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Abstract

The aim of this paper is to describe all inner and all outer derivations of Leavitt path algebra via explicit
formulas.

Introduction

The Leavitt path algebras were developed by Gene Abrams and Arando Pino [I] and Pere Ara, Marfa A.
Moreno and Enrique Pardo [2]. These algebras are an algebraic analog of graph Cuntz—Kreiger C*-algebra.

In [5] has been proved that the Leavitt path algebra and their generalizations are hereditary algebra.
It follows that homology vanish in higher degree. Pere Ara and Guillermo Cortinas [4] calculated the
Hochschild homology of Leavitt path algebras. But they used technique of spectral sequences and from this
results does not follow the way of explicit formulas derivations of Leavitt path algebra. In this paper we
will describe all derivations via explicit formula. We will give full description of the space of all inner and
all outer derivations. The main technique is based on the Grébner—Shirshov basis[6].

The main technique for the describing all derivations is based on the Grobner—Shirshov basis and the
Composition-Diamond Lemma. If the Grébner—Shirshov basis for an algebra A is known, then the basis
B, for this algebra is also known. It allows us to describe any value of any linear map f : A — A as

a decomposition f(A) = > &:(A)zx via basic elements; surely, in the infinite-dimensional case we have to
zEBA

assume that almost all scalers &, () are zero. Since the derivation is a linear map which satisfies the Leibnitz

rule, we can use the Grobner—Shirshov basis for finding exactly the needed conditions for the scalers &;(\).

It is our main tool in this paper. The Grobner—Shirshov basis of Leavitt path algebra L(I") was found in [3].

The general results of this paper are Theorem 3] and Theorem [3.2] which describe all inner and all outer
derivations of the Leavitt path algebra W (¢), respectively.

1 Preliminaries

Here we remind the definition of the Leavitt path algebra and the correspondence terminologies.

Derivations. Let 2 be an arbitrary (non-associative) algebra over the ring R. A derivation 2 in U is a
linear map 2 : A — A satisfying to the Leibnitz rule,

D(zy) = Z2(x)y +22(y)

for any z,y € A. It follows that any derivation & is defined on the generators of algebra 2, moreover, let
us assume that the basis By of algebra A is known, say By = {b;, j € J}, then for any generator x, we can
put

)= Y &, @i

b; €By
where &, (z) € R are scalers, and almost all of them are zero.

Now let 2 be an associative algebra and let us fix some element A\ € A, the inner derivation determined
by A is a linear map ady : A — A which is defined for any generators x as follows

adx(z) == Az — zA.
It allows to define any inner derivation A for any generator x as follows,
A(x) = Gada(@),
PYErS

here almost all scalers (x € R are zero.
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Leavitt path algebra L(I'). A directed graph I' = (V, E, 8,t) consists of two sets V and E, called
vertices and edges respectively, and two maps 8,r : E — V called source and range (of edge) respectively.
The graph is called row — finite if for all vertices v € V, |87 (v)| < co. A vertex v for which 87%(v) is
empty is called a sink. A path p =e1---e¢ in a graph I' is a sequence of the edges e1,...,e; € E such that
r(ei) = 8(ei+1) for i = 1,...,¢ — 1. In this case we say that the path p starts at the vertex 8(e1) and ends
at the vertex t(e¢), we put 8(p) := 8(e1) and r(p) := r(e;). We also set po := e1 and p. := ey, further, we
will use the following denoting: we set p/po := p’ and p/p. = p”, where the paths p’,p” can be defined as
pop’ = p and p”p. = p respectively. We have also assumed that p = po € E or p = p, € E in this case we

set p/po := t(po) and p/p. := 8(p-) respectively.

Definition 1.1. Let ' be a row-finite graph, and let R be an associative ring with unit. The Leavitt path R-
algebra Lr(T") (or shortly L(T')) is the R-algebra presented by the set of generators {v,v € V}, {e,e*|e € E}
and the set of relations:

1) viv; = i jvs, for all vi,v; € V;
2) 8(e)e =ex(e) =e, r(e)e” =e"8(e) =€, for alle € E;
3) e"f =de,sr(e), for alle, f € E;

)

v= Y ee*, for an arbitrary vertex v € V \ {sinks}.
3(e)=v

N

For an arbitrary vertex v € V which is not a sink, choose and edge € € E such that 3(¢) = v. We will
refer to this edge as special. In other words, we fix a function ? : V \ {sinks} — E such that 8(¢) = v for an
arbitrary v € V' \ {sinks}.

In [3] the Grobner—Shirshov basis has been obtained with respect to the order < on the set of generators
X =V UFEUE". This order is defined as follows: chose an arbitrary well-ordering on the set of vertices
V. If e, f are edges and 8(e) < 8(f), then e < f. It remains to order the edges that have the same source.
Let v be a vertex which is not a sink. Let ej,...,e; be all the edges that originate from v. Suppose e; is a
special edge. We order the edges as follows: e; > ez > ... > e;. Choose an arbitrary well-ordering on the
set E*. For arbitrary elements v € V, e € E*, f* € E*, welet v < e < f*. Thus the set X = VUEUE" is
well-ordered.

Theorem 1.1. [3, Theorem 1] The following elements form a basis of the Leavitt path algebra L(T):
(i) the set of all vertexes V,
(ii) the set of all paths ‘B,
(iii) the set P* := {p* : p € P},
) a set M of words of form wh™, where w =e1---en €P, K" = (f1 - fm) = fr - f1 €P", e, f; EE,

are paths that end at the same vertex t(w) = t(h), with the condition that the edges e, and fm are
either distinct or equal, but not special.

(iv

Let us describe the Grobner—Shirshov basis for the Leavitt path algebra L(T'):

VU = Gy,u v,
ve = 51,75(6)6, ev = 51,7,;(6)6,

* * * *
ve' = Gype)€, €U =0y5e)€ ,

ef* = be,5t(e), Z ee” = v,

3(e)=v
ef =0y snef, € =0 eee f ef =0ewnel s
here v,u € V and e, f € E.

Leavitt path algebra W (¢). Let £ > 1, and let us consider the graph O, with £ loops (see figlll). The
correspondence Leavitt path algebra L(O;) is denoted by W (¢).

o”g
e
Figure 1: Here the graph Oy is shown. The correspondence Leavitt path algebra is denoted by W ().

Let us denote by Q the set of all paths of the graph O,. Then, for the Leavitt path algebra W ({), the
Theorem [[T] has the following form

Theorem 1.2. The following elements form a basis of the Leavitt path algebra W (£):
(i) the vertex {v},



(i) the set of all paths <,
(iii) the set {p* :p € Q},
(iv) a set M of words of form wh™, where w =e1---en €P, K" = (f1 - fm) = fr - f1 €P", e, f; EE,

Proposition 1.1. Any derivation 2 of the Leavitt path algebra W (£) satisfies the following equations

v = v,

ve =ev = e, eck,
ve' = e v =¢e", e e E",
e f =6e v e,fE€E,
Zeiefzu er,...,ep € E.

P)v+v2(v) = 2(v),

Z(v)e+vP(e) = D(e)v+eP(v) = D(e), ecE,

D(v)e" +vP(e") = D(e" v+ e D(v) = D(e), e eE",

D)V f+ e D(f) =6be,rP(v), e,f €E,
¢

Z(@(ei)ef + ei@(ef)) = 9(v), el,...,ec € E.

i=1

Proof. It immediately follows from the definition of derivation and the Theorem

Remark 1.1. Without loss of generality we have assumed that ey is the special edge.

2 Derivations of the Leavitt path algebra

are paths that end at the same vertex t(w) = t(h), with the condition that the if edges e, and fn, are
either distinct or equal, but not special.

The Gréobner—Shirshov basis of the Leavitt path algebra W (€), can be described as follows,

Since the basis of the Leavitt path algebra W () has been described, then any value Z(z) of any linear map
9 : W (L) — W (), we can present as

7(x) U+Z(/Bp z)p + Yp( ) Z puwh (T

peEN* wh* eM

here z € {v} U EU E™ and almost all scalers «, 3,7, p € R are zero.

Proposition 2.1. Let 2 be a derivation of Leavitt path algebra W (€), then 2(v) =

Proof. Using the equation Z(v)v +v2(v) = 2(v), we get

and

< U+Z(ﬂp op+wp) + > pwh*wh>

peEQ* wh* eM
U+Z(ﬂp 0)p + (v )+ D> pun(v
peEN* wh* eM

v9(v) = v(av U+Z(,Bp v)p + Yp(v ) Z Pwh (v >—

pEQ* wh*eM
ot > (Bo@p+w@p) + D pun-wh’
peEQ* wh* eM

it follows Z(v) = 0, as claimed.

It follows that we can rewrite all equations in the following form

v(e)v = P(e)
v(e ) = 9(e")

)6J+6z (ej) 07 1SZ7JSZ

9 (e
i( er +eid(e] )) —0.



Theorem 2.1. Any derivation 2 of the Leavitt path algebra W (£) can be described as

0, if x =,

7(@) = (@ 3 (Bp@p+ @) + 5 pun(@yuh’, v e BUET,

wh* €M

where almost all coefficients a(x), B(x),v(x), p(x) € R are zero and they satisfy the following equations

Ve; (€7) + Be; (e5) =0,

Bp(ei) + (1 51,J)Ppe]e (€7) + Beipe, (ei) =0, pEQ,
ppe‘f( i)+ Beip(es) = p EQ, p. # ej,
a(el) + uf&nmﬁ@n+&%<>:a

Ye;pe; (e7) + yplei) + (1 =61, i)Pe;(pes)* (€5) = 0, p € Q,
Ye;p(€i i)+ peip=(ej) =0, pEQ p, # e,
aw(e;) + Yeje; (€7) + (1= 01,i)pe;er (€5) = 0,

Pu(e;ny=(€7) + pejwn+(e5) = 0, wh* € M,

forany 1 <i,5 </.

Proof. We have

vP(e)v=Y(e) = U(“U UJFZ(/BP e)p+ (e ) Z Pwh= (€ >U:

peEQ* wh*eM
&)+ Y (Bl@p+p(@)p”) + D puns (e)wh”,
peEN* wh*eM

further,

v v =2(") = v <av Yo+ Z (,Bp )p+ Yp(e ) Z pwh* (e")wh >

pEQ* wh* €M
UJFZ(@J )P+ p(e ) Z Pwn (€7 )wh”
peEN* wh*eM

Let us consider for any 1 < ¢,j < £ the equations Z(ej)e; + e; Z(e;) = 0, we have

D(ei)e; = < Do+ Z (,Bp Yp + ple ) Z pun= (€])wh )

peEN* wh*eM

= a(ede;+ Y Boledpes + D Yesp(€)p” + e, (€D)v +

peEN* peEN™

+ Z pwe;(ej)w+ Z pw(ejh)*(e:)wh*7

we;f em wh*eM
and

ei(e;) = € <a (ej)v+ Z (/BP e;)p + vp(ei)p ) Z pwn=(e5)wh )

peQ* wh* eM

= avlej)e] + Bes(ef)v+ D Beple)p+ Y (e (pe:)” +

peEN* peEN*
+ ) pens(e)h"+ D pejuwns(e5)wh’.
e;h*eM wh*eM

Let us add up similar terms,

D(ei)ej +e; D(ej) v

Yej (6?)’0 + /Bei (63')1),



D(ei)e; + 6:9(%)’9 = auled)es + ) Bolepej+ Y pues(€)w+ Y Beple)p =

peQ we’feim peEN
*
= E Bp (€7 )pe; + E Ppejex (e7)pej + E Pwey (ei)w +
PEQ pejej *em we;EﬂJZ,wz7éej

Fon(€i)e; + (1= 61,5)pe,ex (€7)€; + Beie; (€5)e; +
+ Z Beipe; (ej)pej + Z Be;p(ej)p =

PEQ PEQ, prFe;
= D (Boed) + (1= 81)ppeges (1) + Beope, (e5) e +
pEN
+ 3 (s (D) + Benlen))p+
PEQ, pzFej

(el + (1= 813)peges (€1) + Bese, (€5) ) s,

D(e)ej +e; D(ej) o

= e] 61 +276]P 61 p +27P pel Z Pe;h* e] =

peEQ peER e h* €M
= auleg)er + v e(eel + > vepei(e)e) + Y Yep(ed)p” +
peEQ PEQ, prFe;
+ > ple)pe)” + (1= 01)pe,er(e)er + D peipeny(€5)(pes)” +
peEN eie:fp*eim

+ Z pen(ej)h" =

e;h*eEM, h,#e;

= 3 (egpes (€D + (e + (1= 611)pespey- (e) ) (pes)” +

PEQ

+ Z (%JP( i)+ peipt (j))P*+

PEQ, pFe;

(s e) + vy (67) + (1= B1.)pecer () ) el

@(6:)6j + 6:@(6J‘) m Z pw(e] h)* wh + Z pe wh* (e])wh -

wh* eM wh* eM
- Y (pw(ejhy (€5) + pecun= (€5) ) wh".
wh* eM

So, for any 1 < i,j < ¢, we have the following equations

Ve, (62) + Be; (61') =0,
Bp(ei) + (1 = 61,j)Ppejer (€7) + Beipe; (i) =0,  p€Q,
ppe; (€7) + Bein(es) =0, pEQ, p:Fej,
av(ei) (1 - 51,J)Pe]e (el) + Be, e; (61) =0,
’Yejpei(ei) +plei) + (1 — 61,i)pei(pei)*(€j) =0, pEQ,
’Ye]'p(e;) + peip+(€5) =0, pEQ, p: # ey
aw(ej) +Yeje;(€7) + (1= 01,6)peger () = 0,
Pu(e;ny=(€i) + pejwnr(€j) = 0, wh™ € M.
In other hand, let us consider the equation Xe: (_@(er)e: + er_@(e,’i)) = 0. For the special edge e1, we

r=1
have

D(er1)er = <a (er)v + Z (5p e1)p + yple1)p ) Z puwn= (€1)wh )

peEQ* wh* eM

¢ ¢
av(e1)e] + Be; (e1)v — Z Be, (e1)exer, + Z Bpes (e1)p — Z Z Bpey (e1)perer, +

k=2 peEQ pEQ k=2
+ Z 5?(61 Pel + Z’Yp 61 61p Z pwh* 61 elh)
PER, p.Feq pEQ wh* €M



and

e1%(e]) = e <o¢v(e’{)v+ Z (ﬂp(e’{)p+'yp(e’{)p*) + Z pwh*(ei‘)wh*> =
peQ* wh* €M
¢

= aneder + 3 BoleDerp +7er (D — 3 ver (edexe + 3 e (€D)p" -

peEQ k=2 peQ

4
=D waleDererp + D> wleDep" + D puns(en)erwh”,

peEQ k=2 pEQ, prFeq wh*eM

further, we have

9(67‘)6: = <Oé (61" v+ Z (ﬂp ev‘)p""}/p 67‘ ) + Z pwh* 67‘ ) 6: =

peEN* wh* eM

avlener + 3 Bolenper + 3 vplen)(ep) + 3 pune (en)wleh)”,

peEQ peEN wh*eM
and
e 9(e)) = e <av<e:>v+ S (Blenp (e ) + D puns <6i>wh*> =
peEQ wh*eM
= « (e:)eT+Z/BP(e errZ’)’p 6rp + Z Pwh* er)erwh
peEQ peEN wh*eM
We get

= Ber(e1)v+ves (e1)v =0,

¢

Z( er)e, + er_@(e:))

=1 v

it follows Se, (e1)v + e, (e]) = 0, it is the equation (2.0). Further,

14

> (2(en)er +erien))

A 4
> au(e)er+ > Bper(e)p+ > D Boler)erp =

r=1 Q r=1 peN r=1peQ
4 4
= > (awlen) + Berer (o) Jer + 30D (Beypes (e1) + Bo(e) Jerp =
r=1 r=1peQ
= 0,
it follows

av(er) + Berer(€1) =0, Berpe; (€1) + Bpler) =0,
these equations have been already found (see ([29) and (Z7)) respectively). Further,

14 )
> (2 +eaen)| = Zav (er)er 4D pea(e)p +ZZ% (er)(erp)” =
r=1 Q* peEQ r=1peQ
A
= Y (awler) +vererled))er + Z > (Yerper (1) + p(en) ) (erp)” =
r=1 r=1peQ
f— ()7
then we get

av(er) + Yere (€1)er =0, Yerpes (€1) + Yp(er) =0,
these are the equations (Z12) and ZI0) respectively.

¢

> (2en)er +er(en)

r=1

- Zﬁel e1)exer — Y Zﬁpel eperer+ > Bpler)pei +

m pEN k=2 PEQ, p2Fe
L

+ Z pwh* (e1)w(erh)” Z%l el)exer — szpel(ef)eke?;p”r

wh*eM pEQ k=2

e
+ > wlEDep + D pun(eDerwh™ +Y " By(er)per +

PEQ, pzFeq wh* €M r=2peQ

£ £ £
+ Z Z pun=(er)w(erh)” + Z Z Tp(er)erp” + Z Z puwh= (er)erwh”,

r=2wh* €M r=2peQ) r=2wh* €M




Let us add up similar terms,

£ 14
Z(@(er)e:JFer@(e:))‘ = 2(561 e1) + e, (€1 )ekek +Z Z By (er)per. +Z Z Yoler)ep™ —
m

r=1 k=2 r=1pereM r=1ep,p*eEM

¢ ¢
- Z Z Bpe, (e1)perer, — Z Z Ypey (€1)ex(per)” +

k=2peQ k=2peQ
4 4

23S s ledulehy £ Y pune (e’ =
r=1wh*eM r=1wh*eM

(—Ber(e2) = Fer(e2) + B ex) + e (€1) ) exei +

4
> (5% er) + e, (ek )eker +Z > Beler)per +

I

r=1k=1k#r r=1pereM, p¢E
4 14 4
+ Z Z Yo(er)erp” — Z Z Bpe: (e1)perey, — Z Z Vrer (€1)en(per)” +
r=1e,.p*€M, pgE k=2peQ k=2 peQ

~

+
M- 2

(Pekwh* er) + Pu(eqny+ (e ))ekw(erh)“r

ES
~

+
M-~

-

r=1wh*eM

¢ ¢
Pe, i+ (er)ex(erh)” +ZZ Z Puwe (€7 )erwer =

1eph*eM k=1r=1we} M

ES
Il
—

T

let us consider a following sum

¢ ¢
S = Z Bp(er)per + Z Z Yp(er)erp” —

r=1pereM, p¢E r=le,.p*eM, p¢E
4 4
=D Boer(en)perer — > D pey (e)ex(per)” +
k=2peQ k=2peQ
4 4 I3 4
+ Z > pens(en)en(erh) £33 > pue: (er)erwer,
k=1r=1eph*eM k=1r=1 wezeim

we have

L

= > D DBoler)per - ZZﬂpel ex)pexei +

r=1pe*xcM,p¢E k=2peQ
I

e
DD puerleewei +> > plelen” -

k=1r=1we} €M r=1e,.p*eM, p¢E

£ £
- Z%el(el Jex(pex)” + Z Z Pe,h+(er)ex(erh)” =

k=2 peN k=1lr=legh*ecM

~

~

Il
MN

4 4
(ﬂmk (ex) = Bees (€1) + peye (er))erekei Y>> (ﬂeTp(ek) + Ppe: (ei))erpe’é -

1 k=1r=1peQ, p,#ey

o

T

+
M~
M-~ "

(ﬂewek (ex) — Berper (el) + Ppeye; (6:))@?%62 +

r=1k=2peQ
£ I £ £
30D (eren (€)= Yerea (€1) + pegeg (en) Jenlere) + 33" S0 (Yern(eh) + perp (o) Jenlern)” +
r=1k=2 r=1k=1peQ, p.F#ep
£ L
+ > (’Yerpek (er) = Yerp(€1) + Py (pey)* (er))ek(erpek)*-
r=1k=2peN



So, we have

i(@(me:m@(e:)) - é:(—ﬂel (1) = es(€1) By () + ey () ) encic +
= m =
+iki# (ﬂek (er +%T(ek))eker +
Jrié(ﬁeT%(ek) Berer (€1) + peye (er))erekekJr
+ “ i > (5erp(€k)+ppe;(e?))erpei+
k=1r=1peQ, p: ey,

£ £
303D (Berpen(6) = Berper (€1) + ppegei (1) ) erpenei +

r=1k=2peQ

L L
+ Z Z (rYeTek (62) — Yerer (eT) + Pekez (er))ek(erek)* +

r=1k=2

+ Ze: Ze: Z (’th(ey + Pepp* (er))ek(erp)* +

r=1k=1peQ, p.F#ey

£ 4
+ Z Z Z <7€Tpek (er) = Yerp(€1) + Pey(per)* (67")) er(erper)” +

r=1k=2peQ

Jrzz Z (pekWh* er) + Pw(erh)* (6k))6kw(erh) =

=17r=1wh*eM

= 0.

Let us consider the correspondence equations.

(1) Let us consider the equations
—Bei(€1) = Yey (€1) + ey (er) + Ve (er) =0, 2<k<¢,

it is the equations (2.6).
(2) Let us consider the equation

Per(er) +7e,(ex) =0, 1<k#r<i,
it is the equation (2.4]).
(3) Let us consider the equation
Berer (€r) = Berer (€1) — peger (er) =0, 1<k#r<{,
using (29) we get
Bere (€r) = Berer (€1) = peyer (er) = Berey (k) + awler) — peger (er) = 0,
it is the equation ([2.9).
(4) Let us consider the equation,
Berp(€x) + ppex (€7) =0, 1<k,r<{p:#ekp€,

it is the equation (2.J]).

(5) Let us consider the equation

597‘1’51 (61) + ﬂerpek (6k) + ppeke* ) 1 S T S Z, 2 S k S Z,

0 = —Berpes(e1) + Berpe (ex) + Ppeye;, (er) =
—Be,per (€1) + Berpey, (€x) — Berpey, (€x) — Bpler) =
= 7/BETP€1 (61) - 5?( 1")7

(e

using ([2.7) we have ppe, cx (€7) = —Be,pe, (€x) — Bp(er), then we get
(
(

it is the equation ([27).

(6) Let us consider the equation

Yerer (62) — Yerer (eI) + pek(erek)*(er) =0, 1<r<{,2<k<Y,



using (Z12) we get
Yerer (€5) = Veres (€1) + Peger, (er) = Yere (er) + anler) + Peyep, (er) =0,

it is the equation ([2.12).
(7) Let us consider the equation,

’Yeﬂ)(dg)"‘pekp(er) =0, 1ST7kS£7 727697 D=z 75627

it is the equation (2IT]).
(8) Let us consider the equation

_ryeTpel (CT) + ryeTPek (6;;) + pek(pek)* (67") = 07 1 S r S 67 2 S k S 67

using (ZI0) we get pe, (pey)* (€r) = —Yerpey, (€k) — Yp(€r) then we have

0 = —Yerper (61) + Yerpes, (62) + Pey (pey)* (er) =
= —Yenpe (e1) + Yerpey, (er) — Yerper (er) — yolex) =
= —Verpes(€1) — Vplen),

it is the equation ([2.10).
Let us consider the equation

Pejwh* (er) + pw(erh)*(ez) - 07 1 < kﬂ" < 67 wh’ S Wzv

it is the equation (2I3)).
So, we have, for any 1 < 4,5 < ¢, the following equations,

Ve; (6:) + 661' (61') =0,

Brlei) + (1 51,J)Ppe]e (€i) + Beipe; (ei) =0, peq,
Ppe: (€7) + Beip(e;) = PEQ p: # ¢,
ay(€7) + (1= 61,5)pe e (€Z)+5e e;(€5) =0,

Yejpe; (e7) +vpler) + (1 — 01,i)Pe;(pe;)* (€5) = 0, p e,
Ye;p(€i) + peip=(€5) = 0, p € Q, p. # e,
aw(€5) + Veje; (€7) + (1 = 01,6)peser (€5) = 0,

Pu(e;h)* (€7) + pe;wn=(e5) = 0, wh* € M,

as claimed. 0

Example 2.1 (Derivations of Laurent polynomial ring). It is well known that the Leavitt path algebra W (1)

is Laurent polynomial ring, i.e.,
L( . C'.” ) ~ Rlt,t 1],

u+—1, e+—t, e <+t

then the derivations will look like this

at _ *\ * at—l _ 2\—1
@(e)—u<—>g—17 D(e") = —(ee)” +— 5 =—(t")",
4 _ ot _ 2 reow\ 8t‘1
P'(e) = pre to, @(6)_u<—>3t*1 1,
which are classical formulas, indeed, we have
ot ot—H! 1
gt = S =~ =22

Example 2.2. Let us consider the Leavitt path algebra W (2), and let us consider some derivations, for
example we can put

P(e1) = ay(er)v, P(e2) = ay(e2)v,

then we get
2(e1) = —av(er)(ere1)” — avlez)(eze1)”,  Z(ez) = —au(er)(ere2)” — aw(ez)(eze2)”.
Let us check the equations

D(ef)ej + el D(ej) =0, 1<i,j<2,
PD(er)el +e19(e1) + D(e2)es + e2P(e3) = 0,



we have

PD(el)er +e1%(e1) = (fav(el)(elel) — aw(e2)(eze1) )61 + ejay(er)v =
= —ay(er)e] + ay(er)e] =0,

D(el)es + €1 D(e2) = (_av(el)(elel) — a(e2)(eze1) )62 +elan(e2)v =
= —ay(e2)e] + av(e)el =0,

PD(ez)er +e3P(e1) = (70(1,(61)(6162) — ap(e2)(eze2) )61 + esap(e1)v =
= —ay(er)e; + ay(er)es =0,

D(es)ea + e3P (e2) = (70(1,(61)(6162) — ay(e2)(e2e2) )62 + esa,(e2)v =

= —ay(e2)es + ap(e2)es =0,
D(er)el +e12(el) + D(e2)es + e2P(e3) = oaw(er)vel +er (—av(e1)(e1e1)* - av(ez)(ezel)*) +
+ay(e2)ves + ez (—av(61)(6162) — a(e2)(eze2) )
= ay(er)e] — av(el)(v — egeg)ef — av(eg)(v — 6262)6 +
+ay(e2)es — au(er)es(eres)” — ap(e2)ea(ezes)™ =
= au(er)e] — av(er)e] + avler)ea(erea)” — ap(e2)es +
+ay(e2)ea(ezen)” + an(e2)es — an(er)ea(eres)” —

—a(e2)ea(eze)” = 0.

3 The inner and the outer derivations of W (/)

In this section we describe all inner derivations of the Leavitt path algebra W (¢). We use the standard
notations, that is ad.(y) := [z,y] = xy — yz. From Theorem [Tl we have for any v € V, p € Q and wh* € M
the following basic elements of Im(do),

ady(—) = ad, (e

) =pre’ —e'p”

adwr* (v) = wh™v —vwh* =0

adwn+ (€) = dng,ew(h/ho)* — (ew)h”
adyn+ (€") = whe™ — duwg,e(w/wo)h™.

a'dwh,* -

{ )
adp+ (v) =p*v —vp* =0
ady+ ( ady+(€) = dpg,e(p/po)” — ep”
("

It follows that any A € InnDer(W (¢)), can be presented as follows,
A= Z (Vpadp + Z/;,adp*) + Z Viopr adan .
peEQ wh* €M

Theorem 3.1. Any inner derivation A of the Leavitt path algebra W (£) can be described as follows

’ fo =1,
Alx) = {am)v + 3 (B@p+ @)+ 5 pune (wh, if v € BUE",
PEN

wh* eM

10



where almost all scalers B(x),v(x), p(x) are zero and they satisfy the following equations,

Bei---e1(e1) = PBer---ei(e1) =0, t>1,
t t

Yer---e1(€1) = ver---e1(e1) =0, t>1,

—— ——

t t

Yoy (€5) + Bey () = 0,

Bp(ei) + (1 51,J)Ppe]e (€7) + Beipe, (ei) =0, pEQ,
Ppe”f( i)+ Beip(es) = p € Q, p. # ey,
aulel) + ﬂ*&ﬂmﬂ®ﬂ+&%()zu

Vejpe; (€) + yplei) + (1 = 01,i)pe; (pey)+ (€5) = 0, pEQ,
%ﬂ?(eZ) + peip+(€5) =0, p € Q, p. # e,
av(ej) +Yeje; (€7) + (1 = 01,i)pe,ex (€5) = 0,

Pu(e;ny=(€7) + pejwn+(e5) = 0, wh* € M,

forany 1 <i,5 </.

Proof. We have to proof only first and second equations, because another equations have been obtained in
Theorem 211

1) For the special edge e1 we have

Aler) = > wp (p61 - e1p) +> v <5p0,el(p/po)* - elp*) +

peEN PEQ
" * *

+ > Ve (5h0,61w(h/h0) — erwh ) _

wh* €M

[
/ * ’ * * * ok
= E Vp (pel — elp) + Ve, (v — 6161) — E Ve, €1€k + Veqey (el — 616161) —

PEQ k=2

¢ [4 e ¢

!

- E Vekelelelek + E Velek (ek — €1 elek ) § § ekerel 6k6r) +

k=2 k=2 k=2 r=2
Y e ()" — i) = 3 S dpmerei(enp)” +

PEQR k=2 peQ
+ E E l/elpek(pek —e1(eiper) ) E E E Vekperel (exper)” +

k=2peQ k=2r=2peqQ

¢
2 * " *

+ E Ve (w — e1wel) — E E Ve €1WEL +

wel €M k=2 weQ
+ E Vig(eqh)* (wh —eiw(erh) ) E E Vig(er )~ €1w(exh) ™.

wh* €M k=2 wh* €M

Using the equation e1e] =v — > exej, we get,

k=2
¢ ¢ ¢
A(el) = E up(pel —elp) + E Velekek E uekelek—&— E uelelekekel
peEQ k=2 k=2 k=2
‘ ‘¢ ‘
!/ *
_ E Ve,er€h + E E ekeler erxer)” + E I/elek (e,yC —ei(erex) ) E E Vekerel (exer)” +
k=2 r=2 k=2 k=2 k=2 r=2
!
+ E Ve pey ((pel) 61p )+ E E l/elpelek elpek - § § Vekpel ek:p +
peQ k=2 peQ k=2 peQ
A ¢
/ * / * *
+ E E E Ve, pe, €r(exper)” + E E Ve, pes ((pek) — e1(erper) )—
k=2r=2peQ k=2peQ
0 ¢ ¢
’ * 1 * 17 *
_ § E E Veype,€1(exper)” + E Vwey (W — e1wel | — E E Vwer E1WEL +
k=2 r=2peqQ we;‘EWZ k=2 weQ
+ E Vip(e1 h)* (wh —ejw(erh) ) E E Vi(epny~€1w(exh) ™.
wh* €M k=2 wh* €M

11



We have

A = 0

(e1) v )

A(el)‘ = Z Vp (pel - elp) Z V'Luel ’
@ pPER we] €M

it follows that

Further, we have

4 I3
! * / *
A(61) Q = E Veipey ((pel) (61p ) + § Velek k — § Vepe €k +
peEN k=2 k=2
4 4
/ * ’ *
+ E : E Veqpey, (pex)” — E E :Vekpel(ekp) =
k=2peQ k=2peQ
4 I3 4
I / * * ! *
= E (Velek - Vekel)ek + E (Velelek - Velekel) elek + ( ejeper yekelel)(ekel) +
k=2 =2 k=2
4 I3
’ ’ *
+ E : E : Vejerer, — erekel 67"6k T+ E : Vejeiper — Veipejer (€1p61) +
r=2 k=2 PEQ
4 14
/ / * ! / *
+ E (l/elelpek - Velpekel) (61p6k) + E E (Velekpel - l/ekpelel)(ekpel) +
k=2 peQ k=2 peQ
4 3

/ / *
+ E :(Ve1ewek - Verpekﬁ)(e?"pek) =

r=2 k=2peN

4 4
I / * I / *
= E (Velek - Vekel)ek + E E (Velerek - Verekel)(eTek) +

k=2 k=1r=1
4 4
+ZZ ( ele,«pek - l/érpekel)( pek) )
k=1r=1peQ
it follows that
761‘«061(61):07 t>1
N——

-

Further, we have

¢ ¢ ¢
! * I * / *
A(el)gm = E Velekek—g Vekelek—i—g Veyeyer(erer)” +
k=2 k=2 r=2
¢ e ¢
/ * ! *
—&—E E Vepep€r(€rer) —E Veye,e1(erer)” —
r=2 k=2 r=2
¢ e ¢
/ * / *
—E E Vepe,€1(€erer) +E E Ve, pe, er(€1per)” +
r=2k=2 r=2peN
¢ e
YT e~ XS sl
r=2k=2pe r=2peQ
¢ e
—E E E Vekperel exper)” E ywe*ew}el—
r=2 k=2peN welem
¢
1 * 7 * *
— E E Viper €1WEL, + E Vao(eq h)* (wh —erw(erh) )f
k=2 we wh* €M
¢
" %
— E E Vig(eph)= €1W(exh)
k=2 wh* €M

12



Let us add up similar terms,

4
/ " ! *
Vey t Vey(erep) exer, + 61 (erer)* — Ve, J€165 +

-~

e, -

£
[|

+
-~
~ M-

[
/ " * / *
(l/ekel + Ver(eleker)*)e’r 6k€T + E E (l/el (ereper)* — l/eker)el(eker) +

k=1 k=17r=2
£ £ £
’ Z * " ’ *
+ E :(Vekpel + V6r(616kP6r)*)6T(6kpeT) + E :E : (V61(818w6r)* - Vekper)el(ekper) +
k=1r=2peQ k=1r=2peqQ
£
" 7z *
+ (Velw(elek)* — Vye* )elwek + E E (Velw(elekh)* - Vw(ekh)*)elw(ekh) +
k=1 we;ezm k=1 wh*eM
2 : " *
+ I/w(elh)*wh 5

wh* €M, wo#e1, wgE

we see there are no zero terms.

2) Let us consider the edges e, € E, 2 < r < {. For fixed e, we have

Aler) = Y vi(per—ep) + 3 v (e (p/p0)" —erp”) +

PEN peQ
+ Y e (Snaue,w(h/ho)” — e wh) =
wh* €M
¢
= Z Vp (per — erp) + vl (v — ere:) — Z uékerez +
pEN k=1,k#r
¢
+ v (p* — er(erp) ) > Ve, per(erp)” +
peEQ k=1,k#r peQ
+ Z I/we* ( — erwe:) Z w(eTh)* (wh* — erw(erh)*) _
weN *em
¢
— Z Z Vwe*erwek — Z Z vl (epun=erw(exh)™.
k=1,k#r we k=1,k#r wh* €M

Let us add up similar summands,

A = V.,
(er) . v,
A(eT)Q = Z:yp(pe,n—e,np)—l—z:yl/;eﬂ,7
pEQ pEQ
A(eT) Q* = Zyé,«pp*7
pPEN
Aler) = 7Zy6kerek ZZVEMJ (exp)” Z Z Vwe*erwek
k=1peQ k= 1wek€§m
,Z Z Vig(er by €rw(exh)” Z Vi(epnysWh™ =
k=1 wh*eM wh*eM
4
= Z > (merek)* Vék)ereerZZ(Vé'T(erem**Vékp)er(ekp)”r
k=1 wh* €M k=1peQ
+Z Z <€Tw(€T€k)*_ Vae* )6rwek+z Z <€Tw(€T€kh)*_ :‘/)(ekh)*)e/r\w(ekh)*_"_
k= lwekeim k=1 wh*eM

+ Z Vg)(e,«h)* wh*,

wh* €M, woF#ey

we see there are no zero terms.

13



4) For the e} we have

A€ = S vn(pei = s (/) + D2 vp((erp)” = (pen)”) +

peQ peEN*
*
+ 30 e (w(erh)” = Suges (w/wo)h") =
wh*eM
2
* * *
= Ve (€161 —v) + § Ve, €k€1 + Vejey | €1€1€1 —€1 ) +
k=2
+ E Veer €k€1€] + E Veyey, (elekel —ek) + E E Veye,Chere] +
k=2 r=2
* *
+ § Veiper (61p€1€1 —p61) + E E Ve, pe, €kPE1IET +
peEQ k=2peQ
£ 4 £
* *
+ E E Veq pey, (elpekel 7176)6) —+ E E E Ve per EKPEFrE] +
k=2peQ k=2r=2peQ
+ E (elp (per) ) E uelh* (el (erh)” )—i— E E Vekh*ek (erh)”
pPEN erh*eM k=2 heQ
+ E VL oh (61w(61h — wh”* )—i— E E Vekwh*ekw (erh)".
wh*eM k=2 wh*eM

¢
Using the equation eje] = v — Y exe, we get
f=2

14 4
* *
A(el) = ,E Velekek+g Ve, €re] — E Veleleleke]g+§ Vepeq €k — E E Ve, e1 €LEres. +

k=2r=2
+ E Velek€1€k€1 — E Veqe, €k + E E l/ekerekerel + E Veqpeq (6117 pel) -
k=2r=2 peEQ
* *
- E § Veipey €E1PELEE + E E Veype1 €kP — § § § Veype1 EkPErey +
k=2 peQ k=2 peQ k=2 r=2 peQ
‘ ¢ ¢
* *
+ Z Z Veypey, (elpekel - pek) + Z Z Z Ve per EKPEr€1 +
k=2peQ k=2r=2peQ
!
+ E Vp((elp) (per) ) E Ve (el (erh)” )Jr E E Vekh*ek (erh)”
peQ ey h*E€M k=2 heQ
+ E Velwh,* (61w(61h — wh™ ) + E E Vekwh* exw(erh)”.
wh* €M k=2 wh* €M

Let us add up similar terms,

14



*
A(el) Q = g Vepey €k — é Vejey €k + é Veqpey (61]7 pel) + E E Ve, pe1 €kP —
peQ k=2 peQ
14
- § § Veypep P€E =
k=2peQ
4 4 4
- g (Vekel - l/elek)ek: + é (Velekel - Velelek)elek + g (Vekelel - Velekel)ekel +
k=2 k=2 k=2
4 4 4
+ E E (Vekerel - Veleker)eker + é g (Velpekel - Velelpek)elpek +
k=2 r=2 k=2 peQ
14 4 4
+ (Vek.pelel - Velekpel)ekpel + g g g (VekpeTel - VelekpeT)ekpeT -
k=2peQ k=2r=2peQ
e 4 4
- g (Vekel - l/elek)ek + é é (Vekerel - Veleker)eke'r +
k=2 k=1r=1
4 4
+ E E E (Vekperel - Velekper)ekper-
k=17r=1peQ
We get
*
Bey---ei(er) =0, t>1,
t
Further,

TR o (S D DA
peQ erh*eMm
£ 4 4 I I
= - Z Vglez 6;; - Z l/ék (61@61);k + Z(Vék - Vgl(elek)*) 616k ZZ Ve (eper)* (ek?e"“)a‘< +
k=2 k=2 k=2 k=2 r=2
4

+>° (Vzl)el - Vélp)(elpel)* =3 viplerper)” + (Vg,)ek - l/éll(elpek)*) (erper)” —

peEQ k=2 peQ

2 L
- Z Z Z yé’l(erpek)* (eTpek)*7

k=2r=2peQ

it follows that

*
Ye1---e1(e1) =0, t>1
t
Further,
2 ’ ’ L ¢
* * * * *
A(el) m = - E Ve, €k€L + E Ve, €kEL — E Vejep €1€K€L — E E Veye, €kEré€y +
k=2 k=2 k=2 k=2r=2
2
*
+E Ve, ey €1€K€] + E E Veper€h€r€] — E E Veqpe, €1PCKEE —
k=2 r=2 k=2peQ
L ¢ L VAR
* * *
— E E E Ve pey EkPErer + E E Veqpey, €1PEKET + E E E Ve pe,r€kPEre1 +
k=2r=2peqQ k=2 peQ k=2r=2peqQ
’
" * " *
+ E Velh*61(€1h) + E E yekh*ek(elh) +
e h*eM k=2 heQ
’
17 * * " *
+ E Veywh (elw(elh) —wh )Jr E E Vek_wh*ekw(elh) ,
wh* €M k=2 wh* €M

15



let us add up similar terms,

14

Z * " *
( Ve; — Velek.e;)ekek + § (Vek - Veleke’l‘)ekel +
k=2
£ 4
Z * " *
—Vepey — Veleke,«eji €kEr€y + Veper — l/elekeTe{ exere] +

Aler)

I
ol
g
[ V)

m

+
M-~
~ M-

k=1 k=1r=2
£ £ 4
"

+ —Vepper — Vejepperer ekperer Veype, — l/elekpeTel ekperel +

k=1r=2peQ k=1r=2peqQ

£ £

* " " *

+ ( Veph* — e1ek(e1h)*)6k (e1h) +§ : § : (Vekll)h* _Velekw(elh)*)ekw(elh) -

k=ley h*eM k=1 wh*eM

1 *
— E VeywhxWh™,

wh* €M, ho#eq

we see there are no zero terms.
4) For ey € E*, 2 <r < {, we have

Aer) = Y vo(per = dnoe (p/p0)) + Y vi((erm)” = (per)”) +
peEN peQ
+ Y vl (w(erh)” = dug.e, (w/wo)h") =
wh* eM
¢
= v, (67‘6: - v) + Z Ve, erer +
k=1,k#r
¢
+ 3 ven(emer =p) + D0 D vewperver +
pEQ k=1,k#r peQ
+Z (61"p peT )+Zyeh*(61"61") _h*)‘f'
peQ heQ
+ Z l/ekh*ek erh Z Ve wh= (er (erh)” fwh*) +
k=1,k#r wh*eM

¢
+ Z Z Ve whexw(erh)”.

k=1,k#r wh* €M

Let us add up similar terms,

Aled)ly = Ve,
A(6:)|Q = - Z Ve,pD,
pEN
Alep)|ge = Zy;,((e,np) (per) ) ZueTh*h
pEQ heQ
L
= 72 eTekekr+ Z ( l/ek - gr(eker)*) 6k:er * + Z (Vek - gr erek)*)(erek) -
k=1,k#r k=1,k#r
L £
fyéﬁ(erer) erér) Z Z Z/ET (epes) (EREL) )"+ Z(Vzlver — I/é”, - yé'r(eTper)*)(erper)* +
k=1,k#r t=1,t#r pEN
£
.S S (than = Viteupen ) (@per) + D 3 (Vher, = Viierpenr+ ) (erper)” -
k=1,k#r peQ k=1,k#r peQ

Z Z Z Ver(ekpet)*

k=1,k#r t=1,t#r peQ

16



£ £
Al = D vererer + > > vegperper +
k=1

k=1peQ
4 £
" * " *
+E E Ve, nrex(erh)” + E E Ve, wh+ekw(erh)™ —
k=1 he k=1wh*eM
— E Ve whrWh™ =
wh*eM
L L
2 * / *
- E (Vek- - Verekeﬁ)eker + E E (Vek.p - Verekpeﬁ)ekper +
k=1 k=1peQ
4 £
Z 7 * " " *
+ E E (Vekp* - l/erek(erp)*)ek(e'fp) + E E (l/ekwh* - l/erekw(eTh)*)ekw(eTh) -
k=1peQ k=1wh*eM

14
- Z Z l/grw(ekh)*w(ekh)*7

k=1,k#r wh* €M

we see there are no zero terms. It completes the proof. |

As corollary of this Theorem follows the full description of all outer derivations of the Leavitt path
algebra W (£).

Theorem 3.2. Any outer derivation 9 of the Leavitt path algebra W (€) can be described as follows,

0, ifx =,
7@ =N av@o+ S (Bo@p+w@p) + 5 pun(@uwh®, iz BUE,
peEQ wh*eM

where almost all coefficients a(x), B(x),v(x), p(x) € R are zero and they satisfy the following equations,
Ve, (€7) + Bei(e) =0,
5P(6>;) + (1 - 517j)p1)€]‘e}< (6>:) + 55'5P5j (67«) = 07 pe Q7
ppej (e:) + Beip(ej) =0, p EQ, p. # ej,

O‘v(ez) + (1 - 6171')06]'6]*. (ef) + ﬂeiej (61') =0,
)

Yejpe; (e5) +ples) + (1 - 01,4) Pe; (pes)= (€5) = 0, pE,
Ye;p(€7) + pesp(e5) =0, peQ, p. # e,
av(ej) +Yeje; (€7) + (1 = 01,i)pe,ex (€5) = 0,

Pu(e;ny=(€7) + pejwn+(e5) = 0, wh* € M,

foranyl <i,j <L, t>1, and at least one of the following scalers Be, - - -e1(e1), Ber - --e1(€1), ver - - - e1 (€1),
—— —— ——

t t t
ey --- e (€1) are not zero.

t

Proof. Tt immediately follows from Theorem 2.1l and Theorem 3.1} |
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