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The CP phase relevant in the leptogenesis is related to the PMNS phase in case only one CP
phase appears in the full theory. The weak CP phase is introduced by spontaneous CP violation at
a high energy scale toward realizing the successful Kobayashi-Maskawa electroweak CP violation.
This phase is in a complex vacuum expectation value of a standard model singlet field. Here, we
find the new W boson exchange diagrams for leptogenesis. Assuming that the lightest (intermediate
scale) Majorana lepton N0 dominates the lepton asymmetry, the lepton asymmetry and the PMNS
phases are related.
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I. INTRODUCTION

The origin of the baryon asymmetry of the Universe (BAU) has been a longstanding theoretical issue [1]. Among
Sakharov’s three conditions, the first (baryon number violating interaction) and the second (C and CP violating
interaction) are the key problems in particle physics. The third non-equilibrium condition is conveniently introduced
by some heavy particle decay producing ∆B 6= 0, by making its decoupling temperature lower than the Hubble
expansion rate in the evolving Universe. Along this line, there already exist several theoretical models to generate
the BAU [2–6]. Among the three conditions, thus the needed CP phase for the BAU is the key issue in many theories
on the baryogenesis.
At the level of the Standard Model (SM) of particle physics, there are two CP phases, one in the quark sector

the Cabibbo-Kobayashi-Maskawa (CKM) phase δCKM [7, 8] and the other in the lepton sector the Pontecorvo-Maki-
Nakagawa-Sakada(PMNS) phase δPMNS [9]. In a family unified grand unified theory (GUT), these two phases can be
related if only one phase appears in the full theory [10]. From the early time on, it has been an interesting issue to
investigate a possibility of relating the baryon asymmetry with the SM phase(s) δCKM or/and δPMNS. The first obvious
investigation was looking for a possibility of δCKM whether it works for the BAU or not. But, it has been known that
δCKM is not enough for the baryon number generation suggested in GUTs [11]. With supersymmetry, superpartners
of quarks (squarks) carry baryon number. Squarks decaying in the early Universe, during or after the reheating event
that followed cosmic inflation, can generate ∆B with an appropriate CP phase δB, known as the Affleck-Dine (AD)
mechanism [4]. This phase appearing in the squark sector is independent from δCKM. In the electroweak baryogeneses
(EWBG), employing sphaleron processes to have ∆B 6= 0 [3], the required CP and C violation is occuring at the
boundary of two phases (of SU(2)×U(1) preserving and SU(2)×U(1) breaking vacua) [12]. Successful EWBG requires
a first-order electroweak phase transition between these two phases. In the SM, the required first order phase transion
corresponds to the Brout-Englert-Higgs (BEH) boson mass less than 70GeV [13], which is already ruled out by the
discovery of the BEH boson at 125GeV. Even if the phase transition were made to be of the first-order, the CP
violation induced by δCKM is known to be insufficient to generate an enough chiral asymmetries [14]. Therefore, the
phases in the AD and EWBG cannot be used for a relation between BAU and the key CP phases of the SM.
The sphaleron process is effective during the electroweak phase transition. The corresponding effective interaction

is to change the chiralities of SU(2) doublets,1 typically by an interaction with nine quark– and three lepton–doublet
external lines. This process violates both baryon(B) and lepton(L) numbers, but conserves baryon minus lepton
number (B − L). If baryon number generation at a GUT scale occurred with the conserved B − L as in the SU(5)
GUT, all baryon numbers combine with the lepton number to make ∆B = ∆L = 0 during the electroweak phase

1 Change of chiralities is needed for ∆B from sphaleron related processes.
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transition. Therefore, baryogenesis or leptogenesis above the electroweak scale must have occurred with B−L violating
interaction(s). If any GUT is responsible for this, the GUT must be beyond SU(5). One good GUT example is SO(10)
GUT where ∆B 6= 0 interaction, while violating gauged B−L, is possible. In fact, the required interaction in SO(10)
conserves gauged B − L, because the ranks of SO(10) and SM are 5 and 4, respectively, and the gauged B − L must
be broken at a GUT scale. Therefore, the leptogenesis [5] can be realized in SO(10) GUT also. A non-GUT example
is the SM singlet fermion genesis, i.e. the original leptogenesis [5], where the process ∆(B + L) = ∆L is constructed.
Generation of ∆B by B−L violating interactions by heavy quarks was suggested as ‘Q genesis’ [6]. Since the neutrino
masses can be related with the heavy Majorana neutrino masses, here we focus on the leptonenesis idea.
In the leptogenesis scheme with two BEH doublets, the lepton asymmetry arises from the decay of a heavy Majorana

neutrino, producing light leptons by

N → ℓi +Hu, (1)

where ℓi is the i-th lepton doublet and Hu is the up-type BEH doublet. In the present paper, we introduce just one
pair of BEH doublets Hu with the electroweak hypercharge Y = 1

2 and Hd with Y = − 1
2 . Then, the weak CP phase is

required to descend down from high energy scale by a complex vacuum expectation value (VEV). To relate different
phases, we assume that only one SM singlet field X develops a CP phase δX. Thus, all Yukawa couplings and the
other VEVs are real. In this case, possible diagrams relevant for the process (1) up to one loops are shown in Fig. 1.
In this case, we show that the asymmetry in the leptogenesis is related with the PMNS phase.

II. LEPTOGENESIS

The process (1) can include the phase δX by the interference terms. To relate the leptogenesis phase δL to the
SM phase(s), one needs a families-unified GUT toward a calculable theory on the physically measurable phases. In
the anti-SU(7) [15], indeed δPMNS and δCKM are shown to be related [10]. In this paper, we now investigate another
relation between the phases, i.e. between δL with δCKM and/or δPMNS. In other words, the lepton asymmetry ǫL
is expressible in terms of δPMNS. There exists an earlier attempt on this issue [16], where however a theory-based
calculation was not available.
Toward a calculable theory for phases, we introduce only one Froggatt-Nielsen(FN) fields [17] X developing a

complex VEV, 〈X〉 = x eiδX [18, 19]. The Yukawa coupling matrix of the doublet Hu include powers of X such
that some symmetry behind the Yukawa couplings is satisfied. To simplify the discussion, let us assume that the
heavy Majorana neutrinos have a mass hierarchy and let the lightest heavy Majorana neutrino N0 dominates in the
leptogenesis calculation. The mass matrix for the three light neutrinos and N0 can be written as



















| ℓ1 ℓ2 ℓ3 N0

−−− | − −−−− −−−−− −−−−− −−−−−
ℓ1 | 0 0 0 f1

N0
HuX

n1Rx1

ℓ2 | 0 0 0 f2
N0

HuX
n2Rx2

ℓ3 | 0 0 0 f3
N0

HuX
n3Rx3

N0 | f1
N0

HuX
n1Rx1 f2

N0
HuX

n2Rx2 f3
N0

HuX
n3Rx3 M0



















(2)

where the powers of X and R are determined by the symmetry under consideration. In (2), we introduced two
singlets X and R among which only X develops a complex VEV. We suppressed two rows and two columns of heavier
Majorana neutrinos N1 and N2. These extra rows and columns are needed for all three light neutrinos to obtain non-
zero masses. With the N0 domination in the leptogenesis, Eq. (2) is sufficient for calculating the lepton asymmetry
ǫL (hence baryon asymmetry also). For the discussion on neutrino masses, the effects of heavier Majorana neutrinos
N1 and N2 must be included.
In Fig. 1, we show the relevant Feynman diagrams interfereing in the N0 → νi +H0

u decay, which was discussed in
[20–22]. Nonzero lepton numbers are created with one incoming and one outgoing lepton arrows, but two incoming
lepton arrows and two outgoing lepton arrows conserve the lepton number. In the basis where N0 and charged leptons
are fixed, possible phases appear at the vertices with the red bullets in Fig. 1. Figure 1 (a) is the leading diagram with
the smallest power in the 〈X〉 insertion, Fig. 1 (b) is the W exchange diagram, and Fig. 1 (c) is the wave function
renormalization diagram of N0, and Fig. 1 (d) is the heavy neutral lepton exchange diagram. Note that the directions
of two arrows from 〈Xnj

〉’s appearing in Fig. 1 (c) and (d) are opposite, cancel the phases from 〈Xnj
〉’s, and hence

Fig. 1 (c) and (d) can be neglected in the asymmetry calculation. We stress here again the choice of the basis where
the charged leptons are already diagonalized. Most calculations on leptogenesis [20] use Fig. 1 (d) having the heavy
Majorana lepton N0 intermediate state, which can contribute only if there are two or more phases. In our case, we
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FIG. 1: The Feynman diagrams interfering in the N0 decay: (a) the lowest order diagram, (b) the W exchange diagram, (c)
the wave function renormalization diagram, and (d) the heavy neutral lepton exchange diagram. The lepton number violations
are marked with blue dots. We can consider the charged lepton final states also with the replacement U → U† in (b) and
appropriately changing other particles.

introduced only one phase and Fig. 1 (d) does not contribute because two directions of 〈Xnj 〉 are opposite. Since
physics does not depend on the choice of basis, this conclusion that the phases appearing in Figs. 1 (c) and (d) are the
same as that of Fig. 1 (a) will be true in any other basis as far as the N0 domination in the leptogenesis is satisfied.
Earlier calculation [20–22] expressed the results in terms of the Yukawa coupling matrices with Figs. 1 (c) and

(d), including those of all the heavy Majorana neutrino N ’s. While the radiative effects associated with the mass
renormalization of N0 in Fig. 1 (c) was studied before [20], here we first consider the effect with the vertex correction
via the W boson of Figs. 1 (b). Thus, our Fig. 1 (b) is a novel one and leads to a fundamentally different result
from these earlier calculations. With this set-up, it is a standard procedure to calculate the asymmetry ǫL, i.e. the
difference of N0 decays to the ℓ and ℓ̄,

ǫN0

L (W ) =
ΓN0→ℓ − ΓN0→ℓ̄

ΓN0→ℓ + ΓN0→ℓ̄

, (3)

where ℓ(ℓ̄) is a (anti-)lepton. We have the following interference term from Figs. 1 (a) and (b),

∫

d4k

(2π)4
M(b)M†

(a) = i
f∗
i fjUijg

2
2

2
√
2

× 2

∫ 1

0

dx

∫ 1−x

0

dy
d4k

(2π)4
N

D
(4)

with

N = Tr
[{

ūiγµPL(k/ +mej )PRv0
}

{v̄0PLui}
]

(pνi + k)µ = −(P · pνi)k2 −m2
νi
(k · P ),

D =
[

k2 + 2k(yP + xpνi) + y(m2
0 −m2

H) + x(m2
νi
−m2

W )− (1 − x− y)m2
ej

]3

,
(5)
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where PL,R = 1±γ5

2 , {ui, v0} are spinors of left- and right-handed neutrinos, P · pνi ≈ 1
2 (m

2
0 − m2

H) with
{P,m0} = four-momentum and mass of N0, {pνi ,mνi} = four-momentum and mass of νi,mej = mass of ej ,mH+ =

mass of H+, and mW = mass of W . In the limit mi,mνj ,mW ≪ m2
H ≪ m2

0, we will obtain the finite part of (4). We

neglect the 125 GeV BEH boson, and keep only scalar particles H+ and H0 in the two Higgs doublet model. The Z
and photon couplings are flavor diagonal and do not contribute. The logarithmically divergent part would contribute
to the vertex renormalization. In the limit mei ,mνi ,mW → 0, thus we obtain the following finite result

−f∗
i fjUijg

2
2

64
√
2π2

m2
0(1 − ǫH+)

∫ 1

0

dx

∫ 1−x

0

dy
y2 + xy(1− ǫH+)

y2 − y(1− x)(1 − ǫH+)
≃ −f∗

i fjUijg
2
2

64
√
2π2

m2
0

(

1

2
+ ln

ǫH+

1− ǫH+

)

, (6)

where ǫH+ = m2
H+/m2

0.

We can also consider the charged lepton final states in Figs. 1 (a) and (b), in which case the PMNS matrix is U †

instead of U . Thus, ǫN0

L (W ) has an expression

ǫN0

L (W ) ≈ αem

8
√
2π sin2 θW

1
∑

i |fi|2
Im

∑

i,j

f∗
i fj

[

Uij

(

1

2
+ ln

ǫH+

1− ǫH+

)

+ U †
ij

(

1

2
+ ln

ǫH0

1− ǫH0

)]

. (7)

For concreteness, we use the PMNS matrix Uij , in the vertex diagram of Fig. 1 (b), presented in [10, 23] together
with Majorana phases δa,b,c,

U =





c1 s1c3 s1s3
−c2s1 e−iδPMNSs2s3 + c1c2c3 −e−iδPMNSs2c3 + c1c2s3

−eiδPMNSs1s2 −c2s3 + c1s2c3e
iδPMNS c2c3 + c1s2s3e

iδPMNS





KS





eiδa 0 0
0 eiδb 0
0 0 eiδc





Maj

, (8)

where only two phases out of three phases eiδa,b,c are independent. One out of three eiδa,b,c , one can be set to 1, which
will be chosen for the dominently coupled neutrino of N0. The first factor of Eq. (7) is about 10−3 and we need a

huge suppression from the other factors to obtain a number ǫN0

L (W ) = O(10−9).

III. DISCRETE SYMMETRY ZN

The coupling matrix (2) results from some symmetry. For example, in Table I we present quantum numbers of
some U(1) symmetry, where ℓi are the lepton doublets containing three neutrinos, N ’s are heavy neutrinos, and X
and R the SM singlets, with 〈X〉 = r ei δX and 〈R〉 = R. Here, we do not specify whether the U(1) is a gauge or global
symmetry. Even if it is approximate with a global symmetry, the breaking term of U(1) by gravity effects can be
made sufficiently small by some method. Even a fine tuning of O(10−2) on the VEVs of R is acceptable in our level
of discussion on relating δX with δPMNS. A larger power r and R means a smaller coefficient due to the suppression
by the Planck mass, MGUT/MP. Let us introduce a ZN subgroup of U(1). Then, to give masses to N ’s, we need
quantum numbers of Ni in Table I, i.e. Xni = rniei niδX and Rxi , satisfying the following, for example 2

−x3nR − n3nX − 1 = 0, − x2nΦ − n2nX − 1 =
N

2
, − x1nΦ − n1nX − 1 = N. (9)

Let us try negative quantum numbers of nR and nX . Note that N0, N1 and N2 have Majorana phases n1δ, n2δ and
n3δ, respectively. For N = 4, nR = −1 and nX = −1, we have x1 + n1 = 5, x2 + n2 = 3 and x3 + n3 = 1, which are
the powers of a GUT scale VEVs. Then, the matrix element (i4) of Eq. (2) is proportional to

(

MGUT

MP

)xi+ni

e−iniδ. (10)

ℓ1 ℓ2 ℓ3 N0 N1 N2 Hu X R

Q 1 1 1 −x1nΦ − n1nX − 1 −x2nΦ − n2nX − 1 −x3nΦ − n3nX − 1 0 nX nR

TABLE I: Quantum numbers under some U(1).

2 We use only positive powers as an overall powers of the real number such that the magnitude of every entry is less than 1, i.e. −|n| is
replaced by a positive number N − |n|.
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IV. RELATION OF THE PHASES

Now we can relate the phases in our plan of spontaneous CP violation [26] with one complex VEV, i.e. the phase
of 〈X〉. Following the argument of Ref. [10], we can conclude that there will be no observable lepton asymmetry if
δX = 0. Therefore, all the interference terms in Eq. (7) must have factors of the form sin(NijδX) where Nij is an
integer. For example, consider the imaginary part of a specific term in Eq. (7) before taking the sum with i and j.
From the product of (b) and (a)∗ of Fig. 1, we read one convenient term, i.e. for i = 3 and j = 1, which has the
overall phase ei[δPMNS+δa−n1δX+δ0]+i[n3δX−δ0] where δPMNS and δa are defined in Eq. (8). The Majorana phase δ0 is
the phase of the heavy lepton sector, which does not appear in this phase expression with i = 3 and j = 1 if the
lightest neutral heavy lepton dominates in the lepton asymmetry. The imaginary part of this term is

sin[δPMNS + δa − (n1 − n3)δX]. (11)

In Ref. [10], we argued that the observable phase δPMNS in low energy experiments must be integer multiples of
δX since there will be no electroweak scale CP violation effects if δX = 0 and π. Along this line, we argue that
δPMNS = nP δX and δa = naδX, which are sufficient for the physical requirement. In this case, Eq. (11) becomes
sin[(nP + na − n1 + n3)δX]. Now, consider the sum with i and j. We observe that all terms are of the form

Aei(±nP+δ′) + Beiδ
′

where A and B are real numbers formed with real angles and δ′ = n′δX = naδX, nbδX, or ncδX,
viz. Eq. (8). It is of the form

{A cos[(±nP + n′)δX] +B cos[n′δX]}+ i {A sin[(±nP + n′)δX] +B sin[n′δX]}

=

√

{A cos[(±nP + n′)δX] +B cos[n′δX]}2 + {A sin[(±nP + n′)δX] +B sin[n′δX]}2 eiδij

≡ aij e
iδij

(12)

which has the phase δij = arctan ({A sin[(±nP + n′)δX] +B sin[n′δX]}/{A cos[(±nP + n′)δX] +B cos[n′δX]}). Thus,
every term has the vanishing phase if δX = 0 and π. Thus, the sum in Eq. (11) gives 0 if δX = 0 and π. Even at this
stage, we have obtained an important conclusion: the phases in the heavy lepton sector does not appear. For further
relations, we must use a specific model relating nP , n

′, ni, and nj , as we used the flipped-SU(5) model in relating
δPMNS and δCKM [10]. Thus, the asymmetry takes a form,

ǫN0

L (W ) ≈ αem

8
√
2π sin2 θW

∑

i,j

Aij sin[(±nP + n′ − ni + nj)δX], (13)

whereAij are aij times appropriate ratio of Yukawa couplings. If sin(±nP+n′−ni+nj)δX vanish except for sufficiently
small Aij ’s, we can obtain a needed suppression. Note that there are only two independent n′ as commented before,
below Eq. (8).

V. CONCLUSION

By introducing only one CP phase by a complex VEV of a SM singlet field X and assuming the lightest Majorana
neutrino domination in the lepton asymmetry, we directly introduced the PMNS phase δPMNS in the lepton asymmetry
calculation in the early Universe. The CP phase is introduced by spontaneous mechanism at a high energy scale along
the Froggatt-Nielsen method. We noted the domination of the asymmetry by the W boson exchange diagram, which
is a novel suggestion useful for relating the high and low energy physics.
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