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Abstract

We investigate whether a spontaneously-broken gauge theory of the group SU(2, 2) may be
a genuine competitor to General Relativity. The basic ingredients of the theory are an SU(2, 2)
gauge field Aµ and a Higgs field W in the adjoint representation of the group with the Higgs field
producing the symmetry breaking SU(2, 2) → SO(1, 3) × SO(1, 1). The action for gravity is
polynomial in {Aµ,W} and the field equations are first-order in derivatives of these fields. The
new SO(1, 1) symmetry in the gravitational sector is interpreted in terms of an emergent scale
symmetry and the recovery of conformalized General Relativity and fourth-orderWeyl conformal
gravity as limits of the theory- following imposition of Lagrangian constraints- is demonstrated.
Maximally symmetric spacetime solutions to the full theory are found and stability of the theory
around these solutions is investigated; it is shown that regions of the theory’s parameter space
describe perturbations identical to that of General Relativity coupled to a massive scalar field
and a massless one-form field. The coupling of gravity to matter is considered and it is shown
that actions for all fields are naturally gauge-invariant, polynomial in fields and yield first-
order field equations; no auxiliary fields are introduced. Familiar Yang-Mills and Klein-Gordon
type Lagrangians are recovered on-shell in the General-Relativistic limit of the theory. In this
formalism, the General-Relativistic limit and the breaking of scale invariance appear as two
sides of the same coin and it is shown that the latter generates mass terms for Higgs and spinor
fields.

1 Introduction

The prevailing classical theory of gravity remains Einstein’s General Relativity. In General
Relativity, the gravitational field is described solely by a field eI ≡ eIµdx

µ, the co-tetrad. The

index I denotes that the one-form eI is in the fundamental representation of the Lorentz group
SO(1, 3); the action for General Relativity- the Einstein-Hilbert action- possesses an invariance
under local Lorentz transformations represented by matrices ΛI

J (x) with eI → ΛI
Je

J [1]. This
field is sufficient to describe the inherent dynamics of gravity and the coupling of gravity to
known matter fields: scalar fields, gauge fields, and fermionic fields; the latter are spinorial
representations of the group SL(2, C) which is the double-cover of SO(1, 3) and so the inclusion
of fermions into gravitational theory implies that most correctly the local symmetry of General
Relativity is that of SL(2, C). In General Relativity the coupling of gravity to each of these
fields requires use of the tetrad (e−1)I ≡ eµI ∂µ, where eµI is the matrix inverse of eIµ. Therefore
the coupling of gravity to all matter in General Relativity is non-polynomial. In the absence
of fermionic fields, it suffices to use a composite object called the metric tensor gµν , which is
defined as follows:
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gµν = ηIJe
I
µe

J
ν (1)

where ηIJ = diag(−1, 1, 1, 1) is the invariant matrix of SO(1, 3). Coupling to scalar fields
and gauge fields then requires use of the inverse metric gµν . As was discovered by Cartan,
an elegant reformulation of General Relativity is provided by introducing a new, independent
field ωI

J ≡ ω I
µ Jdx

µ- the spin connection- alongside eI in the description of gravity. In these
variables, the action for gravity is given by the Palatini action:

SP [ω, e] =

∫

ǫIJKLe
IeJ

(

dωKL + ωK
MωML

)

(2)

where multiplication of differential forms with one another is via the wedge product. Gravity
from this perspective is known as Einstein-Cartan gravity1. This action is invariant under local
SO(1, 3) transformations if ωI

J transforms as a gauge field for those transformations. Indeed
we can see that the terms containing ωI

J in (2) combine to form the curvature two-form RI
J

of a non-Abelian gauge field. The equation of motion for ωI
J is as follows:

deI + ωI
Je

J = 0 (3)

Unlike the equations of motion of gauge fields in particle physics, this equation is algebraic
in ωI

J . Using the solution for ωI
J(e) in the eI equation of motion yields the Einstein field

equations. Alternatively, the solution for ωI
J (e) may be inserted back into the action, resulting

in the Einstein-Hilbert action of General Relativity, which- upon the addition of a boundary
term- yields the Einstein field equations upon variation. Similarly, ωI

J as an independent field
may be used to write the action of a fermionic field coupled to gravity in a polynomial manner.
Due to the coupling to ωI

J , fermionic currents can act as a source in (3); one may still solve
for ωI

J algebraically but it now depends on eI and the fermionic fields. Inserting the solution
back into the action yields terms quartic in the fermionic fields, over and above terms usually
present when describing gravity coupled to fermions in General Relativity [2, 3, 4, 5].

Thus, the Einstein-Cartan approach results in a simplification of some actions involving the
gravitational field and introduces structure (the SO(1, 3) gauge field ωI

J) reminiscent of the
Yang-Mills fields of particle physics. However, eI has no counterpart amongst non-gravitational
fields. It possesses a spacetime index but does not transform as a gauge field. Intriguingly
though, there exists a re-writing of the Palatini action with appears a step closer to commonality
with the ingredients of particle physics. The idea, originally due to MacDowell and Mansouri [6]
(closely resembling earlier work due to Cartan [7]), is to enlarge the gauge group of gravity from
SO(1, 3) to SO(2, 3) or SO(1, 4) (henceforth collectively referred to as SO(1, 4)|SO(2, 3)). The
trick is to imagine there there exists structure in a hypothetical SO(1, 4)|SO(2, 3) gauge theory
to break the symmetry down to the SO(1, 3) of the Einstein-Cartan theory. For example, this
could be accomplished via a gravitational Higgs field V A in the fundamental representation of
SO(1, 4)|SO(2, 3) achieving a non-vanishing expectation value for its norm V 2 ≡ ηABV

AV B.
This norm should be positive/spacelike for SO(1, 4) and negative/timelike for SO(2, 3). Then we
may choose a gauge where V A = ℓδA4 (where ℓ is a constant); the residual gauge transformations
that leave this explicit form of V A invariant are those of SO(1, 3), and we may decompose the

SO(1, 4)|SO(2, 3) gauge field AA
B ≡ A A

µ Bdx
µ as follows:

AA
B =

(

AI
J AI

4

A4
I 0

)

(4)

We see then that there is a new field in the formalism: AI
4. This is a one-form field that

will transform homogeneously under the residual SO(1, 3) transformations, precisely like eI !

1Within Einstein-Cartan gravity one may additionally consider polynomial Lagrangians ǫIJKLe
IeJeKeL and

eIeJ (dω
IJ + ωI

KωKJ ) which correspond to the cosmological constant term and the Holst term respectively. The
Holst term only produces a non-zero contribution to field equations when the spin connection couples to other fields.
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SO(1, 4)|SO(2, 3)
gauge theory

S[A,V ]

Scalar tensor theory
with Euclidean

and Lorentzian phases

Einstein-Cartan
theory
S[ω, e]

General Relativity
S[e]

V unconstrained

Constrain V

Solve for ω(e)

Figure 1: Diagram depicting known results of SO(1, 4)|SO(2, 3) gravity and relation to General
Relativity.

There exists a simple action principle due to Stelle and West [8] that- post symmetry breaking-
contains the Palatini action. For concreteness we look at the case of the group SO(1, 4) and the
action is given by:

SSW [A, V, λ] =

∫

αǫABCDEV
EFABFCD + λ(VAV

A − ℓ2) (5)

Where α is a constant and the four-form field λ is introduced entirely to enforce the constraint
that VAV

A is constant. To illustrate the relation of this action to Einstein-Cartan theory,
we may enforce the fixed-norm constraint at the level of the action, choosing a gauge where
V A = ℓδA4 , and identifying AI

J = ωI
J , A

I
4 = eI/ℓ we have:

AAB ∗
=

(

ωIJ eI

ℓ

− eI

ℓ
0

)

(6)

SSW [ω, e]
∗
= −2α

ℓ

∫

ǫIJKL

(

eIeJRKL − 1

2ℓ2
eIeJeKeL − ℓ2

2
RIJRKL

)

(7)

where the notation
∗
= means that something holds in a specified gauge (here the gauge where

V A = ℓδA4 . We see then that the Palatini action (plus a cosmological constant term and a
topological term quadratic in RIJ) can be recovered from a spontaneously-broken gauge theory2.

The four-form λ is a simple way to achieve a non-vanishing norm for V A but is not necessary
as an ingredient of the theory. Indeed, it has been found that there exist polynomial actions
solely in terms of the set {AA

B, V
A} that dynamically yield a non-vanishing expectation value

of V 2 [10, 11]. These theories possess a rich phenomenology with the dynamics of the scalar
V 2 acting as a potential source of cosmic inflation or quintessence, even facilitating more exotic
behaviour such as cosmological changes of the signature of the four-dimensional metric [12].

Therefore General Relativity (and scalar-tensor extensions thereof) can arise as a limit of
a spontaneously-broken gauge theory based on SO(1, 4)|SO(2, 3). However, the presence of a
new degree of freedom V 2 in gravitation means the theory is more general than a re-casting of
the Einstein-Cartan theory. This situation is summarized briefly in Figure 1. Research into the
link between SO(1, 4)|SO(2, 3) groups and gravity and matter is ongoing [13, 14, 15, 16, 17, 18].

There are, however, issues with a description of gravity based on SO(1, 4)|SO(2, 3). Although
it is possible to couple matter fields to gravity in a fashion consistent with the gauge principle
[19], we nevertheless encounter a somewhat unnatural structure when coupling gravity to other
Yang-Mills fields. In this paper we consider an alternative to the above SO(1, 4)|SO(2, 3),
approach wherein these issues are resolved. Specifically we will develop a description of gravity

2See [9] for a more detailed discussion of these steps towards regarding gravity as a gauge theory
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as a spontaneously-broken gauge theory based on the group SU(2, 2), a group which contains
both SO(1, 4) and SO(2, 3) as sub-groups. This group has a matrix representation as the set of
all 4× 4 complex matrices Uα

β of unit determinant that satisfy

hαα′ = hββ′Uβ
αU

∗β′

α′
, hαα′ =

(

0 I
I 0

)

(8)

where I is the 2× 2 identity matrix.
The group SU(2, 2) is the double cover of the orthogonal group SO(2, 4) which itself is

the double cover of the conformal group C(1, 3) of coordinate transformations which preserve a
metric of signature (−,+,+,+) up to an overall multiplicative function. Instead of breaking the
symmetry down to the SO(1, 3) symmetry of General Relativity, our Higgs sector will recover
a symmetry SO(1, 3)×SO(1, 1). The additional SO(1, 1) symmetry now present in gravitation
sector will be found to be related to Weyl/scale invariance.

Let us illustrate this more concretely. If there exists structure in the theory to break
SU(2, 2) → SO(1, 3)×SO(1, 1) then we may decompose the SO(2, 4) ≃ SU(2, 2) connection as
follows:

AAB ∗
=





0 1
2 (e

I + f I) c
− 1

2 (e
I + f I) ωIJ − 1

2 (e
I − f I)

−c 1
2 (e

I − f I) 0



 (9)

where we now use indices A,B,C, . . . to denote indices in the fundamental representation of
SO(2, 4). Here we identify ωIJ as the spin-connection, c as a gauge field for the group SO(1, 1)
and what appear to be two frame fields eI and f I . Under an SO(1, 1) ⊂ SO(2, 4) transformation
we have the following transformation properties:

eI → eα(x)eI , f I → e−α(x)f I , c → c+ dα (10)

By analogy with (6) and (7) we may immediately speculate as to the kind of theory that may
result following symmetry breaking SU(2, 2) → SO(1, 3) × SO(1, 1). We will construct the
SU(2, 2) gauge theory from an action first-order and polynomial in fields. We may then expect
that in the limit where all dynamics due to the Higgs field is ‘frozen’ (much like V 2 = ℓ2 in
the Stelle-West case), that we will recover the most general SO(1, 3)×SO(1, 1) invariant action
that can be built from the ingredients (9). It is straightforward to write down such an action,
it takes the following form:

S[ω, c, e, f ] =

∫

αǫIJKLe
IfJRKL + βeIfJR

IJ + γǫIJKLe
IfJeKfL + µeIf

IeJf
J + ξeIf

Idc (11)

Where {α, β, µ, ξ} are constants and we have not included possible boundary terms. Due to
the symmetries (10), this action defines a scale-invariant theory of gravity that we may call
Conformal Einstein-Cartan theory. Remarkably- as we shall see in more detail later in the
paper- in the absence of matter its solution space contains that of General Relativity with
positive/negative cosmological constant, corresponding to cases where dynamically the frames
eI and f I become aligned or anti-aligned i.e. f I = ±Ω2(x)eI .

As a theory in and of itself, the Conformal Einstein-Cartan theory provides an elegant
and simple scale-invariant generalization of the Einstein-Cartan theory (and hence of General
Relativity). However, we note again that the fields eI and f I do not have analogues within
Yang-Mills theory: they are one-forms but do not transform as Yang-Mills gauge fields. In this
paper we shall focus on a different description in which gravity- at the fundamental level- is
described in the same language as Yang-Mills theory: a SO(2, 4) ≃ SU(2, 2) = Spin(2, 4) gauge

connection AA
B ≡ A A

µ Bdx
µ and a Higgs field WA

B in the adjoint representation of SO(2, 4).
In contrast to prior attempts to construct theories of gravity based on the group SU(2, 2), our
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approach will be to place no constraints on the fields of the theory- no object is required to be
‘invertible’, constant, or non-zero. In addition, no metric tensor is needed to write down our
actions, nor do our actions make use of the Hodge dual operator. Instead, all actions will be
required to be gauge-invariant and polynomial in the fields and their exterior derivatives and all
(classical) behaviour of the fields will result from their field equations. As a simple consequence,
all field equations in the Lagrangian formalism will fundamentally first-order partial differential
equations3. This might seem alarming but we will see that the Hodge-dual structure of standard
Yang-Mills fields and Higgs fields pops up naturally on-shell for the simple actions we study in
this paper. This marks a departure for conventional formulations in which both gravity and
bosonic fields are governed in the Lagrangian formalism by second-order differential equations.
All physical fields are taken to be differential forms on a four-dimensional manifold, though they
may have internal indices in representations of non-gravitational groups. No non-dynamical
fields will allowed in the action: we only allow invariants of the groups such as the invariants
hα′α and ǫαβδγ of SU(2, 2).

By comparison, the gravitational actions based on the Einstein-Cartan fields {ωI
J , e

I} or
SO(1, 4)|SO(2, 3) gauge gravity fields {AA

B, V
A} are polynomial in the Lagrangian formulation

and produce first-order field equations; these properties persist when including coupling to
fermionic matter. This is rather different from the conventional Lagrangians describing other
Yang-Mills fields and Higgs fields which produce second-order equations of motion e.g. consider
the action for a Yang-Mills field B = Bµdx

ν with curvature F = dB + BB = 1
2Fµνdx

µdxν

(internal indices suppressed):

SYM = −1

4

∫

gαγgβδTr(FαβFγδ)
√−gdx4 (12)

where Tr denotes contraction of internal adjoint indices using the G Killing metric. This action
is clearly polynomial in B but non-polynomial in gravitational fields because we must use the
inverse metric gµν

gµν =
4ǫαβγµǫǫζηνgαǫgβζgγη
ǫ̺χκλǫξρστ g̺ξgχρgκσgλτ

(13)

When one couples these matter fields to gravity in Einstein-Cartan theory, this non-polynomial
coupling appears in the stress-energy tensor of matter and so the gravitational field equations
become fundamentally non-polynomial in fields unless one introduces auxiliary non-dynamical
fields which have the sole purpose of re-writing (12) as a first-order theory. Indeed, a popular
modification to the Einstein-Cartan gravity theory has been to allow terms non-polynomial in eI

into the action of pure-gravity, much as they are present in the Einstein-Cartan matter sector.
This allows one to construct non-topological terms quadratic in the SO(1, 3) curvature RIJ(ω).
This approach typically is referred to as Poincaré gauge theory and it presents a wealth of new
phenomenology in the gravitational sector, notably the propagation of ωIJ itself via its own
field equations (as opposed to simply being solvable for ωIJ = ωIJ(e) as in the Einstein-Cartan
case) [20, 21, 22, 23, 24].

For gravity based on SO(1, 4)|SO(2, 3), it becomes possible to naturally base the dynamics
of Higgs fields in a first order formalism. Essentially a Higgs field is taken to be a field in
the fundamental representation of the gravity group as well as whatever representation it may
belong to for the internal gauge group G (e.g. SU(2) × U(1) for the electroweak field). The
fundamental representation of SO(1, 4)|SO(2, 3) is five-dimensional and the Higgs field has five
‘gravity’ components- four of these are found on-shell to be related to derivatives of the Higgs
field whilst the final component contains the familiar Higgs field. However, as mentioned above,
coupling to other Yang-Mills either still requires the introduction of auxiliary fields or of exotic
transformation properties of B that depend on the dynamics of the gravitational Higgs field

3The generation of higher-order partial derivatives is made impossible by a polynomial Lagrangian and Bianchi
identities DF = 0 and DDV = FV where F is a curvature two-form of some gauge connection A; D is the associated
gauge covariant exterior derivative, and V is a field in some representation of the gauge group
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[19]. We see it as a comparative advantage of the SU(2, 2) approach that it- as we shall see
later- allows for a simple first order formalism for all matter fields.

SU(2, 2) ≃ SO(2, 4)
gauge theory

S[A,W ]

Maximally symmetric
solutions

E[Ā, W̄ ] = 0

Perturbed action
around maximally
symmetric solutions

S[δA, δW ]

Conformal Einstein-Cartan
theory

S[A = {e, f, ω, c}]
S[e, f, c]

Conformalized General Relativity
in first-order form

S[e,Ω, ω]

Conformalized General Relativity
in second-order form

S[g,Ω]

General Relativity
in second-order form

S[g]

Fourth-order Weyl gravity
S[g, c]

Fourth-order conformal gravity
S[g]

Constrain W

Constrain
ω = ω(e, c)

If e = ±Ω2f
Solve for f = f(e, c)

Solve for ω = ω(e)

Gauge fix Ω = 1

Constrain dc = 0

Figure 2: Diagram depicting known results of SU(2, 2) ≃ SO(2, 4) gravity and relation to other
gravitational models. Dotted paths denote those taken with WAB entirely unconstrained.

The outline of the paper is as follows: In Section 2 we present our proposed actions and
discuss the field content of the theory. In Section 3 we consider the analog of the Stelle-
West approach for these theories, that is: we see what theory emerges by constraining all the
degrees of freedom present in the Higgs fields. We will show that this constrained theory indeed
corresponds to Conformal Einstein-Cartan theory and we shall show that this theory possesses
a limit where it corresponds to ‘conformalized General Relativity’ i.e. a scale-invariant theory
of a scalar field (‘dilaton’) conformally coupled to a metric tensor gµν- in the ‘scale gauge’ where
this field is a constant, the theory is identical to General Relativity. Furthermore we will show
how by further constraining the theory, we recover fourth-order conformal gravity i.e. gravity
with action

SC [g] = −α

∫

CαβδγCαβδγ
√−gd4x (14)

where α is a constant and Cαβδγ is the Weyl tensor built with metric gµν and Christoffel symbols
Γα
βδ.
In Section 4 we return to the full theory and show that there exist maximally symmetric

solutions to the theory i.e. solutions interpretable as spacetimes possessing ten Killing vectors
each. In Section 5 we examine the nature of small perturbations around these solutions, estab-
lishing conditions for linear stability. To aid the reader, the flow chart Figure 2 summarizes the
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structure of these sections and some results therein. In Section 6 we discuss how one can couple
the gravitational fields to matter fields in a simple and elegant fashion. This construction makes
essential use of the conformal group. All actions are polynomial and yield first order partial
differential equations but yield on-shell the familiar second order equations for Yang-Mills fields
and Higgs fields. It is suggested that Yang-Mills fields for a symmetry group G are necessarily
accompanied by scalar fields in the adjoint representation of G. In Section 7 we discuss the
relation of the work presented in this paper to previous approaches in the literature and in
Section 8 we discuss the paper’s results and present conclusions.

2 Gravitational action

Though we will take gravity to be a gauge theory of SU(2, 2), for calculation purposes it is rather
convenient in the gravitational sector to work with representations of SO(2, 4). The machinery
to move from representations of SU(2, 2) to SO(2, 4) is discussed in detail in section 6.3 when
we discuss the coupling of gravity to fermions, which we take to be fields in the fundamental
representation of SU(2, 2).

A group element of SO(2, 4) may be represented as a matrix ΛA
B with unit-determinant

and satisfying

ηAB = ηCDΛC
AΛ

D
B, ηAB = diag(−1,−1, 1, 1, 1, 1) (15)

A field in the fundamental representation of SO(2, 4) is a six-component vector UA and a field
in the adjoint representation takes of the form of an antisymmetric matrix Y AB = −Y BA, where
indices are lowered and raised with ηAB and its inverse.

We seek to build a model describing gravitation from a locally SO(2, 4)-invariant polynomial
action. The gravitational fields will be an SO(2, 4) gauge field AAB = A AB

µ dxµ and a fieldWAB

in the adjoint representation. The field WAB can always be put in the following ‘block-diagonal’
form by appropriate SO(2, 4) transformations:

WAB =





t1Σ 0 0
0 t2Σ 0
0 0 t3Σ



 , Σ ≡
(

0 1
−1 0

)

(16)

If t1 = t2 = 0 (labeling indices on their rows and columns by I, J,K, · · · = 0, 1, 2, 3) and
t3 6= 0 (labeling indices on its rows and columns by a, b, c, · · · = −1, 4) then this form of WAB

will be invariant under the SO(2, 4) transformations ΛI
J and Λa

b. If sign(η−1−1) 6= sign(η44)
then- by implication- Λa

b represent hyperbolic rotations/boosts in the (−1, 4) plane whilst ΛI
J

are transformations generated by the Lorentz group subgroup of SO(2, 4). Thus with t3 6= 0,
t1, t2 = 0, the residual symmetry is SO(1, 3)× SO(1, 1).

Useful quantities are the curvature two-form FAB and covariant derivative of WAB, DWAB,
given as follows:

FAB = dAAB +AACA B
C (17)

DWAB = dWAB +AACW B
C + ABCWA

C (18)

We will look to consider the most general locally SO(2, 4)-invariant and diffeomorphism-invariant
action polynomial in {AAB,WAB}. To do this we may build differential four-forms from FAB

and DWAB, thus guaranteeing that the Lagrangian is coordinate independent. To further en-
force local SO(2, 4) invariance, we will look to contract away all free SO(2, 4) indices for which
we can in principle additionally use the scalar WAB and the SO(2, 4) invariants the matrix ηAB

and the completely antisymmetric symbol ǫABCDEF :

S[A,W ] =

∫

aABCDFABFCD + bABCDDWA
EDWEBFCD

+cABCDDWA
EDWEBDWC

FDWFD (19)
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where:

aABCD ≡ a1ǫABCDEFW
EF + a2WAEW

E
DηBC + a3WABWCD

+a4ηACηBD + a5ηACWBD (20)

bABCD ≡ b1ǫABCDEFW
EF (21)

cABCD ≡ c1ǫABCDEFW
EF (22)

The coefficients {ai, bi, c1} may in general depend on SO(2, 4) invariants built from WAB and
the group invariants ηAB, ǫABCDEF . In this paper, as a first approach to the theory, we will take
these coefficients to be constant numbers but it is conceivable that functional dependences on
such invariants cannot be consistently neglected. Though the action contains terms quadratic
in FAB and quartic in DWAB, the wedge-product structure guarantees that components of
these fields appear at most linearly in the action. As mentioned in the previous section, the
generation of higher-order partial derivatives in the equations of motion is made impossible by
a polynomial Lagrangian and Bianchi identities DFAB = 0 and ‘DDV = FV ’. Therefore, as
the Lagrangian is at most linear in derivatives of any component, the equations of motion are at
most first order in derivatives. The action may look very unfamiliar and so in the next section
we will initially look at a simpler theory emerges when we ‘freeze’ all the degrees of freedom in
the field WAB.

Finally we note that though we will use WAB in the following sections, we may alternatively
(and equivalently) use an entirely antisymmetric field YABCD, where the two are related via

YABCD =
1

2
ǫABCDEFW

EF (23)

For example the equivalent of ‘a1’ term in the gravitational Lagrangian would then take the
form:

∫

a1YABCDFABFCD (24)

with the required symmetry breaking happening when YIJKL 6= 0 (Wab 6= 0) and YabKL = 0

(WIJ = 0) whilst we may adopt YIJKa (WIa
∗
= 0) as a gauge choice.

3 Conformal Einstein-Cartan theory

We first discuss a theory which emerges when the degrees of freedom of WAB in the model
(19) are completely frozen by means of constraints imposed at the level of the action. Recall
that the theory recovered by the same process of freezing the Higgs degree of freedom for the
SO(1, 4)|SO(2, 3) gauge theories resulted in the Einstein-Cartan theory (or equivalently General
Relativity). We shall show that the corresponding theory for gravity based on the gauge group
SU(2, 2) ≃ C(1, 3) is in some senses a natural conformal generalization of the Einstein-Cartan
theory.

Assuming the block-diagonal form of WAB from (31), degrees of freedom in WAB can be
characterized in terms of three SO(2, 4)-invariant quantities:

C1 = ǫABCDEFW
ABWCDWEF = 6t1t2t3 (25)

C2 = WABW
AB = −2

(

η00η11(t1)
2 + η22η33(t2)

2 + η−1−1η44(t3)
2
)

(26)

C3 = WABW
B
CW

CDW A
D = 2

(

(t1)
4 + (t2)

4 + (t3)
4
)

(27)

If it is enforced C1 = 0 and C3 = (C2)2, this implies that two out of {t1, t2, t3} are zero. For
example, we can choose t3 = 0 (the label ‘3’ is completely arbitrary at this point) from C1 = 0.
Subsequently, the condition (C2)2 − C3 = 0 takes the form:
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− 8η00η11η22η33(t1)
2(t2)

2 = 0 (28)

Hence we can choose t2 = 0. Now if we further require C2 > 0 we have the condition:

− 2η00η11(t1)
2 > 0 (29)

Therefore η00η11 < 0 and so we have the breaking SO(1, 1)× SO(1, 3). If we then add on the
following four-form Lagrange-multiplier constraints

Sλ[W
AB, λ1, λ2, λ3] =

∫

λ1C1 + λ2

(

C2 − φ̄2
)

+ λ3

(

C3 − (C2)2
)

(30)

then the constraints will be enforced via the field equations obtained by varying λi. We may
instead enforce the constraints at the level of the action, and so WAB may be assumed to take
the form at the level of the action:

WAB ∗
=





0 0 0
0 0 0
0 0 φ̄ǫab



 (31)

where we use indices a, b, c . . . as indices in the fundamental representation of SO(1, 1) and we
use the convention ǫ−14 = 1, ǫ−14 = −1 and φ̄ is a constant. Given the application of these
constraints, there are no longer any degrees of freedom for WAB left in the action (19); the
action is now a functional only of AAB , a general ansatz for which is given in this gauge by:

AAB =

(

ωIJ EIa

−EIa cǫab

)

(32)

The one-form field ωIJ is the Lorentz-group spin connection, while the one-form c is a connec-
tion for the group SO(1, 1). The ‘off-diagonal’ components EIa look much less familiar; they
transform homogeneously under the remnant SO(1, 3)× SO(1, 1) symmetry and appear in the
SO(2, 4) covariant object DWAB as follows:

DWAB =

(

0 φ̄EI
cǫ

ca

−φ̄EI
cǫ

ca 0

)

(33)

Now we write down the total constrained form of (19) in the ‘preferred gauge’, making use of
the following results:

FAB =

(

RIJ − EI
aE

Ja D(ω+c)EIa

−D(ω+c)EIa dcǫab − E a
J EJb

)

, DWA
CDWCB =

(

φ̄2EI
dE

Jd 0
0 0

)

(34)

where RIJ ≡ dωIJ + ωI
KωKJ is the SO(1, 3) curvature two-form. The action then becomes:

S[ω, c, E] =

∫

2φ̄(2a1 − φ̄2b1)ǫIJKLE
I
aE

JaRKL − 2φ̄(a1 − b1φ̄
2 + c1φ̄

4)ǫIJKLE
I
aE

JaEK
bE

Lb

+a2φ̄
2RIJE

JaEI
a + φ̄2(a2 + 2a3)dcǫ

cdEJcE
J
d

+a2φ̄
2EJdE

J
cE

c
K EKd + a3φ̄

2ǫabǫcdE
a

J EJbE c
K EKd

+2φ̄2(a2 + 2a3)dcdc− 2φ̄a1ǫIJKLR
IJRKL (35)

where we have used the result DDEIa = RI
JE

Ja + dcǫabE
Ib. To make further progress, we

make the following general ansatz for EIa:

EIa =
1

2
(eI + f I)Ua +

1

2
(eI − f I)V a (36)
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where ηabU
aU b = 1 and V a ≡ ǫabU

b. Here Ua and V a should be regarded as an arbitrary choice
of basis of the two-dimensional vector space and not a new fundamental field. As such, eI and
f I as defined in (36) are SO(1, 1)-invariant (and so are not the same fields as the {eI , f I} of
(9)). Applying this ansatz to (35) yields:

S[ω, c, e, f ] =

∫

1

32πG̃

(

ǫIJKL

(

eIfJRKL − Λ̃

6
eIfJeKfL

)

− 2

γ
eIfJRIJ

)

+ξ

(

1

2
eIf

IeJf
J − dceIfI

)

+ C1ǫIJKLR
IJRKL + C2dcdc (37)

where

1

16πG̃
(φ̄) = 4φ̄(2a1 − b1φ̄

2), Λ̃(φ̄) =
6(a1 − b1φ̄

2 + c1φ̄
4)

(2a1 − φ̄2b1)
, γ(φ̄) =

4(2a1 − b1φ̄
2)

a2φ̄

ξ(φ̄) = (a2 + 2a3)φ̄
2, C1(φ̄) = −2φ̄a1, C2(φ̄) = 2(a2 + 2a3)φ̄

2

The action (37)- up to boundary terms (those with Ci coefficients)- indeed corresponds to the
action (11) i.e. Conformal Einstein-Cartan theory is indeed the theory that emerges in the
limit in which all degrees of freed of WAB are frozen out and WAB is constrained to break
SO(2, 4) → SO(1, 3)× SO(1, 1). As expected, the action is manifestly locally Lorentz invariant
and invariant under local SO(1, 1) gauge transformations c → c+dθ(x). The action additionally
possesses invariance under local dilations of eI and f I of opposite weight:

eI → eα(x)eI , f I → e−α(x)f I (38)

By appearance, the theory (37) resembles the Einstein-Cartan theory but instead has a pair

of frame fields {eI , f I} with a local scale symmetry under opposite rescalings. This theory
is indeed none other than the Conformal Einstein-Cartan theory proposed in equation (11).
Indeed, if there exist solutions when eI = ±f I then the first three terms in (37) become terms
familiar from the Einstein-Cartan theory: Palatini, cosmological, and Holst terms respectively.
The terms proportional to the coefficient ξ vanish in this limit and so represent new behaviour,
whilst the final terms quadratic in curvature are boundary terms and do not contribute to the
equations of motion.

3.1 General-Relativistic limit

By conducting small variations of (37) one may straightforwardly obtain the equations of motion.
Remarkably, solutions to these equations of motion exist for the ansatz f I ∝ eI i.e.

f I = ±Ω2(x)eI (39)

We now show that- as suggested above- such solutions constitute a General-Relativistic limit of
the theory. In this limit, we find from combining the eI and f I field equations that

dc = 0 (40)

and the field c disappears from the system of field equations. The remaining field equations are
equivalent to those obtained from the following action:

S[ω, e,Ω] =

∫

Ω2

32πG̃

(

ǫIJKL

(

±eIeJRKL − Ω2Λ̃

6
eIeJeKeL

)

∓ 2

γ
RIJe

IeJ

)

This action is invariant under local rescalings eI → eα(x)eI , Ω → e−α(x)Ω. Then, varying with
respect to ω and solving for ω(e,Ω), eliminating it from the action, we recover the following,
second-order action:
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S[g,Ω] =

∫

d4x
√−g

1

16πG0(φ̄)

(

Ω2R+ 6gµν∂µΩ∂νΩ− 2Λ0(φ̄)Ω
4
)

(41)

where gµν ≡ ηIJe
I
µe

J
ν , R is the Ricci scalar according to the Christoffel symbols Γµ

νρ and

1

16πG0
(φ̄) = 4φ̄(2a1 − b1φ̄

2), Λ0(φ̄) =
6(a1 − b1φ̄

2 + c1φ̄
4)

(2a1 − φ̄2b1)

Thus we see in the second-order formalism a kinetic term for Ω (sometimes this field is referred
to as a dilaton) emerges. We may utilize the gauge freedom to locally rescale Ω: if we assume
that the action is an integration over regions where Ω 6= 0 then a convenient gauge choice is
Ω = 1, in which case he action reduces to:

S[g] =

∫

1

16πG0(φ̄)

(

R− 2Λ0(φ̄)
)√−gd4x (42)

This is the Einstein-Hilbert action of General Relativity. Therefore the equations of motion
obtained in the case eI ∝ f I are equivalent4 to those of General Relativity5. Because of this, we
refer to the theory (41) as conformalized General Relativity; if we instead had begun from the
Einstein-Hilbert action (42) we could recover (41) via a local conformal rescaling of gµν using
Ω(x).

We must now ask how a theory like General Relativity, with an inbuilt scale, can emerge
from a theory where it is not clear that there is an inbuilt scale. Frequently in the literature an
additional Higgs scalar Φ(x) is introduced alongside gµν [29] to so that locally scale-invariant
actions can be built from {Φ, gµν} in the manner that {Ω, gµν} combine to yield the locally
scale-invariant action (41). The scalar Φ would have dimensions of length or mass and would
this set a specific scale at each point in spacetime. However, locally in regions where Φ(x) 6= 0 we
may then readily impose a gauge Φ(x) = cst. in which the theory would no-longer be manifestly
scale-invariant. To some this introduction of scale invariance and then its immediate elimination
might seem a bit contrived.

To that end we wish to point out that the breaking of scale invariance in our proposed
theory is not aided by the introduction by any additional fundamental Higgs fields but is instead
intimately related to the General-Relativistic limit of the theory. The appearance of a a length
scale is a feature of a specific subclass of solutions, namely the General-Relativistic solutions
characterized by the condition eI ∝ f I . At an extreme, as the equations of motion following
from the action (19) are polynomial and each term is at least cubic in {AAB,WAB} then there
exist solutions where {AAB = 0,WAB = 0} and the entire SO(2, 4)-invariance is retained and
there is no definable scale. One may imagine situations where initial data close to this scaleless
solution evolves towards the General-Relativitistic limit; in this sense we may think of scale
spontaneously emerging in the theory.

We may characterize the condition eI ∝ f I in a different fashion. Above we introduced
the arbitrary basis {Ua, V a ≡ ǫabU

b, ηabU
aU b = 1} for the SO(1, 1) ∈ SO(2, 4) vector space

indexed by a via the ansatz (36). The General-Relativistic limit is the limit in which a preferred
basis {Ua

(P ), V
a
(P ), ηabU

a
(P )U

b
(P ) = 1} of the SO(1, 1) vector space emerges. This basis is defined

by one or two independent possibilities

Ua
(P )A

I
a = 0 (43)

or
V a
(P )A

I
a = 0 (44)

4We note that due to the presence of second-order partial derivatives of the metric tensor in the Einstein-Hilbert
action it is necessary to introduce an additional topological term- the Gibbons-Hawking term- for the variational
principle to work out correctly.

5For a different approach to General Relativity and scale invariance see [25, 26, 27, 28].
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For example in the case of the condition (43) holding, we have-using (36) and (43)- that

f I = −
(

UaU(P )a + V aU(P )a

)

(

UaU(P )a − V aU(P )a

)eI ≡ −Ω2eI (45)

If, alternatively, the condition (44) holds then f I = +Ω2eI .
In some respects this is similar to the breaking of rotational invariance for a ferromagnet:

Although a preferred direction
−→
X appears as a property of low temperature solutions this

direction
−→
X makes no appearance in the fundamental equations of motion. Similarly, a preferred

direction in the SO(1, 1) space- Ua
(P )- appears for General-Relativistic solutions but its existence

is a property of some solutions rather than a basic constituent of the theory. Neither can such
a preferred vector Ua

(P ) be defined uniquely outside the General-Relativistic limit. Thus, the
General-Relativistic limit and the breaking of scale invariance are in our approach two sides of
the same coin.

3.2 Relation to Weyl and fourth-order conformal gravity

In the previous section we consider a theory recovered by ‘freezing’ all the degrees of freedom
in WAB to take a specific form; the resulting theory possessed a local SO(1, 3) invariance as
well as independent rescaling invariances under eI → eα(x)eI , f I → e−α(x)f I , c → c − dβ(x).
An interesting property of this theory is that beginning from the field equations for the set
{eI , f I , ωI

J , c} we may solve algebraically for any one of {eI , f I , ωI
J} and eliminate it from the

action. In Appendix B, this is explicitly illustrated for the following action, solving for f I using
its own field equation:

S[ω, c, e, f ] =

∫

αǫIJKLe
IfJRKL + βǫIJKLe

IeJfKfL + γeIfIdc (46)

Inserting the solution for f I into the action one obtains:

S[ω, c, e] =
1

β

∫

α2

4
ǫIJKLC

IJCKL − 6γ2dc ∗ dc+ 11αγeKRKdc− α2

4
ǫIJKLR

IJRKL (47)

where ∗ is the Hodge dual operator built from the field eI , RJ is the Ricci one-form RJ ≡
((e−1)IyR

IJ) and

CIJ ≡ RIJ − 6eI
(

RJ − R

6
eJ
)

(48)

where R is the Ricci scalar. We now consider the effect of placing an additional constraint
on this theory. Recall that in the Einstein-Cartan theory, the equation D(ω)eI = 0 was the
equation of motion for ωI

J and allowed one to solve for ωI
J and eliminate it from the action

principle. Now consider the following generalisation of this equation:

D(ω+c)eI = deI + ωI
Je

J + ceI = 0 (49)

This equation is invariant under a more restricted group of symmetry transformations of the
Conformal Einstein-Cartan theory: that when α(x) = β(x). This equation is not the equation
of motion for ωI

J one would get by varying with respect to ωI
J for this theory but we may

enforce it via a Lagrangian constraint. Doing so, we may now use (49) to solve for ωI
J(e, c)

and substitute this solution into the action (47). The resulting action is a functional only of eI

(appearing variously via {eI , (e−1)Iµ, RIJ(e)}) and c (via dc):



13

S[e, c] =
1

β

∫

α2

4
ǫIJKLCIJCKL − 6γ2dc ∗ dc+ 11αγeKRKdc− α2

4
ǫIJKLR

IJRKL (50)

This is the action for fourth-order Weyl gravity which, as the name suggests, yields field equa-
tions containing fourth-derivatives of fields. If we further constrain dc = 0 then we recover the
action:

S[e] =
1

β

∫

α2

4
ǫIJKLC

IJ (e)CKL(e)− α2

4
ǫIJKLR

IJ(e)RKL(e) (51)

The quantity CIJ(e) is the Weyl two-form, related to the Weyl tensor Cµναβ = C IJ
µν eIαeJβ via:

CIJ =
1

2
C IJ
µν dxµdxν (52)

The action (51) is thus proportional to that of fourth-order conformal gravity plus a boundary
term quadratic in RIJ . Hence, fourth-order conformal gravity can be recovered from the original
SU(2, 2) gauge theory via the implementation of a number of constraints. Indeed, this was the
result found by Kaku, Townsend, and Van Nieuwenhuizen [30]. Their approach was essentially
the same as the steps discussed in this section: i.e. fourth-order conformal gravity was recovered
by implicitly constraining the symmetry breaking fields that break SO(2, 4) → SO(1, 3) ×
SO(1, 1) and explicitly constraining the spin-connection ωI

J . For the particular action they
considered (specifically the action (46) with γ = 0) dc vanishes automatically from the action
and did not need to be constrained to vanish. The relation of this approach of recovering Weyl
gravity from a gauge theory of gravity to Cartan’s conception of geometry has recently been
discussed in detail6 [32].

It has become somewhat common lore that fourth-order Weyl gravity is the gauge theory of
the conformal group [33, 34] . However, if one is looking to cast gravity as a gauge theory akin
to those of particle physics, why completely freeze all the degrees of freedom in the symmetry
breaking fields? The analogue in electroweak theory would be an insistence that ϕ†ϕ for the
electroweak Higgs ϕ were fixed to be a constant- this would force a non-vanishing expectation
value for ϕ much as a non-vanishing expectation value for WAB was achieved in the above
approach. The discovery of the Higgs boson demonstrates that in that case it would be incorrect
to apply such constraints; should gravity be any different? Even allowing this, why then further
constrain ωI

J to take a solution that would not generally follow from ωI
J ’s equation of motion

[35]?

4 Vacuum solutions of the full theory

We now ‘un-freeze’ the field WAB. Its behaviour will now be dictated entirely by its own
equations of motion in conjunction with those of other fields.

In this section we will demonstrate that there exist simple solutions to the theory in which
the field WAB has a non-vanishing, constant expectation value and one may interpret the
accompanying spacetime geometry as being de Sitter or anti de Sitter space. We will look for
solutions where WAB takes the following form:

WAB ∗
=

(

0 0
0 φǫab

)

(53)

where recall that a, b, c, . . . are SO(1, 1) indices and the gauge-fixing condition W Ia = 0 has
been imposed. We will focus on searching for solutions where

6The link between Cartan geometry and conformal physics has previously been investigated in the case of 2 + 1
spacetime dimensions [31]
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φ = φ̄ = cst. (54)

As detailed in the previous section, this form of WAB (even if φ were not constant) breaks the
original SO(2, 4) symmetry of the theory down to SO(1, 3) × SO(1, 1) if the signature of ηab
is (−,+); we will assume this to be the case. Clearly, the existence of solutions satisfying this
condition does not indicate that they are dynamically favoured. In this paper our analysis will
be limited to establishing linear stability of them with respect to small perturbations.

Now we turn to the form of the connection AAB. Given the above symmetry breaking, a
general ansatz would be:

AAB =

(

ωIJ EIa

−EIa cǫab

)

(55)

The one-form field ωIJ is the Lorentz-group spin connection, while the one-form c is a connection
for the group SO(1, 1). The ‘off-diagonal’ components EIa look much less familiar. By way of
interpretation, let’s look at its contribution to an SO(2, 4) covariant object DWAB:

DWAB =

(

0 φEI
cǫ

ca

−φEI
cǫ

ca 0

)

(56)

This looks rather like there are two ‘frame-fields’ (EI
−1, E

I
4 ). Can one or more tensors be con-

structed that may play the role of spacetime metric? Up to multiplicative powers of WABWAB,
two rank-two tensors can be constructed:

G(1)
µν = ηABDµW

A
CDνW

CB ∗
= φ2ηabE

a
µIE

Ib
ν (57)

G(2)
µν = WABDµW

A
CDνW

CB ∗
= φ3ǫabE

a
µIE

Ib
ν (58)

The first tensor G
(1)
µν is symmetric in µ and ν whilst G

(2)
µν is anti-symmetric and hence is a

spacetime two-form. Considered as a metric tensor, the tensor G
(1)
µν is a little more exotic than

the metric tensor gµν ≡ ηIJe
I
µe

J
ν of the Einstein-Cartan theory. In that theory, even if there

exist regions where eIµ is zero, the metric will (following chosen convention) either always of

‘signature’ (−,+,+,+) or (+,−,−,−). In the case of G
(1)
µν though, the indefinite sign of ηab

means that the tensor could pass through zero from a region of being non-zero with signature
(−,+,+,+) to one with (+,−,−,−), this being more than convention. However, even within
Einstein-Cartan theory the possibility of gµν = 0 in any region of spacetime is a controversial

one with no known observational signatures [36]; if G
(1)
µν can avoiding vanishing then it should

be just as much of a metric tensor as gµν .

We will assume henceforth that the two-form G
(2)
µν is zero in this limit and that DWAB takes

the following form:

DWAB =

(

0 eIua

−eIua 0

)

(59)

where ua may in principle be timelike or spacelike with respect to the metric ηab = diag(−1, 1)
(i.e. u2 = ηabu

aub < 0 or ηabu
aub > 0). We identify eI with the field eI in the arbitrary basis

(36) and so using that expression and (55) we can see that the ansatz (59) implies that:

AIa = EIa = − 1

φ
vaeI =

1

2
(eI + f I)Ua +

1

2
(eI − f I)V a

=
1

2

(

(1∓ Ω2)Ua
(P ) + (1 ± Ω2)V a

(P )

)

eI (60)

where we have allowed for the collective cases f I = ∓Ω2eI (depending on whether AIaU(P )a = 0
or AIaV(P )a = 0 respectively). Therefore
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va = −φ

2

(

(1 ∓ Ω2)Ua
(P ) + (1± Ω2)V a

(P )

)

(61)

and so

u2 = −v2 = ±φ2Ω2 (62)

Therefore when u2 > 0 this corresponds to the ansatz f I = −Ω2eI and when u2 < 0 this
corresponds to the ansatz f I = +Ω2eI . From (59) we can see that clearly there is the flexibility
to locally rescale eI → eα(x)eI and ua → e−α(x)ua with affecting the ansatz for DWAB. We
can see from equation (62) that rescaling of ua away from unit norm corresponds to a choice of
Ω2 different from Ω2 = 1/φ2. For the remainder of this paper we will allow for the possibility
that ua may be timelike or spacelike but we will make the ‘scale gauge’ fixing choice |u2| = 1
(equivalently Ω2 = 1/φ2); this will simplify calculations.

The SO(2, 4) curvature two-form takes the following form:

FAB =

(

RIJ + u2

φ2 e
IeJ − 1

φ̄

(

D(c)vaeI + vaD(ω)eI
)

−F Ia dcǫab

)

(63)

where D(c) and D(ω) are the SO(1, 1) and SO(1, 3) covariant derivatives respectively. We look
for solutions where

F Ia = 0 (64)

For such such solutions, the condition (64) implies that

1

2u2
du2eI +D(ω)eI ≡ 1

2u2
du2eI + deI + ωI

Je
J = 0 (65)

uaǫ
abD(c)ub = uaǫ

a
bdu

b + u2c = 0 (66)

From equations (65) and (66) we then have that

ω IJ
µ = 2eν[I∂[µe

J]
ν] + eµKeνIeαJ∂[αe

K
ν] (67)

cµ = − 1

u2
uaǫ

a
b∂µu

b (68)

From (68) we have that:

dc = −d

(

1

u2

)

uaǫ
a
bdu

b − 1

u2
ǫabdu

adub − 1

u2
uaǫ

a
bddu

b (69)

The first term disappears due to the choice u2 = ±1 and the final term disappears due to the
identity dd = 0 on any differential form. Additionally the second term disappears because we
may globally adopt an SO(1, 1) gauge where ua = δa4 (for u2 = 1) or ua = δa−1 (for u2 = −1), in
which case the second term ǫabdu

adub disappears and so dc = 0 given our ansatz. Furthermore
we propose that the SO(1, 3) curvature takes the following form:

RIJ = λeIeJ (70)

where λ is a constant. Given ωI
J (g), this implies that the solution for gµν ≡ ηIJe

I
µe

J
ν will be

the metric de Sitter space (λ > 0) or anti-de Sitter space (λ < 0). Therefore in summary the
SO(2, 4) curvature is assumed to on-shell take the following, simple form:

FAB =

( (

λ+ u2

φ2

)

eIeJ 0

0 0

)

(71)
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From the AJb equations of motion we find that only {a1, b1, c1} terms of (19) offer a non-
vanishing contribution and that these equations of motion provide a value for the cosmological
constant λ in terms of parameters {a1, b1, c1} and φ̄2:

λ = −u2

φ̄2

(

a1 − b1φ̄
2 + c1φ̄

4
)

(

a1 − φ̄2b1
2

) (72)

A solution for the value of φ̄ may be obtained by looking at the equations of motion obtained by
varyingW ab. Again, only {a1, b1, c1} terms yield a non-vanishing contribution, and the equation
reads:

(

2a1ξ
2 − 6b1ξφ̄

2 + 10c1φ̄
4
)

u4 = 0 (73)

where ξ = 1+λφ̄2/u2. If we now assume that u2 6= 0, equations (72) and (73) may be combined
to obtain the following equation:

0 = φ̄

(

b21 − 4a1c1
) (

−5a1 + 3b1φ̄
2 − c1φ̄

4
)

(b1φ̄2 − 2a1)
(74)

This equation may be seen as a defining equation for φ̄2 -assuming that the special case b21 −
4a1c1 = 0 does not apply- i.e. we may solve it to find φ̄2(a1, b1, c1). This restricts the {a1, b1, c1}
parameter space to values where real, positive solutions for φ̄2 exist. If we use this result in (72)
we recover the simple relation

λ =
4u2

φ̄2
(75)

Thus, u2 determines the sign of the cosmological constant λ. We see then that extremely simple
solutions to the theory exist, just as in the case of General Relativity, and that many of the
degrees of freedom of the theory do not contribute within these solutions (e.g. it is assumed
that W IJ = 0).

An important point is that the existence of a constant solution for the field φ depended on
our ansatz RIJ = λeIeJ . This is because the (a, b) component of the WAB equation of motion
contains a term proportional to a1ǫIJKLR

IJRKL; only when RIJ = λeIeJ does this term appear
on the same footing as terms structurally similar to potential terms i.e. for a potential χ(φ),
contributions of the form (dχ/dφ)ǫIJKLe

IeJeKeL. If RIJ is of a more general form then static
solutions for φ likely will not always exist. This is highly reminiscent of the case of models of
gravity based on the groups SO(1, 4)|SO(2, 3) wherein it was rather more common for φ to ‘roll’
down an effective potential rather than be static [37].

We now check the stability of the maximally symmetric solutions against small perturbations
in all the degrees of freedom of the theory.

5 Perturbations

We now consider perturbations around the above de Sitter/anti-de Sitter solutions. The aim is
to expand the Lagrangian for the theory (incorporating all terms) around the background solu-
tions up to quadratic order. This will tell us whether there exist instabilities in the maximally-
symmetric solutions to the theory. The analogue of this in General Relativity would be investi-
gating the stability of de Sitter and anti-de Sitter space with respect to small perturbations in
the co-tetrad/metric. In the model based on the action (19) there are new gravitational fields
over and above those in General Relativity and so it is important to check whether the effect
they have on stability.
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At the level of perturbations we can retain the gauge fixing W Ia ∗
= 0 and we will use

bars above quantities to denote that they are background quantities (e.g. ĀAB denotes the
background form of AAB). As for the case of the background solutions, we fix the local rescaling
symmetry amongst the background pair {ua, ēI} so that |u2| = 1. A completely general ansatz
for small perturbations is as follows:

δWAB = φ̄

(

δHIJ 0
0 δαǫab

)

, δAAB =

(

δωIJ − va

φ̄
δnI − ua

φ̄
δhI

−δAIa δcǫab

)

(76)

We may insert this ansatz into the Lagrangian four-form for the theory to obtain a Lagrangian
quadratic in smallness. The perturbed total Lagrangian δL decomposes into two independent
parts: a part that depends on the variables {δnI , δωIJ , δα} and a part that depends on the
variables {δhI , δc, δHIJ}:

δL = δL{0,2}(δn, δω, δα) + δL1(δh, δc, δH) (77)

As will be seen, the labels {0, 2} and 1 refer to the spin of the perturbations from each part
of the Lagrangian when cast into a second-order form. We first concentrate on δL{0,2}. It is
extremely useful to make a variable redefinition to help cast terms in a more familiar way: after
calculation, we find amongst the terms the following contribution to the perturbed Lagrangian:

ǫIJKLē
ID(ω̄)δωKL

(

2u2ēJδα

(

b1φ̄− 2

(

λφ̄2

u2
− 1

)

a1

φ̄

)

+ 4u2

(

b1φ̄− 2a1

φ̄

)

(ēIδα+ δnI)

)

(78)

If we define the following variables:

θ̄I =

√

2u2(b1φ̄− 2
a1

φ̄
)ēI

δθI =

√

2u2(b1φ̄− 2
a1

φ̄
)δnI +





d
(√

2u2(b1φ̄− 2a1

φ̄
)φ̄
)

dφ̄
− 2

a1
√

2u2(b1φ̄− 2a1

φ̄
)
λφ̄



 ēIδα

then the terms (78) become:

2ǫIJKLθ̄
IδθJD(ω̄)δωKL + ǫIJKLθ̄

I θ̄JδωK
MδωML (79)

This is simply equivalent to the perturbation to the Einstein-Palatini action ǫIJKLe
IeJRKL(ω)

around a background θI = θ̄I . All dependency upon δα has disappeared. We can make further
progress by decomposing the spin connection perturbation δωIJ into a ‘torsion-free’ part δω̃IJ

and the contorsion δCIJ :

δωIJ = δω̃IJ + δCIJ (80)

where δω̃IJ(δθ, ∂δθ) is the solution to the equation:

dδθI + ω̄I
Jδθ

J + δω̃I
J θ̄

J = 0 (81)

It may be shown then that

δL{0,2} = 2ǫIJKLθ̄
IδθJD(ω̄)δω̃KL(θ) + ǫIJKLθ̄

I θ̄Jδω̃K
M (θ)δω̃ML(θ)− 4χǫIJKLδθ

IδθJ θ̄K θ̄L

+ǫIJKLθ̄
I θ̄JδCK

MδCML + u2 a2
µ2

(

δCIKδC J
K − 2

(

1

µ

dµ

dφ̄
φ̄− 4a1φ̄χ+ 1

)

dδαδCIJ

)

θ̄I θ̄J

−
(

1

2

d2χ

dφ̄2
− 64χ3a21

)

φ̄2(δα)2ǫIJKLθ̄
I θ̄J θ̄K θ̄L (82)
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where

µ ≡
√

2u2(b1φ̄− 2
a1

φ̄
), χ ≡ 1

2

(

a1

φ̄3
− b1

φ̄
+ c1φ̄

)

(

b1φ̄− 2a1

φ̄

)2 (83)

We may now vary with respect to δCIJ ; we find that the resulting equation of motion is an
algebraic equation with which we can actually solve for δCIJ in terms of ∂δα. This solution
may be re-inserted into the Lagrangian to eliminate δCIJ from the action, yielding:

δL{0,2} = δL2 + δL0 (84)

δL2(δe) = 2ǫIJKLθ̄
IδθJD(ω̄)δω̃KL(θ) + ǫIJKLθ̄

I θ̄Jδω̃K
M (θ)δω̃ML(θ)

−4χǫIJKLδθ
IδθJ θ̄K θ̄L (85)

δL0(δα) −
(

a22
8µ4 + 2a22

)(

1

µ

dµ

dφ̄
φ̄− 4a1φ̄χ+ 1

)2
(

∂Mδα∂Mδα
)

ǫIJKLθ̄
I θ̄J θ̄K θ̄L

−
(

1

2

d2χ

dφ̄2
− 64χ3a21

)

φ̄2(δα)2ǫIJKLθ̄
I θ̄J θ̄K θ̄L (86)

We see then that this part of the perturbed Lagrangian decomposes into two independent
pieces. The first piece, δL2, depends solely on δθ; it is equivalent to the perturbed Lagrangian
of General Relativity against a background maximally symmetric spacetime with co-tetrad θ̄I

and cosmological constant Λ = 12χ. Therefore, perturbations include spin-2 gravitational wave
solutions, much as in General Relativity.

The second piece, δL0 depends solely on perturbations δα. The first term is a correct-sign
kinetic term for δα, whereas the second term acts as a mass term for the field, as one would
expect for perturbations around a solution φ = cst.. However, note that the term is not due
solely to the ‘second derivative of a potential’ (here d2χ/dφ̄2) term as one might expect in a
theory of a scalar field in curved spacetime- there is an additional term due to the a1 in the
action- this reflects the direct coupling between φ and a term quadratic in spacetime curvature
(this corresponds to the C1 term of (37) with φ ‘un-frozen’). The sign of this mass-squared term
is not of definite sign for all {a1, b1, c1}; its sign is given by:

sign

(

d2χ

dφ̄2
− 128χ3a21 =

40a1b1φ̄
2 − 100a21 − 3b21φ̄

4

(b1φ̄3 − 2a1φ̄)3

)

(87)

where recall that the background value φ̄ is a function of {a1, b1, c1}. Hence, positivity of
effective mass-squared places a restriction upon the parameter space {a1, b1, c1}. Recall our

earlier field redefinition θ̄I = µēI ; this implies that we must have that µ ≡
√

2u2(b1φ̄− 2a1

φ̄
) is

real and so

2u2φ̄

(

b1 − 2
a1

φ̄2

)

> 0 (88)

This implies that the sign of the mass-squared is

sign
(

u2
(

40a1b1φ̄
2 − 100a21 − 3b21φ̄

4
))

(89)

The sign of the cosmological constant in the background is given by sign(u2) and so if we take
a positive cosmological constant (u2 > 0) then (89) implies that oscillations of the scalar field
δα are only stable if the combination of {a1, b1, φ̄} in parenthesis is positive:

(

40a1b1φ̄
2 − 100a21 − 3b21φ̄

4
)

> 0 (90)
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We can immediately see that if a1 = 0 then the degree of freedom δα is not stable: there would
exist exponentially growing solutions for the field δα which implies that the background solution
would not be stable. Therefore the presence of a1 and b1 terms together can ensure positivity of
the effective mass-squared of δα, yielding small oscillations of δα as solutions to its perturbative
equation of motion.

We now look at the remaining part of the perturbed Lagrangian: δL1. Making use of the
background relation λ = 4u2/φ̄2, this part of the Lagrangian simplifies to:

δL1(δH, δh, δc) = 4 (∗δH − ξ2δN) dδc+ 6ξ2δNδN + 2ξ2dδcdδc+
5

4
ξ4δH ∗ δH − ξ4νδN ∗ δH

+ξ3

(

−2dδc+ 2δN +
10

ν
δH

)2

(91)

where

δH ≡ 1

2
δHMN θ̄M θ̄N , δN =

u2

µ
θ̄Iδh

I

ξ2 ≡ φ̄2a2, ξ3 ≡ φ̄2a3, ξ4 ≡ 32

µ4φ̄
(5b1 − 2c1φ̄

2), ν ≡ µ2φ̄2

u2

Furthermore we have defined the Hodge star/Hodge dual operator on a two-form T as:

∗ T ≡ 1

4
ǫIJKLT

IJ θ̄K θ̄L (92)

To clean up notation we have defined the two-forms δH (which comes from δWAB) and δN
(which comes from δAAB). These fields appear algebraically in the action and we may actually
solve for each of them in terms of dδc and ∗dδc. We first note a perhaps surprising structural
feature of δL1. If the perturbation to δWAB is switched-off then we recover:

δL1(δH = 0, δh, δc) = −4ξ2δNdδc+ 6ξ2δNδN + 2ξ2dδcdδc+ ξ3 (−2dδc+ 2δN)
2

(93)

The resulting equation of motion for δN reveals that δN is simply proportional to δc. Using
this solution back in δL1 we recover:

δL1(δH = 0, δc) ∝ dδcdδc (94)

This is a boundary term (the equation of motion obtained by varying δc is the identity ddδc = 0)
and so we see that in the absence of the perturbation to the Higgs field WAB, there is no
corresponding second-order dynamics for δc! Allowing for a non-zero δH , the end result of
eliminating δN and δH is rather complicated, but is of the general form:

δL1 = −f1(ξi, ν, φ̄)dδc ∗ dδc+ f2(ξi, ν, φ̄)dδcdδc (95)

We see the first term is a Maxwell-type kinetic term for the field δc. The ‘right sign’ of such a
term is −dδc ∗ dδc.

δL1 = −20

ξ4

(

(−12ξ2 + ξ2ξ4ν)
2

(30ξ2)2 + (ξ4ν2)2

)

dδc ∗ dδc+ f2(ξi, ν, φ̄)dδcdδc (96)

and in the limit ξ2 → 0:
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δL1 = −202

ξ4

(

(−4ξ3 + ξ4ξ3ν)
2

(100ξ3)2 + (ξ4ν2)2

)

dδc ∗ dδc+ f2(ξi, ν, φ̄)dδcdδc (97)

In both limits, the sign of the term in front of dδc ∗ dδc is given by the sign of ξ4, and so we
require in these limits that:

(5b1 − 2c1φ̄
2)

φ̄
> 0 (98)

In conclusion then, the spectrum of perturbations around the maximally symmetric background
solutions is that of General Relativity (via the field δθI), a massive scalar field (via δα), and a
massless one-form field (via δc). The latter two fields may be stable in the sense of having right-
sign mass-squared term and right-sign kinetic terms for a subregion of the {a1, b1, c1} parameter
space. Collectively then the constraints on the parameter space are:

u2φ̄

(

b1 − 2
a1

φ̄2

)

> 0 (99)

φ̄
(

5b1 − 2c1φ̄
2
)

> 0 (100)

40a1b1φ̄
2 − 100a21 − 3b21φ̄

2 > 0 (101)

Recalling that φ̄ = φ̄(a1, b1, c1), we may use the background field equations to express c1 =
c1(a1, b1, φ̄) and express the above conditions as:

u2φ̄
(

b1φ̄
2 − 2a1

)

> 0 (102)

φ̄
(

b1φ̄
2 − 10a1

)

< 0 (103)

40a1b1φ̄
2 − 100a21 − 3b21φ̄

2 > 0 (104)

From the constraint (104) we have that

b1φ̄
2 < 10a1 < 3b1φ̄

2 (105)

The constraint (103) then implies that φ̄ > 0 whilst (102) provides no further constraint on the
parameter space.

6 Coupling to matter

We now consider the coupling of matter fields when gravity is described by the pair {AAB,WAB}.
We will focus on the limit where the matter fields do not back-react on the gravitational field.
This is the analogue of considering the formulation of matter fields for a fixed background frame
eI in General Relativity. We will show that when gravity is regarded as a spontaneously-broken
theory of SO(2, 4) ≃ SU(2, 2) then all known matter fields can be cast in a first-order formalism
without introducing auxiliary fields. The second-order formulations of matter gauge fields and
matter gauge fields will be shown to be artefacts of some of the first-order degrees of freedom
being eliminated from the action principle by the presence of algebraic solutions for them from
their own equation of motion. We have already seen evidence of this possibility in the previous
section wherein the perturbation δωIJ to the spin-connection could be solved for in terms of
∂δe and ∂δα. Similarly, the perturbation δW IJ was found to be fixed in terms of ∂δc.

First we will show how familiar kinetic terms are recovered for matter gauge fields, scalar
Higgs fields, and spinor fields. Following this we will look at the type of potential terms that
may be constructed for Higgs and spinor fields. Throughout the section we will take the limit
of the gravitational theory where
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W ab = φ̄ǫab (φ̄ = cst.) (106)

W IJ = 0 (107)

DW Ia = eIua (108)

ω IJ
µ = 2eν[I∂[µe

J]
ν] + eµKeνIeαJ∂[αe

K
ν] (109)

cµ = − 1

u2
uaǫ

a
b∂µu

b (110)

This form for the fields {AAB,WAB} coincides with that taken for the maximally symmetric
solutions of Section 4 but more generally we can assume that- much as for the Conformal
Einstein-Cartan theory- this is a good approximation to the form the fields will take in any
limit where the dynamics of the gravitational field is approximately that of General-Relativity
(as is undoubtedly the case on Earth). Therefore we will refer to this specific assumed form of
the gravitational fields as the General-Relativistic limit of the full theory.

6.1 Adjoint Higgs, non-gravitational gauge fields

The result that part of a Higgs field (namely δW IJ ) enabled the recovery of a familiar second-
order kinetic term for δc is rather surprising and we will now show the same behaviour is
repeated in the matter sector: it will be shown that the presence of a scalar field in the adjoint
representation of a group G is necessary to yield familiar second-order dynamics of the gauge
fields of that group.

Consider the SO(2, 4) model of gravity coupled to matter in the adjoint representation of
some Lie group G. We will take the field to be in the adjoint representation of G and of the
gravitational gauge group SO(2, 4) i.e. we consider a field with index structure

ΦA i
B j

where i, j, k, . . . are G indices in the fundamental representation. This is an immediate depar-
ture from models such as the Einstein-Cartan theory wherein spacetime scalar fields have no
‘gravitational’ indices. Henceforth for notational compactness we will suppress G indices and in
the General-Relativistic limit we may express ΦAB as follows:

ΦAB =

(

ΦIJ 1
u2Y

Iua + 1
v2Z

Iva

−ΦIa Φǫab

)

(111)

Each of {Φ, Y I , ZI ,ΦIJ} then transform in the adjoint representation of G but, respectively, as
Lorentz scalar, Lorentz vectors, and anti-symmetric Lorentz tensor. Consider then the following
locally SO(2, 4) × G invariant action, at most quadratic in Φ and F ≡ dA + AA, where Aµ is
the G group gauge field:

S = −
∫

ǫABCDEFDWA
GDWGBTr

(

WCDΦEFF +DWCDΦE
GDΦGF

)

(112)

where the trace denotes contraction of internal adjoint indices using the G Killing metric and the
D operators are the full SO(2, 4)× G covariant derivatives. In the General-Relativistic limit, it
will be useful to decompose the effect of D on ΦAB into the effect of the SO(1, 3)×SO(1, 1)×G
covariant derivative D on ΦAB plus any additional terms that may exist. It may be calculated
that:

DΦAB =

(

DΦIJ + 2
φ̄
e[IZJ] DΦIa + 1

φ̄
eIuaΦ+ 1

φ̄
vagJΦ

IJ

−DΦIa DΦab + 2
φ̄u2

v[aub]gJY
J

)

(113)

In this limit, the above action becomes (making the traces over G indices implicit for a bit to
clean up notation):
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S =

∫

( u2Y MDMΦ +
u2

2φ̄
Y MYM − 2

1

φ̄
ΦΦ

+u2ΦMNDMZN − 3

2

u2

φ̄
ZMZM +

1

4φ̄
ΦMNΦMN +

φ̄u2

6
ΦMNFMN ) ǫIJKLe

IeJeKeL

where we have used results from Appendix A to identify some terms as equal to one another.
Varying with respect to Y I and ΦIJ we obtain the equations of motion:

0 = DIΦ +
1

φ̄
YI

0 = u2D[IZJ] +
1

2φ̄
ΦIJ +

φ̄u2

6
FIJ

This enables us to solve for YI and ΦIJ in terms of other fields; we may then use these expressions
in the action, eliminating these fields from the variational principle:

S =

∫

( − u2φ̄

2
DIΦDIΦ− 2

φ̄
ΦΦ

− φ̄3

36

(

FIJ +
6

φ̄
D[IZJ]

)(

FIJ +
6

φ̄
D[IZJ]

)

− 3

2

u2

φ̄
ZIZI ) ǫIJKLe

IeJeKeL

We may now redefine the G gauge field Bµ, creating a new field:

B̃µ ≡ Bµ +
12

φ̄
Zµ (114)

where Zµ ≡ eIµZI . Hence:

Fµν +
6

φ̄
D[µZν] = F̃µν − 288

φ̄2
Z[µZν] (115)

Then, varying with respect to ZI we obtain an equation polynomial in ZI . A solution to this
equation is ZI = 0; adopting this solution and inserting this back into the action yields:

S =

∫

Tr

(

− φ̄3

36
F̃MN F̃MN − u2φ̄

2
DMΦDMΦ− 2

φ̄
ΦΦ

)

ǫIJKLe
IeJeKeL (116)

We can easily cast this into the metric formalism, defining gµν ≡ ηIJe
I
µe

J
ν we may write (116)

as:

S = −24

∫

Tr

(

φ̄3

36
F̃µνF̃µν +

u2φ̄

2
DµΦDµΦ+

2

φ̄
ΦΦ

)√−gd4x (117)

Therefore the second-order action for a gauge field B̃ and massive adjoint Higgs field Φ is
recovered from the first-order, polynomial action (112) built from the pair {B,ΦAB}. The mass
term for Φ arises from the coupling of ΦAB to the full SU(2, 2)×G-covariant derivative D. This
is rather like the origin of mass terms for gauge bosons in gauge theory coming via covariant
derivatives of Higgs fields, but here because the ‘gauge boson’ is the spacetime frame eI itself,
the more direct interpretation is that such a term provides a mass for the Higgs field itself.
Interestingly, the kinetic terms for B̃ and Φ are of the correct relative sign only if u2 = 1.
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6.2 Fundamental representation Higgs

We now describe the coupling of gravity to a Higgs field valued in the fundamental representation
of G. We will look to construct a first-order formalism for a field ϕA which is in the fundamental
representation of G and SO(2, 4) i.e.

ϕAi

where we use i, j, k, . . . for indices in the fundamental representation of G. For concreteness we
will look at the case where G = SU(N). This enables us to construct the field φ†A

i ≡ (φAi′)∗δi′i
where δi′i is the SU(N) invariant matrix. Generalizations to other groups such as SO(N) is
straightforward, requiring there instead use of the SO(N) invariant matrix in the kinetic term.
Consider the following action:

S =

∫

ǫABCDEFDWA
GDWGBDWCDϕ†EDϕF (118)

Again it is useful to decompose the full SU(2, 2) × G-covariant derivative into the SO(1, 3) ×
SO(1, 1)× G covariant derivative D and additional terms:

DϕI = DϕI − 1

φ̄
eIvaϕ

a (119)

Dϕa = Dϕa +
1

φ̄
vagIϕ

I (120)

As before, we restrict ourselves to the General-Relativistic limit, and decompose ϕA as follows:

ϕA =

(

ϕI

1
u2̟ua + 1

v2ϕv
a

)

and the action may be shown to take the form:

S =

∫

−2u2ǫIJKLe
IeJeK(ϕLDϕ† + ϕ†LDϕ) +

2u4

φ̄
ǫIJKLe

IeJeKϕ†LeMϕM

−2u2ϕ
†ϕ

φ̄
ǫIJKLe

IeJeKeL

=

∫

−4u2ǫIJKLe
IeJeKϕ†LeM (DMϕ− u2

2φ̄
ϕM )− 2u2ϕ

†ϕ

φ̄
ǫIJKLe

IeJeKeL

Note that in the General-Relativistic limit, the field ̟ disappears from the action. Varying
with respect to Φ†L we recover:

0 = ǫIJKLe
IeJeKeM (DMϕ− u2

2φ̄
ϕM )− u2

2φ̄
ǫIJKMeIeJeKϕMEL (121)

We can solve this equation to yield: ϕM = φ̄
u2DMϕ. Inserting this back into the action yields:

S =

∫

− φ̄

2

(

DMϕ†DMϕ
)

ǫIJKLe
IeJeKeL − 2u2ϕ

†ϕ

φ̄
ǫIJKLe

IeJeKeL (122)

= −24

∫ (

φ̄

2

(

Dµϕ†Dµϕ
)

+ 2u2ϕ
†ϕ

φ̄

)√−gd4x (123)

Therefore in the General-Relativistic limit we recover the action for a massive scalar field. The
mass-squared of the scalar field is real if u2 = 1. Though we have focused on the case where
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the scalar field is in the fundamental representation of G (and of SO(2, 4)), we do not see an
obstruction to recovering second-order dynamics from similar actions to (118) for Higgs fields
that may exist in other representations of G as long as G possesses structure so that SU(2, 2)×G
invariant actions can be constructed.

6.3 Spinor fields

So far we have dealt exclusively with real representations of the group SO(2, 4). To incorporate
spinorial matter into the theory it is necessary to make use of the complex representations of
SU(2, 2). To recap, the group SU(2, 2) has a matrix representation as the set of 4× 4 matrices
Uα

β with unit determinant that preserve the Hermitian matrix

hα′α =

(

0 I
I 0

)

(124)

where I is the 2 × 2 unit matrix. We can then define a four-dimensional complex vector space
C(2,2) (we use the notation χα to denote a vector in this space) and primed indices denote
vectors belonging to the conjugate space C∗(2,2) e.g. if a vector χα transforms as Uα

βχ
β then a

vector βα′

transforms as (U∗)α
′

β′
ββ′

. The space C(2,2) possesses the symmetric inner product

(, ):

(β, χ) ≡ 1

2
hα′α

(

(β∗)α
′

χα + (χ∗)α
′

βα
)

(125)

We may additionally consider spaces of ‘forms’. For example consider
∧2

C
(2,2), the space of

antisymmetric matrices ξαβ = −ξβα. This is a six-dimensional complex vector space equipped
with symmetric inner product 〈, 〉:

〈µ, ξ〉 ≡ 1

2
hα′αhβ′β

(

(µ∗)β
′α′

ξαβ + (ξ∗)β
′α′

µαβ
)

(126)

By definition the completely antisymmetric symbol ǫαβγδ is invariant under SU(2, 2) transfor-
mations. The presence of this invariant symbol allows us to decompose elements according how
they transform under operation by the antisymmetric symbol: a ‘real’ matrix ξ̃αβ is one that
satisfies:

ξ̃αβ =
1

2
ǫαβγδ(ξ̃

∗)γδ (127)

where indices on (ξ∗)α
′β′

have been raised with hαα′

. The space of matrices satisfying (127)

thus has six real dimensions and we may express a given ξαβ in terms of a basis σ αβ
A :

ξ̃αβ = ξ̃Aσ αβ
A (128)

where the coefficients ξ̃A are real numbers and:

σAαβ =
1

2
ǫαβγδσ

∗γδ
A (129)

An explicit set of σAαβ are:
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σ(−1) =









0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0









, σ(0) =









0 0 0 i
0 0 −i 0
0 i 0 0
−i 0 0 0









σ(1) =









0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0









, σ(2) =









0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0









σ(3) =









0 0 0 i
0 0 i 0
0 −i 0 0
−i 0 0 0









, σ(4) =









0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0









(130)

It can be checked then that

1

2

(

σ∗αγ
A σBγβ + σ∗αγ

B σAγβ

)

= ηABδ
α
β (131)

where ηAB = diag(−1,−1, 1, 1, 1, 1) is the invariant matrix of SO(2, 4). Indeed, we have that:

〈

µ̃, ξ̃
〉

=
1

2
µ̃Aξ̃Bhα′αhβ′β

(

σ∗β′α′

A σαβ
B + σ∗β′α′

B σαβ
A

)

= 4ηABµ̃
Aξ̃B (132)

We can write an SU(2, 2) group element as Uα
β as:

Uα
β =

(

eiθjT
j
)α

β
(133)

The unitarity of U implies that the generators (T j)αβ must then satisfy (T j)α′α = (T j†)α′α

i.e. they are Hermitian when indices have been lowered with hα′α. Consider the set of fifteen
matrices:

(jAB)
α
β =

i

4

(

σ∗αγ
A σBγβ − σ∗αγ

B σAγβ

)

(134)

=
i

2

(

σ∗αγ
A σBγβ − ηABδ

α
β

)

(135)

where we have used the result (131). It can be checked that the matrices jAB satisfy the
following Lie algebra:

[jAB, jCD] = i
(

ηBCjAD − ηACjBD − ηBDjAC + ηADjBC
)

(136)

This indeed is the Lie algebra of SU(2, 2) and SO(2, 4). To put things on a more familiar
footing, the generators jAB are explicitly given by:

j−1,I =
1

2
γI , j4,I =

1

2
γ5γ

I (137)

jIJ =
1

4i
[γI , γJ ], j−1,4 = iγ5 (138)

where

γI =

(

0 ΣI

Σ̄I 0

)

, γ5 =

(

−1 0
0 1

)

(139)
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where ΣI = (1,Σi), Σ̄I = (1,−Σi), where Σi are the Pauli matrices. We see then that jIJ gener-
ate Lorentz transformations and under these transformations an SU(2, 2) spinor χα transforms
like a four-component representation of Spin(1, 3) i.e. a Dirac spinor. We can additionally
relate an SU(2, 2) Aα

β connection to the SO(2, 4) connection AA
B used so far:

Aα
β =

1

2
AABj

ABα
β (140)

The SU(2, 2)-covariant derivative of χα is then as follows:

Dχα = dχα − iAα
βχ

β (141)

= dχα − i

2
AABj

ABα
βχ

βχβ (142)

If χ additionally belongs to a representation of a group G then we can decompose the derivative
D into the SO(1, 3)× SO(1, 1)× G covariant derivative G and additional pieces:

Dχα = Dχα − i

2
A−1J j

−1Jα
βχ

β − i

2
A4J j

4Jα
βχ

β (143)

= Dχα − i

2
A−1Jγ

Jα
βχ

β − i

2
A4J (γ

5γJ)αβχ
β (144)

Recall that AIa = − 1
φ̄
gIva. If u2 = 1 then we may choose a gauge where ua = δa4 , hence

va = −δa−1 and AI,−1 = 1
φ̄
gI , AI4 = 0 hence:

Dχα = Dχα − i

2φ̄
gJγ

Jα
βχ

β (145)

We can now write down an action for a spinor field coupled to gravity:

S = i

∫

ǫABCDEFDWA
GDWGBDWCDχ̄jEFDχ (146)

where χ̄α ≡ (χ∗)α
′

hα′α and we implicitly use any invariant group structure from G necessary
for (146) to be G invariant. In the General-Relativistic limit this action takes the form:

S = −i

∫

4ǫIJKLe
IeJeK χ̄jLavaDχ (147)

(va = δ−1
a ) and so jLava = jL,−1 = − 1

2γ
L, hence:

S = i

∫

2ǫIJKLe
IeJeK χ̄γLDχ

= i

∫

2ǫIJKLe
IeJeK χ̄γL(Dχ− i

2φ̄
eMγMχ)

= i

∫

2ǫIJKLe
IeJeK(χ̄γLDχ+

i

2φ̄
eLχ̄χ)

=

∫

2iǫIJKLe
IeJeK χ̄γLDχ− 1

φ̄
χ̄χǫIJKLe

IeJeKeL (148)

Note that in this SO(1, 1) gauge we can see from equation (110) that c
∗
= 0. Thus we see that in

the General-Relativistic limit, the action (146) reduces to the action for a massive Dirac spinor
covariant under local Spin(1, 3)× G transformations.
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6.4 Chirality and mass

We have seen then that it is possible to recover second-order dynamics for gauge and Higgs
fields from a first-order perspective. Additionally, we see that mass terms for Higgs fields Φ, ϕ,
and spinor fields χ appear quite naturally in the context of first-order SU(2, 2) × G-invariant
actions via the SU(2, 2) covariant derivative.

As spinorial representations of SU(2, 2), fermionic fields are necessarily four-component
Dirac spinor fields. Compare this to the standard model of particle physics wherein fermions
are two-component Weyl spinors. Though prior to the standard model it was thought that the
left-handed electron eL and right-handed electron eR were indeed two parts of a single Dirac
spinor Ψ = (eL, eR), it is now known that this is not the correct structure. Rather, eR is a Weyl
spinor and an SU(2) singlet whilst eL is part of an SU(2) doublet Weyl spinor (the electron-
neutrino), and so eL couples to SU(2) gauge fields directly via the covariant derivative, whereas
eR does not. A parity transformation is taken to interchange eR ↔ eL. Clearly the standard
model Lagrangian cannot be invariant under this transformation. In this sense the standard
model is referred to as being a chiral/parity-violating theory.

Focusing on the SU(2) singlet eR, from the SU(2, 2) perspective there are no two-dimensional
spinorial representations this field must be part of a Dirac spinor χ = (EL, eR) where EL has the
same hypercharge as eR but transforms as a left-handed Weyl spinor under Lorentz transforma-
tions (these defined post-symmetry breaking by WAB). The field EL cannot be identified with
the left-handed electron because it possesses the wrong SU(2) index structure. Indeed, the left-
handed electron-neutrino doublet will be part of another SU(2, 2) spinor additionally containing
a right-handed SU(2) doublet with the same SU(2)×U(1) hypercharges but transforming as a
right-handed Weyl spinor. Where is these new fields in nature?

If the action for the dynamics of χ = {EL, eR} were described by (148) then we have a
symmetry under interchange of EL ↔ eR; thus EL would have the same mass as eR. The
field EL has not been observed in nature and so if the SU(2, 2) approach is a viable model of
gravitation there must be an explanation for this. If it is the case that EL is simply too massive
to have been detected yet, then there must exist additional terms in the spinor action that break
the EL ↔ eR symmetry. Consider the following action involving χ = {EL, eR}:

S =

∫

ǫABCDEF χ̄j
ABχDWC

GDWGDDWE
HDWHF

→ −2i

∫

χ̄γ5χǫIJKLe
IeJeKeL (149)

Under EL ↔ eR, the action (149) becomes the minus of its original value whereas the action
(148) is unchanged. If χ were described by the combined actions (148) and (149) then its action
will not transform homogeneously under EL ↔ eR and generally EL and eR will have different
masses. Of course this some way from showing that it is to be expected that ‘mirror’ fields like
EL to be unobserved whilst retaining the physics of the standard model at lower energies, but
clearly there is structure in the gravitational sector (W ∼ γ5) that will typically prevent the
familiar field eR and unfamliar field EL having the same mass.

Another source of fermion mass should be via Yukawa-type interactions with a Higgs field
such as ϕA. Consider a gauge group G, assumed to have a matrix representation. Using i, j, k, . . .
for indices in the fundamental representation of G (e.g. the fundamental representation Higgs
of SU(5) would have the SU(2, 2)× G index structure ϕAi) then we may write down an action
coupling two separate SU(2, 2) spinors P iα and Eα. Consider the following action:
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S =

∫

ǫABCDEFϕ
∗E
i P iασF

αβE
βDWA

GDWGBDWC
HDWHD

→
∫

ǫabv
aϕ∗

iP
iασb

αβE
βǫIJKLe

IeJeKeL

∗
= −

∫

ϕ∗
iP

iαCαβE
βǫIJKLe

IeJeKeL

≡ −
∫

ϕ∗
iL

†iβ′

hβ′βE
βǫIJKLe

IeJeKeL (150)

where we have assumed u2 = 1, Cαβ is the Spin(1, 3)-invariant charge conjugation matrix
recovered from projecting σa

αβ along ua, and we have defined the spinor Liβ via

Li′β = P †i′α′

Cα′β′hβ′β (151)

For example, focusing specifically on the case where G is the electroweak group SU(2)×U(1), we
see this is a Yukawa-type mass term for a left-handed field SU(2)-doublet within Li′β coupled
to a right-handed SU(2) singlet within Eβ along with an identical term for a right-handed field
SU(2)-doublet within Li′β coupled to a left-handed SU(2) singlet within Eβ .

The term (150) acts as a mass term only when the field ϕ achieves a non-vanishing ex-
pectation value. Suppressing internal indices for compactness again, we now briefly consider
how potential terms may be constructed for fields such as ΦAB, ϕA such that Φ and ϕ achieve
non-vanishing expectation values, thus spontaneously breaking the symmetry G.

In the General-Relativistic limit, scalars formed with the field WAB reduce to familiar terms
e.g.

Tr(WABWCDΦABΦCD) = 4φ̄2Tr(ΦΦ) (152)

WABW
B
Cϕ

†AϕC = φ̄2ϕ†ϕ (153)

Hence, polynomial functions of these scalars appearing alongside terms which are proportional
to the familiar spacetime volume four-form in the General-Relativistic limit (e.g. the c1 term
from the gravitational action) will enable the recovery of symmetry breaking potentials.

Therefore we see that symmetry-breaking potentials for Higgs fields and masses for Weyl
fermions and their ‘mirrors’ may be recovered from an SU(2, 2) framework in the General-
Relativistic limit.

7 Relation to other work

We now discuss a number of alternative approaches that have been made to recovering gravita-
tional theory from SU(2, 2) ≃ SO(2, 4) gauge theories.

The work by Kaku et al. [30] was discussed in some detail in Section 3.2 A somewhat
different approach was pursued by Kerrick [38] who introduced fields Yαβ = −Yβα and Zαβ =
−Zβα (linear combinations of that author’s original fields Iαβ and ιαβ) alongside the SU(2, 2)
connection Aα

β . Such fields were assumed to live in the six-dimensional space of matrices

satisfying (127) and so are equivalent to introducing two SO(2, 4) vectors {Y A, ZA}. The
author implicitly constrained Y AYA = cst. > 0 and ZAZA = cst. < 0, thus breaking SU(2, 2) →
SO(1, 3). An action quartic in these fields and quadratic in the curvature FAB was shown to
be equivalent to General Relativity in the presence of a cosmological and Holst term.

Different again is the approach of Aros and Diaz [39] who discuss an SO(2, 4) gauge theory
on a five-dimensional manifold. This is in some respects a higher-dimensional analogue of
theories based on SO(2, 3) in four dimensions. The authors consider one of the five dimensions
to have the topology of a circle and making the following ansatz for the five-dimensional AAB ≡
A AB

µ dxµ +A AB
y dy:
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AAB =





0 1
2 (e

I + f I) ξdφ
− 1

2 (e
I + f I) ωIJ − 1

2 (e
I − f I)

−ξdφ 1
2 (e

I − f I) 0



 (154)

where fields are taken to be independent of coordinates along the circular dimension but
may depend on the remaining four coordinates. The authors then propose a Chern-Simons-
type action (an integral over a five-form) with explicit SO(2, 4) symmetry breaking (e.g. the
SO(1, 4)|SO(2, 3) invariant ǫABCDE is used in the action instead of the SO(2, 4) invariant
ǫABCDEF without the use of a Higgs field to accomplish this covariantly). After dimensional re-
duction (integration of the action over the circle) it is found that the resulting four-dimensional
action is that of Conformal Einstein-Cartan theory coupled to a scalar field ξ(x). This theory
can be related fourth-order conformal gravity by adding constraints in the manner of Section
3.2 and freezing out the field ξ(x). In higher dimensions yet, a novel approach to spacetime
and gravity based on the group SO(2, 4) on eight-dimensional manifolds has been explored by
Hazboun and Wheeler [40].

8 Discussion and conclusions

We now discuss the results contained in the paper and present our conclusions. In this paper
we have presented an approach to gravity as a spontaneously-broken gauge theory based on the
group SU(2, 2) using the the pair {AAB,WAB}. We saw that when the degrees of freedom in
the field WAB were ‘frozen’ to a symmetry-breaking solution, that a conformal version of the
Einstein-Cartan gravity emerged; furthermore, when the two-frame fields eI and f I were aligned
or anti-aligned then conformalized General Relativity was recovered i.e. General Relativity
conformally coupled to a dilaton field. It was then shown that fourth-order Weyl and conformal
gravity could be obtained by further constraining the theory.

Next we focused on obtaining solutions for the theory when no constraints were placed on
fields. Solutions corresponding to de Sitter space and anti-de Sitter space were found (corre-
sponding to the cases u2 > 0 and u2 < 0 respectively). Perturbations around these spacetimes
were considered and the Lagrangian quadratic in these perturbations was constructed. It was
found that the spectrum of perturbations was that of General Relativity, a massive scalar field,
and a massless one-form field, each decoupled from one another at this level of perturbations.
Thus from a first-order gravitational theory, three types of second-order theory emerged in the
perturbations: perturbations identical to the metric perturbations of General Relativity for a
field δθI with dynamics provided by δωIJ ; scalar field perturbations described by a field δα with
dynamics also provided by δωIJ ; Weyl field perturbations δc with dynamics provided by δWIJ .

It is important to stress that these results, although encouraging, are provisional and there is
some way to go before it’s seen whether a theory of gravity based on SU(2, 2) can reproduce the
phenomenological success of General Relativity. In particular, we lack a clear understanding of
whether there exists a convergence mechanism (beyond linear stability, which was demonstrated
in this paper against maximally symmetric backgrounds) within the theory that somehow dy-
namically favours the General-Relativistic limit. Another central point of uncertainty seems to
be that of the dynamics of WAB. Though we found sets of parameters {a1, b1, c1} such that the
‘scalar field’ part φ of WAB was static in our background solutions and has a positive effective
mass-squared at the level of perturbations, it is not entirely clear that it is necessary and that φ
must behave this way for agreement with experiment; it is conceivable that the field may more
naturally ‘roll’ down an effective potential as the universe evolves and so possess time varia-
tion. Indeed, for gravity based on the groups SO(1, 4)|SO(2, 3) it was found that Peebles-Ratra
rolling quintessence was rather easily recovered [12, 41].

We have additionally shown how it is possible to couple the SU(2, 2) gravitational fields to
matter in polynomial Lagrangians that yield first-order field equations. As a consequence, time
evolution of gravity and matter in the Lagrangian formulation is determined entirely by the
values of fields at a moment in time. This brings to mind Zeno’s ‘Arrow Paradox’ wherein it is
suggested that the trajectory of a moving arrow can be broken down into a series of moments,
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and in each moment the arrow is ‘static’, perpetually contained within that moment. If the arrow
is static in each moment, how does it move and how does it know where to move? In second-
order Lagrangian theories, there is ‘hidden’ information encapsulated in each moment: that of
the velocity of the arrow. Moving to a Hamiltonian formulation, the arena of reality becomes
phase space wherein the information present in the moment includes the arrow’s position and
momentum. From the perspective of first-order Lagrangian formulations of field theories, all
this information is present in the field configuration space itself. For example, for the adjoint
Higgs field we found in Section 6.1 that:

ΦAB ≃
(

(F)IJ DIΦva

−DIΦva Φǫab

)

(155)

where DIΦ = (e−1)µIDµΦ etc. At any moment in time, the field ΦAB contains the information
about the value of the adjoint Higgs Φ, how the Higgs field is changing (via the time derivative
within the spacetime derivative D), and also how the gauge field for the internal group that Φ
is in the adjoint representation of is changing (via the field strength F).

In the table below we summarize the differences between gravity and how it couples to
matter between Einstein-Cartan gravity (based on the group SL(2, C)) and the present model
of gravity (based on the group SU(2, 2)):

Model Gravity Fund. Higgs Adjoint Higgs Gauge Fields Spinors

SL(2, C) {eIµ, ω I
µ J} ϕi φi

j B i
µ j Weyl

SU(2, 2) {Y A C
B D , A A

µ B} ϕAi {φA i
B j ,B

i
µ j} Dirac

where i, j, k, . . . are indices in the fundamental representation of the matter sector symmetry
group G. From this perspective, the ingredients of gauge theories are a pair {φA i

B j ,B
i

µ j} which
from a second-order perspective describe Yang-Mills type dynamics of B alongside a massive
adjoint Higgs field Φ. The field Φ in principle need not obtain a non-vanishing vev and so it
needn’t break the gauge symmetry G. It is interesting to note that gravity as a gauge theory
couples to itself via precisely the same prescription: if we take the group G to be SO(2, 4) and

identify i, j, k, . . . with A,B,C, . . . we recover the pair {φA C
B D,B A

µ B}. Identifying φA C
B D =

Y A C
B D ≡ 1

2ǫ
A C EF
B D WEF and B A

µ B = A A
µ B leads to the fields describing gravity.

Clearly a challenge for an SU(2, 2) description of gravity is the prediction of additional
fermions beyond those in the standard model of particle physics: the fact that all spinor fields
are Dirac spinors implies that there exist fermions with the same hypercharges but opposite
handedness as the observed standard model fermions- there is currently no evidence for the
existence of these fermions. We saw in Section 6.4 that generally the left and right handed parts
of an SU(2, 2) spinor χα will not have the same mass, but whether there exists a successful
mechanism for making the theory compatible with experiment is an open issue7.

We note that the matter actions that we considered were at most linear in the covari-
ant derivatives DφAB and DϕA. What would be the effect of considering polynomial actions
quadratic or cubic in these derivatives? Why not include such terms? Would alternative second-
order scalar field theories such as those contained in the Horndeski formalism [43, 44, 45, 46]
be recoverable in some cases? Additionally, if there is a background where the field φ in WAB

possesses a time dependence, the ‘metric’ ηABDµW
A
CDνW

CB picks up an additional depen-
dence upon ∂µφ∂νφ- the new metric being then disformally related to the one in which φ is
static. Disformal couplings of scalar fields to matter have been investigated [47, 48, 49, 50, 51]
and it would be interesting to see if links can be made. Indeed, more generally it would be very
useful to characterize the deviations from General Relativity that a theory based on the pair
{AAB,WAB} may result in to move towards comparison with cosmological data. For exam-
ple, from the perspective of cosmological phenomenology it would be interesting to see to what
extent the theory could fit into the formalism described within [52, 53].

7See [42] for a discussion about recent proposals on what may be a similar issue in the context of the fate of
non-observed additional generations of particles in SO(18) grand unification schemes
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We now discuss some more speculative ideas based on the findings in the paper. Recall that
the General-Relativistic limit of the Conformal Einstein-Cartan theory corresponded to the case
where frames eI and f I were aligned or anti-aligned i.e. f I = ±Ω2eI , and this determined the
sign of the cosmological constant for the resulting theory (in the absence of matter). It is
interesting to wonder whether there could exist solutions where f I varies smoothly (presumably
passing through 0 along the way) from being aligned with eI to anti-aligned with eI ; what
would be the interpretation of such solutions? This behaviour may also be possible in the full
{AAB,WAB} theory.

In the unconstrained theory, though we have focused on finding maximally symmetric space-
time solutions (solutions with Lorentzian signature metric), in principle there may be very dif-
ferent phases of the theory depending on the symmetry breaking behaviour of the field WAB.
For instance, there can also exist forms of WAB that are preserved under SO(4)×SO(2), yield-
ing a Euclidean theory of gravity with an additional local SO(2) symmetry. It was found in the
case of SO(1, 4)|SO(2, 3) gravity a dynamic symmetry breaking field could transition between
Lorentzian and Euclidean phases in simple cosmological models [37]. It would be interesting
to see if this is also possible for the SU(2, 2) theory. If WAB = 0 then the entire SO(2, 4)
symmetry may be preserved though it is not clear whether an interpretation of a ‘spacetime’
theory is any longer possible there.

An important issue is whether big bang and and black hole singularities will still be present
in this theory of gravity. It is quite possible that the new degrees of freedom beyond those in
General Relativity (i.e. the Higgs field WAB, and degrees of freedom in AAB outside of the
General-Relativistic limit) would ”kick in” in extreme situations and significantly modify the
evolution. This would require the study of exact solutions to the full theory possibly with matter
included.

It would also be interesting to see whether unification of gravity and the matter sector would
be possible. For instance, the smallest groups containing SU(2, 2) ≃ SO(2, 4) and a grand uni-
fication group SO(10) as commuting subgroups are SO(4, 12) and SO(2, 14) [54]. Alternatively,
the smallest group containing SU(2, 2) and SU(5) as commuting subgroups is SU(2, 7). De-
noting indices in the adjoint representation of the ‘total unification’ group as A,B, C, . . . we
can speculate that the gravity/gauge fields part of the theory would be described by a pair

{CA,ΦAB}: a connection CA ≡ C A
µ dxµ (containing A A

µ B and B i
µ j) and a scalar Higgs field

ΦAB (containing Y A C
B D and φA i

B j), from which Lagrangians polynomial in ΦAB, its covari-

ant derivative, and the curvature of CA can be constructed8. This is somewhat different than
approaches based on SO(3, 11) which contain SL(2, C) ≃ SO(1, 3) and SO(10) as commuting
subgroups [55, 56, 57, 58]; these approaches typically involve fields aside from the SO(3, 11)
connection possessing spacetime indices e.g. a co-tetrad in the fundamental representation of
SO(3, 11) [55] or a field which can dynamically tend to a Hodge dual operator on two-forms
[58].
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A Useful identities

ǫIJKLe
IeJeKeNΦLMΦ N

M = −1

8
ǫIJKLe

IeJeKeLΦMNΦMN

ǫIJKLe
IeJeKeMY LY M =

1

4
ǫIJKLe

IeJeKeLY MYM

ǫIJKLe
IeJeKY LDΦ =

1

4
ǫIJKLe

IeJeKeLY MDMΦ

ǫIJKLe
IeJeKΦLMDZM =

1

4
ǫIJKLe

IeJeKeLΦMNDMZN

B Solving for f

We start from the action

S[ω, e, f, c] =

∫

αǫIJKLe
IfJRKL + βǫIJKLe

IeJfKfL + γeIfIdc (156)

where {α, β, γ} are constants. Variation of the action yields the equations of motion

ω : 0 = ǫIJKLdω(e
KfL) (157)

e : 0 = αǫIJKLf
JRKL + 2βǫIJKLe

JfKfL + γfIdc (158)

f : 0 = αǫIJKLe
JRKL + 2βǫIJKLf

JeKeL − γeIdc (159)

c : 0 = d(eIfI) (160)

Solving the f -equation we obtain

f I = −3α

β

(

RI − R

6
eI
)

− γ

β
eIy ∗ dc. (161)
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Since f I appears algebraically in the action it is permissible to substitute this solution back into
the action i.e. this operation does not alter the space of solutions. Carrying out this step yields

S =
1

β

∫

−αǫIJKLe
I

(

3αRJ − αR

2
eJ + γeJy ∗ dc

)

RKL − γeI

(

3αRI − αR

2
eI + γeIy ∗ dc

)

dc

+ ǫIJKLe
IeJ

(

3αRK − αR

2
eK + γeKy ∗ dc

)(

3αRL − αR

2
eL + γeLy ∗ dc

)

=
1

β

∫

−α2ǫIJKLe
I

(

3RJ − R

2
eJ +

γ

α
eJy ∗ dc

)

RKL − 3αγeIR
Idc

+ 9α2ǫIJKLe
IeJ

(

RK − R

6
eK
)(

RL − R

6
eL
)

+ 6αγǫIJKLe
IeJ

(

RK − R

6
eK
)

eLy ∗ dc

+ γ2
(

ǫIJKLe
IeJeKy ∗ dceLy ∗ dc− 2dc ∗ dc

)

(162)

where ∗ is the Hodge star operator on differential forms. Using the fact that eIy ∗ H =
1
2ǫ

I
JKLe

JHKL with H ≡ dc let us now take a closer look at the penultimate term:

ǫIJKLe
IeJeKy ∗ dceLy ∗ dc = 1

4
ǫIJKLe

IeJeMeP ǫKMNOǫ
L
PQRH

QRHNO

∼ e

4
ǫIJKLε

IJMP ǫKMNOǫLPQRH
QRHNO =

e

2
(δMK δPL − δPKδML )ǫKMNOǫ

L
PQRH

QRHNO

=
e

2
δMK δPL ǫ

K
MNOǫ

L
PQRH

QRHNO − e

2
δPKδML ǫKMNOǫ

L
PQRH

QRHNO

=
e

2
ǫKLNOǫ

KL
QRH

QRHNO = 2eηNRηOQH
QRHNO = −2eHIJHIJ (163)

Using dc ∗ dc ∼ e
2H

IJHIJ we thus have

ǫIJKLe
IeJeKy ∗ dceLy ∗ dc = −4dc ∗ dc (164)

and the action becomes

S =
1

β

∫

−α2ǫIJKLe
I

(

3RJ − R

2
eJ +

γ

α
eJy ∗ dc

)

RKL − 3αγeIR
Idc

+ 9α2ǫIJKLe
IeJ

(

RK − R

6
eK
)(

RL − R

6
eL
)

+ 6αγǫIJKLe
IeJ

(

RK − R

6
eK
)

eLy ∗ dc

− 6γ2dc ∗ dc (165)

Thus, the one-form c looks like a gauge field with a standard Yang-Mills/Maxwell term dc ∗ dc
alongside coupling of dc to the curvature RIJ . We then have

ǫIJKLe
I γ

α
eJy ∗ dcRKL =

γ

2α
ǫIJKLe

IǫJMNOe
MHNORKL

=
γ

2α
(ηJOηKMηLN + ηJNηKOηLM − ηJOηLMηKN − ηJNηLOηKM )eJeMHNORKL

=
γ

α
(ηJOηKMηLN + ηJNηKOηLM )eJeMHNORKL

=
2γ

α
HKJe

JeLR
KL =

2γ

α
eKydcDTK (166)

and also

6αγǫIJKLe
IeJ

(

RK − R

6
eK
)

eLy ∗ dc = −3αγeIeJeMǫLIJKǫLMNOH
NO

(

RK − R

6
eK
)

= 6αγeIeJHIJeKRK = 12αγeKRKdc (167)
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The action now becomes

S =
1

β

∫

−3α2ǫIJKLe
I

(

RJ − R

6
eJ
)

RKL + 9α2ǫIJKLe
IeJ

(

RK − R

6
eK
)(

RL − R

6
eL
)

−2αγeIydcR
IJeJ + 9αγeKRKdc− 6γ2dc ∗ dc

=
1

β

∫

α2

4
ǫIJKLCIJCKL − 6γ2dc ∗ dc

−2αγeIydcR
IJeJ + 9αγeKRKdc− α2

4
ǫIJKLR

IJRKL (168)

where the Weyl two-form has been defined as:

CIJ ≡ RIJ − 6eI
(

RJ − R

6
eJ
)

(169)

We observe that the relative sign of ‘Weyl-squared’ term and Maxwell-type term in (168) are
fixed. We can further develop (168) by noting that:

eIy(dcR
IJeJ) = eIy(0) = 0

= (eIydc)R
IJeJ + dc(eIyR

IJ)eJ + dcRIJeIyeJ

= (eIydc)R
IJeJ + dcRJeJ

where we have used the fact that RJ ≡ (eIyR
IJ), eIyeJ = ηIJ , and RIJηIJ = 0. The action

(168) can then be seen to reduce to:

S =
1

β

∫

α2

4
ǫIJKLCIJCKL − 6γ2dc ∗ dc+ 11αγeKRKdc− α2

4
ǫIJKLR

IJRKL (170)
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