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Tempered homogeneous function spaces, 11

Hans Triebel

ABSTRACT. This paper deals with homogeneous function spaces of Besov-
Sobolev type within the framework of tempered distributions in Euclidean
n-space based on Gauss-Weierstrass semi-groups. Related Fourier-analytical
descriptions are incorporated afterwards as so-called domestic norms. This
approach avoids the usual ambiguity modulo polynomials when homogeneous
function spaces are considered in the context of homogeneous tempered dis-
tributions. The motivation to deal with these spaces comes from (nonlinear)
heat and Navier-Stokes equations, but also from Keller-Segel sytems and other
PDE models of chemotaxis.
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1. Introduction and motivation

This paper is a complementing survey to [T15]. We try to be selfcontained
repeating some definitions and basic assertions. Let A; (R"), n € N, A € {B, F'}

with

(1.1)

0<p,g< o0 and seR
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be the nowadays well-known inhomogeneous function spaces treated in the frame-
work of the dual pairing (S (R™), S’ (R")) The theory of these spaces, including
their history, references and special cases may be found in [T83), [T'92], [T06]. Here
S(R™) is the usual Schwartz space of infinitely differentiable rapidly decreasing
functions in R™ and S’'(R"™) is its dual, the space of tempered distributions. The
related homogeneous function spaces A;q(R”) again with A € {B, F'} and (L)) are

usually treated in the context of the dual pairing (S(R”), S’ (R")) where
(1.2) S(R") ={p e SMR"): (D*@)(0) =0, a € Ny }.

Recall that @ is the Fourier transform of ¢. A first brief account of these homo-
geneous spaces, again with references and special cases, had been given in [T83]
Chapter 5]. A more detailed elaborated and updated version of the theory of these
homogeneous spaces may be found in [T'15 Chapter 2]. It is well known that these
homogeneous spaces must be considered modulo polynomials. This causes some
disturbing (topological) troubles if one uses homogeneous spaces in some applica-
tions, especially in the context of nonlinear PDEs. In [T15] we offered a theory

*
of tempered homogeneous function spaces A; (R™), A € {B, F'} in the framework
of the dual pairing (S(R™),S’(R™)) where p,q,s are restricted (mostly but not
exclusively) to the distinguished strip

1 n
(1.3) 0 < p,q<oo, n(=—-1)<s<-—.

p p
This avoids any ambiguity modulo polynomials and gives the possibility to trans-
fer many properties of the inhomogeneous spaces to the corresponding tempered
homogeneous ones. One has, in addition,

A8 PO IA B =X 1A ,EN] 0<A< o,
of homogeneity order s — %. One may think about the Lebesgue spaces L,(R™) =

F)o(R™) = F)5(R™), 1 < p < 00, as a proto-type of these spaces. The restriction
of p, g, s to the indicated distinguished strip (3] maybe disturbing from the point
of view of the theory of function spaces, but it is natural (some limiting cases will
be incorporated below) and covers in particular homogeneous spaces which are of
interest in some applications, especially to a few distinguished nonlinear PDEs. In
particular, our motivation to develop the theory of tempered homogeneous spaces

*
A3 (R™) originates from the Navier-Stokes equations

(1.5) Ou — Au+Pdiv(u®@u) =0 in R" x (0,7),
(1.6) u(+,0) = ug in R™,

n>20<T < oco. Hereu(z,t) = (ul(x,t), . ,u”(x,t)), whereas u®wu is the usual
tensor product and P is the Leray projector, a singular Calderén-Zygmund operator
of homogeneity order 0. We do not deal here with Navier-Stokes equations and refer
the reader for details, explanations and the abundant literature to [BCD11), [T13|,
T14]. Of interest for us is the following homogeneity assertion. If u(z,t) is a
solution of (LH) then uy(x,t) = Au(Az, \%t), 0 < A < oo, is also a solution of (L)
now in R™ x (A\~2T') where one has to adapt the initial data. This fits pretty well
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to homogeneity assertions of type ([L3)), (L4). As a consequence, spaces

(L7) A5, (R"), A5 (R™), A5 (R"), 0<pg<oo with s=—1+ g
are called critical (for Navier-Stokes equations), supercritical if s > —1 + 2 and
subcritical if s < —1+ %. Details may be found in [T15] pp. 1,2]. Of special interest
are the critical and supercritical spaces with —1+% <s< %. This fits in the scheme
(C4). Our own approach to Navier-Stokes equations in [T13], [T14] is based on
inhomogeneous supercritical spaces (and is local in time). But most of the recent
contributions to Navier-Stokes eq%ations in the context of Fourier analysis rely on
homogeneous critical spaces A; (11+; (R™). This applies also to other nonlinear PDEs
originating from physics. The reader may consult [BCD11] and some more recent
papers quoted in [T13, [T14]. An additional motivation to deal with tempered
homogeneous function spaces comes from chemotazis, the movement of biological
cells or organisms in response to chemical gradients. Detailed descriptions including
the biological background and the model equations studied today may be found in
the surveys [Hor03l, [Hor04], [HiP09] and the recent book [Perl5]. In addition
to the classical approach (smooth functions in bounded domains) a lot of attention
has been paid in recent times to study the underlying Keller-Segel systems in the
context of the above spaces A4;  (R"), A;)Q(R"). The prototype of these equations
is given by

(1.8) 0w — Au + div (uVv) =0, reR" 0<t<T,
(1.9) v — Av + av = u, reR" 0<t<T,
(1.10) u(+,0) = uo, z e R",
(1.11) v(+,0) = vp, z e R",

where o > 0 is the so-called damping constant. Here u = u(x,t) and v = v(x,t) are
scalar functions describing the cell density and the concentration of the chemical
signals, respectively. If o = 0 then one is in a similar position as in the case of the
Navier-Stokes equations and one can again ask which spaces A;  (R"), A;q(R”)
should be called critical, supercritical and subcritical for Keller-Segel equations. If
u(x,t), v(x,t) is a solution of (LX), (LI) then ux(z,t) = Nu(Ax, A\%t), vy(x,t) =
v(Ax, A%t) is also a solution of (LJ), (L) now in R™ x (0, A\~2T), where one has to
adapt the initial data. Then the spaces

N
(112) A5 (R"), A (R"), A5 (R"), 0<pq<oo, s=-2+ g,

are called critical (for Keller-Segel equations), supercritical if s > —2 + % and
subcritical if s < —2 + %. Of special interest are the critical and supercritical
spaces with —24 2 < s < 2. Again this seems to fit in the scheme of (L.3), (IL.4).
Details may be found in [T16]. But there are some differences compared with
Navier-Stokes equations. Homogeneous spaces with (L3)) cover the cases of interest
for Navier-Stokes equations in R™ with 2 < n € N. Keller-Segel systems with
n = 1 (ordinary nonlinear equations) attracted some attention but they are not
covered by our approach in [T16]. According to the literature the most interesting
case for Keller-Segel systems is n = 2 (biological cells in so-called Petri dishes in
response to chemicals). But then ([I2) (with n = 2) suggests to have a closer
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*
look at (tempered) homogeneous spaces Ay ((R"), 0 < p,q < oo in the limiting

cases s :n(%—l) and s = 2

o It is one aim of this paper to complement some
corresponding considerations in [T'15] in this direction. But on the other hand
it is our main aim to continue the study of the tempered homogeneous spaces

A3 (R™) mostly with (L3) asking for further properties. We deal also with some
examples based on Riesz kernels demonstrating the decisive differences between the
above homogeneous spaces and their (more flexible) inhomogeneous counterparts
A (R™).

p,q

In Section 2l we introduce the tempered homogeneous spaces A;yq(R") following
closely [T15]. We repeat some basic assertions and prove new ones (mostly in

*
limiting situations). Section [3] deals with new properties of the spaces A}  (R")
complementing [T15].

2. Definitions and basic assertions

2.1. Preliminaries and inhomogeneous spaces. We use standard nota-
tion. Let N be the collection of all natural numbers and No = N U {0}. Let R™ be
Euclidean n-space, where n € N. Put R = R!, whereas C is the complex plane.
Let S(R™) be the Schwartz space of all complex-valued rapidly decreasing infin-
itely differentiable functions on R™ and let S’/(R™) be the space of all tempered
distributions on R”, the dual of S(R™). Let D(R™) = C§°(R"™) be the collection
of all functions f € S(R™) with compact support in R™. As usual D'(R™) stands
for the space of all distributions in R™. Furthermore, L,(R™) with 0 < p < o0, is
the standard complex quasi-Banach space with respect to the Lebesgue measure,
quasi-normed by

(21) 112 = ( [ 5P a) "

with the usual modification if p = co. Similarly L,(M) where M is a Lebesgue-
measurable subset of R™. As usual Z is the collection of all integers; and Z™ where
n € N denotes the lattice of all points m = (mq,...,m,) € R™ with my € Z. Let
Qjm = 277m +279(0,1)" with j € Z and m € Z" be the usual dyadic cubes in
R", n € N, with sides of length 27 parallel to the axes of coordinates and 27 7m as
the lower left corner. As usual, L;"C(R") collects all locally p-integrable functions
f, that is f € L,(M) for any bounded Lebesgue measurable set M in R”.
If o € S(R™) then

(2.2) P(&) = (Fe) (&) = (27T)7”/2/ e " p(x)dr,  EER",

n

denotes the Fourier transform of . As usual, F~1p and " stand for the inverse
Fourier transform, given by the right-hand side of (2.2)) with ¢ in place of —i. Here
x€ stands for the scalar product in R”. Both F' and F~! are extended to S’(R™)
in the standard way. Let ¢o € S(R™) with

(2.3) wo(zr) =11if |z <1 and ¢o(x) =0if |z| > 3/2,
and let
(2.4) or(x) = ©o(27%2) — po(27F 1), zeR" kel
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Since

(2.5) Zcpj(x) =1 for x e R",

v = {p }J °o forms a dyadlc resolution of unity. The entire analytic functions
(¢ \V

i)Y (z) make sense pointwise in R™ for any f € S'(R™).

We recall the well-known definitions of the inhomogeneous spaces B, ,(R") and
Fy (R™).

(i) Let

(2.6) 0<p<oo, 0<q<oo, seR.

Then Bj ,(R™) is the collection of all f € S'(R™) such that

(2.7) 1185 o (R™)l, = (szu oD 1L, @)") " < 0
3=0

(with the usual modification if ¢ = 00).

(ii) Let

(2.8) 0<p<oo, 0<gq<oo, seR.

Then Fj (R™) is the collection of all f € S'(R™) such that

29 IFIFLE = (2 n O) L m
§=0

(with the usual modification if ¢ = 00).
(iii) Let 0 < g < o0, s € R. Then F3, ,(R") is the collection of all f € S'(R™) such
that
(2.10)
1/q
I/] Fs y(®Y)]lp = sup 2“”(/ > 2, )Y @) de) T < oo

JeNy,Mezn Yy
(with the usual modification if ¢ = 00).

REMARK 2.1. Asusual 47 (R") with A € {B, F'} means B;, ,(R") and F;; (R").
The theory of these inhomogeneous spaces including special cases and their history
may be found in [T83)}, [T92], T06]. The above definition of F5,  (R™) goes back to
[FrJ90, Section 12, (12.8), p. 133], where

(2.11) F (R") = B, (R"), seR.

We do not deal in this paper with these inhomogeneous spaces. We only mention
that they are independent of ¢ (equivalent quasi-norms). This justifies to write
A5 (R™) instead of A5 (R™),. But it is crucial for our later considerations that
the above Fourier-analytical definitions of Aj  (R™) can be replaces by definitions
in terms of heat kernels. We give a description.

Let w € S’(R™). Then

|z—-|2

1 | —y1? 1 _
(212) Wtw( ) W/ne 4t ( )dy* W(w,e 4t ), t > 0,
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x € R", is the well-known Gauss-Weierstrass semi-group which can be written on
the Fourier side as

(2.13) Waw(€) = e 17 @),  ¢eR", t>0.

The Fourier transform is taken with respect to the space variables x € R™. Of

course, both (Z12)), (2I3) must be interpreted in the context of S’(R™). But we
recall that ([ZI2) makes sense pointwise: It is the convolution of w € S’'(R™) and

g(y) = (47Tt)_"/2e_M € S(R™). In particular,

(2.14) wxg € COMRM),  |(wxg)(@)| <er(1+[22)Y?, zeRm

for some ¢; > 0 and, some N € N. Further explanations and related references may
be found in [T14] Section 4.1].

We give a description how the above Fourier-analytical definition of A7 (R")
with s < 0 can be replaced by corresponding characterizations in terms of heat
kernels. Let

(2.15) 5<0 and 0<p,qg< o0 (with p < oo for F-spaces).
Then
1
s n -2 ny|1q dty1/q
(2.16) 17135 @ = (| F s 1, @)
and

O, e

(217) I 1E g~ ([

(usual modification if ¢ = co) are admissible (characterizing) equivalent quasi-norms
in the respective spaces. More precisely: f € S'(R") belongs to B;  (R") if, and
only if, the right-hand of ([2.16)) is finite. Similarly for F; ,(R") with p < co. This
is essentially covered by [T'92] Theorem, p.152]. Additional explanations may be
found in [T15] p.14]. If s < 0, p = 00 and 0 < ¢ < oo then (ZI7) must be replaced
by

(2.18)

i@ = s ([ e )
zeR",0<t<1 lz—y| <Vt

It is again an admissible equivalent quasi-norm: f € S’(R™) belongs to F3, ,(R™)
if, and only if, the right-hand side of (ZI8) is finite. This is covered by [Ryc99]
which in turn is based on [BPT96, BPT97]. Here (2.I8) with ¢ = oo means

1/4q

(219)  |FIFSo®Y) = sup 22 / W, £ (4)] dy.
|z—y|<VE

zER™,0<T<t<1
One has always
(2.20) B, ,(R") = F; (R"), s<0, 0<p<oo.

This well-known assertion follows obviously from (27 compared with (2.9) or (2.16)
compared with 2I7) if p < co. The case p = oo is covered by (21I). But the
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resulting equivalence of ([ZI9)) and ([ZI6) with p = ¢ = oo is a special case of the
equivalence

1B o ®™)|[ = sup 7 3|W,f(x)|
zER™,0<t<1

— 3 - 1/T
~ sup (e W f(y)l"dy)
lz—y|<viE

zcR",0<T<t<1

(2.21)

for any r, 0 < r < oo. The assertion itself goes back to [BuiT00]. A short direct
proof (in the framework of tempered homogeneous spaces) may be found in [T15]
p.47/48].

Usually one introduces the inhomogeneous spaces A3  (R"), A € {B,F}, in
terms of Fourier-analytical decompositions according to (Z.6)—(2I0). But thermic
(caloric, in terms of Gauss-Weierstrass semi-groups) and also harmonic (in terms
of Cauchy-Poisson semi-groups) characterizations of these spaces have a long his-
tory beginning with [Tai64), [Tai65]. In [T15] p.13] we collected some further
relevant papers and books. This will not be repeated here. But we wish to men-
tion [BuiC16] which is the most recent contribution to this field of research char-
acterizing homogeneous spaces A;q(R”) in terms of Cauchy-Poisson semi-groups
discussing to which extent the ambiguity modulo polynomials can be avoided (es-
pecially if s < n/p).

The main reason for inserting the above material is the following. Let s < 0.
Then it does not matter of whether one introduces the spaces A  (R"™) Fourier-
analytically as in (2:6)—(ZI0) or in terms of heat kernels according to [ZI5)—(ZI).
All quasi-norms are admissible (or characterizing) in the following sense: Let A(R™)
be a quasi-Banach spaces with

(2.22) AR™) — S'(R™) (continuous embedding).

An (equivalent) quasi-norm || - |A(R™)|| is called admissible if it makes sense to test
any f € S'(R™) for whether it belongs to the corresponding space A(R™) or not
(which means whether the related quasi-norm is finite or infinite). Within a given
fixed quasi-Banach space A(R™) further equivalent quasi-norms are called domestic.
A simple but nevertheless illuminating example is

(2.23) Ly(R™) = F),(R™), 1<p<oo.

Then || - [F)o(R™)||, according to ([23) is an admissible norm, whereas 2.)) is
a domestic norm. We discussed this point in greater detail in [T15| Section 1.3,
pp. 5/6].

If one switches from inhomogeneous spaces to homogeneous spaces then there
is a decisive difference between the Fourier-analytical homogeneous counterparts of
8)—(2T0) on the one hand and the possibility to introduce related homogeneous
spaces in the framework of S'(R™) in terms of admissible quasi-norms based on
heat kernels. Preference is given to the homogeneous counterparts of (Z16)—(218)
first with s,p,q as in (2.I0]) extended afterwards to the distinguished strip (L3]),
incorporating some limiting cases. The Fourier-analytical versions are domestic
quasi-norms in the related spaces. This is sufficient to work with them in applica-
tions to Navier-Stokes or Keller-Segel equations now on the safe topological ground
of S/(R™). This was the main aim of [T15] and will be continued now. We take
over those definitions and basic assertions from [T15] needed later on. In this sense
we try to make this paper independently readable.
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2.2. Spaces with negative smoothness. First we complement [T15l Sec-

tion 3.1] where we introduced the tempered homogeneous spaces A;  (R") with

5 < 0 in the framework of the dual pairing (S(R"), S’(R™)) based on 2I12)-ZId).
For sake of completeness we repeat some definitions and basic assertions.

DEFINITION 2.2. (i) Let s < 0 and 0 < p,q < oo. Then B} (R") collects all
fe S (R™) such that

*s n > —s n dty1/q
(2.24) 17155, M) = ( / W LR )
is finite (usual modification if ¢ = 00).
(ii) Let s <0,0<p< o0, 0<q<oc. Then F3 (R™) collects all f € S'(R™) such
that

e2) I = ([T ewor g

ARIAED

is finite (usual modification if ¢ = 00).
(iii) Let s <0 and 0 < ¢ < co. Then If"go)q(R") collects all f € S"(R™) such that
220) W, @ = s (72 [ [ )y )
zeR™,¢>0 0 Jz—y|<VE T
is finite (modification if ¢ = oo as explained below).
REMARK 2.3. This coincides with [T15| Definition 3.1, p.46]. There one finds
also a few further discussions and explanations. As usual ;1; o(R™") with A € {B, F'}

* *

means Bj (R") and F; (R™). Quite obviously, (2.24)-(2.20) is the homogeneous
counterpart of the admissible (characterizing) quasi-norms ([Z.I6)—(Z19) of the re-
lated inhomogeneous spaces A;  (R"), including the interpretation of (Z26) with
q = 00,

Q20 IF®) = s e [ )
z€ER™,0<T<t |lz—y|<VE
Furthermore there are counterparts of (Z20) and (Z21), that is
(2.28) B, ,(R") = F} ,(R"), s<0, 0<p<oo
and
£ 1BS o R = sup  t7%|[Wef(z)]
z€R™,t>0
(2.29)

s n 1/T
~ s (e[ W)y
zER™,0<T<t |lz—y|<VT

for any r with 0 < r < co. A short direct proof may be found in [T15| p. 47].

We formulate some further properties of the spaces A;q(R") following again
[T15]. Let A(R™) be a quasi-normed space in S’(R™) with A(R"™) < S'(R™). Then
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A(R™) is said to have the Fatou property if there is a positive constant ¢ such that

from

(2.30) sup ||gj |AR™)]| < o0 and gi — g inS'(R")
jEN

it follows g € A(R™) and
(2.31) lg|AR™)]| < e Sup llg; [AR™)]].
j

Further explanations may be found in [T15l p.48]. We need the homogeneous
counterpart of the (inhomogeneous) dyadic resolution of unity according (Z3])—

@3). Let ¢g be as in (23) and

(232) @J (I) = 900(27j‘r) - 900(27j+1x)5 LS Rna ] € L.
Then
(2.33) Z P(x)=1 for zeR™\{0}.

JEZ

Recall that < means continuous embedding.

Y

THEOREM 2.4. (i) The spaces A; (R™) with s <0 and 0 < p,q < 00 according
to Definition 22 are quasi-Banach spaces (Banach spaces if p > 1, ¢ > 1). They
have the Fatou property. Furthermore,

(2.34) A, (R") = A (R") — S'(R™)
and
(2.35) 1FO) A5 R = A7 || f A5 ((RY)[l, A >0.
(ii) Let
(2.36) s<0 and 0<p,q< (with p < oo for F-spaces).
Then
= ; N 1/q *
(237) (3 UG DL R, f e By R,
j=—00

X
are equivalent domestic quasi-norms in B;, ((R") and

, fer; R"),

es) (X @D o) i)

*
are equivalent domestic quasi-norms in F; (R™).

REMARK 2.5. This coincides with [T15, Theorem 3.3, p.48/49]. There one

finds also a detailed proof. For the spaces F'5,  (R") one has a counterpart of
@I0) with J € Z in place of J € Ny (equivalent domestic quasi-norms). This is
covered by [T15| (2.32), (2.54), pp. 12, 17]. We explained at the end of Section
211 what is meant by (equivalent) domestic quasi-norms in a given space. But

this can also be applied to a fixed family (or community) of spaces A;  (R") and
also to (linear and nonlinear) mappings between members of this family. At the
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beginning and at the end one relies on admissible (characterizing, defining) quasi-
norms working in between with suitable domestic quasi-norms. There is no need
to bother any longer about ambiguities modulo polynomials as in the framework
of the dual pairing (S(R"),S’(R”)) We refer again for greater details to [T15]
Section 1.3].

We are mainly interested in quasi-Banach spaces A(R™) in the framework of
the dual pairing (S(R™), S’(R™)) such that

(2.39) S(R™) < A(R™) < §'(R™).

Recall that < means linear continuous embedding. So far we have (234). The
motivation to ask for S(R™) — A(R™) comes again from applications. Admitted
initial data for Navier-Stokes equations (LX), (L) or for Keller-Segel equations
([CR)-(II) are nowadays quite often assumed to be elements of (homogeneous)
spaces A(R™) in the framework of (S(R™),S’(R")). Then the left-hand side of
[239) ensures that functions belonging to D(R™) or S(R™) are admitted initial
data what seems to be a minimal request. A first step in this direction for the

spaces jlzﬁq(R”) as introduced in Definition has been done in [T15, Theorem
3.5, p.52]. This will now be complemented having in particular a closer look at
limiting spaces (again motivated by applications as described at the end of Section
[ in connection with Keller-Segel equations especially in the plane R?).

Let A5 (R") with A € {B,F} be the spaces introduced in Definition
Recall D(R™) = C§°(R™) (compactly supported C*°-functions in R™).

THEOREM 2.6. Letn e N, 0 <p<o00,0<qg<o00and s <0. Then
(2.40) S(R") — B;q(R”)
if, and only if,

1
>n(i-1), 0<¢<oo,
(2.41) 1<p< oo, {S ”(g ) 1=
S—?’L(——l, q = 00,
p
and
(2.42) S(R™) = F; (R™)
if, and only if,
1
(2.43) 1<p< oo, s>n(1—?—1), 0<q < oo.

This assertion remains valid if one replaces S(R™) by D(R™).

PROOF. Step 1. According to [T15l Theorem 3.5, p.52] one has ([240) and
(IEZI)ifl<p§oo,0<q§ooands>n(%—l). It remains to prove

* (L
(2.44) SR < Bre VRY,  1<p<oo,

and that there is no embedding of S(R") into A7  (R™) in all other cases.

Step 2. We prove (2.44). Let f € L1(R™). Then one has by ([2.12])
(2.45)

()} [Wef | LR < fle™ 5 (LR - 1 |1 (R = e 3 |1 Lo (R
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and by (Z24)

* (1 _
(2.46) S(R™) < Li(R") < Bra V(Rn).
This proves [2.44]).

Step 3. We prove the negative assertions of the above theorem assuming first
s:n(% —1),1<p<oo. Let f e SR"), f(z) >0,

(2.47) fl@)=11if|z| <1/2 and f(z)=0if |z| > 1.
By (2.12) one has for some ¢ > 0
l=|?

(2.48) PWf(z) > ce”Tor, x| =2, 0<t< .
Let 0 < ¢ < co0. Then
—n n >~ g n di o dt
249) B E = [ WS L@ e [ F =
0 1

In particular f ¢ BZ" (R™). The domestic quasi-norms (2.37), [2.38) ensure that
suitable well-known embeddings between the inhomogeneous spaces A;  (R") can

*
be transferred to the tempered homogeneous spaces A;)q(R") by the same argu-
ments as there. In particular

*n(L-1)

(2.50) By (R") = B, (R™), 1<p<oo,

(L
shows that f & Bp)(qp 1)(R") if 0 < ¢ < co. This assertion can be extended to those

F-spaces which are covered by

Sn(E=1) oy L AGD
(2.51) F,/ "(R") — Bp)max(%q)(R ), p<oo, ¢q<oo.
If one uses the more sophisticated embedding

* (L *
(2.52) By Ry o BIURY),  1<p< oo,
then it follows that also
*p(Ll_

(2.53) FeE PRY,  1<p<oo

We return to embeddings of type ([2.52)) in Remark 2.7 below and give now a direct
proof of ([2353) based on ([Z27]) with s = n(% —1). Using 248) with t ~ |2|? one
has

£ 155 co R™)[P = || Stt;gt_s/thf(-) |Lp(R™)||”

> c/ |:E|_Sp_"”dx:c/ |z|~™ dz = oco.
|z]>2 |z]>2

This proves (2.53]) independently of ([2Z52). It remains to show that

(2.54)

(2.55) FEF(RY),  0<q< oo,

Let 4 < 4v/t < |z| < 8/t and |z — y| < V/t. Then 2v/t < |y| < 9vt. By (Z48) and
t/2 < 1 < tone has |W, f(y)| > ct=™/? ~ 77"/2 and

t
d

(2.56) t7”/2/ / T"q/2|WTf(y)|qdy—T > ¢ logt.
t/2 J|z—y|<VE T
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Then ([Z53) follows from (228) and (Z356]). This covers all cases of the theorem
with s = n(% — 1) where one can replace S(R™) by D(R"™).

Step 4. Let s < —n, 0 < ¢ < oo and f as above. Then one has by (2.24) and (2:4])
(2:57) F# B, R, 0<q<o.

Similarly one can extend (2Z.55) based on (2.56) to F'3, ,(R") with s < —n and
0 < g <oo. Let

1
(2.58) 0<p<oo, 0<g<oo and s<min(0,n(1—j—1)).
Then
(2.59) Fy (R") = B o (RY) = Boo % (R™).

Using ([257) with s — 2 < —n in place of s it follows that the above function f does
not belong to any of these spaces. This completes the proof of the theorem. ([l

REMARK 2.7. The spaces A3 ,(R™) are introduced in Definition 2.2]in terms of
admissible quasi-norms based on heat kernels. The domestic quasi-norms in (237
and (Z38) give the possibility to carry over many well-known properties for the
usual homogeneous spaces A;q(Rn) in the framework of (S (R”),S”(R”)) where
S’(R™) is the dual of S(R™) according to (L2). This applies to some embeddings,
real and complex interpolation and further properties. We refer the reader to
[T83l Chapter 5] and [T15]. The embeddings [250) and (2Z359) may be considered
as examples. The more sophisticated embedding (2Z.52)) is covered by the following
so-called Franke-Jawerth property: Let 0 < pg < p < p1 < 00, s < 0 (so far) and

(2.60) 30—225—2:31—27 0<qg<oo, O<u<oo, 0<v<oo.
Do p p1

Then

(2.61) Bzg)u(R") — F;q(Rn) > BZiU(Rn)

if, and only if, 0 < u < p < v < oco. This follows from the corresponding assertions
for the related inhomogeneous spaces, going back in its final version to [SiT95]
based on [Jaw77, [Fra86]. We return to this assertion in Theorem [B1] below. We
indicated in ([252)) that one can use these embeddings for the above purposes (but
we gave a direct proof of ([2.53)).

2.3. Spaces in the distinguished strip. As indicated in the Introduction
we are mainly interested in tempered homogeneous spaces in the distinguished strip
(T3) having now a closer look what happens at s = n(% —1)and s = %. We wish
to ensure (239). If s < 0 then we obtained in the Theorems [2:4] rather final
satisfactory answers. To extend this theory to s > 0 we modify the corresponding
approach in [T15] appropriately, now incorporating some limiting cases. Let

(2.62) C*(R") = BS, _(R"), s<0.
By Theorem one has

*

(2.63) S(R™) — C*(R™) if, and only if, —n <s<0.
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Let again Wyw be the Gauss-Weierstrass semi-group according to (Z12), 2I3)),
where ¢ > 0 and w € S’'(R™). Let, as nowadays usual, d; = 9/0t and 9", m € Ny
be the corresponding iterations, Yw = w. Recall that

(264) IFIE®) = swp W@ s <0,

zE€R™,t>0
is an admissible (defining, characterizing) norm which means that any f € S’(R™)
can be tested of whether it belongs to this space or not. Let ¢/ be as in ([2.32).
Then

(2.65) ~ sup 2j5|(<pij)v(3:)}, 5 <0,
JEZL,xeR™
and
(2.66) sup tm—%\aﬁwtf(x)\, m €Ny, s<0,
TER™, >0

*
are domestic norms on C*(R™), which means that they are equivalent norms on the

given space C*(R™). Here (2.65) is covered by Theorem 2.4 and ([2.66) by [T15]
Proposition 2.12, p. 20].

To provide a better understanding we recall characterizations of the inhomo-
geneous spaces Aj (R") introduced in ([2.3)-(29) in terms of heat kernels. Let
0<p<oo(p<oofor F-spaces), 0 < ¢ < 0o, s € R and s/2 < m € Ny. Then
B, ,(R™) collects all f € S'(R™) such that
(2.67)

1
15185 (B = 0P 1B+ ([ e Sarwif L, 2|
is finite and F; (R™) collects all f € S'(R"™) such that
(2.68)
s (R™ TV n ! (m—25)q| am q dt\1/a n
15 1B B = o) 1L, @1+ ([ emSlopmisoof ) E,me)
is finite (usual modification if ¢ = co). This is covered by [T92] Theorem 2.6.4,

p.152]. According to [T92] Remark 2.6.4, p.155] one can replace fol in (267),
[2.69) by fooo (Supgcse1 by sup;sg) if s > 0, = max (O,n(}—lj —-1)).

DEFINITION 2.8. Let n € N.
(i) Let 0 < p < oo, (p < oo for F-spaces), 0 < ¢ < co and

q ﬁ)l/q
t

1 n n
2.69 n(-—-1)<s< —, ——=85——.
(2:69) G- p r p
Let s/2 <m € Ng. Then F (R™) collects all f € S'(R™) such that
(2.70)

115, = ([ e 2ormws o) §) i@

; + e R

is finite and B?;q(R") collects all f € S"(R™) such that
(2.71)
s n * m—y m n dty1/a S—n/r (Ton
11850 @) = ([ = fopwar @) F) " + 1 ié-r @)
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is finite (usual modification if ¢ = 00).

(ii) Let 0 < p < oo and s = n(% —1). Let s/2 <m € No. Then B; (R") collects
all f € S"(R™) such that

3

(2.72) 1F 18,00 (R")llm = sup ™= [|07" W2 f [ Lp(R™)[| + [ £ IC(RM)]

is finite.

(iii) Let 0 < p<1,0< g <00, s=n/p and s/2 < m € N. Then f‘;yq(Rn) collects
all f € S'(R™) such that
(2.73)

155, @ = ([ dm=eapwiso)

is finite (usual modification if ¢ = o0), where the supremum is taken over all v €
S(R™) with [|@ | Ly (R")| < 1.

ot

/a
) 1Ly )| +sup (7, 0)

(iv) Let 0<p<o0,0<q<1,s=n/pands/2<meN. Then By  (R") collects
all f € S'(R™) such that
Jdt

@70) 17185 &) = [ e 0w i, &) §) " +suw (7.0)

is finite where the supremum is taken over all ¢ € S(R™) with ||p |L1(R™)]] < 1.
REMARK 2.9. Part (i) coincides essentially with [T15l Definition 3.22, p. 78].

We only remark that 1 < r < coin (m) Then ¢~/ (R™) = é;"ég (R™) is covered

by Theorem This applies also to C™"(R™) in [2.72). We discuss the limiting
cases in (ii)—(iv). For this purpose we recall some properties of their inhomogeneous
counterparts. Let

1
(2.75) op = n(; -1).,
where ay = max(0,a) if a € R. Let ¢o be as in 23] and ¢/ be as in [Z32). If
0 < p,q < oo and s > o, then one has by [T92] Theorem 2.3.3, p. 98]

0<p< oo,

(2.76) |If |B§7q(Rn)H ~ ||(<POJ?)V|L;D(R")H + ( Z 2jsq||(<pjf)\/ |LP(RH)Hq) 1/‘1.

j=-—o0

The incorporation of the terms with j < 0, compared with (Z7]), is based on

(2.77) 17 )Y ILpRM)I| < 2777 [[(pof )" |Lp(R™)]
covered by [T92 (6), p. 98] with a reference to [T83]. But this argument remains
valid if s = 0, and ¢ = co. Then one can extend [T92] Theorem 2.6.4, Remark

2.6.4, pp. 152. 155] to these limiting cases. In particular if 0 < p < o0, 0,/2 <m €
N then

£ 1B7 20 R™)[| ~ [[(p0.f ) | Lp(R™)]] +Sug2jop||(<ﬂjf)v | Lp(RY)
(2.78) e
~ WS Ly ()| + sup e 07" f Ly
As for the parts (iii) and (iv) we discuss the last terms in 273), 274). By Holder’s
inequality one has g € Li(R™) if g(-)(1 + |- |2)a/2 € Ly(R") = FPL(R"), a >
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n/2 (continuous embedding of the related spaces). Duality within (S(R™), S"(R™))
shows that f in (iii), (iv) belongs at least to a weighted Lo-space. In particular f is a
regular tempered distribution. The dual of L;(R™) is Lo (R™) and S(R™) is dense
in Li(R™). This shows that the last terms in (Z73), Z74) equal ||f|Loo(R™)|l.
After this replacement one has related domestic quasi-norms. Next we comment
on the inhomogeneous counterpart of the limiting spaces with s = n/p in the parts
(iii) and (iv) of the above definition. Let

(2.79) 0<p<oo, 0 < ¢ < o0, s=n/p.

Then

(2.80)  BIMP(R") < Loo(R")  if, andonly if, 0<p<oo, 0<g<1,

and

(2.81)  EMP(R™) < Loo(R")  if,andonlyif, 0<p<1, 0<gq<co.

One can replace Loo(R™) in (2380), (Z81I) by C(R™), the space of all continuous
bounded functions on R™. The final version goes back to [SiT95] and may also be
found in [T01] Theorem 11.4, p.170]. The restrictions for p, ¢ in the parts (iii) and

(iv) originate from (20), (ZZT).

After these preparations we can now complement [T15] Theorem 3.24, pp. 79-
81] where we collected basic properties of the spaces covered by part (i) of Definition
28 We explained in 230), (Z3T)) what is meant by the Fatou property. Further-
more let ¢/ in ([232), [Z.33) be again the homogeneous dyadic resolution of unity
in R™ \ {0}. Recall that a quasi-norm is called admissible if any f € S'(R™) can
be tested of whether it belongs to the respective space or not (what this means is
explained in greater detail between (ZI7) and (2I8))). Equivalent quasi-norms in a
fixed quasi-Banach space are called domestic. As before A; (R") with A € {B, F'}

stands for By  (R") and Fj; (R"). Similarly A5 (R™). In a given formula either all
A are B or all A are F. Let 0, be as in ([2.70]) and r be as in (2.69).

THEOREM 2.10. Letn € N.

(i) The spaces ﬁ;ﬁq(R"),
1 n
(2.82) A=F with {gii;:‘)%i‘ziz :(:_;,1)<8<_

and

0<p<oo, 0<gq<oo, n(%—1)<s<%,

(2.83) A=B with 0<p<oo, qg=o00, s=n(+-1),
O<p<oo, 0<g<1l, s=12
as introduced in Definition [Z8 are quasi-Banach spaces (Banach spaces if p > 1,
g > 1). Let s/2 < m € Ng. Then ||f|1j“;7q(R")||m according to (Z20), (Z73)

are equivalent admissible quasi-norms in F; (R™) and || f|B; ,(R")||n according

*
to ZT1), 272), 2T4) are equivalent admissible quasi-norms in B; (R™). All
spaces have the Fatou property. Furthermore,

(2.84) S(R™) < A3 (R") = S'(R")
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and
(2.85) LFOAp qRY) | = A7 f |45 (RY)[,  A>0.
In addition,
e de1/a
(2.86) [([ emsmorwisel ) " in @)

1/4q

287 I3 2l R o) e

*
are equivalent domestic quasi-norms in I, (R™), and

o o diy1/
(2.88) (/0 tm=2)9| |9 W f | Ly (R™)|| %)1 ’
> Y 1/q
(2.89) (> 2l F) L@
j=—o00

are equivalent domestic quasi-norms in B;, (R™) (usual modification if ¢ = o).
(i) Let, in addition, s < 0. Then ([Z24)) are equivalent admissible quasi-norms in
B; (R") and (Z25) are equivalent admissible quasi-norms in Fy (R™). Further-
more,
(2.90) S(R") — A5 (R") — A5 (R") = S'(R").
(ifi) Let A3, (R"),
0< <O0,0< <OO, U<S<E,
(2.91) A=F with P 1= P P
0<p<l, 0<g<oo, s=3,
and
0<p<oo, 0<q<oo, ap<s<%,
(2.92) A=B with 0<p<oo, q=o0, op =S,
0<p<oo, 0<g<Ll, s=
Then

(2.93) S(R™) < A5 (R") < A (R") = C™"/"(R") < S'(R")

with Lo (R™) in place ofé_"/T(R") if s=n/p.

PROOF. Step 1. The above assertions with n(% —1) < s < 3 are covered by
[T15] Theorem 3.24, pp. 79/80] complemented by [T15, Theorem 3.5, p. 52] as far
as p = 00, s < 0, is concerned. We have to care for the new limiting cases. Some
arguments remain unchanged and will not be repeated. This applies to the Fatou
property of all spaces including the spaces with s = n/p. the homogeneity (2.85),
and the equivalence of the domestic quasi-norms (2.86), (Z87) in all admitted

*

spaces [ (R™) and the domestic quasi-norms ([2.88)), (2.89) in all admitted spaces
*
B ,(R™) (after the other properties have been established).
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Step 2. Let 1 <p < oo and s = n(}—lj —1). Then

(2.94) S(R") = B, (R") = B, (R") = S'(R")
follows from the Theorems 2.4 and If0<p<1lands=n(:—1)=0, then

1
one has by ([Z72) and (218)
(2.95) 1 1B5,00 R)lm < c[[fICT(R™)[| + ¢ [|.f [ By oo (R™)]]-

One obtains by (2.40) with c ~"(R™) and a corresponding assertion for the inhomo-
geneous spaces By . (R") that S(R") < Bj . (R™). Combined with

(2.96) [FIcT" R <c iglgtm’% FWif [Ly(R™)|, [ € By oo(R")

(as a consequence of a related embedding based on the domestic quasi-norms (2.88§]),

([289)) one obtains again by (2.78))
(2.97) 1 1Bp,00 R < cllf By oo R, f € SR,

All spaces have the Fatou property. We comment on the use of the Fatou property
in Remark 2.17] below. Then one can extend ([2.97)) to

(2.98) S(R™) < B __(R") < B _(R") = C"(R") = §'(R").

This proves 2.33) for B, ((R"), 0 < p < 1, s = 0. These arguments can be
extended to 1 < p < 00, s = 0, = 0 resulting in

(2.99) S(R™) < BY __(R") = BY__(R™) — C~"/2(R") — §'(R™).
Both (2.98)), (2.99) justify [2.93) for the spaces in ([2.92) with s = op,.

Step 3. In Sections 3.3, 3.7] we based the theory of the spaces A7  (R") with
op < s < n/p on embeddings of type
n

n
- =——,
p r

(2.100) Fs (R") = L.(R"),  s—

that is 1 < r < oo, [T15, (3.83), (3.84), (3.148), (3.149), pp.59, 72]. The re-
lated arguments can be extended to spaces A;}/f (R™) covered by (2.80), 231]). In

particular,
(2.101) S(R™) < AVP(R™) < AVP(R™) — Loo(R™) < S'(R™).
O

REMARK 2.11. We comment on how to use the Fatou property as described in

(230), 231) in the context of the spaces A(R") = Aj (R") covered by Theorem
and their inhomogeneous counterparts. Let ¢ be as in (Z3]). Let f € A(R™)
and f7 = ¢o(277")f. By the domestic quasi-norms ([287), (Z39) one has f’ €
A(R™),

(2.102) sup | f/ [AR™)|| <o and 7 — fin S'(R").
JeN

We justified in p. 54| with a reference to [T83] p.49] that one can replace
f7 by suitable functions g7 € S(R™) (with or without supp g7 compact). Finally



18 HANS TRIEBEL

one can replace g7 by suitable functions k7 € D(R™). In other words assertions for
A(R™) first proved for functions belonging to D(R™) or S(R™) can be extended to
A(R™) if the Fatou property can be applied. In particular, the extension of (297

from S(R") to B, ., (R") and B;, . (R™) may be considered as a typical example.
If p < 00, ¢ < oo for the spaces in Theorem [210I then D(R™) and S(R™) are dense.
This is covered by [T15, Theorem 3.24, pp.79-81] complemented by the newly
incorporated limiting spaces. In these cases one can simply argue by completion.

REMARK 2.12. The incorporation of the limiting cases with s = n(% —1) and
s = % in comparison with [T'L5] might be of interest for its own sake. But this may
be also of some use in connection with Navier-Stokes equations and, even more,
Keller-Segel equations as discussed in the Introduction. In particular the spaces in
([CI2) are critical for PDE models of chemotaxis. If n = 2 (considered as the most
interesting case from a biological point of view for the initial data ug in (I0))
then s = -2+ 2 = n(}—lj — 1) is just a limiting situation according to the above

theorem. Also the cases AZ,/qp (R™) and :1;/ J(R™) as solution spaces for u in (L),
(CH) (with a preference of n = 3) and for w in (L8)-(II) (with a preference
of n = 2) seem to be of interest in connection with Navier-Stokes equations and
equations of Keller-Segel type.

3. Properties
3.1. Embeddings. We dealt in [T15] with some properties of the spaces

A5 (R™) as introduced in Definition Z8(i). Some extensions to the limiting spaces
according to Definition 2.8(ii)—(iv) are possible without additional efforts, but will
not be discussed. We are mostly interested in new properties subject of the sub-
sequent sections. The present Section [3.I] is an exception. Here we are dealing

N
with embeddings between tempered homogeneous spaces A;q(R") and compare
them with related assertions for their inhomogeneous counterparts. In principle
one could adopt the following point of view: One can ask of whether proofs of
assertions for inhomogeneous spaces A;  (R") based on the Fourier-analytical def-
initions (277), (Z9) can be transferred to the homogeneous counterparts (2.87),
(239). This works quite often but not always. But our aim here is different. We
prove some more sophisticated embeddings via heat kernels and demonstrate how to

use that the spaces A7 (R") with s > 0 coincide locally with A3 (R") (as already
done in [T15]). Recall our abbreviation

(31)  C*(R")=B%, _(R") and C*(R")=B: (R"), —-n<s<0,
normed by
(3.2)

IFIC°@®™)| = sup ¢2Wif(z)l, [FICSRMI= sup /AW, f(x)],
z€R™,t>0 zeR™,0<t<1

2.29), @.21).

THEOREM 3.1. Let n € N.
(i) Let —=n < s <0 and 0 < qo < q1 < g2 < 0. Then

*

33) B, (R") < B (R") < F5__(R") < F5 . (R") < C*(R")

0,90 0,41 0,41 0,92



TEMPERED HOMOGENEOUS FUNCTION SPACES, II 19

and
(3.4) BY, ,,R") = B3, , (R") = F5  (R") — F (R") < C*(R").
(ii) Let -n < s<0,0<p<ooand 0 < q<oo. Then

- + n *S n SJF% n S n
(3.5) Bpo& (R") — F5, (R") and Bpod (R") — F5 (R").
(iii) Let 0 < p < o0, 0<q<ooandn( —1)<s<%. Let
(3.6) O<po<p<pr<oo and sp— — =s— 2 =g -,

bo p p1

Then
(3.7) By J(R") = F, (R") — B!  (R")
if, and only if, 0 <u < p <wv < o0, and
(3.8) By (R") — Fj (R") — Bt (R")

if, and only if, 0 <u <p <wv < 0.

PROOF. Step 1. We prove part (i). Let f € B
220) and 224) with p = 0o

t
s dr\V/a
915 @) < e s ([ sup W )
(3.9) z€R™,t>0 N Jo z€ER™ T

= £ 1B (RY)]].

This proves the second embedding in ([B3]). The proof of the last embedding in
B3) with g2 < oo relies on the sub-mean value property of the heat equation

R™). Then one has by

ooql(

0,491

" t
(3.10) }Wtf(x)}‘hgct—z—l//z/ Kf}er(y)}qzdydT, reR", t>0,

(3.16)] with a reference of [Bui83] Lemma 2, p. 172]. One has

S/Q‘VVt ‘<c t ”/2/ / *qu/2‘W fly |qz ) 1/
le—yl<vi

< c|lf1Fe 0 R

where we used again (Z26]). Then the last embedding in B.3) with g2 < oo follows
from [B2)). If g2 = oo then one has (2:28)), where the indicated short proof with a

reference to [T15] p. 47] is just a modification of (3.I0), BII). Let f € FOO o (R™).
By ([2:26), (3:2)) and what we already know the last but one inequality in (3.3]) follows
from

(3.12)

1/q2
115 B < ( sup rslamm a2 gy =)
7f>0,y€ﬂ§"

t

dr\1/a

X sup (f"/z// Tﬁsql/2‘er(y)‘qldy_T) ’
z€R™ >0 le—y|<VE T

<c|lfICRM T | FIF, (R

(3.11)

0,491

<& |f |Fe gy (R

ooql(
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Based on ([2.24) and (B2) one can argue similarly to prove the first embedding in
B.3),

_40 o d7\ /@
1F 1B gy (R < 1 1C5 (R 5 (/0 /2 sup (W f(2)|" )

ZER™ T

(3.13)

< || B (R

7¢Z0(

This completes the proof of (8:3). In the same way one can prove the inhomogeneous

counterpart (34) using (ZI6)-2I8) and B2)).
Step 2. We prove (BH). By (B3) we may assume 0 < ¢ < p < oo. Using the
domestic equivalent quasi-norms (2.89) one obtains

* g I * g T
(3.14) Bpg' (R") = Bp, * (R"), 0 <p1 <pz < oo,

in the same way as in the inhomogeneous case, [T83] Theorem 2.7.1, p. 129]. This
shows that in addition to 0 < ¢ < p < 0o one may assume —n < s < s + % < 0.

We rely again on (2.20), (224) and assume f € é;to% (R™). One has by Hoélder’s

inequality
// W) dy
le—y|<VE

s n 4
6.15) Sc/o % (t 2/H<ﬂlwff( )Ipd) TT

t
q n ngq ng d
< oupo 104 W 1, @t [ i L
0 T

o>0
< ' |1f |Bokd RV

This proves the first embedding in ([B3]). Similarly one justifies the second embed-
ding based on 216), 2I1).

Step 3. The sharp embedding ([B.8)) for inhomogeneous spaces goes back to [STT95],
based on [Jaw77, [Fra86]. One may also consult [ET96] p. 44] and the additional
references within. If 0 < p < 00, 0 < ¢ < 00 and 0, < ¢ < n/p then the spaces

A7 (R™) and A7 (R™) coincide locally,

(3.16) lglA7 (@R™) ~ llglA7 R, g €S (R"), suppgcCQ,

with, say, @ = {y : |y| < 1}. This is covered by [T15l Proposition 3.52, p.107].
Then one has for some ¢; > 0, co > 0

(3.17) er I 1B RO < I 1 R < ez [f 1By, (R

p.q Pbo,u

if, in addition s; > 0 (then also s > 0, so > 0), and supp f C Q. All spaces in
(B.17) have the same homogeneity s — 7 according to (2.85). Then one can extend
BI7) by homogeneity to all compactly supported functions f. The rest is now a

matter of the Fatou property of the underlying spaces as explained in Remark 217
resulting in (37) so far for s; > 0. By [T15l Proposition 3.41, p.97]

(3.18) LAs R = AT RY),  Lf= (g f),
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is a lift within the distinguished strip. This extends ([B.71) to all spaces which can
be reached in this way, based on what we already know. This covers all spaces with
p1 < o0o. If pp = 00 and p < p2 < o0, Sz—p% = $1, then one has by [B.7)) with

B (R™) on the right-hand side and BI4)

p2,v
(3.19) F;yq(R") — BZ;U(R") — Bf)éyv(R"), p<w.
As for the sharpness of
(3.20) F;)q(R") — B3 ,(R"), p<w
we may assume by lifting s > 0. Recall s; < 0. Then one obtains by (234) and
3.16)
(3.21) F; (R") — B (R") — B ,(R")
if supp f C Q. But the embedding (3.8) and its sharpness is a local matter. This
means that (B2I)) requires p < v. This proves part (iii). O

REMARK 3.2. The embedding ([B.3]) for the inhomogeneous spaces is known and
goes back to [Mar95, Lemma 16, p.253] (with a short Fourier-analytical proof).

3.2. Global inequalities for heat equations. Let A} (R™) be the inhomo-
geneous spaces as introduced in Section 2] and let Wiw be given by (Z12), 213).
Let 1 < p,g < o0 (p < oo for F-spaces), s € R and d > 0. According to [T14
Theorem 4.1, p. 114] there is a constant ¢ > 0 such that for all ¢ with 0 < ¢ <1 and
allw € A3 (R"),

(3.22) t2 | Wew |ATH (RM)|| < ¢ [lw] 43 4 (R™)].

*
We ask for a counterpart in terms of the tempered homogeneous spaces A;q(R")
according to Definition 28(i) in the distinguished strip (2.69).

THEOREM 3.3. Letn € N. Let 1 <p<o0,1<q< o0 and

1
(3.23) n(2—9—1)<5<0<5+d<%.

Then there is constant ¢ > 0 such that for all t, t >0, and all w € A;, (R"),
(3.24) t2 |Wiw [AE R[] < cfjw |45 (R™)]).

Proor. By (822]) on the one hand and ([290), (Z93) on the other hand one
has

(3.25) 2| Wyw |A§Ed(R")|| <c|wlA; (R, 0<t<I.
Furthermore,
(3.26) (Wiew) (Az) = Wow(X-)(z), r€eR™ t>0, A>0,

is an immediate consequence of ([212), (ZI3). We replace w in 28) by w(\-),
A > 0. Using the homogeneity (2:85) one obtains

(327)  #INTIE [ Woew AR < e AT F | A2, (R™)].

This proves ([3.24) for all w € A5  (R™) and all ¢ > 0. O
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REMARK 3.4. One can extend the above theorem to the limiting cases covered
by Theorem 2I00 Of special interest may be the spaces with s +d = n/p. In
particular, if

1
. <p<oo, n(—-— <s < an s+ :2,
(3.28) 1<p (=-1) 0 and d
p p
then
(3.29) t3 |[Wiw By (R[] < ct? |w|B; ,(R™)]

for all w € B; ;(R") and all t > 0. The special case n < p < oo and s = —1 + m
may be of special interest in the context of Navier-Stokes equations, that is

* n n *Q_l n
(3.30) Vit [Wew By (R < cllw|By, (R")]

for all w € BY, " (R") and all £ > 0.

¥

3.3. Hardy inequalities. We have a closer look at some spaces A;q(R”)
according to Definition [Z8(i) consisting entirely of regular tempered distributions.
Let 0 < p<o0,0<qg<ooand

1 n
3.31 a:max((),n——l)<s<—, ——=5——.
(331) g (-1 o Ty

Then 1 < r < oo. Let s/2<m € N. Then F, (R") is the collection of all regular
tempered distributions f € S’(R™) N LY¢(R™) such that

s ([ el ws o) i@ | + 15 12 @)

,
is finite. This may be interpreted as an equivalent domestic quasi-norm in F';  (R™)
as introduced in Definition 28(i) if s > 0. Furthermore,

> s dt\ /e
a3 W@ <c|( [ orlopwiro §) L, @)

)

f e F; (R"). Similarly for By (R™) under the additional restriction 0 < g < 7.
Then

n > m—2 m n dty1/a
a3 L@ <e( [ orwirinen|'F)
fe B?;q(R"). Details may be found in [T15] Section 3.3, pp. 57-62]. But instead

of Ly, having the same homogeneity — = s — 2 as A} 4(R™) one can use weighted
L,-spaces and weighted L,-spaces with the same homogeneity. For this purpose
we recall first the Hardy inequalities for the corresponding inhomogeneous spaces
A (R™).

D.q
Let p,q,s and r be as as above. Then there is a constant ¢ > 0 such that

x

v pd .
(3.35) /| I @ T < el B
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for all f € F (R"). Let, in addition, 0 < ¢ < r. Then there is a constant ¢ > 0
such that
¢ dx

(3.36) /| el @I < 718 @l

™~

forall f € By (R™). Details and further explanations may be found in [T01}, Theo-
rem 16.3, p. 238]. We extend these assertions to the related tempered homogeneous
spaces. Let o, be as in (331]).

THEOREM 3.5. Let 0 < p < o0,

n n n
3.37 = =g — —.
( ) op <8< p’ , S »
(i) Let 0 < g < oo. Then there is a constant ¢ > 0 such that
3.38 * p do < Evs R™)||P
(3.35) [l F @I i < el 15 o)

forall f € F;, (R™).

(ii) Let 0 < g <r. Then there is a constant ¢ > 0 such that
n dx *s n

(3.39) [ el @) S < el 1, @l

forall f € Bﬂé;q(R").
Proor. Using (338 and (BI6) one has

n dz *
(3.40) [ Tlal? @) o < el 1 (R

forall f € I (R") with supp f C{y: |y| < 1}. Let A>1and f € F; (R") with

supp f C {y: |y| < A}. We insert f(\-) in (340). By the homogeneity (2.80) and
an obvious counterpart of the left-hand side of (340) with the same homogeneity

*
one can extend (3.40) to all compactly supported f € F (R"). The rest is now
a matter of the Fatou property as explained in Remark 2-T1l This proves (338).
The proof of ([B39)) is similar. O

REMARK 3.6. Let p, s be as in (837) and 0 < g < co. Let s/2 < m € N. Then

both (332) and
o s n dx \1/p
3.41) | /ﬁ #m=5)a| oW, £ (- /ﬁ 5 ()| o
Gan) [[([ o wo) (L @l o)
are equivalent domestic quasi-norms in Z?' 5.q(R™). Furthermore
(3.42)
n de 1/p
n P
z|r f(x)|” — <c
([ el sl =52)

and

ot

e

> s dey\ 1/
([ dmdmorwis)| ) L)
0

a3 ([ elrr@r )" <o S 2D or) e

j=—o0
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for some ¢ > 0 and all f € F3 (R™). Here {¢/} is the usual dyadic resolution of
unity in R™\ {0}. This is covered by Theorem 210 If, in addition, 0 < ¢ < r then

(3.44) (/Ooot(m—%)qHa;%Wtf|Lp(Rn)Hq%)Uqu (/Ronﬁf(x)’q d_gﬁ)l/q

||

*
is an equivalent domestic quasi-norm in B;)Q(R"). There are obvious counterparts

of B.42), B.43).

3.4. Multiplication algebras. Let A} (R™) be the inhomogeneous spaces

)

as introduced in ([2.6)-(29). Recall that A5 (R") is called a multiplication algebra
if f1f2 € A3 (R") for any f1 € A (R"), fo € Aj (R") and if there is a constant
¢ > 0 such that

(3.45) 1f1f2 |45 R < cllfr A7 R™)I - [|f2 |47 (R

for all f1 € Ay (R"), f2 € Aj (R™). As for (technical) details we refer the reader
to [T13| Section 1.2.5], [T14], Section 3.2.4] and the literature within. Let 0 <
p,q < 0o (p < oo for F-spaces) and s € R. Then the following assertions are
pairwise equivalent:

(a) 45 ,(R™) is a multiplication algebra.
(b) s >0 and A; ,(R") = Loo(R™).
(c) Either

here 0 <
(346) A3 (R") = Bs (R") with | "/P where0<p.q <o,
’ ' s=n/p where) <p<oo,0<qg<1,

or

s>n/p where <p< oo, 0 < q< oo,

3.47 A’ (R™) = F* (R" ith
(8.47) ra®") ra(®) wi {s:n/p where 0 <p<1,0<q < 0.

These assertions have a long history, related references may be found in [T13]

*

Section 1.2.3, pp.12-13]. Let A; (R") be the tempered homogeneous spaces as
introduced in Definition 2.8 One may again ask which of these spaces is a multi-
plication algebra with

(3.48) 1f1fa | A5 (R < || fy |45 (R - || f2 | A3, (R

as the obvious counterpart of ([3:4%). If one replaces f1 by fi1(A:) and fo by fa(\),
A > 0, then it follows from ([2.85]) that

(3.49) 1 f2 |45 o R < e X5 (| f1] A5 (R - || f2 |4, o (R™)]].

In other words, only spaces with s = n/p have a chance to be multiplication al-
gebras. This applies to the spaces according to Definition 28]iii),(iv) with the
following outcome.

*
THEOREM 3.7. A space A;, ((R"™) as introduced in Definition .8 is a multipli-
cation algebra if, and only if, either

(3.50) A (R") = F) (R™), 0<p<l1l 0<g<oo, s=n/p
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or

(3.51) Ay (R") = B (R"), O<p<oo, 0<g<1, s=n/p.

Proor. Let fi1,f» € A (R") with A5 (R") as in (3.50), B35I). Let, in
addition, supp f; C Q, supp fo C Q with Q = {y: |y| < 1}. Then (BI6) can be
extended to the spaces in (850), (851)), again with a reference to [T15] Proposition
3.52, p. 107], that is

(3.52) 175 AP R~ (15 AP RO k=12,

According to (348), (B41) the spaces Az,/qp (R™) in question are multiplication al-
gebras. Using (49) with s = n/p it follows

(3.53) 1fufa A5 (R < || fy |45 (R - | f2 | A3, (R)]

P.q P.q
*

for all compactly supported f1, fo € A;q(R"). The rest is now a matter of the

Fatou property as explained in Remark 211l As mentioned after ([3.49) spaces

A (R™) with s < n/p cannot be multiplication algebras. O

REMARK 3.8. In connection with possible applications to Navier-Stokes equa-

tions and Keller-Segel systems as described in Section [I] those multiplication alge-
bras might be of interest which are also Banach spaces (and not only quasi-Banach

spaces). This applies to F7 (R"), 1 < ¢ < oo, and BZﬁ%R"), 1 <p< oo
The assertion that B;/lp (R™) is a multiplication algebra has already been ob-
served in [Pee76, p.148], denoted there as B;)/lp (R™), considered in the context
of (S(R™),S"(R™)).

3.5. Examples I: Riesz kernels. We discuss some examples which illumi-

nate the different nature of the tempered homogeneous spaces A3 (R™) in the

framework of the dual pairing (S(R™),S’(R")) and their inhomogeneous counter-
parts A5 (R™).
We begin with a simple observation. Let f(z) =1, z € R™. By (212) or (ZI3)

one has Wy f(z) =1, ¢t > 0, x € R". Then it follows from ([229)) with égooo(R”) =

C*(R™) that f ¢ C*(R") for any s < 0. On the other hand f € C*(R") = B3,  (R")
for all s € R.

But we are mainly interested to have a closer look at the kernels of the Riesz
transform

(3.54) he(z) = ||, 0<o<n, zeR"

The interest in these kernels comes from

(3.55) hol€) =co €77, 0<o<n, c,>0, 0#&€ER",

[Ste70l pp. 117, 73], [LiL97, Theorem 5.9, p. 122], and the related Riesz potentials

(3.56) (h,,]?)v(x):c/w%dy, 0<o<n, zeR"
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Let again A}  (R™) be the tempered homogeneous spaces in the distinguished strip

as introduced in Definition 28 If h, € IZZ)Q(R”) then one has by (285]) for A > 0,
357) A7 el Vg (R = || el |3 )| = X5 Jl |3 )]

*
One obtains s = 7 — o as a necessary condition for h, € A3 (R™). (Recall that for

*
fixed p,q and A € {B, F'} there is no monotonicity of A3  (R™) with respect to s
in contrast to the related inhomogeneous spaces). There is a temptation to use the

*
equivalent domestic quasi-norms (2.87), [Z89) to clarify whether h, € A5 (R™)
where s — % = —o = —2 is covered by (Z63). But this requires that one first

* *
ensures h, € C77(R") as the anchor space of A} ((R") with s = % — o which are

*
continuously embedded in C~?(R™). Furthermore we wish to compare the outcome
with corresponding assertions for the inhomogeneous spaces A;q(R”).

THEOREM 3.9. Letn € N and 0 < o < n.
(i) Let

1
(3.58) 0<p<oo, 0<gq<oo, n(——l)<s<ﬂ7
p p

(p < © for F-spaces). Then h, € Zzﬂ(R") if, and only if,

(3.59) A3 (R™) = BY oY (R™),

(ii) Let

(3.60) 0<p<oo, 0<qg<oo, sER,

(p < oo for F-spaces). Then h, € A5 (R™) if, and only if, n/p <o <n and

(3.61) {ezther A (R") = By (R™),

or O<q§oo,s<%—a.

PROOF. Step 1. Let again L, (R™) with » = n/o be the usual Lorentz
(Marcinkiewicz) space quasi-normed by

(3.62) 1S [ Lr,0o(R™)|| = iggtl/rf*(f)

where f*(t) is the decreasing rearrangement of the Lebesgue-measurable function
f in R™. There are two positive constants ¢, ¢’ such that for any R > 0,

(3.63) [{z€R": ho(z) >R} =cR"=t=|{r>0: hi(r) > t77/"}|

Then 2% (t) = ¢ t°/" and h, € Ly oo(R™). Let 1 <1y <7 < ry < co. By (1) one
has

(3.64) Lo, (R") = FO ,(R") = C"(R"),  o; =n/r;,

J

j=1,2. With % = 1;19 + %, o0 = (1-0)o1 +002 = 7, one has by real interpolation
(3.65)

Lroo(R™) = (Ly, (R"™), Ly, (R™))

* * *

b < (CTTHRM),CT2(RY), = C7(RY)
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As far as Lorentz spaces and the above real interpolations are concerned one may
consult [T78, Theorem 1.18.6/1, p. 133, Theorem 2.4.1, p.182] (and their proofs).
In particular,

(3.66) ho € La oo(R™) < C™7(R™),

justifies to deal with h, in the context of tempered homogeneous spaces.
Step 2. We prove part (i). Let ¢/ (£) = ¢°(277¢), j € Z, be as in ([2.32)). Then one
has by (B3.53)

(3.67) 09 (€) ho(€) = c2900— 279g|on O0(270¢),  jeZ,
(3.68) (D) ho(€) (2) = ¢ 27 (P hy) ' (2P2),  jeZ,

and

(3.69) (" ho) |Ly@®R™)|| = ¢ 279 (¢ ho)Y [L,R™)|l, j € Z.

Inserted in (Z89) (what is now justified by Step 1) one obtains

(3.70) he € B ,(R") if, and only if, s = % —0, q=oo.

By ) with v = p < 0o one has h, ¢ Fp?q_a(]R"). Part (i) follows now from our
comments after (3.57).

Step 3. We prove part (ii). In the starting terms in (27), (29) one can replace
¢o according to ([Z3)) with ¢o(x) = @o(—xz) > 0, z € R”, by the convolution
© = o * ¢o. Then G(z) = ¢y () > 0 for some ¢ > 0. One has

(3.71) (o) (2) = ¢ / o (v)

n |z —yl®

dy > " [a|™7,  Ja| 2 1,

¢ > 0,¢” > 0. This shows that (cpf/L;)V € L,(R™) requires op > n (in particular
p>1). By (3.69) with j € N it follows that h, € B, ,(R") requires

n n n
(3.72) either s<——0 or s=——o0, ¢=00, inadditionto — <o.
p

From (B8) with v = p < oo (and what already know) follows h, ¢ Fp%iqig(R"),
0<p<oo,0<qg<o0. Ontheotherhandusingn(%—l) <%—0<Oonehasby
part (i) and the embedding (2:34)

(3.73) he € B,,?S(R”) 0<p<oo, —<o<n
p

This justifies the upper line in (3E1]). The lower line in (3G1) follows from B72)
and elementary embeddings of inhomogeneous spaces. O

REMARK 3.10. By the above theorem and (2.90])

(3.74) he € BL o (R") = BE (R"), Z<o<n,
p
are the only cases where h, belongs both to a tempered homogeneous space and

its inhomogeneous counterpart.
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So far we excluded the spaces I3, ,(R") in the above theorem. We rely on the
spaces of negative smoothness as introduced in Definition The homogeneity

([2.39) applied to ([B.57) shows that h, € A%,  (R") requires s = —o, where again

* * *
0 < o < n. It comes out that C~7(R") = B7_(R") = F17_(R") is the only space
with this property. We formulate a corresponding assertion and outline a proof.

COROLLARY 3.11. Letn € Nand 0 <o <n. Let 0 < ¢ < oo. Then

(3.75) he € AZ7,(R™)  if, and only if, q=o0
PROOF. Let § be the §-distribution. By ([212)) and (Z24]) one has

(3.76) Wid(z) = . >0, zeR"

¢ >0, and

(3.77) 0 € é;’?q (R™) if, and only if, ¢ =00

Hence 6 € C™"(R™). Inserting B.70) in (Z20) with ¢ < oo one obtains for ¢ > 0
and some ¢ >0

* t d
(3.78) 16 |F2, (R™)[|* > c't_"/z/ / /2 7na/2 gy T oo,
lyI<vE T
Hence
(3.79) S¢FI (R, 0<g<o.

We extend now the lift I, according to [BI8) to the usual homogeneous spaces as
described in Proposition 2.18, p.23]. In particular,

(3.80) I, F} (R™) = FY 7 (R™).
Recall the duality

ntl n —s n 1 1
(3.81) Fr R =F 5 (R"), seR, 1<g<oo, a—i—?:l,

covered by [FrJ90] (5.2), p. 70]. This gives the possibility to shift the lifting (3.80)
by duality to

(3.82) [, F5, (R") = FSS7(R™),  seR, 1<q<oo

Then one has by B.55) and § = ¢ # 0,

(3.83) hn—o(x) =chl(z) = (ho 3 = I_46(x).
By (B79) one obtains
(3.84) hp—o & F3o 4 (R™), l<g< o

what can be extended by the embedding (B3] to 0 < ¢ < co. Then B75) follows
from (B59) and ([B:84). O
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REMARK 3.12. The above sketchy proof is not really satisfactory. We switched

from the tempered homogeneous spaces A5  (R™) considered in (SR™), S'(R™)) to

their homogeneous counterparts in the framework of (S (R™), S’ (R™)). It would
be desirable to prove the above corollary in the context of tempered homogeneous
spaces.

REMARK 3.13. By Definition 2.2{(iii) and Theorem
(3.85) BMO*(R"™) = F3, 5(R"™), 5 <0,

are tempered homogeneous spaces. Further details may be found in [T15, Remark
3.4, p.51 and (3.107), p. 64]. One has by (B.75)

(3.86) |2]77 = hy(z) € BMO™7(R"), 0<o<n.
In particular,
(3.87) lz|7' ¢ BMO Y(R"™),  but |z[~'eC (R,

n > 2. The space BMO_l(R") plays a central role in the recent theory of the
Navier-Stokes equations. But it is not so clear whether the observation (381 is of
any interest in this context.

3.6. Examples II: Mixed Riesz kernels. We replace the Riesz kernels h,,
according to ([B.54)) by

(3.88) howle) = —— + —

= — 4+ —, 0<o<k<n, zecR"
EEaE
asking for a counterpart of Theorem
THEOREM 3.14. Letn € N and 0 <0 < kK < n.
(i) Then
(3.89) how & A, ((R™)
for all spaces A; (R™) as introduced in Definition 2.8l
(ii) Let A; (R™) with
(3.90) 0<p<oo, 0<q<oo, s €R,

(p < oo for F-spaces) be the inhomogeneous spaces as introduced in ([2.6)—29).
Then he,. € A (R™) if, and only if, n/p < o <k <n and

(391) {either A3 (R™) = B (R,

or O<q§oo,s<%—/£.
PROOF. Step 1. We prove part (i). By (B.53]) one has

(3.92) hon(€) = =2 4 " 0£EER™
4 4
Assuming h, ,, € Bj (R") then it follows from Theorem and (3.69) that

- N ny\ /9 0 . W 1/4
B98) ol By @] ~ (e ) (30 gteros)
Jj=1 j=—00
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must be finite, that is

(3.94) s—ﬁg—m<—0§s—2.
p p

This is not possible. As for F; (R™) one can rely on Fy (R") — By (R").
Step 2. We prove part (ii). By B.71I]) we have for the starting terms in (21), (2.9)

(3.95) (Phow) (@) > clz|77,  |a| > 1,

for some ¢ > 0. The converse follows from

(396) / &)ady‘k/ &)UdyécLﬂfodJrn_'_cLﬂfo
o=yl <lal/2 [T =Yl jo—y|>|al/2 [T = Y]

where N can be chosen arbitrarily large, in particular N = n. Hence
— .
(3.97) (Phow) (@) ~ 2|77, |z > L.

Then one has (wf;,—;)v € L,(R") if, and only if, ¢ > n/p. The upper line in
B31) follows from B) with v = p and the first term on the right-hand side of
B393) based on (21). The lower line in [B.91]) is again a matter of elementary
embedding. ([
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