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SYMMETRIC NORMS AND THE LEIBNIZ PROPERTY

ZOLTAN LEKA

ABsTrRACT. We prove that symmetric norms on the space of bounded centered
random variables, defined on uniform discrete spaces, have the strong Leibniz
property. As an application, we shall obtain that the pt" central seminorms
on arbitrary probability spaces are strongly Leibniz.

1. INTRODUCTION

We say that a seminorm L on a unital normed algebra (A, ||-||) is strongly Leibniz
if (i) L(1.4) = 0, (ii) the Leibniz property

L(ab) < [la]|L(b) + [|b]| L(a)
holds for every a,b € A and, furthermore, (iii) for every invertible a,
L(a™) < [la™ " L(a)

follows. The study of strong Leibniz seminorms regarded as non-commutative met-
rics on quantum metric spaces was initiated by M. Rieffel in his seminal papers
[6] and [7]. Several examples show that property (ii) and (iii) are independent, see
[7]. Recently, Rieffel has observed that the standard deviation is a strongly Leibniz
seminorm, see [§]. For a probability space (€2, F, i) this means that for every f and
g € L*™(Q, 1), we have the inequalities

1fg —E(fll2 < lgllsollf = Efll2 + [ fllcllg — Egll2
and
=BGl < IR —Eflla i 71 e L%(Q, ).
In addition, with a proper notion of non-commutative (or quantum) deviation in
unital C*-algebras the non-commutative versions of the above inequalities can be
proved as well (see [2] and []]).

It seems to be a natural problem to investigate whether seminorms determined
by higher order moments, or fractional moments, have the strong Leibniz property
or not. A few particular answer related to this question has already been given in
[2]. For instance, the seminorm || f — Ef||o possesses the previous properties in the
real Banach space L°°(Q, u). However, we were only able to prove the general case
in discrete spaces containing at most 5 atoms.

In this paper we shall present a completely different approach. It turns out that
the problem has nothing to do with the L” norms but symmetric norms on R".
We prove that every centered symmetric norm on the real £5° is strongly Leib-
niz. Applying a simple approximation and uniformization method (see [2]), we can
prove the similar result for the p'" central seminorms in the real L (2, i) for any
probability measure p.
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2. PRELIMINARIES

We say that a norm || - || on R™ is symmetric if it is invariant under sign-changes
and permutations of the components. Symmetric norms are monotone which means
that

Iz <yl if  Jz* < Jyl*
holds, where |z|* is the usual non-increasing rearrangement of the vector |x|. Fur-
thermore, || - || is absolute:
]l = [l
for every z € R™ (see [1l Section 2]).

The vector k-norms (or Ky Fan k-norms) are special examples of symmetric
norms. In fact, the vector k-norm of z is defined by

k
EEEDME)S
=1

In the case of k = n and k = 1, we obtain the usual ¢! and ¢ norms on R”,
denoted by || - ||1 and || - ||o, respectively. We recall that the dual norm of any
symmetric norm is symmetric as well.
A celebrated theorem of Ky Fan says that, for any z,y € R}, the inequalities
Izl ey < 1yl x)
hold for every 1 < k < n if and only if

Izl <yl

for every symmetric norm || - || on R™ (see [I]). Hence one can look upon the vector
k-norms as the cornerstones of symmetric norms.

Additionally, if one can assure a proper linear connection between the vectors x
and y, i.e. Sy = x for some S € R™*™ interpolation methods are at our disposal
to obtain the previous inequalities. Actually, the Calderon—Mityagin theorem (see
[3], []) tells us that if S is an £!-¢> contraction, that is,

ISyl <Myl and [[1Sylloc <yl

hold for every y € R™, then
1Syl < llyll
follows for every symmetric norm || - ||.

3. LEIBNIZ INEQUALITY FOR SYMMETRIC NORMS

Let x: Z,, — R. Define the Hermitian matrix I, € R"*" as follows

_ 1 ) T1+To 14Ty
- Y (o tm) = -
1<i<n
T1+T2 _ 1 ) TotTyn
n 1 n > (332 + 331) o
_ 1<i#£2<n
I, =
e, sztes o1k Y (@etm)
1<i<n

that is, (Iz)i; = (@ +x;)/2n if i # j and (I;)u = 1 — Z#i(lz)ij. Our first
proposition connects the product of two functions f,g: Z,, — R with the matrices
If+1 and Ig+1.

Proposition 1. For any f, g: Z, — R,
Iry1(9 — Eg) + L1 (f —Ef) = E(fg) — fg.
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Proof. Clearly, it is enough to show that
Ij(g —Eg) + I,(f —Ef) =E((f = D)(g—1)) = (f =g - 1)

holds. A straightforward calculation gives for every index 1 < m < n that

n(lf(g —Eg)+1y(f —Ef))m
1

=5 S (it fm)gi —gi)

1<i#m<n1<j<n

+(1_% > (fm+fi)) > (9m—90)

1<i#m<n 1<i<n
1

+ o S0 @it am)fi—£)

1<i#Fm<n 1<j<n

+(1—% Z (gm+gi)) Z(fm*fi)

1<i#m<n 1<i<n
- % 1§i7ézm§n(fi + fm) <1S]ZSH(9¢ —g;) — 1929(% - 91’))
* o Ki;n(n@i +9m) <1;n<fi Sh) D U ﬁ-))
+ 1<Z<_(gm__ 9i) + 1; (}m_— ) N
= % 1; ((fi + fm)(gi — gm) + (g + gm)(fi — fm))

=+ Z (gmfgi+fm7fi)

1<i<n
= (fi=D(gi = 1) = n(fm — 1)(gm — 1)
1<i<n
=nE(f - Dlg—1) = (f =g —1)m,
which is what we intended to have. (I

We recall that the dual norm of the vector k-norm is

el .
el = max (||z|oo, R

k

(e.g. [1, Exercise IV.1.18]).

Let By« = {x € R"™: ||z||()- < 1} denote the closed unit ball of the dual space
(R™,[] - [[(k))*- The set of extreme points of By~ can be readily described. The
result is well-known, however, for the sake of completeness, we sketch a proof.

Lemma 1.
ext%(k)* = {Ziei: S g {1,771} G/nd |S| = k},
i€S

where e;-s denote the standard basis elements of R”.
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Proof. Denote £ the points of the n-cube [—1,1]™ which has at most k non-zero
coordinates. It is not difficult to see that

conv ﬁo = %(k)*

In fact, pick a point v in 2B ;- which has at most k+1 non-zero coordinates. Denote
v; a coordinate of v which has the smallest non-zero modulus. Obviously, |v;| < 1.
Now choose a vector ¢ € {—1,0,1}" such that the support of ¢ has cardinality k,
1 € supp c and sign ¢; = sign v; for every j € supp c. Then it is simple to see that

Iterating the previous process, we arrive a point which has at most k non-zero
coordinates. This point is the convex combination of vertices of a proper k-cube in
[-1,1])". O

Now we are ready to prove the following proposition.
Proposition 2. For every f € [-1,1]" and 1 < k < n, the operator
Iips R [ Mlay<) = R - o) /R, @ = Tz + AL
18 a contraction.

Proof. First, to get an upper bound on the norm of I, it is enough to calculate
the norm of the class Iy v for every extreme point v of the unit ball (R”, || - [|(x)-)-
From Lemma 1, we can assume that

R
€Sy ieS_
for some disjoint sets S, S_ C Z,, such that |S_|+|S4| = k. For any x,y € R™ and

0<s<l wehaveI7  _, =sl;+ (1 — s)I;;. Furthermore, since the quotient

norm is convex, one has
I « =min || — 1| (g
1410l gy = min |[Ip10 = Al

< in |[I;v — A1||(g)*
<z, g Mo = Moy

= in||I,v— A1 ..
o2 g v = Al

Next, pick an z € {0,2}". Set

1
Ty = E(m,v).

In order to prove that I,v is in the unit ball of the quotient space, it is enough to
show that

[Lov = ru1| . < 1.
In fact,

Hzv — 1p1||00 = 112%Xn ’<Imei — nflx,vﬂ

= e (e =™z @ D ol
< max ||(II —-nlz® 1)€iH1 .

1<i<n
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Let s = card{i : x; = 2}. For any 1 < ¢ < n, note that
n

*%Z(zijoj) +%Z|SEZ‘7$]‘

j=1
Ly n=s if 2; =2,
(1—% + ifz; =0

s
n

H(Iz —nlz® 1)61'H1 —

Thus
(Hzv — rplloc < 1.

Now, let Ps denote the projection > ., z;e; — Y icgwie; on R™, where S =
S_ U S, is the support of v. Then

- 1
<PS (Izei — —.T) ,’U>‘
n

v = rodfly =
1
Ps | Ie; — —x 1o/l (x)=
/)

i=1
1
PS (Imei — —x)
n 1

n
%; z; +xj) +—Z|xz zj

-

s
Il
-

I

@
Il
N

€S JjeS
|zi — ]
zQS ies
n
= 1——2(,731—1—30] Z|xl x| |,
€S j=1
that is,
(Hzv — rylls < Z [(Ie = n "'z @ 1)ei|,
€S
=5].
Hence
[1z0 = ro1l(r)- <1,
and the proof is complete. [l

Let Xy denote the hyperplane {x € R"™: Ez = 0} C R™. Obviously, the dual of
the Banach space (Xo, || - [|(x)) is the quotient space (R, | - [|(x)~)/R. In fact, Xo is
a one co-dimensional subspace of R, whilst (y,z — Ex) = 0 holds for every y € R1.

Clearly, Iy4111 = 1. Hence the adjoint of Iy 1: (Xo, || - [|x)) — (R", || - |(x)) is
the operator

T RS- llys) = R lw=)/R, @ Tppz + AL

defined in Proposition 2. Since [[Ir+1]%ol| = ||(Zr+1]%0)*|| (see e.g. [5l Proposition
2.3.10]), a straightforward corollary of the previous result is

Proposition 3. For every f € [—1,1]", the operator Ir41 is a contraction on the
normed space (Xo, || - [|(x))-

Furthermore, we have the following
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Proposition 4. For every symmetric || - || on R™ and f € [—1,1]", Ir11 is a
contraction on (Xo, || - )
Proof. For every x € Xy and 1 < k < n, Proposition 3 tells us that

k

k
ST paaft <3 Jal?

i=1 i=1

Thus the vector |If41z| is weakly majorized by |z|. Now Ky Fan’s theorem for
symmetric norms gives that

[zl = I ezl < [l]l] = [l]],
which is what we intended to have. ([
Now one can readily prove the following Leibniz inequality for symmetric norms.

Theorem 1. Let || - || be a symmetric norm on R™. For every f,g: Z, — R, we
have

1f9 —E DI < llgllocllf —EFI + 1 fllocllg — Egl.

Proof. Without loss of generality, we can assume that || f||oc = ||g|lcc = 1. Applying
Proposition 1 and Proposition 4, it follows that

Ifg—E(fo)ll = L41(g — Eg) + Igpa(f — Ef)]]
< | y+11Xollllg — Egl| + [[Lg+1|Xolll.f — Eflp
= |lg — Egl| + [|f — Ef],

and the proof is complete. [l

3.1. Remark. The operator I, leaves invariant the subspace Xg, since

E(L(f —Ef) = ~(L(f — Ef),1)

n
= %(f_EfaIz1>
= %(f_Ef’:l)
=0.

3.2. Remark. One can give a short proof of Proposition 4 via the Calderon—
Mityagin interpolation result as we briefly indicate. For an x € [0,2]", let us
consider the matrix

1
L,=1,——x®1.
n

We note that the off-diagonal part of L, is skew-symmetric: (Lg);; = —(Lz);.
for every i # j, hence || LT |11 = ||LT||co—00. From the proof of Proposition 2, it
follows that

[Lalimr <1 and  [IL7 [lsomoo < 1.
Moreover, for any symmetric norm |- ||, the adjoint of I.: (Xo, ||-||) — (R™, ||]|),v
I,v, is the operator
Lo R - ) = R - /R,
where
Fv=ILv+ )\l
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and | - ||« denotes the dual norm. Again, for any v € R", let r, = —(z,v). Then
n

1
1w = 7ol = [l Lov — —(z, v}l

1
= I:n*_ 1 iy U)i||*
KLz = —2 @ L)es, v)il|

T
= [ILz vl
Since the dual norm || - ||« is symmetric, the Calderén—Mityagin theorem tells us
that
win|| Lo — AL, < [L70], < o]l
AeR
That is,
1zl <1,
and the operator I, is a contraction on (Xo, | - ||) as well.

3.3. Remark. It is worth to note that if « € [0, 1]™ then I, is doubly stochastic.
Hence, the Birkhoff-von Neumann theorem gives that ||I||j.j—. < 1 for any
permutation invariant norm || - || on R™. Now assume that f, g are nonnegative and
[flloe = [lglloc =1 Then

I p41(Bg — g) + Ig1(Ef — f) =E(fg) — fg,
and the matrices I_¢y1, I_441 are doubly stochastic as well. A simple corollary is

Theorem 2. Let ||-|| be a permutation invariant norm on R™. For any nonnegative
functions f and g on Z,, we have

1f9 =B DI < llgllocllf —EFI + 1 fllocllg — Egl.

4. THE STRONG PROPERTY

With a change of the matrix I, we shall prove the inequality
I~ =B O <20 —Ef

for every symmetric norm on R".
Let x € R™ such that x; # 0 for every 1 < i < n. Let us consider the Hermitian

14+xz120 14+zi2,

Y1 nriT e NT1Ty

14+xz120 1+zoxy

nrirs Y2 tee NL2Ly

Sm = . . . ’
1+x12, 14zo0xy
NT1Tn NToTy e Yn
where
1 1 1

e LT h Z TiTh
l<kti<n "1k

Note that S;1 =1 and S, Xy C X( follows again. A simple calculation gives

Lemma 2. For any f: Z, — R,
Si(f —Ef) = fH —E(f7H).
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Proof. For every index 1 < m < n,

S -Bn=m 3 3 (147

1<i#m<n j=1

ta(nm X < fmfz) (-

1<i#m<n j=1

) (fi=13)

n

— ¥ (1+57) S )= YU

1<i#m<n j=1 j=1
1 n
+ g ‘ (fm - f])
Jj=1
B ( 11 )
n-- Im fi ’
which completes the proof. [l
Lemma 3. For any real numbers yo, Y1, ,Yn—1,

0<i<n

n—1
i=0

Proof. Clearly, we can assume that 0 < Y " 0 y;. Let Z C{0,1,...,n — 1} denote
the index set such that y; < yq for all i € Z. Hence,

Zyz+2|y07%|* 2IZ] = n)yo +2) v

n—1
+Z|y0—yl|<n max |y1|
=0

iZ¢T
< il-
<n max |yl
O
Proposition 5. For any f: Z, — R and symmetric norm || - || on R™,

ISpall < If~HZ Nl if = € Xo.
Proof. Fix a 1 <k < n. The dual of Sy: (Xo, [ - [[x)) = (R"™, || - |(x)) is
St R [ k=) = R - wy=) /R, @ = Spz+ AL

For any v with |v[[)- = 1, set

1
= —(1— 72 v).
ro= (1= 7 0)
Then

|Srv — 1yl|o = 1ré11§’:m<xn |<Sfei —nt1 - f72),v>}

IN

1@?<Xn HSf€Z —n (1 - f72)||1 [0l k)=

=Sr - 1) 1H1—>1 :
However, for every 1 <1i < n,
1
z fk .

"1
2 |t

k=1

H(Sf —-n M1 -fHe 1)61'H1 =

1
nlfil

"
Moreover, Lemma 3 gives that
1Sy —n7 (1= F2) @ Ve[, < IF 7%
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On the other hand, let us consider a vector v =

Ps denote the projection Y 7" | @ie; — >, o

||Sf1)77’v1H1 = Z ‘<PS (Sfei *nil(l 7f72)) ’v>‘

e Tei, where |S| = k. Again,
z;e; on R™. Then

1<i<n

1 |1 1 |1 1
—Z<m¥ﬁ %m ﬁ‘ﬁ)
+Zzn|f1 fz fk

igS keS

<1<z<n(|f|)z< )
< (177) s (Ile) 15}

where we used Lemma 3 in the last 1nequahty. The previous arguments with Lemma
1 readily imply that

min [|Sgo = AL+ < [1S70 = rodlly- < 17 BNl

1
Zg
k=

Since ||Sf|Xoll = [|(Sf]X0)*||, the inequality ||S¢|Xol < [|f |2 follows as well
on the Banach space (Xo, || - ||(x)). A simple application of the Ky Fan dominance
theorem tells us that

1S¢1%oll < 1712

for every Banach space (Xo, | - ||). O

A straightforward corollary of the previous proposition and Lemma 2 is the main
result of the section.

Theorem 3. For any f: Z, — R such that =1 does exist and || - || symmetric
norm on R™,

£~ =BG < %NS —EFIL

5. AN APPLICATION

Rieffel observed that the standard deviation is a strongly Leibniz seminorm in
commutative and non-commutative probability spaces as well [8]. Now we can prove
the strong Leibniz inequality for central seminorms of bounded real-valued random
variables. One can prove analogues of the result for rearrangement invariant Banach
function spaces as well, however, we do not pursue this direction here.

Let (Q,F,u) be a probability space and 1 < p < oo. Then the p™ central
seminorm of f € L>°(Q, ) is

1/p
du) .

P

o) =18 =l = ([ |7 [ rau

Q Q
Here is one of the main results of the paper.

Theorem 4. Let (0, F, ) be a probability space and 1 < p < oo. For any real f

and g € L*>(Q, 1), we have

119 = E(f9)llp < llglloollf = Ef[lp + [[fllcllg — Egllp

and

177 =BG Dl < 15N — Al 357 € LX(R )
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Proof. To prove that o, has the strong Leibniz property, we can derive the general
case from the uniform case on Z,, as in [2], Proposition 2.1]. Indeed, let us consider
the measurable simple functions f, = ZZ:1 arxs, and g, = ZZ:1 brxs,, where
Xxs, denotes the characteristic function of the set S;. Moreover, assume that the
sets S (1 < k < n) are disjoint and |J;_, Sk = €, so that p(Sk)-s define a
probability measure p, on Z,. Then for any ¢ > 0 we can find a probability
measure v, = (p1,...,pn) such that p; € Q (1 <i < n) and the inequalities

|Up(fn;ﬂn) - Jp(fn;Vn>| <e
|0p(gn;ﬂn) - Up(gn; Vn)' <e
|Up(fngn;ﬂn) - Up(fngn; Vn)' <e

hold. Now let us choose the integers m and r; such that p; = r;/m for every
1 < i < n. Then the map
D:(C1yeeyen) > (Clyee ey ClyeeeyCpyeneyCn)
———— ——

1 Tn
defines an isometric algebra homomorphism from /2° into ¢5°. Let A, denote the
uniform distribution on the set Z,,. We clearly have, for instance, o, (fn;vn) =
op(®(fn); Am). Hence

Up(fngn;yn) < an”ooo—p(gn; Vn) + Hgn”ooo—p(fn;yn)

follows from Theorem 1. Since € can be arbitrary small, we obtain that o} is a
Leibniz seminorm on £2°(u,). Now if we choose sequences {f,}22; and {g,}2,
of measurable simple functions, where f,, — f and g, — ¢ in L? norm, such that
I felloo = IIfllo and ||gnlloc = l|lglloc hold for every n, we infer that o, has the
Leibniz property.

A very similar argument with Theorem 3 at hand gives the strong part of the
theorem. O
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