1601.00593v1 [math.OA] 4 Jan 2016

arXiv

ABSENCE OF CARTAN SUBALGEBRAS FOR HECKE VON
NEUMANN ALGEBRAS

MARTIJN CASPERS

ABSTRACT. For a right-angled Coxeter system (W, S) and ¢ > 0, let My be
the associated Hecke von Neumann algebra, which is generated by self-adjoint
operators T, s € S satisfying the Hecke relation (,/¢Ts —q)(y/qTs +1) =0 as
well as suitable commutation relations. Under the assumption that (W,S) is
reduced and |S| > 3 it was proved by Garncarek that Mg is a factor
(of type II1) for a range ¢ € [p~1, p] and otherwise M, is the direct sum of a
II;-factor and C.

In this paper we prove (under the same natural conditions as Garncarek)
that My is non-injective, has the weak-* completely bounded approximation
property and is a strongly solid algebra. Consequently M, cannot have a
Cartan subalgebra.

1. INTRODUCTION

Hecke algebras are one-parameter deformations of group algebras of a Coxeter
group. They were the fundament for the theory of quantum groups [Jim86], [Kas95]
and have remarkable applications in the theory of knot invariants [Jon85] as was
shown by V. Jones. A wide range of applications of Coxeter groups and their
Hecke deformations can be found in [Dav0§]. In (see also [Dav08, Section
19]) Dymara introduced the von Neumann algebras generated by Hecke algebras.
Many important results were then obtained (see also [DDJBO07]) for these Hecke
von Neumann algebras, including their dimension theory, cohomology and L2-Betti-
numbers. In this paper we investigate the approximation properties of Hecke von
Neumann algebras as well as their Cartan subalgebras (here we mean the notion of
a Cartan subalgebra in the von Neumann algebraic sense which we recall in Section
and not the Lie algebraic notion).

Let us recall the following definition. Let ¢ > 0 and let W be a right-angled
Coxeter group with generating set S (see Section2l). The associated Hecke algebra
is a x-algebra generated by T, s € S which satisfies the relation:

VaTs—)(/qTs+1)=0, T:=T, and T.T, =TT,

for s,t € S with st = ts. Hecke algebras carry a canonical faithful tracial vector
state (the vacuum state) and therefore generate a von Neumann algebra M, under
its GNS construction. It was recently proved by Garncarek [Garl5] that if (W, S)
is reduced (see Section [2) and |S| > 3, the von Neumann algebra M, is a factor
in case g € [—p, p| where p is the radius of convergence of the fundamental power
series (2.2)). If ¢ & [—p, p] then M, is the direct sum of a II; factor and C.

The first aim of this paper is to determine approximation properties of M, (as-
suming the same natural conditions as Garncarek). We first show that M, is a
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non-injective von Neumann algebra and therefore falls outside Connes’ classifica-
tion of hyperfinite factors [Con76]. Secondly we show that M, has the weak-x
completely bounded approximation property (wk-* CBAP). This means that there
exists a net of finite rank maps on M, that is uniformly bounded and converges to
the identity in the point o-weak topology. In case ¢ = 1 the algebra M, is the group
von Neumann algebra of a right-angled Coxeter group. In this case the result was
known and can be proved using techniques that now became standard and origin
from [Haa78]. We refer to [BoSp94], [BrOz08], [Ozal8| for these and related results.
In this context we also mention the parallel results for g-Gaussian algebras with
—1 < g < 1: factoriality by Ricard [Ric05], non-injectivity by Nou [Nou04] and the
completely contractive approximation property by Avsec [Avs1i]. The latter paper
also obtains strong solidity, see below. Some of these results were preceded by the
same result for a smaller range of the parameter ¢ by others; see references in these
papers. Another important achievement concerning the approximation properties
of operator algebras was obtained by Houdayer and Ricard [HoRill] who settled
the approximation properties of free Araki-Woods factors (including the non-almost
periodic case). For our Hecke von Neumann algebra M, we summarize:

Theorem A. Let g > 0.

(1) Let (W, S) be a reduced right-angled Coxeter system with |S| > 3. Then
M, is non-injective.

(2) For a general right-angled Coxeter system (W, .S) the associated Hecke von
Neumann algebra M, has the wk-+x CBAP.

Obviously non-injectivity and the wk-x CBAP of Theorem A have different
proofs. However the two proofs each borrow some ideas from [RiXu06] where Ri-
card and Xu proved that weak amenability with constant 1 is preserved by taking
free products of discrete groups. In order to prove non-injectivity we first obtain a
Khintchine inequality for Hecke algebras. We show that this Khintchine inequality
leads to a contradiction in case M, were to be injective. For the wk-x CBAP we
first obtain cbh-estimates for radial multipliers and then use estimates of word length

projections (see Proposition [5.17) going back to Haagerup [HaaT§).

Our second aim is the study of Cartan subalgebras of the Hecke von Neumann
algebra M. Recall that a Cartan subalgebra of a II;-factor is by definition a max-
imal abelian subalgebra whose normalizer generates the II;-factor itself. Cartan
subalgebras arise typically in crossed products of free ergodic probability measure
preserving actions of discrete groups on a probability measure space. In fact Cartan
subalgebras always come from some orbit equivalence class in the following sense:
for a separable IIy factor M any Cartan subalgebra A C M gives rise to a stan-
dard probability measure space X and an orbit equivalence class R with cocycle
o such that (A € M) =~ (L®(X) C R(X,0)). We refer to [FeMo77] for details.
Cartan subalgebras can be used to obtain further fascinating rigidity results, see
[PoVald], [IPV13] for two very prominent illustrations of this: the first showing
that (suitable) actions of free groups on probability spaces remember the number
of generators of the group; the second showing that certain group von Neumann al-
gebras completely remember the group (W*-superrigidity). These results typically
rely on the uniqueness of a Cartan subalgebra. Other applications can be found
in prime factorization theorems [PoOz04], [Hols15] in which the absence of Cartan
algebras plays a crucial role.
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In [OzP010] Ozawa and Popa were able to find the first classes of von Neumann
algebras that do not have a Cartan subalgebra, namely the free group von Neu-
mann algebras. These results generlize to a larger class of groups, see for instance
[PoVald]. Another result concerning the absence of Cartan subalgebras was ob-
tained by Isono [[sol5] in which he proves that free orthogonal/unitary quantum
groups do not have a Cartan subalgebra. In order to do so Isono first put ear-
lier results from and into a general von Neumann framework.
In particular he proposed condition (AO)™ — generalizing Ozawa’s condition (AO)
[Oza04] by assuming the existence of a certain ucp lift. Then [IsoI5] proves that
condition (AO)* together with the wk-+ CBAP implies strong solidity of a von
Neumann algebra. The notion of strong solidity is recalled in Definition 6.1l Using
Isono’s result we are able to show the following.

Theorem B. Let ¢ > 0. Let (W, S) be a reduced right-angled Coxeter system with
|S] > 3. The associated Hecke von Neumann algebra M, is strongly solid.

In turn as M, is non-injective by Theorem A we are able to derive the result
announced in the title of this paper.

Corollary C. Let ¢ > 0. For a reduced Coxeter system (W, .S) with |S| > 3 the
associated Hecke von Neumann algebra M, does not have a Cartan subalgebra.

Structure. In Section 2] we introduce Hecke von Neumann algebras and some basic
algebraic properties. Lemma [2.7]is absolutely crucial as each of the results in this
paper rely in their own way on this decomposition lemma. In Section ] we obtain
universal properties of Hecke von Neumann algebras. In Section [4] we prove that
M, is non-injective. In Section [l we find approximation properties of M, and
conclude Theorem A. Finally Section [ proves the strong solidity result of Theorem
B from which Corollary C shall easily follow.

Convention. Let X be a set and let A, B C X. We will briefly write A\B for
A\(AN B).

2. NOTATION AND PRELIMINARIES

Standard result on operator spaces can be found in [EfRu00], [Pis02]. Standard
references for von Neumann algebras are [StZs75] and [Tak79]. Recall that ucp
stands for unital completely positive.

2.1. Coxeter groups. A Coxeter group W is a group that is generated by a finite
set S and which satisfies the relation

(st)ym™st) =1,

for some constant m(s,t) € {1,2,...,00} with m(s,t) = m(t,s) > 2,s # ¢ and
m(s,s) = 1. The constant m(s,t) = oo means that no relation is imposed, so
that s,t are free variables. The Coxeter group W is called right-angled if either
m(s,t) =2 or m(s,t) = oo for all s,t € S, s # ¢t and this is the only case we need
in this paper. Therefore we assume from now on that W is a right-angled Coxeter
group with generating set S. The pair (W, S) is also called a Coxeter system.

Let w € W and suppose that w = wy ... w, with w; € S. The representing
expression wy ... wy, is called reduced if whenever also w = w] ... w), with w}, € S
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then n < m, i.e. the expression is of minimal length. In that case we will write
|[w| = n. Reduced expressions are not necessarily unique (only if m(s,t) = oo
whenever s # t), but for each w € W we may pick a reduced expression which we
shall call minimal.

Convention: For w € W we shall write w; for the minimal representative w =
w1 ...Wn.

To the pair (W, S) we associate a graph I' with vertex set VI' = S and edge
set ET = {(s,t) | m(s,t) = 2}. A subgraph I'y of T is called full if the following
property holds: Vs,t € VI'g with (s,t) € ET' we have (s,t) € ETy. A clique in I’
is a full subgraph in which every two vertices share an edge. We let Clig(T") denote
the set of cliques in I'. To keep the notation consistent with the literature the
empty graph is in Clig(T") by convention (in this paper we shall often exclude the
empty graph from Cliq(T") explicitly or treat it as a special case to keep some of the
arguments more transparent). We let Clig(T', 1) be the set of cliques with [ vertices.

Definition 2.1. A Coxeter system (W, S) is called reduced if the complement of T’
is connected.

2.2. Hecke von Neumann algebras. Let (W, S) be a right-angled Coxeter sys-
tem. Let ¢ > 0. By [Dav08 Proposition 19.1.1] there exists a unique unital
x-algebra C,(I") generated by a basis {Tw | w € W} satisfying the following rela-
tions. For every s € S and w € W we have:

T, — Tow o if [sw] > |wl,
qTsw+ (1 — q)Tw otherwise,

Ti =Ty 1.

We define normalized elements Ty = ¢~ ™I/ QTVW. Then for w € W and s € S,

Tow if |sw| > |w|,
Tew + pTw otherwise,

3

(2.1) T, T _{

where

q—1

N

There is a natural positive linear tracial map 7 on C4(I") satisfying 7(Tw) = 0, w # 1
and 7(1) = 1. Let L?*(M,) be the Hilbert space given by the closure of C,(T") with
respect to (z,y) = 7(y*z) and let M, be the von Neumann algebra generated by
C,4(T) acting on L?(M,). T extends to a state on M, and L?(M,) is its GNS
space with cyclic vector Q := T,. M, is called the Hecke von Neumann algebra at
parameter ¢ associated to the Coxeter system (W, .S).

Theorem 2.2 (see [Garlh))). Let (W,S) be a reduced Cozeter system and suppose
that |S| > 3. Let p be the radius of convergence of the fundamental power series:

(2.2) > Hw e W | |w| = k}|2*.
k=0

For every q € [—p~!, p] the von Neumann algebra M is a factor. For g > 0 not in
[—p~1, p] the von Neumann algebra M, is the direct sum of a factor and C.
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As M, posesses a normal faithful tracial state the factors appearing in Theorem
are of type II;.

For the analysis of M, we shall in fact need M which is the group von Neumann
algebra of the Coxeter group W. It can be represented on L?*(M,). Indeed, let

7§ denote the generators of M, as in (2.1 and let Ty be the generators of M.
Set the unitary map,

U: L*(My) = L3 (M) : TPQ — Ty

In this paper we shall always assume that M is represented on L*(M,) by the
identification My — B(L?*(M,)) : x = UzU*. Note that this way

(2.3) T (T ) = TS

For w € W we shall write Py, for the projection of L?(M,) onto the closure of the
space spanned linearly by {T,Q | [w~lv| = |v| — |[w|}. For I'y € Cliq(T") we shall
write Py, for P, where w € W is the product of all vertex elements of Iy and
|[VT| for the number of elements in VT'y. Similarly we shall write Py, for Py
where w € W is the product of v with all vertex elements of I'y.

Remark 2.3 (Creation and annihilation arguments). Note that for w,v € W
saying that |[w~=lv| = |v| — |w| just means that the start of v contains the word
w. Throughout the paper we say that s € W acts by means of a creation operator
onv e Wif |sv| = |v] + 1. Tt acts as an annihilation operator if |sv| = |v| — 1.
For v,w € W we may always decompose w = w'w’” such that |w| = |w/| +
|w”|, |w"v| = |v| — |[w"| and |wv| = |v| — |[w”| + |w'|. That is w first acts as by
means of annihilations of the letters of w” and then w’ acts as a creation operator
on w”’v. We will use such arguments without further reference.

The following Lemma 2.7 together with Lemma 4] say that Ty, decomposes
in terms of a sum of operators that first act by annihilation (this is Tl(l},)) then a

diagonal action (this is the projection Pyyr,) and finally by creation (this is Tl(l,l)).
This decomposition is crucial for each of our main results.

Definition 2.4. Let w € W. Let Ay, be the set of triples (w’,I'g,w”) with
w,w” € W and T'y € Cliq(T") such that: (1) w = w'VTyw", (2) |w| = |w'| +
[VTo| + |w”|, (3) Ty is not the empty graph, (4) if s € S commutes with Vg then
|w's| > |w'|.

Lemma 2.5. For (w',Ty,w") € Ay there exists u,u’,u” € W such that

(2.4) 7O Py, 78 = 78 Py, T

w! = u’
and moreover if s € W is such that |u's| < |u’| then |su”| > [u”].

Proof. Let u € W be the (unique) element of maximal length such that [w'u™!| =
|w'| — u| and [uw”| = |[w”| — |ul. Set v’ = w'u~! and u” = uw”. It then remains
to prove (24]) as the rest of the properties are obvious. For v € W such that
[VTow"v| = |w"v| — |VTq| we have,

TP Pavro TO (T ) = T Pavry (Tawrv ) = T (Tawiy Q)
=T = T Pyry (Tag Q) = T Py, TN (T, ).

w

For v € W such that |[VTow"v| # |[w”v| — |VT| it follows from a similar compu-
tation that both sides of ([24) have (T ) in its kernel. O
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Remark 2.6. In Lemmal[Z5]the property that [u’s| < |u’| implies that [su”| > |u”|
is equivalent to |u’u”| = |u’| + |u”’|. The words u’ and u” in Lemma 2.5 are not
unique: in case |[su”| = |[u”’| — 1 and s commutes with VT then we may replace
(u',u”) by (u’s, su”).

Lemma 2.7. We have,
(2.5) Tow =TV + Z p#VTor(0) pyr )
(w’,To,w")EAw

where Ay is given in Definition[27)

Proof. The proof proceeds by induction on the length of w. If |[w| = 1 then

Tw = TS + pPy by ZI). Now suppose that (ZI) holds for all w € W with
|w| =n. Let v € W be such that |[v| = n + 1. Decompose v = sw, |w| =n,s € S.
Then,

(2.6)
Ty =TT

—(T4pp) (T Y P P, 1)
(W', To,w")EAWw
=1Q) +pPTP + Y (pPVT) Pen IO T R P, T
(w/,To,w")EAw
Now we need to make the following observations.
(1) If sw’ = w's then P T(l,) = T(l/)P . So in that case,

P,V Py, T =T PPy, T,

Moreover Ps;Pyr, equals Psyr, in case s commutes with all elements of
VT and 0 otherwise.

(2) In case sw’ # w’'s we claim that P T(l)PvroT(l/) 0. To see this, rewrite
P, T(l)PVFOT( )= P T“)PHWOT() with u,u’,u” as in Lemma 25 As
sw’ # w's we have su’ # u’s and/or su # us.

(a) Assume su’ # u's. For v.€ W with Ty in the range of Pyyr,,

(27) PsTl(lll)PuVFo u// (T Q) PsTu/uNVQ.
Furthermore, the assertions of Lemma imply |u'uVTy| = |[u/| +

|[uVTy| and therefore |u'u”v| = |u’v| 4 |u’| which implies (because
su’ # u's and u’'u”v starts with all letters of u’) that (Z7) is 0. Forv €
W with Ty not in the range of Pyyr, we have T( )Puvpo 1(1//) (TvQ) =
0. In all we conclude PSTIE,l)PquoTIE,l,) =0.
(b) Assume su’ = u’s but su # us. Then PSTl(l,l)Pu = Tl(l,l)PsPu =0.
So in all (Z0]) gives,

T, =T +pP, TP+ S p*Vor) Pur, T
(w’,To,w')EAy
+ Z p#VF0+1T(1)P vr T(l)
0

w'l
(W’ . To,w")EAw,sw'=w's,sVI(=VTgs
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and in turn an identification of all summands shows that the latter expression
equals,
R+ > pPVrY P, ).
(v/,To,v")EAsw

This concludes the proof. (I

2.3. Group von Neumann algebras. Let G be a locally compact group with
left regular representation s — A, and group von Neumann algebra £(G) = {\s |
s € G}’. We let A(G) be the Fourier algebra consisting of functions ¢(s) =
(As&,m),€,m € L*(G). There is a pairing between A(G) and £(G) which is given
by (2, A(f)) = [ f(s)¢(s)ds which turns A(G) into an operator space that is com-
pletely isometrically identified with £(G).. We let McgA(G) be the space of com-
pletely bounded Fourier multipliers of A(G). For m € M¢pA(G) welet T, : L(G) —
L(G) be the normal completely bounded map determined by A(f) — A(mf). The
following theorem is due to Bozejko and Fendler (see also [JNRO9, Theo-
rem 4.5]).

Theorem 2.8. Let m € McpA(G). There exists a unique normal completely
bounded map M,, : B(L*(G)) — B(L?*(G)) that is an L>(G)-bimodule homomor-
phism and such that M,, restricts to T, = A(f) — A(mf) on L(G). Moreover,

Mmlles = |Tmllcs = Ml amesacs)-

3. UNIVERSAL PROPERTY AND CONDITIONAL EXPECTATIONS

In this section we establish some standard universal properties for subalgebras

of M,.

Theorem 3.1. Let ¢ > 0 put p = (¢ — 1)/\/q and let (W, S) be a right angled
Cozeter system with associated Hecke von Neumann algebra (Mg, ). Suppose that
(N, 7nr) is a von Neumann algebra with GNS faithful state T that is generated by
self-adjoint operators Rs,s € S that satisfy the relations RsRy = RiRs whenever
m(s,t) = 2, R? = 1+ pRs,s € S and further Tor(Ry, ... Ry,) = 0 for every
non-empty reduced word w = w;y ...w, € W. Then there exists a unique normal
s-homomorphism 7 : Mg — N such that m(Ts) = Rs. Moreover Tarom = 7.

Proof. The proof is routine, c.f. [CaFil5, Proposition 2.12]. We sketch it here.
Let (L2(N),mar,n) be a GNS construction for (N, 7xr). As 7 is GNS faithful we
may assume that N is represented on L?(N) via ma. We define a linear map
VL3 (M) — L*(N) by VQ =n and

V(Tw) = Run, where w € W,
and Ry = Ry, ... Ry, . It is easy to check that V is well-defined and isometric.
Then 7(-) =V (-)V* does the job. As VQ =1 we get iy o = 7. O

Remark 3.2. Note that the property T2 = 14+pT}, s € S with p = % is equivalent

to the usual Hecke relation (/¢7Ts —q)(\/qTs+1) = 0 that appears in the literature.

We shall say that (W',S") is a Coxeter subsystem of (W,S) if S’ C S and
m/(s,t) = m(s,t) for all s,¢ € S’. Here m’ is the function on S’ x S’ that determines
the commutation relations for W', c.f. Section 211
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Corollary 3.3. Let ¢ > 0. Let (W', S") be a Coxeter subsystem of a right angled
Cozeter system (W, S). Let My, and M, be their respective Hecke von Neumann
algebras. There exists a trace preserving normal conditional expectation £ : My —
M.

Proof. Theorem Bl implies that M; is a von Neumann subalgebra of M, and the
canonical trace of M, agrees with the one on M;. Therefore M; admits a trace
preserving normal conditional expectation value, c.f. [Tak03]. O

4. NON-INJECTIVITY OF M,

Recall that a von Neumann algebra M C B(H) is called injective if there exists
a (not necessarily normal) conditional expectation € : B(H) — M. This means
that £ is a completely positive linear map which satisfies Vo € M : E(z) = x.

We prove that M, is non-injective. The proof is based on a Khintchine type
inequality. For the sake of presentation we shall first prove non-injectivity in the
free case, meaning that m(s,t) = co whenever s # t. The proof is conceptually the
same as the general case but the notation simplifies quite a lot, making the proof
much more accessible.

4.1. Non-injectivity of M,: the free case. In this subsection assume that
m(s,t) = oo for all s,t € S,s # t. In particular this means that in Lemma
2.1 every clique appearing in the sum has only 1 vertex. We proceed now as in
[RiXu06] Section 2]. Define the following two linear subspaces of B(L*(M,)):

(41) Ly := span{PSTS(l)Pj‘ |se S’} ) K := span {PSJ‘TS(DPS | s e S’} .

Note that as s2 = e in fact P,T\VPL = TV PL and PLTVP, = TXVP,. The

S

following Lemma [£] is a special case of [RiXu06, Lemma 2.3 and Corollary 2.4].
Lemma 4.1. We have complete isometric identifications,

L1 = (C#S)column Ts(l)Psl P Css
K =~ (C#5) . TP ey,

row
where the lower scripts indicate the operator space structure of a column and row
Hilbert space with orthonormal basis es, s € S.

We define 37 = span{T; | s € S} and subsequently:
Yg=span{Ty, ®...@ Ty, | w e W},
which is contained in the d-fold algebraic tensor copy of ¥;. There exists a canonical
map o4 : Bqg — B(L*(My)) : T, @ ... Ty, + Ty. For s € VI we let A; := CP;,

i.e. a l-dimensional operator space. Using ®j for the Haagerup tensor product we
set Ly = (L1)®"* K} = (K1)®"* and

d d—1
Xq= <@ L ®p, Kd—k) @ (@@Lk Rn As Qp Kd—k—l) .

k=0 5€8 k=0
Here the sums are understood as ¢*°-direct sums of operator spaces. The multipli-
cation maps Ly ®p Kq_ — B(L2(Mq)) and Ly ®p As @n Kg_p—1 — B(LQ(Mq))
are completely contractive by the very definition of the Haagerup tensor product.
Extending linearly to X, gives a map Il; : Xq — B(L*(M,)) with

(4.2) Malles < (d+1) 4 d #5S.
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In fact the tensor amplification
(4.3) (L@ Ty) s My @min Xa — My @min B(L*(M,))
has complete bound majorized by (d+ 1)+ d #S. Define a mapping jq : g — X4,

(4.4)
Tw, ®...Q0 Ty, —

d
(@ T Pp, ® ... @ T, P @ Ty, Py ® ... ® depwd>
k=0

d—1
4= <€B B TPy, ®... @ T, Py, @ Pe®@ Ty, Puyy @ ... @ dePwd> ,
seS k=0

and extend linearly.
Lemma 4.2. We have o4 = Il 0 jg4.

Proof. The lemma follows if we could prove the following equalities, the first one
being Lemma 2.7

(4.5)
Tor =(Puy + Po )T (Puy + Pyy) - (Puy + P )TS) (Puy + Py)
d—1
+p> (Puy + Pa)T)(Puy, + Py) . (Puy, + P )T (Pu, + Py, )%
k=0

Pwk+1 (Pwk+2 + P'UJJ_]C+2)T7J(J]];)+2 (Pwk+2 + P$k+2) ce (Pwd + P’j)_d)T’Lglld)(Pwd + ij_d)

d
= Z(Twlpﬁ) cee (kapvjfk)(kaHPwkﬂ) cee (depwd)
k=0

d—1

+ p Z(Twl le) st (ka ij)Pwk+l (ka+2 Pwk+2) st (depwd)'
k=0

The proof is a creation/annihilation argument as in [RiXu06, Fact 2.6]. First note
that from the fact that w? = 1 we obtain that Té,l)Pwi = Pj;i T&)Pwi = Pj;i qu,li) and

by taking adjoints PwinU? = PwiTé,li)Pij-i = T&)Pﬁ . Therefore also Pji T&?Pi_ =
PwiTlgli)Pwi = 0. Next note that P,,P,,,, = 0. Using these considerations we
see that in the left hand side expression of (@3] all terms are zero except for

the ones that remain on the right hand side of (Z&). Indeed consider a product
H?Zl Tv(vli)Qwi with Qw, = Pw, or Qw, = Pa. . If a factor T PL occurs then

Wit1d wigq
we must have Qw, = Pvt_ or this product is zero. This shows that the only non-zero
summands in the first term on the left side of (@35 are the ones appearing in the
first summation on the right side. Similarly the second summations on each side of

(@3) may be identified. O

Remark 4.3. The inequality ([@2]) can be interpreted as a Khintchine inequality.
It is also possible to obtain the reverse Khintchine inequality ||ja(x)|| < ||oa(x)]] fol-
lowing (almost exactly) the proof of [RiXu06l Theorem 2.5]. The reverse inequality
will not be used in this paper.
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Lemma 4.4. Let A be a C*-algebra and let M = (M; j)1<i<ki<j<i € My i(A) be a

k x l-matriz with entries M; j € A. Assume k > 1. Suppose that if M; ; and M; j
are mnon-zero then j = j'. Then,

M| a1y, 08) < /IIZM M|

Proof. The assumption that if M; ; and M, ;; are non-zero then j = j just means
that after possibly permuting the standard basis vectors we may represent the
transpose of M by means of the following matrix,

Myy ... M, o ... 0 .. 0 .0
0 ... 0  Mop1 ... Moy, ... 0 .0
0 ... 0 0 ... 0 ... Mgy 11 - My,

Then || M||ar, ,(a) = maxl\/H S 1 Mi g M ||a, which yields the lemma. O

Theorem 4.5. Assume that |S| > 3 and Vs,t € S,m(s,t) = co. The Hecke von
Neumann algebra M, is not injective.

Proof. If M, were to be injective then we would have for all choices x;,y; € Mgy, 1 <
7 < m that

(4.6) 1> @ @ull = 17O =i,
i=1 i=1

c.f. [WasT77, Corollary 2]. We show that this contradicts (E2). Fix d € N and find
a (finite) sequence w(® € W with |w(i)| = 2d that satisfies the property that i = j
whenever

(4.7) wgz) . .w((;) = ng) . wl(i ) or wl(j_i)rl wég = wl(i_zl wéfi)

One can choose such a sequence of length equal to at least 29!, (Indeed let
s,t,r € S be three different generators. There are exactly 2¢~! reduced words
wy ... wq_1s with w; € {s,t,r}. Call these words A. Also there are exactly 29!
words twgtsa ... weg with w; € {s,t,r}. Call these words B. Take some bijection
¢ : A — Band consider the words wi(w). This results in 2¢~! words with property
ED); in fact the only thing that matters for the proof is that the length of such a
sequence is exponential in d). ([@6]) then reads

2d71
(4.8) 1Y Twir ® Tl > 297
i=1
On the other hand, the Khintchine inequality ([@2]) with length 2d gives
2d71
(4.9) ((2d+1) +2d #8)Aa > || Y Tyt @ T |,
i=1

where Ay is the maximum over the norms of each of the following expressions:

2d—1

(4.10) Z Tw(i) 024 Tw(i)Pl(i) ®R...x0 Tw(i)PL@) ® Tw(i) Pw(i) ®R...Q Tw(i)Pw(i),
2 1 wy k Wy k+1 k+1 2d 2d
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with 0 < k < 2d and
(4.11)

2d71

Ty ®T P ®...0T Py P oy T «
Z w () wi) wg) wl(c) wfc) w,(cll w,(ci

Pow ®..90T P ¢
— wk1+2 “’éti) “’527
i=

2

with 0 < k <2d—1,s € S. Here these expressions are identified in respectively
(412) Mq Qmin Lk Qn K2d—k = Mq Qmin B(C(#S)kuc(#s)@dim)u
with 0 < k < 2d and
Mq O min Awk ®min B(C(#S)kv C(#S)zdikil)a
with 0 < k < 2d — 1. The isomorphism ([{I2)) is given by

®... TVP,

Soq " S2d

1 1 1 1 1
r@TVPre.. . TVPLeT]) P

Sk+17 Sk+1
IR | es; ®...e5)(€sipy @0 ® sy |

and therefore Condition (@) and Lemma [L4] show that the norm of (£I0) can be
upper estimated by:

2d71

1 d—
|37 TwoToolt <2477 fmax [Ty T |
i=1

=2(d=1)/2 m?x ||Tw(¢) ||

The expression can be upper estimated by 2(4=1/2 (1 + 2dp), c.f. Lemma BT
A similar argument shows that we may upper estimate the norm of ([II]) with
2(d=1)/2 (1 + 2dp). Combining this with X)) shows that for every d we must have:

92d=1 < 9(d=1)/2 (1 4 24p)((2d + 1) + 2d #S).

As for large d this leads to a contradiction, we conclude that M, cannot be injective.
O

Corollary 4.6. Let (W, S) be a right angled Cozeter system with associated Hecke
von Neumann algebra My. Let (W', S") be a Coxeter subsystem of (W, S) that is
free, i.e. m'(s,t) = oo for all s,t € S’. Then M, is non-injective.

Proof. This follows as the Hecke von Neumann algebra Mj of (W’,S’) is an ex-
pected subalgebra of Mg, c.f. Corollary If M, were to be injective then so
would M7 which contradicts Theorem [L.5] O

Remark 4.7. Following the argument of Corollary [1.6] we would be able to prove
non-injectivity of a general reduced Coxeter system (W, S) with |.S| > 3 if we could
prove this for the case that |S| = 3, say S = {r, s,t}, and m(r, s) = oo, m(s,t) = 00
and m(r,t) = 2. Though that this special case suffices, we derive nevertheless a
general Khintchine inequality in the next section as this involves the same modifi-
cations.
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4.2. Non-injectivity of M,: the general case. We now assume again that
(W, S) is a general Coxeter system of a right-angled Coxeter group, i.e. Vs,t € S
we have that m(s,t) equals either 2 or co. Non-injectivity of M, follows essentially
by the same argument as in the free case. We only need to treat the Khintchine
inequality with more care. Therefore we introduce some additional terminology.
Firstly, for s € S we set

Link(s) = {t € S| m(s,t) = 2},

so these are all vertices in I' that have distance exactly 1 to s. For a subset X C VI
we set Link(X) = NgexLink(s). We sometimes regard Link(X) as a full subgraph of
T'. We let 34 be span{T,,, ®...®Ty, | w € W} which is contained in the algebraic
tensor product E?d and X the linear space spanned by Ts,s € S. Let (W, S) be
the free Coxeter system which is determined by the same generating set S but with
relations m (s, t) = 0o, s # t. Let ./\/lg be the free Hecke von Neumann algebra and
L?(M]) its GNS space. We define the spaces Ly and K, exactly as in (@) but with
respect to the Coxeter system (Wy,S). In particular Lemma [T] remains valid. It
is not valid for the system (W, .S) which is the reason we need to introduce an extra
intertwining argument in this section. Then set L, = (L1)®"* K; = (K;)®*.
Let Clig(I',1) be the set of cliques in I' with [ vertices. For I'y € Cliq(T",1) we let
Comm(T'g) be the set of all pairs (I'1,I's) € Cliq(Link(T'o))? such that VI';NV Ty = (.
Let
d—1

d
(4.13) =P D b P Li @n Ar, @n Ka—k1,

1=0 Tv€Cliq(T,l) (T'1,['2)€Comm(T'g) k=0
where Ap, = (CP"iFO C B(L2(M-];)); here P"fro is the projection onto the vectors
T, € L3 (M,) with v starting with letters VT ordered in minimal order.
Parallel to the free case we shall define a mapping jgq : 2g — Xg. Let 0 <
1 <d,0<k<d-1andlet Ty e Cligq(T',l),(I'1,I'2) € Comm(Ty). The image of
Ty, ®...® Ty, under jg in the corresponding summand of (£I3) is,

T,y (Pl )@ ® Ty, (PL )" ® Pyr,

Wo (1) Wo (k)
f f
® Two(k+l+l) (Pwa(k+l+1)) ®...0 Twa(d) (Pwa(d))v

provided that there exists a permutation ¢ of indices such that:

(4.14)

) Wo(k41) - - - Wo(k+1) Make up all the letters in VIg;

) [Wo(1) - Wekys| =k — 1 whenever s € VI'y;

) [We(1y -+ - We(rys| = k + 1 whenever s € Link(T'g)\VT};

) [8Wo(ksis1) - - - Woa)| = d —k —1 —1 whenever s € VI'y;

In [@I4) we shall assume moreover that wy(1) ... Wo(k), Wo(k+1) - - Wo(kt) and
We(k4i41) - - - We(q) are minimal words and if we(;y = we(j),7 < j then o(i) < o(j)
so that o is unique. If such a o does not exist then ([@I4]) should be read as the
zero vector.

Lemma 4.8. Let w € W. Let Ay (k,To) be the set of pairs (W', w") with w =
wVTow”, [W'| =k and |w| = |W'| + |[VTo| + |W"|. For each T'y € Clig(Link(T¢))
there exists at most one (W', w") € Aw(k,Tg) with () for all s € VI'1,|w's| =
|[w'| — 1, for all s € Link(Ty)\VTy, |w's| = |w'| + 1.
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Proof. Suppose that (w},w/) € Aw(k,To) and (wh, w}) € Aw(k,To) both satisfy
the property (x) of the lemma. Suppose that for some ¢ € S we have |w/t| = |w}|—1
but |wht| = |wh|+ 1. Then we must have |[tw/| = |[w}|+1 but [tw]| = |[w)| —1 and
moreover ¢t commutes with VT'y. But property () shows that such ¢ that commutes
with VT'y can only either be on the left or on the right, leading to a contradiction.
So we must have wj = wj and hence also w{ = wj. g

Lemma 4.9. For every Ty, ®...®T,, € £q we have,

(4.15)
d d—I1

_ #VT 1 1 1 1
o T =35 S > p#FVT(T) P ) (TS Pa )

=0 k=0TeClig(T",l) (T'1,I'2)€ Comm(T'g)
X Pyr, (T P

1
We (k42) wa(k+2)) (T’lg)a)(d) Pwa(d))7

where o (changing over the summation) is as in [Il) — @) above this lemma. If such
o does not exist then the summand is understood as 0.

Proof. We first note that we may decompose,
(4.16) Ty, .. Twy = (Puy + Py, )Tw, (P, + Py,) .. (Puwy + Pa)Twy (Pu, + Py).
Therefore consider an expression of the form:

(417) le)Twl le) R Q wdedv

where Qgﬁf equals either P, or Pj;i . Throughout the proof we shall assume that
(@ID) is non-zero. The following claims show that after possibly interchanging
commuting factors in the expression (LI7) we may assume that [@I7) is of a
specific form.

Claim 1. The expression ([@I7) is after possibly interchanging commuting letters
in wi ...wg of the form:

(4'18) Q 1)Tw1Q s QSE?Tstv(ﬁ) (PLtJrlTw +1Pws+1) s (dedePwd)'

Moreover, the tail of annihilation operators is maximal in the sense that if for some
z<swehaveQ2): P, thean)* Py,

i

Proof of Claim 1. Suppose that we are given an expression as in ([@I8]). Suppose
that for some i < s we have qu Pl (2) = P,,. Then we need to show that
w; commutes with w;y1...ws. To do so we may suppose the index ¢ was chosen
maximal. Suppose that w; and w;41 ...ws do not commute and let wy be the first
letter in w;qq ...ws that does not commute with w;. Our choice of i yields that

8,3 = P, (indeed if Qq(l},z were to be Py, then ([@I8) is 0 in case Qg,z = P, and
in case QS,Z = P,, then ¢ was not maximal). But then (ZI8) contains a factor
Py, Py, = 0 which means that (AI8]) would be zero which in turn is a contradiction.

k

Claim 2. The expression (£I7) is after possibly interchanging commuting letters
in wi ...wg of the form:

Q(l T Q(z) Q 1)T Q(2 ( wr+1TwT+1Pwr+1) e (PwsTwsts)
X (Py \TwiPoiy) - (P, Ty Poy)-

Wsy1~ Ws+1

(4.19)
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Moreover, the tail of annihilation and diagonal operators is maximal in the sense
that if for some 7 < r we have quli) = P,, then Qg} = Pj;

Proof of Claim 2. Suppose that we are given a (non-zero) expression as in ([€.I9]).
Suppose that for some i < r we have quli) = Pwi,Qq(i.) = P,,. Then we need to
show that w; commutes with w;11 ...w,. To do so we may suppose the index i < r
was chosen maximal. Suppose that w; and w;q1 ...w, do not commute and let
wy be the first letter in w;11 ... w, that does not commute with w;. Our choice
of i yields that QSQ = P,, and QSEQ = P . But then (IJ) contains a factor
Py, Py, = 0 which means that [@I9) would be zero. As this is a contradiction the
claim follows.

Claim 3. The expression ([@I7) is after possibly interchanging commuting letters
in wi ...wg of the form:

(4 20) (Pwl Twl le) st (Perprtr)(Pwr+1TwT+lPwr+1) st (Pws Tws Pws)
X (Py o T, Puiyy) -+ (Pay, Ty Puy).

Moreover wy41 ...w, forms a clique.

Proof of Claim 3. This is obvious now from Claim 2 and the fact that Pji Twini =
0. As P, P, is non-zero only if w; and w; commute we must have that w11 ... ws

forms a clique.

Remainder of the proof. Note that as T, = T + pP,, we have that (£I7) after
possibly interchanging commuting letters in w; ...wq equals:

(421) p#VFO (Ttgzll)ijz_l) s (TIE)];‘)PJI_T)PVFO (T(l) Pws+1) s (Ttgzt)Pwd)v

Ws+1

where I'y is the clique comprising the letters wgi1 ... w, as in Claim 3. Therefore
the non-zero terms on the right hand side of ([@I8) all occur in the summation
(£13). Note that the ‘possible commutations’ in each of the claims do not affect the
permutation o in ([@IH). That the summands of (£I5) are in 1-1 correspondence

with the non-zero terms of (1) follows by Lemma L8 O
We define
(422) Hd :jd(Ed) — B(L2(Mq)) jd(:E) — O'd(:Z?).

As ¥4 is finite dimensional this map is completely bounded and by definition o4 =
II; 0 j4. It remains to obtain control over the complete bound of II; in terms of d.
This is done by means of the following intertwining lemma.

Lemma 4.10. Il; defined in [E22)) has complete bound that is majorized by Cd>
for a constant C' that is independent of d.

Proof. The proof is an intertwining argument between product maps associated to
the general and to the free case. Let us make this precise. Let L2(./\/l§) be the
GNS space of the Hecke algebra ./\/lg generated by (Wy, S) where again Wy is the
‘free’ Coxeter group with generating set S and relations Vs, ¢ € S,my(s,t) = oo.
Let 0 <1<d,0<k<d—1landlet I'y e Clig(T',1),(T'1,T'2) € Comm(Ly). Let,

(4.23) I 4 rorsr, & Lk @n Ay @n Ka_p— — B(L*(M]))
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be the product map. This map is completely bounded as follows from the definition
of the Haagerup tensor product.

Definition of the intertwining maps. We define two unitary maps. Note that
the second map only differs from the first one at the place we put an exclamation
mark.

e We define the intertwining map,
(4.24) Qki,ro,r, :L*(Mg) = LA(M]),

by sending a vector Ty with [w| = d to Ty, ;. w,,? where o is the
permutation defined in ([l) — ). Moreover we assume that this o is chosen
such that each of the expressions Wy () ... Wo(1), Wo(kt1)- - -Wo(ks) and
Wo(kti41) - - - Wo(q) are minimal (which uniquely determines Qg i r,r,). If
such o does not exist then Qy ; r,.1, (Twf?) is understood as the zero vector.

e We define the intertwining map,
(4.25) Riaro.ry L2 (Mg) = L (M),

by sending a vector T Q with |w| = d to T, y...w,q Where o is the per-
mutation defined in () — {@). Moreover we assume that this o is chosen
such that each of the expressions Wo(1) ... Wo(r) (1); Wo(kg1)- - -Wo(hgs) and
Wo(kti+1) - - - Wo(d) are minimal (which uniquely determines Ry 1, r, (Tw(2)).
If such o does not exist then Ry ;. r,.r, (TwS?) is understood as the zero vec-
tor.

Claim. Let x = Ty, ®...® de € X4 and let Td k,1,T9,1,Ts with 0 < [ < d,

0<k<d-1Ty € Cliql',l) and (I';,T'y) € Comm(T'y) be the corresponding

summands of jg(x) in X4. We have,

(4.26)
Rz,z,ro,rlHﬁ,k,z,ro,rl,rz(xd,k,l,l“o,l“l,l“z)Qd—l—k,l,l“o,l“z
=V pt . ptoyPyp (T TV P

Wo(1) " Wo (1) W (k)" Wo(k) Wer (k4141) wo(k+l+1))"'( We(d) wa(d))7

where o is defined as in (1) — (6) and the right hand side should be understood as
0 otherwise.

Proof of the Claim. Note that both sides of ([@26]) equal 0 if a o as in the statement
of the claim does not exist, c.f. the definition of j;. So we assume that this is
not the case. Take an elementary tensor product Ty, ® ... ® Ty, € X4. As both
sides of ([£26) change in the same way under interchaning w; and w;y; in case
m(w;, wiy1) = 2, we may assume that the tensor product Ty, ®...QT,, is ordered
in such a way that the permutation o on the right hand side of ({26 is trivial.
Now take a vector T, ) and set,

Qd—i—k,1,T0,15(TvQ2) = Tj,Q,

with v; = v,(;) and o as in the definition of Qg 1, r, so that vj_, ;... v},
Vi pggp1--Vy_p and vy, ... v, are minimal. If such o does not exist then
Qu—i—k1,00,r5 (IvQ2) = 0. We have,

f
Hd,k,l,Fo,Fl,Fg (Td,k,1,00,1y,T5)

=T} PIY)...(T PP (Tl Pl ) (T PL).

Wr+14+1" Wk+Hi1+1 Wq ™ Wq
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And therefore, if Qg_;_k.1.1,,1,(Tv2) is non-zero,

H£7k7[)F07F1)F2 (Td k1,00, T1,Ts) Qd—i—k,1,T0,Ts (TWE2)

_ 7/ f
(427) _<Tv/197 va;dQ> ot <Tyéik7197 va;k+l+1Q>
T1£1 wkT’L{/ v’ TJ’ v’ Q.
d—k—14+1"""Yd—k Ya—k+1-Un

On the other hand consider an expression

(TP (TVPL ) Pyr,

k
x (T\V P ). (T Puy )TV Q

Wh14+1- Whti+1

(4.28)

Because w441 - .. wq starts with VI (since we assumed that (26) is non-zero)
this expression can only be non-zero if there exists v/ as defined above in which
case,

EZR) =(T) Py,) - (T Pa, ) Prrg
(4.29) x (Tigllc)+l+lpwk+l+1) e (Tu(Jld)Pwd)Tv/Q
k+l+1Q>

=(To 0, T, ) ... (T, 0T
Twl...wkTv v;Q

k

Zi—k—1+l"'vfi—kTvt/i—k+l'
Clearly the image of (£.29) under Ry r,,r, equals (£27). This concludes the claim.

Remainder of the proof. From Lemmal£.9 we see that I, is given by the direct sum
of the maps qulyro1F1H§1k1l7F07F11F2( - )Qd—1—k,1,17.T» Which are defined on the cor-
responding summands of X 4. As each of these summands is completely contractive
and there are Cd?> summands for some constant C' independent of d, we see that
I1,; is completely bounded with complete bound majorized by Cd?.

O

Theorem 4.11. Let ¢ > 0 and let (W, S) be a reduced Cozeter system with |S| > 3.
The Hecke von Neumann algebra M, is not injective.

Proof. Following Remark[.1it suffices to consider the case |S| = 3, say S = {r, s, t},
with commutation relations m(r,s) = oo, m(s,t) = oo, m(r,t) = 2. The proof of
this case is now a mutatis mutandis copy of the proof of Theorem

Note that at the beginning of the proof we had to justify that there existed a
sequence of words w(® of length 2¢~! such that (@) holds. For the proof it only
matters that the maximal possible length of such a sequence is exponential in d.
We claim that in the current case there is such a sequence of length at least 23 (d-1)
in case d is odd. Indeed, for d odd we may consider words ajsassas...aq—2ST
with a; € {r,t}. Such words form a set A of size 22(%~1)_ Similarly the words
tsajsassas . .. saq—o with a; € {r,t} form a set B of size 23(d-1) Letting again
¢ : A — B be a bijection and considering the words wo(w),w € A shows that
there is a sequence satisfying {7 of length at least 22 (@1

Next note that the Khintchine inequality applied in (£9]) gets replaced by Lemma
The rest of the proof of Theorem 5] changes mutatis mutandis to the Khint-
chine decomposition [I3). O
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5. COMPLETELY BOUNDED APPROXIMATION PROPERTY

We show that for a right angled Coxeter system (W, S) the Hecke von Neumann
algebra M, has the wk-x+ CBAP, see Definition We first consider radial
multipliers and then show that cutting down to radius n has a cb-norm that is at
most polynomial in n.

5.1. Creation/annihilation arguments. In this section we introduce some aux-
iliary notation and prove some elementary properties concerning creation/annihilation
of letters in words. Let x,w € W. We shall write w < x for saying that
|lw™lx| = |x| — |w|. Then w < x is defined naturally. So w < x means that w is
obtained from x by cutting off a tail. An element v € W is called a cliqgue word in
case its letters form a clique. For A a clique in W and v € W we define v(2, ) as the
maximal clique T'g such that [vVTy| = |v| —|VT|. Then we set the decomposition
v =v(1,A)v(2,A) with |v| = [v(1,A)| + |[v(2,A)] and v(2,A) = v(2,0)\A (which
uniquely determines v(1,A)). For g < x we let Agx be (x 'g)(2,0). In other
words Ag x is the maximal clique that appears at the start of g~!'x. We let C(g, x)
be the collection of w € W with g < w < gAg «. Note that C(g,x) contains at
least g and gAg x (and the latter elements can be equal). We write C(g, +) for
Ugng(g, X).

Example 5.1. Consider the Coxeter system (W, S) with S = {r,s,t} in which
m(r,s) = 2 and m(r,t) = m(s,t) = oco. Consider v = trs. Then v(1,0) =
t,v(2,0) =rs,v(1,r) =tr and v(2,7) = s. Also Ay st = {¢,tr,ts, trs}.

We set, for g < x and A € Clig(I"),

(5.1) g xa(T) = Z (—1)l87 V12V LA V()|
vel(g,x)

Lemma 5.2. Let x,w € W. Let w = w'w" be the decomposition with |w| =

|[w'| + |w”| such that |W'x| = |x| — |[W"| and |wx| = |x| — |W"| + |W'|. Take
(w")~t < g <x. Then, for v e C(g,x),

(5.2) (Wv)(2, (wg)(2,0)\g(2,0)) = v(2,8(2,0)\(wg)(2,0))

and

(5.3)  |(wv)(1, (wg)(2,0)\&(2,0)] = [v(1,&(2,0)\wg(2,0))| — [w"| + [w'].

Proof. Let v € C(g,x). The clique v(2,0) consists of the clique g~'v plus all
letters in g(2, ) that commute with g=1v. Therefore v(2,g(2,0)\(wg)(2,0)) is the
clique consisting of g~1v plus all letters in (wg)(2,0) Ng(2,0) that commute with
g~ !v. On the other hand (wv)(2,0) consists of the clique g~'v together with all
letters in (wg)(2,0) that commute with g=!'v. Then (wv)(2,(wg)(2,0)\g(2,0))
equals g~ 'v together with all elements in (wg)(2,0) N g(2,0) that commute with
g !v. So we conclude (52)). Therefore,

[(wv)(1, (wg)(2,0)\&(2,0))|

[wv| = |(wv)(2, (wg)(2,0)\&(2,0))]

=[v| = W'+ W] = [v(2,8(2,0)\(wg) (2, 0))|
v(1,(2,0)\wg(2,0))] — [w"] + [w[.

(5.4)
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Corollary 5.3. With the same notation as Lemmal52 we have:

w/ _ w// o
1T g s g(2.0)\(we) (2.0) = Cweg,wr we(2,0)\&(2.0)-

Proof. This now follows from the definition of ag x,a and both (5.2) and (.3). O

Lemma 5.4. Let x,w € W and decompose w = w'w" such that |w| = |w'| +
|w’|, [w"x| = |x| — |W"| and |wx| = |x| — |[w"| + |w'|. Let (w")~! < g < x. Then:

(1) g(2,0)\(wg)(2,0) = g(2,0)\(w"g)(2,0);
(2) Forv € C(g,x) we have

(5.5) v(2,v(2,0\(W'V)(2,0)) = v(2,8(2,0)\(w"g)(2,0)).

Proof. (1) Because (w”)™! < g < x we also have |w”g| = |g| — |w”| and |wg| =
lg] — |[w”| + |[w'|. So w’ creates letters in w”g so that g(2,0)\(wg)(2,0) =
£(2,0)\(w"g)(2, D).
(2) Let A be the set of letters in g(2,0) that commute with g=!'v. The clique
v(2,0) consists of g7lv U A . This means that v(2,v(2,0)\(w"v)(2,0)) consists
of g_lv U A intersected with (w’ )( (). The intersection of (w”v)(2,0) with
g lvis g7tv so that v(2, v( L0\ (w )(2 0) =g 'vU (Aﬁ (w”v)(2,0)). On the
other hand v(2,g(2,0)\(w"g)(2,0)) equals g 1vU(Aﬁ( 'g)(2,0)) and as g(2,0)N
(w"g)(2,0) = g(2,0) N (w'v)(2, 0) clearly (AN (w'v)(2,0)) = (AN (W'g)(2,0)).
This proves (5.5).

(]
Corollary 5.5. Let x,w € W and decompose w = w'w" such that |w| = |w'| +
|w”|, [w"'x| = |x| — |w”| and |wx| = |x| — |w"| + |w'|. Then,
g 8(2,0)\ (we) (2,0) (1)
- Z (_1)\gflv\TQ\V(LV(Z@)\(WV)(Z@))\+|V(27V(27@)\(WV)(27@))|_
vel(g,x)
Proof. This directly follows from the definition (5I) and Lemma 54 O

5.2. Radial multipliers. In this subsection we construct radial multipliers,
(5.6) DMy, = M, Ty r™Ty,  0<r<1,

and show that these maps are completely bounded with complete bound uniform
in 0 < r < 1. Note that radial multipliers were also considered in for example

[Haal(] (and [HoRild]). The results from [Haal0] typically apply to free products.

As our situation is somewhat different we present a self-contained proof of complete
boundedness of (5.6) by constructing an explicit Stinespring dilation.

Remark 5.6. Note that we may identify ¢2(W) with basis dx, x € W with L?(M,)
with basis Tx2. This way T acts on 2 (W) by means of the left regular repre-
sentation.

We borrow the following construction from [Oza08]. We let By (W) be the set of
finite subsets of W. For A € B;(W) we define £ to be the vectors in £2(B;(W))

given by
1 ifwC A, =~ [ (=D ifwC A,
gA( w) = { 0 otherwise, a(@) _{ 0 otherwise,
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The reader may verify the following lemma using the binomial formula.

Lemma 5.7 (Lemma 4 of [0za08]). We have ||§j|\2 =241 and
~ 0 ANB#0
+ o 3
(€4:€p) _{ 1 otherwise.
We let B be the linear span of the elements Py, w € W. In particular Qv € B,
c.f. (B.8) below. We define for 0 < r <1 and A a clique the map,
BB
by the prescription P, — P, and Py, s r2WENHIWRMIP | > 1. Define the
following Stinespring dilation for 4+ € {+, —},
VEBW) = (W)@ (W)@ (W)@ (B (W)),
(5.7) B Y Y g A(r)ig1x @ 0g @ Ogran) ® Ex -
g<x A<g(2,0)

It may not directly be clear that V.= is bounded but we will soon prove this. We
let Qw be the Dirac delta function at w € W. We let Py, be the indicator function
of the set {x e W | w < x}.

Lemma 5.8. For w € W we have,

(5.8) Qu=| Y (M p

vel(w,+)

Proof. Let x € W. In case w £ x then,

Qux)=0=| Y () VPp | ().

veC(w,+)
Also clearly,

vel(w,+)

In case w < x then,

SR = Y VYR | (%)

vel(w,+) vel(w,x)
=Yy
vel(w,x)
and this expression equals 0 by the binomial formula. Indeed, it equals
[Aw x| [Aw x|

SR G E o (o ah [

=0 veC(w,x),|lw-lv|=l =0

Lemma 5.9. Forw < x in W and A a clique we have,
(I)?(QW)(X) = Qw,x,A (7’)2-
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Proof. We have,
M (Qw)(x)

= | > MR ()

vel(w,+)

Z (_1)IW*lv‘T2|W(17A)H—IW(2,A)‘Pv (X)
veC(w,+)
3 (= 1) V2w LA+ w(2,4)]

vel(w,x)

=aw A (1)’

O

Proposition 5.10. The Stinespring maps V= are bounded uniformly in 0 < r < 1.

Proof. Note that the images of V*d,,x € W are orthogonal by the first two tensor
legs of (B70) so that it suffices to show that there exists a constant C' such that
|[VEo.|| < C. We have by Lemma 5.7

IVEGIZ =Y Y agma(r)dg1x ® 8 @ Sgga,n) @ &4 |17

g<x A<g(2,0)

_Z Z agx, 2|A\

g<x A<g(2,0)

<Const><z Z ng

g<x A<g(2,0)

< Const x Z Z az,x,A(T)

A€eCliq(l") g<x

From Lemma one sees that

Zang Z(I)A Qg

g<x g<x

=®*(1 £ projections not supported at x)(x) = 1.

so that (B3] is bounded with bound uniform in x. O

We are now able to show the existence of suitable radial multipliers as in (G.I5I).

Lemma 5.11. Let x,w € W and decompose w = w'w" such that |w| = |w'| +
|w”|, [w”'x| = |x| — |w”| and |wx| = |x| — |w"| + |w'|. Then,

2 2 "
(5.10) Y. Yxecoween) =r"

(w)~1<g<x
Proof. Define @, : B — B by
P, s p2IVAVEO\N(wWY)(2,0))[+]v(2.v(20\(wv)(2.0)| p_
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As in Lemma[5.9] one checks for the first following equality that for g < x we have,

P, (Qg)(x) = Z (_1)|g71V\TQIV(LV(?JD)\(WV)(27@))|+\V(21V(21@)\(WV)(21@))\
(5.11) vel(g,x)

2
=0 x g(2,0)\(we) (2,0)(7)>

where the second equality is Corollary Note that writing w for (w”)~! we
have w(2,w(2,0)\(ww)(2,0)) = w(2,w(2,0)) which is the empty word. And so
w(1,w(2,0)\(ww)(2,0)) = w. Then taking sums and using this in the third equal-
ity yields,

(5.12)
Z 0%« e2.0)\(we)2.0)(T) = Z P, (Qg)(x)
(w')~1<g<x (w')~1<g<x

=®,.(Pw)-1 £ projections not supported at x)(x)
=T2|w ‘P(w/,)fl(x)
=r2w"l,

O

Lemma 5.12. Let w € W, let (w',To,w") € Ay, and decompose T‘Evl,)PvpoT‘,(vl,z =
Tl(l,l)PquoTl(l}/) as in Lemma[Z3. Then,

(5:13) D OmsCanwee(r) = VL
(u”)~tuVIly<g<x

Proof. As in Lemma [5.11] define @, : B — B by
P, o VOV 0 HYEV O\ W) 20)

As in Lemma 5111, for g < x we have,

(5.14) D, (Qg)(X) = a2 x g2.0)\ (wurg)2.0)(T)-

From this point set w := (u”)~*uVTy. First suppose that u is the empty word.
Then w(2,w(2,0)\(/u’w)(2,0)) = VI and so w(1,w(2,0)\(u'u"w)(2,0)) =
(u”)71. If u is not the empty word, then let s € W be a final letter of u (i.e.

|us| = |u|—1). Then s cannot commute with VT as this would violate the equation
Tl(l,l)PuvroTl(l},) = Tv(vl,) Pyr, Tjj,? Therefore again w(2,w(2,0)\(u'u”"w)(2,0)) =

w(2,0) = VI and so w(1,w(2,0)\(0'u"w)(2,0)) = (u’)"L.
Then taking sums and using the previous paragraph for the third equation,

2
> g x,(2,0)\(we) 2,0) ()

(u”)~1uVT<g<x
= > P, (Qg)(x)
(u”)~1uVT<g<x
=&, (Pw)-1uvr, £ projections not supported at x)(x)

1" "
:T2|u|+2|u |+\VF0|P(HN — 7,2‘“‘+2‘u ‘+|VF0‘_

)~ luVTy (X)
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Theorem 5.13. Let (W, S) be a right angled Cozxeter system. Let 0 < r < 1. There
exists a normal completely bounded map ®, : My — M, that is determined by the
formula:

(5.15) D, (Ty) = ™I Ty,
Moreover ||®..||cg < C for a constant independent of r.
Proof. We show that @, is given by the Stinespring dilation
B(A(W)) = B(E2(W)),
= (V)lezele )V

In order to do so we will treat the following cases from which this claim follows
using Lemma 27

Claim 1. For w € W we have,
(5.16) VYyraeTV 1o 1)V =rvTdh,
Proof of the claim. We have,
(V) (1T @10 1)V, by, dy)
- <Z D g (r)g1x ® T0g @ 0g2.0) @ X

g<x A<g(2,0)

Z Z Oy, A/ (T)0h -1y ® 0 @ Op(z,a7) ® 5X> :

h<y A’<h(2,0)

(5.17)

By looking at the first and second tensor leg we see that this expression can only be
non-zero if wg = h and g~ 'x = h™'y so that wx = y. Then the only summands
that can be non-zero are the ones where g(2,A) = h(2,A’) and AN A" = (. This
precisely means that

A= g(27@)\(Wg)(27®)7 A= (Wg)(27@)\g(27@)'

We decompose w = w'w” with |w| = |[w'| + |w"|, [Ww'x| = |x| — |w"| and |y| =
|x| — |w”|+|w'|. So w” annihilates the first letters of x and then w’ creates letters
at the start of w”’x. We therefore find using the previous remarks for the first
equality and then Corollary B3] and Lemma B.1T]

GBI = Z Qg x,g(2,0)\ (wg)(2,0) (T) Cwg, wx, (wg)(2,0)\g(2,0) (T)
(w')—1<g<x
B 2 W —lw’’
(5.18) = D o wmeneen@r™ T

(w"”)~1<g<x

1" !’ 1"
2w W w]

So we conclude that applying the functional (- dx,dy) to both sides of (5.10]) gives
the same result.

Claim 2. Let w € W and let (w/, T, w") € Ay, c.f. Definition 224l Then,

(5.19) VAo TP, T 010 1)V =T o 70

w’
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Proof of the claim. Let u,u’,u” be as in Lemma so that Tv(vl,)PVpoTv(vl,g =
T Payr, T . We have,

u’’

(V) (1@ TS Payr, T © 1@ 1)V, 6, 6y)

=(3 Y g1k ® T Puyr, T3 0g @ dgo,n) ® €L

(5.20) <x A<g(2,0) gx AT ™x = Sur TuVTotur O & Og(2,4) =54
’ gsxA<g(2,

Z Z Ohy A (1)0h-1y @ On @ Op(2,ar) @ §A> .

h<y A’<h(2,0)

By looking at the first and second leg we see that this expression can only be non-
zero it T\ Payr, T} 6g = 6 and g~ 'x = h~'y so that T Payr, T\ 65 = 6y. In
the non-zero case, the choice of u’ and u” is not necessarily unique, but we may
always assume that |y| = |x| — [u”| 4+ |u’|. So u” annihilates the first letters of x
and then u’ creates letters at the start of u”x. Then the only summands that can
be non-zero are the ones where g(2,A) = h(2,A’) and ANA = 0. As in (&I8)
we therefore find the following. Where we used Lemma [B.11] we use Lemma
instead. So,

E20) = > g x,g(2,0)\ (wug)(2,0) () urg, wrurx, (wu”g) (2,0)\g(2,0) ()
(u”)~"1uVTo<g<x
2 !’ _ 1"
= > g x g0\ (wurg)2,0) (1)

()~ tuVIli<g<x

" ’ "
2l D+ Tolw' || lwl

as |w| = [u'| + |u”| + 2|u| + [VTg|. The claim follows again as applying ( - dx, dy)
to both sides of (BI9) yields the same result. O

5.3. Weak-+ completely bounded approximation property. Let 4, be the
x-algebra generated by the operators Ty, w € W. So M, is the o-weak closure of
Ay. We define

Un: Ag = Mg : T = { 0 otherwise.
We also set ¥, = U<, — W<(,,_1). The crucial part we need to prove is that ¥,
is completely bounded with a complete bound that can be upper estimated in n
polynomially. In order to do so we first introduce 3 auxiliary maps.

Auxiliary map 1. Recall that M; is just the group von Neumann algebra of the
right-angled Coxeter group W. For k € N define the multiplier,

Pr(TS) = Ot 1 T3 -

By [0za08, Theorem 1 (2)] this map is completely bounded and moreover ||pi|cs <
C(k 4+ 1) for some constant C' independent of k. By the Bozejko-Fendler Theorem
we may extend p; uniquely to a o-weakly continuous L°°(W)-bimodule map
B(2(W)) — B(*(W)) with the same completely bounded norm. Using Lemma
27 we see that

n
\Ilgn = Zpk o \Ijgn'
k=0
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Auxiliary map 2. Let T be the unit circle in C. For z € T we define,
W, : 2(W) = 2(W) : 6y — 2IV5,,.
We set for i € Z,

B, : BE(W)) — BIE(W)) : 7 - Az*iwg‘xwzdz,

where the measure is the normalized Lebesgue measure on T. Using Lemma 2.7 we
see that

\Ijgn = i ‘I)i O\I/SH.

1=—"N

Auxiliary map 3. For a € N we define Stinespring dilations,
(5.21) U 2(W) = (W) @ (W) @ (W) @ £2(By(W)),
by mapping 0x to (see Section [5.1] for notation),
Z Z ﬁ;x,[\,aég*lx ® 6g ® 58(211\) ® g:1:'\‘:
g<xA<g(2,0)

Here )
ﬁ;x,/\,a = Z (_1)|g V‘FA@(V)?
vel(g,x)
where Fi o(v) =1 if
2[v(L A+ [v(2,A)] < a,
and else F 4(v) = 0. We let Bax.na = Lif ﬁ;x,A,a # 0 and B; , = 0 otherwise.
Then set,

oap(z) =U, 1@z21@ 1)U, .

The map U is bounded as follows from the fact that g B; x.Aq Hnitely supported
and in fact this bound is uniform in a.

Lemma 5.14. Let x € W. Let u’,u” € W be such that [u"'x| = |x| — |u”|,
[W'u’x| = |x| — [u”| + |0| and (u")"! <v < x. Then,

(5.22)

+ —
D B g\ e (2.0) 0B e (w2, 00\8(2,0) a2l 421w
v<g<x

_{ 1 in case 2|v(1,v(2,0)\(0'u"v)(2,0))| + |v(2,v(2,0)\(0'u"v)(2,0))| < a,

0 otherwise.
Proof. By Equations (52)) and (53)) for v < g we get,
ﬂJr
£:x,8(2,0)\(u'u"g)(2,0).a

Y Faeopwwg)@.a(w)
weC(gx)

= > Flururg)(2,0)\g(2.0),a—2/w|+2/w|(W)
weC (u/u”’g,u’'u’’x)

Jr
“Pururgururx, (ung) (2,0)\8(2,0),a—2(w |[+2u|"

Therefore also

ﬂ;x,g(Z@)\(U’U”g)(27®)7a - BJ’U“gyu/u”xﬁ(U’U”g)(Z@)\g(Z@)1a*2|u/|+2|u//|'
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We therefore have that the left hand side of (22 equals,

+
D Bexgeonww @0 Persemmureeo. = D Pixsonwun@.a
v<g<x v<g<x
To compute this sum define the mapping x4 : B — B : Py = Fy2,0)\ (wu/v)(2,0),a(V) Py
As in the proof of Lemmal5.ITlone checks that £4(Qg)(x) = B;x g(2,0)\(0'u"g)(2,0),a’
And therefore,

Z Bg,x,g(z,@)\(u/u“g)(2,@),a: Z Ka(Qg) (%)

v<g<x v<g<x
=kq(Py £ projections not supported at x)(x).

This expression equals 1 if Fv(2,@)\(u’u”v)(2,@),a(v) = 1 and 0 otherwise which cor-
responds exactly to the statement of the lemma.
O

Lemma 5.15. We have for n € N:

n
\Ilgn - § On—in+i © ®;0 \Ijgn-

i=—n

Proof. Let Ty, € M, with |w| < n. We need to show that,

Tw - Z Z On—inti © (I)z O Pk (Tw)
k=0i=—n

We split
Ty = Tv(vl) + Z Tv(vl/)PVFoT(l)

W'’
(w/,To,w')EAw

and show that ZZ 0 Z?ffn On—in+ioP;opy applied to each of these summands acts
as the identity. Let us consider the summands T( )PVFDTv(vl,? with (w',To,w”) €
Aw. Let u,u’,u” be as in Lemma 2.5 so that ¢ >PVFOTV(V1,? = Tl(l,l)PuvpoTl(l,,). We
have

(1) (1 . ) 7
T(/l)Pu (/1/) _ Tu/ PUVFoTu” itk = |u | + |u |7
pr(Ty vroTur) = 0 otherwise.

So assume k = |u’| + [u”| so that it remains to show that for x,y € W,

(5.23) Z Tnimyi © P(T Pavry TO))6x, 6y) = (T Payr, T s, 6y).

As in the proof of Theorem [5.13] both sides are 0 unless Tl(l,l)PuvpoTu// 0x = Oy.
In the non-zero case there is a choice for u’,u” for which |u”x| = |x| — |u”| and
[u'u"x| = |x| — [u”| 4+ |u/|. And in this case i = |u’| — |u”| is the only non-zero
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summand. Then we find, as in the proof of Theorem [5.13]

(5.24)
(10T Pavr T3 @ 1@ 1)U 05, Uy, i0y)

u’’

Z Z B xhm_i0 1x®T15/)PuVF0 T, ® Og(2,0) ® &f,

g<x A<g 2 (0)

> > Bayarmiidh-ix ®0n ® Oh20) ®Ey)
h<y A’<h(2,0)

- Z B;,x,g@,@)\(u'u”g)(27@)7"—i uw'u’g,un’x,(u'u”g)(2,0)\g(2,0),n+i
(u”)~tuVT<g<x

We claim that this expression is 1 by verifying Lemma B4l Indeed set w :=
(u”)"'uVTy. First suppose that u is the empty word. Then w(2, w(2,0)\(u'u"w)(2,0)) =
VT and so w(1,w(2,0)\(uu”"w)(2,0)) = (u”)~L. If u is not the empty word, then
let s € W be a final letter of u (i.e. |us| = |u| —1). Then s cannot commute with
VT as this would violate the equation T(,)Puv OTI(I},) = (1)P Vol (,2 Therefore
again w(2, w(2,0)\(u'u"w)(2,0)) = w(2,0) = VT'y and so W(l w(2, (Z))\(u’u”w)(2,(2))) =
(u”)~!. Further our constructions give that |[u”| = - and 2[u| + |VIy| =
|w| — |u/| — |u”| = |w| — k. So we have,

2w (L, w(2, 0)\ (w'u"w) (2, 0))] + [w(2, w(2, 0)\(w'u"w) (2, 0))
- —2|(u)"| + (2[u] + Vo))
5.25 i
P (W =k

=lw| —i <n—i,

so that by Lemma [B.T4] we see that (ISDZI) is 1. So we conclude that ([.23]) holds.
For the summand Tv(v) instead of T )Pvpo Tv(v,z the proof follows similarly.

O

Lemma 5.16. We have forn € N,—n <1i < n:
On—imti ©PioVay =0n i ntio P

Proof. We need to show that the right hand side applied to Ty, with |w| > n equals
0. Therefore we may look at the summands T(l)PVpoT(l) with (w/,To,w") € Ay

w//
which can be further decomposed as T(,)PuvpoT(,,) with u,u’,u” as in Lemma [2.5]

)

The summand Tv(v can be treated in the same manner. Consider,

(5.26) (On—imsi © i 0 pr(T Payr, T, 8y),

and this expression is 0 in case |u’| + [u”’| # k. If |u'| 4+ [u”| = k then
B28) = (7ninsi © Pu(Tyy Pave, T o By

So (B.24) equals 0 unless Tlg,l)PuvpoT 0x = dy. In the latter case there is a choice

u//
for u’,u” for which |[u”x| = |x| — [u”| and |u'u o y| = ly| — [u”| + |u'|. In that case
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i =|u'| — |u”] and as in (&24)),
(5.27)
G28) =((1 9 Ty Pavr, Ty © 1@ DU 65, Uy 0y)

= Z Be,x,g(2.0)\ (wu”g)(2,0),n—iPu'u g uux,(wu"g)(2,0)\g(2,0),n+i-
()~ tuVIli<g<x

As for w := (u”)"'uVT we have again as in (5.25]),
2|w(1,w(2,0)\(u'u"w)(2,0))| + [w(2,w(2,0)\(0'u"wW)(2,0))| = |w| —i >n—1,
the expression (5.21) is zero by Lemma T4l 0
Proposition 5.17. We have ||V <,|[cs < P(n) for some polynomial P.

Proof. By Lemmas and we have,

n
Ve, = E On—inti o PioVey

=N
n

= E On—in+i © Ps,
i=—n

and the right hand side is completely bounded with polynomial bound in n. O

Definition 5.18. A von Neumann algebra M has the weak-* completely bounded
approximation property (wk-x CBAP) if there exists a net of normal finite rank
maps ®; : M — M such that ®;(x) — x in the o-weak topology and moreover
sup; || P;lles < oo.

Theorem 5.19. Let (W, S) be a right angled Cozxeter system and let ¢ > 0. The
Hecke von Neumann algebra M, has the wk-x CBAP.

Proof. The proof goes back to Haagerup [Haa78]. Consider the completely bounded
map V<, 0 ®,. : 4, = M,. Clearly as n — oo and 1 this map converges to
the identity in the point o-weak topology. Furthermore,

oo
[Ven o ®rlles < [[(Y<n —1d) 0 @pfles + |rles < < > T"ll‘l’n|cs> + [|®rles,
i=n—+1
which shows using Proposition 5.I7 and Theorem [5.13] that we may let » 1 and
then choose n := n, converging to oo such that |¥<, o ®.|cp < C for some
constant.

The map @, is normal by Theorem Also ¥, is normal by a standard
argument: indeed using duality and Kaplansky’s density theorem one sees that ¥,
maps L'(M,) — L*(M,) boundedly. Then taking the dual of this map yields that
v, : My - M, is a normal map. We may extend W<, o ®, to a normal map
My — M. Then using a standard approximation argument yields the result. [

Remark 5.20. Recall that if the finite rank maps in the definition of the wk-x
CBAP can be chosen contractive then we call this the weak-* completely contractive
approximation property (wk-+ CCAP). We do not know if M, has the wk-x CCAP
(nor we obtain the Haagerup property, see [BrOz08]). If the radial multipliers we
constructed are ucp maps then M, possesses these properties.



28 MARTIJN CASPERS

6. STRONG SOLIDITY

We prove that the II; summand of M, — see Theorem — is a strongly solid
von Neumann algebra.

6.1. Preliminaries on strongly solid algebras. The normalizer of a von Neu-
mann subalgebra P of M is defined as Ny(P) = {u € U(M) | wPu* = P}. A von
Neumann algebra is called diffuse if it does not contain minimal projections.

Definition 6.1. A IIj-factor M is strongly solid if for any diffuse injective von
Neumann subalgebra P C M the von Neumann algebra generated by the normalizer
N (P)" is again injective.

In [OzPol10] Ozawa and Popa proved that free group factors are strongly solid
and consequently they could give the first examples of II; factors that have no
Cartan subalgebras. A general source for strongly solid von Neumann algebras are
group von Neumann algebras of groups that have the weak-x completely bounded
approximation property and are bi-exact (see [ChSil3], [CSUT3|, [PoVald]; we also
refer to these sources for the definition of bi-exactness). The following definition
and subsequent theorem were then introduced and proved in [[sol5]. For standard
forms of von Neumann algebras we refer to [Tak03].

Definition 6.2. Let M C B(H) be a von Neumann algebra represented on the
standard Hilbert space H with modular conjugation J. We say that M satisfies
condition (AO)™ if there exists a unital C*-subalgebra A C M that is o-weakly
dense in M and which satisfies the following two conditions:

(1) A is locally reflexive.
(2) There exists a ucp map 6 : A Q@uin JAJ — B(H) such that 6(a ® b) — ab is
a compact operator on H.

Theorem 6.3 ([Isol5]). Let M be a II1-factor with separable predual. Suppose that
M satisfies condition (AO)T and has the weak-x completely bounded approzimation
property. Then M is strongly solid.

A maximal abelian von Neumann subalgebra P C M of a II; factor M is called
a Cartan subalgebra if Nag(P)” = M. It is then obvious that if M is a non-injective
strongly solid IT;-factor, then M cannot contain a Cartan subalgebra. Therefore
we will now prove that the Hecke von Neumann algebra M, (in the factorial case)
satisfies condition (AO)™T.

6.2. Crossed products. Let A be a C*-algebra that is represented on a Hilbert
space H. Let a : G »~ A be a continuous action of a locally compact group G on
A. The reduced crossed product A x, G is the C*-algebra of operators acting on
H ® £2(G) generated by operators

(6.1) ug := Z 1®egh,n, 9 €G, and n(z) := Z htx®enn, x€A.
heG heG

Here the convergence of the sums should be understood in the strong topology.
There is also a universal crossed product A x,, G for which we refer to [BrOz08] (in
the case we need it, it turns out to equal the reduced crossed product).



ABSENCE OF CARTAN SUBALGEBRAS FOR HECKE VON NEUMANN ALGEBRAS 29

6.3. Gromov boundary and condition (AO)™. Let again (W, S) be a Coxeter
system. Let A be the associated Cayley tree. A geodesic ray starting at a point
w € A is a sequence (W, wvy, wuivg,...) such that |wovy...v,| = |w| +n. We
typically write w = (w(0),w(1),...) for a geodesic ray. Let 6W be the Gromov
boundary of W which is the collection of all geodesic rays starting at the identitiy
of W. oW may be topologized with the smallest topology that contains the open
sets Uy = {w € 0W | w(|w]) = w}. Then §W is a compact space. We topologize
W U W with the smallest topology making the functions Py U xr, continuous
(here x is an indicator function). Note that the topology of W is then inherited
from W U W.

Let W ~ W be the action by means of left translation. The action extends
continuously to W U éW and then restricts to an action W ~ éW. We may pull
back this action to obtain W ~ C(6W). As W is a hyperbolic group the action
W ~ 0W is well-known to be amenable [BrOz08] which implies that C'(6W)x,, W =
C(6W) x, W and furthermore this crossed product is a nuclear C*-algebra. Let
feCOW), let fi, fa € C(W USW) be two continuous extensions of f and let f;
and fy be their respective restrictions to W. Then fi; — fo € Co(W). That is, the
multiplication map fi — f2 acting on ¢2(W) determines a compact operator. So
the assignment f — f; is a well-defined *-homomorphism C(6W) — B(¢*(W))/K
where K are the compact operators on ¢2(W). It is easy to check that this map is
W-equivariant and thus we obtain a *-homomorpism:

(6.2) 71 C(6W) 3, W — B(L2(W))/K.

Let again W ~ W be the action by means of left translation which may be
pulled back to obtain an action W ~ £°(W). Let

p: (W) x, W — BA(W))
be the o-weakly continuous x-isomorphism determined by p : uw — Tv(vl) and
p:m(z) — z (see [VaeOll Theorem 5.3]). In fact p is an injective map (this follows
immediately from Theorem 2.1] as the operator G in this theorem equals
the mutliplicative unitary/struture operator [Tak03l p. 68]). Let Coo(W) be the
C*-algebra generated by the projections Py, w € W. Take f € C(W) and let ]7
be the continuous extension of f to W UJW. The map f +— f~|5W determines a *-

homomorphism o : Coo (W) — C(6W) that is W-equivariant. Therefore it extends
to the crossed product map

o X 1d: Coo (W) 3 W = C(6W) %, WL
Theorem 6.4. The von Neumann algebra M, satisfies condition (AO)*.

Proof. We let A, be the unital C*-subalgebra of M, generated by operators Ty, w €
W. It is easy to see that A, is preserved by the multipliers that we constructed
in order to prove that M, had the wk-+ CBAP, see Section [l (indeed these were
compositions of radial multipliers (5.6]) and word length projections). Therefore
A, has the CBAP, hence by the remarks before [HaKr94, Theorem 2.2] it is exact.

Therefore A, is locally reflexive [BrOz08], [Pis02, Chapter 18].
It remains to prove condition (2) of Definition[6.2l By Lemma 277 we see that A,

is contained in the C*-subalgebra of B(¢£2(W)) generated by the operators Py, %
with w € W. So p~1(A,) is contained in Coo (W) %, W and therefore we may set

viAg = COW) %, W as y=(ox,.1d)op L.
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The mapping mo : JA,J — B(¢*(W))/K : b+ bis a +-homomorphism and its image
commutes with the image of m; of (G2]) (as was argued in Lemma 6.2.8]).
By definition of the maximal tensor product there exists a *-homomorphism:

(11 @ 72) : (C(6W) Xy W) @uax JAGT — BUA(W))/K : a @ JbJ + m1(a)JbJ.
We may now consider the following composition of *-homomorphisms:

(6.3) Ay Gmin JAGT — 2 (CEW) 30, W) @i JAGT

lz

B(C2(W))/K ~——(C0W) xty W) @umax JAG.

172
By construction this map is given by:
(6.4) a® JbJ — aJbJ + K, where a,b € A,.

The map m; is nuclear because we already observed that C(6W) x,, W is nuclear.
Also o is nuclear as it equals J(-)J om oyo J(-)J. It therefore follows that
the mapping 71 @ 2 : (C(6W) X, W) @min JAgJ — B(£*(W))/K in diagram (G3)
is nuclear and we may apply the Choi-Effros lifting theorem [ChEf76] in order to
obtain a ucp lift 6 : (C(6W) 3, W) @min JAgJ — B?(W)). Then 6o (y ® Id)
together with (G.4]) witness the result. (]

Corollary 6.5. Let (W, S) be a reduced Cozeter system with |S| > 3 and g > 0.
Then the Hecke von Neumann algebra Mg has no Cartan subalgebra.

Proof. This is a consequence of Theorem together with Theorems [£17] [5.19
and [6.41 0
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