V0)) = 2hm, o(f2(2))

and
he,w(f2(2) +(0,¢)) + hp, v (f2(2) + (0, =€) = 2hp, o (f1(2))
each take only finitely many values, and for almost all v are identically zero.
(i1): Suppose tk E1(K) = rk Eo(K) = 1, and let P; € E;(K) be points of infinite

order. Let a; = [K:Q?Ei(Pi) Let Q) denote the finite set of values taken by

logp, (Pi)?°

S (hs o (2(2) + (0, V) + by (f1(2) + (0, V) — 2y o (fo(2))

vip
for (2) in [[,, X(Ky). Then X(K) is contained in the finite set of z in X (Ky)
satisfying

() p1(2) = 2hp, p(f2(2)) = by p (f1(2) + (0, V) = hp, p(f1(2) + (0, =)
— 2azlogp, (f2(2))? + 2a1(logg, (f1(2))* + log, (0, v€))?) € Qu.
Let Q) denote the finite set of values taken by

Y (hpaw(f2(2) +(0,0)) + by fo(2) + (0, =€) = 2hg, 0 (f1(2)))

vip
Then X (K) is contained in the finite set of z in X (K,) satisfying

(8) pQ(Z) = 2hE17p(f1 (Z)) - hEz;P(fQ(Z) + (07 C)) - hEz;P(f2(Z) + (07 _C))
—2a1 logp, (f1(2))* + 2az(log g, (f2(2))? + log, ((0,¢))*) € Qa.
Proof. This follows from Theorem [3] together with Lemma O

8.2. Finding all points in X (K,)y. Now using Corollary[ll we calculate X (K, )y
as the union of points found in the following two computations:

X(Kp)v ={z € X(Kp)v : 2(2) ¢ p,p1(2) € U }U{z € X(Kp)v : 2(2) € p,p2(2) € Qa}.

We explain in Algorithm [I] below how to compute each of the following terms:

p1(t) = 2hp, p (f2(t)) — hy p (f1(8) + (0,V/¢)) — hi, p(f1(t) + (0, —VC)))

Steps 7d,e,f Steps 7b,e,f Steps 7c,e,f
2 2 2
— 2a3 logg, (f2(t))* + 2a1 (logg, (f1(t))* +logg, ((0,/¢))?)
Step 3 Step 7g Step 3 Step 7g Step 3

as power series over K, which allows us to search for the points z € X (K, )y that
are solutions to the equation p1(z) = g for 5 € Q.

We recall an interpretation of the local height h, as a double Coleman integral,
which is used in Algorithm [T}
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Lemma 16. We have that hg, y(z) = f; wowp, where Wy s the dual to wy = g—;

under the cup product pairing on Hp(E;).

Proof. See [6] §4], where the the local height h, of z — oo is denoted as 7(z). O

Algorithm 1 (Computing the set {z € X (K,)v : z(2) ¢ p, p1(2) € Qi }).

Input: Genus 2 curve X /K defined by an equation y? = x°+ax*+bx?+c such that
the corresponding Eq1(K), E2(K) each have Mordell-Weil rank 1, a good ordinary
prime p, finite set of values €.

Output: The following subset of X (Ky)u : {z € X(Kp)v : z(z) ¢ p,p1(2) € Qi }.

(1) Compute points Py € E1(K) and Py € Eo(K) of infinite order.

(2) Compute global p-adic heights hg,(P1) and hg,(Ps), using minimal models
fO’I’ El, EQ.

(3) Compute

0V \? ,
logp, ((0,+/¢))? = (/ wo) , oy = %, i=1,2.
oo : 50 wWo

(4) Compute the cup product pairing between elements in H}n(E1) and also
between elements in HcllR(Eg); use this to compute wy for E1 and Wy for
Es, to write hg, p = fwocio.

(5) Enumerate the list of points D = X (Fy) \ {(0,£¢)}.

(6) Initialise an empty set R.

(7) For each D € D:

(a) Compute Q, a lift of D, and a local coordinate (x(t),y(t)) at Q.

(b) Compute S1 := f1(Q) + (0,+/c). Likewise compute f1((z(t),y(t))) +
(0,+/¢) using the addition law on the elliptic curve, which sends the
local coordinate to this residue disk.

(c) Compute f1(Q) — (0,/c). Likewise compute f1((z(t),y(t))) — (0, +/c)
using the addition law on the elliptic curve, which gives a local coordi-
nate in the residue disk.

(d) Compute f2(Q). We have fa(z(t)) = (x(t))~2 gives the x-coordinate
of a local coordinate in the residue disk of f2(Q).

(e) Compute the following local heights at p of the points in Steps[7l - [Zd:
hEl»P(fl (Q) + (07 \/E))v hEl,P(fl (Q) - (Oa \/E))a hEz,P(fQ(Q))'

(f) Using Step [} for each of the points in Steps [70 - [7d, use the local
coordinates computed to calculate a power series expansion of hg, , in
the disk of the respective point, using Step[7d to set the global constant
of integration. For example, for Si, first compute a local coordinate
S1(t) = (z1(t),y1(t)) at Sy (if S1 is non- Weierstrass, x1(t) = t+x(51))

and use it to compute

S1(t) S1(t) S1
hps p(S1(1)) = hi, p(S1) — 2 / woio + / o / @ ).
Sl Sl oo

Then use the parametrisation computed in Step so that this power
series within the disk of S1 uses the correct parameter, that induced by
the local parameter at Q).
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(g) Compute logg, (1:(Q)(1)) = logg, (1:(Q)) + [} gy 0 & compute
the constant of integration logg, (fi(Q)), then compute a local parame-
ter fi(Q)(t) = (x;(t),y:(t)) at fi(Q) to compute ffi(Q)(t) wo, then cor-
rect the parametrisation so that this power series with the disk of fi(Q)
uses the correct parameter, that induced by the local parameter at Q,
as in Step [T}

(h) Finally, let pi(t) be the appropriately weighted sum of contributions
from Steps[3, and[7g, as in Equation 1.

(i) For each B € 1, compute the set of roots of p1(t) = B. For each root
r, append X (z(r),y(r)) € X (K,) with multiplicity to the set R.

(8) Output R, the subset {z € X (Kp)v : z(z) € p,p1(2) € U} C X(Kp)u.

The computation of pa(z) € s is carried out in an analogous manner and only
involves the two residue disks of X (K,) not considered in Step [5] of Algorithm [Il
Putting this together yields the following algorithm to compute X (K,)y:

Algorithm 2 (Computing X (Kp)v).

Input: Genus 2 curve X/K given by an equation y? = 2 + ax* + bx? + ¢ such that
the corresponding E1(K), E2(K) each have Mordell-Weil rank 1, a good ordinary
prime p, finite set of values Q1,s.

Output: The set X (Ky)u, which is a finite set containing X (K).

(1) Carry out Algorithm[dl as written to compute the set {z € X (K,)u : z(z) ¢
pupl(z) € Ql}

(2) Carry out Algorithm [0l with the appropriate modifications: input Qa, com-
pute the power series expansions of terms present in pa, and take D to be
the remaining points in X (Fy), i.e., the points z with x(z) € p. The output
is the set {z € X(Kp)u : 2(2) € p, p2(2) € Qa}.

(3) Return the union of points found in Steps 1 and 2. This is X (K,)u.

We now give two examples illustrating Algorithm [2 carried out using Sage [33].

8.3. Example 1: Rational points on a genus 2 bielliptic curve with rank
2 Jacobian. We compute X (Q), where X is the genus 2 curve

X:y? =20 —22% — 22 4+ 1.

Let F; and E; be the corresponding elliptic curves, which each have Mordell-
Weil rank 1 over Q and integral j-invariant. On Ej, the point P; = (0,1) is of
infinite order, and on FEs, the point P, = (0,1) is of infinite order. We take x to
be the cyclotomic character, normalised so that x,(z) = logp(z) and for v # p,
Xv(2) = —v(2)log,(v). Moreover, E; and F, each have good ordinary reduction
at p = 3. We determine a finite set containing X (Qs3)2 and use this to determine
X (Q) exactly. We are not able to determine whether X (Q3)2 = X (Q).

8.3.1. Local contributions away from p. The curve X has bad reduction at 2, poten-
tial good reduction at 7 and good reduction at all other primes. Hence to determine
the set 2 we need to determine the possible values of

hg, 2(f1(2)) = h, 2(f2(2)) — 2x2(2(2)).
First note that X (Qz) has no Q2 points whose z-co-ordinate has valuation zero
(e.g. by checking mod 8). It will turn out that the above functions can (each) only
take two possible values, corresponding to v(x) > 0 and v(z) < 0, where v denotes
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the 2-adic valuation. We compute local heights on F;. The equation given above
for F is not minimal at 2. A minimal equation is given by

yr=vd 402 —20—-1

(so z =v+1). E; has type II reduction, which means that the singular point mod
2 doesn’t lift to a Q2 point. Hence

h, 2(f1(2)) = 2max{0, —va(x(2))} log,(2).
We compute local heights on FEs. The equation given for Es is minimal, and it
has type IV reduction. The unique singular point of the special fibre is (0,1). By
Silverman, the formula for the local height at points (zg,yo) of bad reduction is
given by
2
he, 2((zo,90)) = —5(1 +v(yo)) log,(2).

Hence the possible values of hg, 2(f2(2)) are 2max{0,v(x(2))} log,(2) when the

valuation of z(z) is positive, and —2 log,(2) when the valuation of z(z) is negative.
Hence

e a(f(6)) ~ b))~ 2uae) = { a0 o) EN S0

Finally hg, 2((0,1)) = —%log,(2) and hg, 2((0,1)) = 0.
Hence by Lemma [I2]

2O 4 2 ) =0 D)) = { a0 o) o) S0
and
s o)+ O ) el -(0. )20 a () = { ZEoBE) M) <

We deduce 2 = {0, 3 log,(2)} and Qg = {—3log,(3), —§log,(3)}.

8.3.2. Local contributions at p = 3. Now we consider the contributions at p = 3.
In the residue disks of co*, we have

p1(2) = 2hp, p(f2(2)) = hp, p(f1(2) +(0,1)) = hp, p(f1(2) — (0, 1))
— 203 10g, (f2(2))? + 201 (logg, (f1(2))? + log, ((0,1))%) € .
In the disks with x(z) = 0, we have
p2(2) = 2hp, p(f1(2)) = hi, p(f2(2) + (0,1)) = b, p(fa(2) = (0,1))
— 2a1logp, (f1(2))* + 2a2(log g, (f2(2))* +log g, ((0,1))%) € Qo.

We carry out Algorithm [I] twice: for the residue disks corresponding to co®,
we find z with p1(z) € Q1. Then to work with the residue disks corresponding to

(0,%1) we find z with ps(z) € Qo. This gives X (Qs3)y:

X (Fs) recovered z(z) in residue disk | z € X(Q) | pi(z) =
oot 371 +1+3%+2.-31+0(39) pi(z) =0
2.37'+14+2-3+2-32+3°4+2-3°+0(3% pi1(2) =0
oo™ oo™ p1(z) = 5 logs(2)
(0,£1) 2:3+3%+3°+3'+3°4+033°% | (3, £%) | p2(z) = —Elog,(2)
3+3°+3°+3"+3°+0(3% | (=3,£3) | p2(z) = —5 logs(2)
0B%) | (0,£1) | p2(2) = —5logs(2)
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Theorem 7. We have X (Q) = {(0,£1), (3, +%),(—3,+3) .00 }.

Proof. We wish to compute X (Q) from X (Qs3)y. To do this, we must do two things:
prove that the points in X (Qs)y which do not appear to be rational actually are
not rational and check the multiplicities of all recovered points, to rule out the
possibility that the table collapses multiple points that are just 3-adically close
to the points in the table to the indicated precision. We start with the second
task. Our computation shows that the solution z(z) = O(3%) occurs as a root
of p(z) = —% logs(2) with multiplicity two, which gives the known global points

(0, £1) and two points 3-adically close to (0, 41). Likewise, solving p(z) = 2 log,(2)

yields co* on X and two points 3-adically close to co®. The other pgoints in
the table, however, occur as roots with multiplicity 1. Note that p(z) is an even
function, so by considering the local expansion of p at each of the global points
(0,1),(0,—1),00™, 007, we see that its power series expansion must have a global
double root at each of these points.

Now we show that the “extra” Qs points recovered in the disks of co® cannot be
rational, for the following formal group consideration. Consider z € X (Q3) with
v3(z(z)) = —1. Then the corresponding point f1(z) on F;j has vs(z(f1(z))) = —2.
However, note that F;(F3) has order 3 and F1(Q) is generated by P, where P =
(0,1). Thus the smallest multiple of P in the formal group is 3P = (— &, —127),
which implies that the v3(2(Q)) < —4 for any Q € (3P). So f1(z) cannot be rational

and thus z ¢ X (Q). Thus we conclude X (Q) = {(0,£1), (3, £1), (-2, +1),00%}.
O

8.4. Example 2: X,(37)(Q(%)). Over Q, X((37) has the model
y? = —2% — 921 — 1122 + 37.

Recall that X((37) has good reduction away from 37. For convenience we make the
change of variables (z,y) — (iz,y) so that we take as our working model

X :y? =28 —92% + 1122 + 37.
Let J denote the Jacobian of X. Note that X((37) and X are isomorphic over
K = Qi) and that tk J(Q) = rk Jy(37)(Q(¢)) = 2. We thank Daniels and Lozano-
Robledo [I] for bringing this example to our attention.

In this subsection we construct finite sets of p-adic points containing X (K, )2
for various primes p of good ordinary reduction. Using the Mordell-Weil sieve, as
carried out by J. Steffen Miiller and described in Appendix [A] this is then used to
determine X (Q(¢)). For convenience, we work with the following models of E; and
Eg:

Ey:y? =23 — 162 + 16 Ey:y? = a3 — 2% — 3732 + 2813
with maps from X to E; and Ea:

f1 : X — El f2 : X — E2
(Ia y) = (IQ - 35 y) (.I, y) = (37I72 + 45 37yI73)
We take Py = (0,4) € Eq(K) and P, = (4,37) € E2(K). We use primes p which
are good, ordinary, and, so that we work over @, and not a quadratic extension,

split in K and Q(v/37): we take p = 41,73, and 101. For each of these primes p,
we choose a prime p lying above it in Ok, and take x to be a non-trivial idele class
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character of K which is trivial on Og. Hence hz(A(b, z)) will be identically zero.
We normalise x so that x37(37) = —1log,(37).

8.4.1. Local calculations at 37. In this subsection we prove that for all b, z € X (Qs7)
with z(z) and x(b) not equal to infinity,

hiy 37(f1(2) — hiy37(f1(0) — b, 37(f2(2))+

he,37(f2(b)) + 2x37(2(2)) — 2x37(2(b)) = 0.

Recall that by Lemma [15] this is equivalent to the statement that the inertia sub-
group of Gg,, acts trivially on A(b, z). In [I6] this is proved directly. As that proof
involves other tools we do not want to introduce, we shall prove this by determining
the local heights explicitly.

Lemma 17. For all z in X(Qs7), we have

(i): hp, s7(f1(2)) = 2x37(2(2)).

(i0): hp,a7(f2(2)) = 3x37(37).

Proof. Note that there are no Qs7 points of X for which z(z) has positive 37-
adic valuation. The Weierstrass equations given for F; and E5 are both minimal
at 37. The Weierstrass equation for F; is also regular hence all Q37 points are
points of good reduction. This establishes part (i). The elliptic curve Fs has split
multiplicative reduction of type I3. The singular point of F3(Fs7) is (4,0), and
all points of Es g,, in the image of X (Qs7) reduce to this point. By Silverman’s
algorithm [32] Theorem 5.2], we deduce that for all z in X (Qs7), hpg, 37(f2(2)) =
2X37(37). This completes the proof of part (ii). O

By Lemmas [[2] and [I5] this gives
2hp, 37(f2(2)) — b, s7(f1(2) + (=3,V37)) = hig, 37(f1(2) — (—1,V37))
= 2hp, 37(f2(2)) — 2hp, 37(f1(2)) — 2hm, 37((—3, V37)) + 2xa7(x(f1(2)) — 3)

= S7(37) — br((=) + Axar(e(2)) = 5 x07(37).
Similarly
2hp, 37(f1(2)) = hE, 37(f2(2) + (4,37)) — b, 37(f2(2) + (4, =37))
= 2hp, 37(f1(2)) — 2hp, 37(f2(2)) — 2hE, 37((4, 37)) + 2x37(2(f2(2)) — 4)

= 4ys7(z(2)) — §X37(37) + 2x37(37x(2) %) = —§x37(37).
This gives Q1 = {3 log,(37)} and Q3 = {—2log,(37)}.
Hence X (K,)y may be computed by determining the solutions to
p1(2) = 2h, 5 (f2(2)) = By p(F1(2) + (=3,V37)) = hip, p(f1(2) + (=3, —V37))
= 20hp, (f2(2)) + 201 (hp, (f1(2)) + logg, (=3, V37))?) € Qu,
p2(2) = 2hp, p(f1(2)) = hi, p(f2(2) + (4,37)) = hi, p(f2(2) + (4, =37))
— 201l (f1(2)) + 2a2(hg, (f2(2)) + logg, ((4,37))%) € Q.

Using the two automorphisms of the bielliptic curve, we reduce the number of
residue disks considered. In the tables below, for each disk corresponding to the four
choices (+x,+y) we give details for the disk corresponding to (z,y) with =,y < §.
We fix an identification X (K,) ~ X(Q,). Here is data for X (Quu)u:
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X(Fa1) recovered z(z) in residue disk | z € X(K)
(1,9) 14+16-41+ 23412 +5-41° + 23 - 41" + O(41°)
1+6-41423-41% +30-41° + 14 - 41" + O(41%)
(2, 1) 2+ 0(41°) (2,1)
24+ 19-41 +36-41% + 15 - 413 4+ 26 - 41* + O(41°)
(4,18)
(5,12) | 5+25-41+26-417 +26-41° +31-41" + O(41°)
541441 + 12413 4 33 - 41* + O(41°)
(6,1) 6+ 18417 +31-41% + 6 - 41* + O(41%)
6+30-41 +35-41% +11-41° + O(41°)
(7,15)
(9, 4) 9+9-41+34-41% +22-41° + 24 - 41* + O(41) (i,4)
9+39-41+14-41% +6-41° + 17 - 41* + O(41)
12,5)
(13,19) | 13+10-41+2-412 +15-41% + 29 - 41* + O(41°)
134+ 7-41+8-41% + 32-41° + 14 - 41* + O(41°)
(16, 1) 16 4 13 - 41 + 6 - 413 + 18 - 41* + O(41°)
1641241 +8-412 +9-41° + 32 - 41" + O(41°)
(17,20) | 17 +24-41 +37-41% 416 - 41° + 28 - 41* 4 O(41°)
1741941 +20-41% 4 7-41% + 7-41* + O(41°)
(18, 20) 18 4+3-414+7-412+9-41% +38-41* + O(4 5)
18 441434 - 412 +3-41° 4 32 - 41* + O(41°)
(19,3)
(20, 6) 20+ 741 +40-41% 422 - 413 + 7 41* + O(41)
20 +23 - 41426 - 412 +17-41% + 22 - 41* 4 O(41)
g OO+ OO+
(0, 18) 3241413412 +16 - 41° + 8 - 41* + O(41°)
9-41 +27-41% 424 - 413 + 32 - 41* + O(41%)

Here we compute X (Qr3)u:

X (Fr3) recovered x(z) in residue disk | z € X(K) (or X(Q(v/3)))
(2,1) | 2+61-73450- 73" +71- 73" + 56 - 73" + O(73°)
2+ 0(73%) (2,1)
(5,26) 54+63-73+4-73% +42.73% +25. 73" + O(73%)
543973 +65-73% 433 -73% 460 - 73* + O(73°)
(7,16) | 7+62-73+31-73*+33-73% +44 73" + O(73%)
7429734+ 67-73%2+69-73% +17-73* + O(73°)
9,34)
(10,30) | 10+ 53 - 73 +35-73% + 21 - 73% + 67 - 73* + O(73°)
10439 - 73 +40-73% 417 - 73% + 59 - 73* + O(73°)
(18,17)
(19,2)
(20,15)
(21,4) | 21 +17-73+70-73* +42- 73> + 18- 73" + O(73%)
21 +52- 73467732 +20-73% + 27 73" + O(73%) (V/3,4)
(23,31) | 23+18-73 459732 423-73% +2.73* + O(73%)
23 +70-73 4 53-73% +21-73% +50- 73" + O(73°)
(25, 25)
(27,4) | 27+62-73 +28-73% 456 - 73% + 58 - 73* + O(73°) (i,4)

274+24-73+30-

732 +20 - 73% + 65 - 73* + O(73%)
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X (Frs3) recovered z(z) in residue disk | z € X(K)
(29,8) | 29+70-734+21-73%+56-73° +5. 73" + O(73%)
29 +34-73442-73% +19-73% + 54 73* 4 O(73%)
(30, 20)
(36,17) | 36 +70- 73 4+19- 732 +11-73% + 54 - 73* 4+ O(73)
36 +32- 73423 -73% +23-73% + 28 - 73* 4 O(73%)
g OO+ OO+
(0, 16) 61-73463-732 +51-73% +16-73* + O(73%)
12-734+9-73% +21-73% +56 - 73* + O(73°)

Here we compute X (Q101)uv:

37

X (F101) recovered z(z) in residue disk | z € X (K)
(2,1) 2+ 0(1017) (2,1)
2+38-101 4 11-101% 499 - 101® 4+ 26 - 101* + O(101°)
(8, 36) 8-+ 90101+ 39 -101% 4+ 80 - 101® + 70 - 101* + O(101°)
84 40-101 + 84 - 1012 4 74 - 101% 4 15 - 101* 4+ O(101°)
(10, 4) 104 5-101 +29 - 1012 + 66 - 101 4 10 - 101* + O(101°) (i,4)
10 449 - 101 4+ 80 - 101% + 74 - 101% + 8 - 101* + O(101°)
(12,7) | 124+12-101495-101% 4 55 - 101° + 48 - 101* + O(101°)
12436 - 101 4 62 - 101% + 97 - 101% + 27 - 101* + O(101°)
(14,21) | 14+462-101+62-101% + 41 - 101% + 51 - 101* + O(101°)
14 480 - 101 4 72 - 101% + 32 - 101% + 75 - 101* 4+ O(101°)
(15,11)
(17,18) | 174 65-101 4 37-101% 4+ 80 - 101 4+ 45 - 101* + O(101°)
17450 - 101 4 61 - 101% + 89 - 101% + 61 - 101* 4+ O(101°)
(18, 45)
(20, 47)
(22,3) | 22+59-101+78-101% +43 - 101° + 53 - 101* + O(101°)
22 +96- 101 + 29 - 1012 + 43 - 101° + 86 - 101* + O(101°)
(24,19)
(27,39)
(28,37) 28 430 - 101 + 83 - 101% + 5-101% 4- 23 - 101* 4 O(101°)
28 +37-101 + 24 - 1012 + 78 - 101 4 35 - 101* + O(101°)
(30, 46)
(31,23) | 31423-1014 11-101% 467 - 101% + 39 - 101* 4+ O(101°)
31+29-101 + 68 - 1012 + 29 - 101 + 24 - 101* + O(101°)
(34,45) | 34+491-101+46-101% + 28 - 101% + 34 - 101* + O(101°)
34 +51-101 + 73-1012 + 34 - 101 4 14 - 101* + O(101°)
(37,22)
(38,28)
(39,46) | 394 76-101 486 - 101% + 18- 101% + 64 - 101* 4+ O(101°)
39 +31-101 +43 - 1012 + 10 - 101 4 48 - 101* + O(101°)
(46, 6)
(47,32)
(48,27) | 48 +43-101 + 100 - 101% + 47 - 101% + 19 - 101* + O(101°)
48 +21-101 + 38 - 1012 + 80 - 101 4- 95 - 101* 4+ O(101°)
(50,5) | 50+59-101+19-101% 4+ 64 - 101® + 36 - 101* + O(101°)
50 + 74 - 101 + 69 - 1012 + 80 - 101% + 21 - 101* 4 O(101°
g OOJr OOJr
(0,21)
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Now using a slightly modified Mordell-Weil sieve on the sets X (Qu41)v, X (Q73)v,
and X (Q101)y as described in Appendix [A] we find that

XQ@G@)={(£2:£1:1),(£i:+t4:1),(1:£1:0)},
or in other words,
Theorem 8. We have Xo(37)(Q(4)) = {(£2¢: +1:1), (1 :+4:1),(¢:+1:0)}.

Remark 8. It is perhaps interesting to note that the computation of X (Qrs)u
recovered the points (£+v/—3,+4) € Xo(37)(Q(v/—3)) as well.
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APPENDIX A. APPLYING THE MORDELL-WEIL SIEVE, BY J. STEFFEN MULLER

The Mordell-Weil sieve. Let K be a number field with ring of integers Og and
let X/K be a smooth projective geometrically irreducible curve of genus g > 2 with
Jacobian J/K of rank r = rk(J/K). Fix an embedding ¢ : X < J defined over
K. The Mordell-Weil sieve is a technique for obtaining information about rational
points on X by combining information about the image of X (k,) inside J(k,) under
¢ for several primes v of O, where k, is the residue field at v. It was introduced
by Scharaschkin [28]; further information on the case K = Q can be found, for
instance, in [8] and [26]. Siksek [31] describes a variant of the Mordell-Weil sieve
over number fields which is adapted to work well with his explicit Chabauty method
over number fields introduced in loc. cit.

The general idea of the Mordell-Weil sieve is as follows: Suppose for simplicity
that there are no nontrivial K-torsion points on J (see |5, Remark 6.1] on how
to remove this assumption). Also suppose that we know generators Py, ..., P. of
J(K). Let M > 1 be an integer and let Cpy C J(K)/MJ(K) be a set of residue
classes ¢ for which we want to show that the image of X (K) under ¢ does not map
to ¢ under the canonical epimorphism 7 : J(K) — J(K)/MJ(K). Let S be a finite
set of primes of Ok such that X has good reduction at these primes and consider
the commutative diagram

X(K) o J(K)/MJ(K)

| |-

HveS X(kv) T HveS J(kv)/MJ(kv) .

Here ag = (ay)ves and Bs = (By)ves, where «,, is induced by reduction J(K) —
J(k,) and B, = m, o, is the composition of the canonical epimorphism m, :
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J(ky) — J(ky)/MJ(ky) and the embedding ¢,: X (k,) — J(ky). To prove that
m((X(K))) NChpr = 0 it suffices to show that

as(Cry)Nim(Bs) = 0.

One can also include information at bad primes and “deep” information, see [§].

Now suppose that Pi,...,P. € J(K) generate a subgroup of J(K) of finite
index. It is often difficult to deduce generators of J(K) from this. In fact, this is
impossible at present if » > 0 and g > 3. Instead one typically proceeds by first
saturating G at small primes and then pretending that G = J(K). The final step is
to show that the orders #J(k,) are coprime to the index (J(K): G) for all v € S,
which implies that G and J(K) have the same image in J(k,) for all v € S.

Sometimes, however, it is advantageous to work directly with a subgroup G,
which is known to be not saturated. In this case, one can use the following strategy,
suggested by Besser. Suppose that v € S is a prime such that ged (#J(ky), (J(K) : G)) >
1. Let qi,...,qs be the primes dividing this ged. For ¢ € {1,...,s} we let
i = v, (#J(ky)) and set n = [[°_, ¢*. Then the reduction of nJ(K) := {nP :
P e J(K)} is contained in the reduction of G modulo v, so the multiple ne, (P) is
contained in the reduction of G modulo v for every P € X (k,). Therefore, instead
of checking whether 5,(P) € a,(Car), we check whether ng,(P) € a,(nChr), where
nCuy ={nc: ce Cy}.

Quadratic Chabauty and the Mordell-Weil sieve. The p-adic techniques de-
scribed in the main part of the present text yield congruence conditions for rational
points on X. More precisely, they can be used to compute, for good ordinary
primes p of Ok, a finite subset X (K,)y C X(K,) (to finite precision) which con-
tains X (K'). After identifying the rational points among X (K,)y, one is left with
the task of showing that the remaining elements do not correspond to a rational
point.

It is discussed in [5] how to use the Mordell-Weil sieve for this purpose: Suppose
for now that J(K )iors is trivial and that Py, ..., P. generate J(K). Using linearity
of single Coleman integrals, we can compute, for every point z € X (K,)v, a tuple
(a1,...,a,) € (Z/pNZ)T so that if ¢(z) = a1 P1 + ...+ a, P, for integers ay, ..., ar,,
then a; = a; (mod p") for all i € {1,...,7}. We can apply the p-adic approxi-
mation techniques for several primes pi,...,ps to Ny,..., Ng respective digits of
precision, and set M = m - pf[ L...pNe | where m is an auxiliary integer. Dis-
carding rational points and using the Chinese Remainder Theorem, we find tuples
(ai,...,a,) € (Z/MZ)" with the following property: If the set C; of residue classes
in J(K)/MJ(K) corresponding to these tuples does not contain the image of a K-
rational point on X, then the known K-rational points are the only ones on X.
The Mordell-Weil sieve can be used to prove this.

Suppose now that G C J(K) is a subgroup of finite index that is generated by the
classes of the differences of all known K-rational points on X. The p-adic methods
described in the main part of this paper require the computation of p-adic integrals
and the current implementation requires this to take place over Q,, as opposed to
an extension field. Since, for the combination with the Mordell-Weil sieve, we need
to do this for several primes of good ordinary reduction, we would like to work
directly with the group G, and not with its saturation at small primes. This is
possible using the approach introduced at the end of the previous subsection.
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See [B, 8§86 — 8] for more details about fine-tuning the Mordell-Weil sieve when
used in combination with quadratic Chabauty; after some slight modifications the
statements given there remain valid in the situation considered here.

Computing X,(37)(Q(7)). We use the Mordell-Weil sieve, combined with the p-
adic methods described in the main text, to compute the set of K-rational points on
X0(37), where K = Q(i). Recall from SectionR4that X : y? = 25— 92?+1122+37
is a model for X((37) over K and that we have r = rk(J/K) = 2. Note that

A= {(£2,41), (+i : +4), 0t} ¢ X (K),

where the sign of Y/ X is + for co™; we want to show that we actually have equality.
We use the point (2,1) as our base point for the Abel-Jacobi map ¢ : X — J.

The subgroup G of J(K) generated by the differences of points in A can be
generated by P, @ and R, where P = [(—2,—1)— (2,—1)] and Q = [(2,1) — (4, —4)]
are non-torsion points, and R = [(—i,4) — (¢,4)] is a generator of J(K )iors = Z/37Z.
The group G is not saturated at 2; for instance, we have

16[co™ — (2,1)] = P — 10Q — R.

As discussed in the previous subsection, we nevertheless prefer to work with G
directly, without first saturating at 2.

A detailed account of the computation of the sets X (K, )y for i = 1,2, 3, where
p; is a prime of Ok lying above p; and p; = 41, ps = 73 and p3 = 101, is given
in 841 After taking out the elements corresponding to the known rational points,
we get a set of tuples (@i, a2) € (Z/MZ)?, where M = 9 -413 - 732 . 1013, and a
corresponding set Cyy C G/MG containing 2099520 residue classes.

To this end, we run the Mordell-Weil sieve (modified as above) with S containing
primes above 7,13,17,29,101, 109, 199, 239, 313,373,677, 757. We finally show that
no odd prime divides both lem ({#J(k,) : v € S}) and (J(K) : G); this proves
that we indeed have X (K) = {(+2: +£1:1),(&i:+4:1),00"}.
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