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ON THE FRACTIONAL P-LAPLACIAN EQUATIONS WITH WEIGHT AND
GENERAL DATUM.

B. ABDELLAOUI, A. ATTAR & R. BENTIFOUR

ABSTRACT. The aim of this paper is to treat the following problem

(=A)$ ju = f(z,u) inQ,
(P) { pyﬁu = 0 in RN\ Q,
where
AV e e fu(e) — () P~ (u(2) — u(y))  dy
( A)pv ( ) = P.V. BN Ix—y‘N+pS ‘Z“ﬁly‘ﬁ7

) is a bounded domain containing the origin, 0 < 8 < N- ps ,1<p< N, se(0,1) with ps < N.
The main result of this paper is to prove the exlstcnce of a weak solution under additional
hypotheses on f. In particular, we will consider two cases:

(1) f(z,s) = f(z), in this case we prove the existence of a weak solution, that is in a suitable
weighted fractional Sobolev spaces, for all f € LY(Q). In addition, if f > 0, we show that
problem (P) has a unique entropy positive solution.

(2) f(z,s) = As? + g(z) , in this case, according to the values of A and ¢, we get the largest class
of data g for which problem (P) has a positive solution.

In the case where f > 0, then the solution u satisfies a suitable weak Harnack inequality.

1. INTRODUCTION AND MOTIVATIONS

In this paper we consider the problem
(=A) gu = f(z,u) inQ,
(1) { uw = 0 in RV \ Q,
where

s ulxr) —u p=2 u\r) —u d
(—A)pﬁ u(z) == P.V. /RN [u(2) |(j)_| y|1\(r+is) W) |;E|Bz|jy|ﬂ’

) is a bounded domain containing the origin and f belongs to a suitable Lebesgue space.
This class of operators appear in a natural way when dealing with the improved Hardy inequality,
namely, for all ¢ € C§°(£2), we have

(2) Gop(d) > C/ |x - y|N(+q)S|pw(x)§w(y)§ dz dy,

where é(y)[P () [”
T
Gsp(0) = /}RN /]RN |x_y|N+pS o — gVt 0T dy—AN,p,s/]RN |z[Ps dx,
()

AN p s is the optimal Hardy constant, w(z) = |z|~ 7 and v(z) = w@)’ We refer [21], [6] and [1]

for a complete discussion about this fact.
In the same way, we can consider (—A)3 ; as an extension of the local operator —div(|z|=P|Vu[P~2Vu).
This last one is strongly related to the classical Caffarelli-Khon-Nirenberg inequalities given in [15]
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and it was deeply analyzed in the literature. Notice that, as a consequence of the Caffarelli-Khon-
Nirenberg inequalities, it is known that the weight |z|~7, with 8 < N — p, is an admissible weight in
the sense that, if u is a weak positive supersolution to problem

—div (|z| ?|Vul[P~2Vu) = 0,

then it satisfies a weak Harnack inequality.
More precisely, there exists a positive constant £ > 1 such that for all 0 < ¢ < x(p — 1),

1
(/ uq(a:)|x|_p6dx> " <C inf w,
Ba, (o) By (z0)

where Bs,(x¢) CC 2, and C' > 0 depends only on B.
We refer to [19], [22] and the references therein for a complete discussion and the proof of the
Harnack inequality and a generalization of admissible weights.

Our objective in this work is to analyze the properties of the operator (—A);”B and to get the
existence of a solution, in a suitable sense, to problem (1) for the largest class of the datum f.

The case of p—laplacian equation is well known in the literature, we refer for example to [10] and
[9] where the authors proved the existence and the uniqueness of entropy solution for L* datum. The
case of measure datum was treated in [17], the existence of a renormalized solution is obtained.

The local case with weight was considered in [5]. The authors proved the existence and the unique-
ness of entropy solution for datum in L'.

For the operator (—A); 5, the case p =2 and = 0 was analyzed in [25] and [24]. Using a duality
argument, in the sense of Stampacchia, the authors were able to prove the existence of solution for
datum in L'. A more general semilinear problem was considered in [8], where the existence and the
uniqueness of the solution is studied.

The case p # 2 and 8 = 0 was recently treated in [23]. Based on some generalization of the Wolf
potential theory, the authors succeeded to obtain the existence of a weak solution belong to a suitable
fractional Sobolev space.

In this paper we will treat the case p # 2 and 8 > 0. The argument considered in [23] seems to be
complicated to be adapted to our case.

Our approach is more simple and it is based on a suitable choice of a test function’s family and on
some algebraic inequalities.

In the first part of the present paper, we will consider the case f(z,s) = f(x). Here, we are able
to prove the existence of a weak solution that is in an appropriate fractional Sobolev space. More
precisely we get the next existence result.

Theorem 1.1. Assume that f € L*(2), then problem (1) has a weak solution u such that Ty(u) €
Wg6(Q), for all k >0, and

lu(z) —u(y)? 1 N(p-1)
(3) / = gt |x|ﬂ|y|5dy dx < M for all q < N5 and for all s1 < s.

N(p—-1
In the case where p > 2 — %, then u € ngo’q(Q) forall1 < q< %, and for all s1 < s.
' —s
It is clear that for § = 0, we reach the same existence and regularity result obtained in [23], however,
it seems that our approach is more simple and can be adapted for a large class of weighted nonlocal
operators.

In Subsection 3.1, we deal with the case f > 0. We will show the existence of positive entropy
solution in the sense of Definition 2.10. The statement of our result is the following.
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Theorem 1.2. Assume that f € L'(Q) is such that f > 0, then problem (1) has a unique entropy
positive solution u in the sense of Definition 2.10 given below. Moreover if uy is the unique solution

to the approximating problem

(=A)s gun = falz) inQ,
) { u, = 0 in RN\Q,
with fn, = Tn(f), then Ty (un) — Ti(u) strongly in Wy((Q).

In the second part of the paper we deal with the case f(z,s) = As? + f(z), then, according to the
values of ¢ and A, we prove the existence of entropy solution for the largest class of the datum f.

For positive datum, we will show that the operator (—A);_’ 5 satisfies a suitable local Harnack
inequality. This last result was proved in [13] for 5 = 0 and in [4] for the case p =2 and § > 0. Here
combining the technics of the above papers, we will show the result for the nonlinear case p # 2 and
5> 0.

The paper is organized as follows. In Section 2 we introduce some useful tools and preliminaries
used along the paper, as the weighted fractional Sobolev spaces and some related inequalities, a weak
comparison principle and some algebraic inequalities. We also precise the sense in which the solutions
to problem (1) are defined.

In Section 3, we begin by proving Theorems 1.1, namely, the case where f(x,s) = f(x). The main
idea is to proceed by approximation and to pass to the limit using suitable test function. In the
second part of the section we prove Theorem 1.2, more precisely, if f > 0, we are able to show that
the problem (1) has a unique positive entropy solution. In the same way, setting w,, the solution
of (1) with datum f,, = T,,(f), we will prove that the sequence {T}(uy)}, converges to Ty (u) strongly
in the corresponding weighted fractional Sobolev space.

In Section 4, we study the case where f(z,s) = As? + g(x), with A > 0 and g > 0. According to
the values of ¢ and A, we get the largest class of the data g such that the problem (1) has a positive
solution.

Finally, in the appendix, and following the argument used in [13] and [4], we are able to prove a
weak version of the Harnack inequality for the operator (—A);) 5 when the datum is positive, namely,
for nonnegative solution.

2. FUNCTIONAL SETTING AND MAIN TOOLS

In this section we give some functional settings that will be used below. We refer to [18] and [26]
for more details.

Let s € (0,1),p>1and 0 < f < Nops For simplicity of typing, we define the measures:
dx dxdy
dp == —= d dv:= .
PR T YT ey kPl

Let Q ¢ RY, the weighted fractional Sobolev space WP (Q) is defined by

Wi = {oerr@dn: [ [ 166 - spar < +c}.

Then W3*(Q) is a Banach space endowed with the norm

6llw: 70 = / So)d)’ / / 6(a) = o))

In the same way we define the space Wﬁ,’o (€2) as the completion of C§°(£2) with respect to the previous
norm.
As in [7], see also [18], we can prove the following extension result.
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Lemma 2.1. Assume that Q@ C R" is a regular domain, then for all w € WgP(Q), there ewists
w e Wg’p(IRN) such that wjq = w and
lollwsrmyy < Cllwllwgr ),

where C' = C(N, s,p,Q) > 0.

The following weighted Sobolev inequality is obtained in [1] and will be used systematically in this
paper.
Theorem 2.2. (Weighted fractional Sobolev inequality) Assume that 0 < s < 1 and p > 1 are such
that ps < N. Let B < N —ps
v e Cg°(RY),

, then there exists a positive constant S(N,s,3) such that for all

)P dx d i
[ LB e
RN JRN |$— | rpsz|f |y|A RN |28
pN

N —ps’
Moreover, if ) C RY is a bounded domain, and B =

positive constant C(Q) such that

)P dx d Pigy 2
/ / wr | AT S C(Q)(/ |v(x)|?* q) B
RN JRN |:c—y| s |z| y| RN |,.|28°22

||
pN
N —gqs’

where pi =

N —
5 ps, then for all ¢ < p, there exists a

for all v e C§°(2), where p; , =

Remark 2.3. As in the case 8 =0, if Q is bounded a reqular domain, we can endow ng(Q) with

the equivalent norm
O '
5.0 (2) QJa |$—y|N+ps |$|B|y|ﬂ

Now, for w € Wg’p(lRN), we set

s w(r) —w p=2 w\r) —w d
(=A)ppwlz) = P.V. /]RN — |(5)_| y|]5+’§s) o |w|ﬂ]yy|6'

It is clear that for all w,v € Wg* (R"), we have
(=A)5 gw,v) = / / (@) —w(y) P2 (w(z) —w(y))(v(@) —v(y)) dzdy
& Ry JRY |z — y| NP |z/Plyl?

In the case where 8 =0, we denote (=A), 5 by (=A);.
The next Picone inequality is obtamed 1n [1].

Theorem 2.4. (Picone’s type Inequality). Let w € Wi§(Q) be such that w > 0 in Q, and assume
that (=A); 5(w) > 0. Then for all v € C§°(R2) we have

) 3 [ @ - ot > () g S5
where Do = (IRY x RV)\(CQ x CQ).

As a consequence the next comparison principle is obtained, that extends the classical one obtained
by Brezis and Kamin in [12]. See [1] for the proof.
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Lemma 2.5. Let Q be a bounded domain and let h be a monnegative continuous function such that

h
h(z,0)>0if o >0, and hiz,0) is decreasing. Let u,v € Wz () be such that u,v >0 in Q and
= :
(=A)s gu > h(x,u) in Q,
(=A); gv < h(z,0) in Q.
Then, u > v in €.

The following algebraic inequalities can be proved using suitable rescaling argument.

Lemma 2.6. Assume thatp > 1, a,b € IR" and a > 0. Then there exit a positive constants ¢, cy, ca,
such that

(6) (a+b)* < cra® + c2b®

and

(7) la—bP~2(a — b)(a® — b%) > cla™ 7 —b" 5 |P.

In the case where o > 1, then under the same conditions on a,b,p as above, we have
(8) la+ b Ya—bP < cla” 5 —b"F P

Since we are considering solution with datum in L', we need to use the concept of truncation. For
k > 0, we define

a, if]a] <k;
Ti(a) =
k(@) ko if |a| > k;

lal ?

Gr(a) =a —Ty(a).

Taking in consideration the above definition, it is not difficult to show the next algebraic inequalities:

(9) la = bP%(a = b)(Ti(a) = Tx(b)) > |Tx(a) = T(b)”
and
(10) la = bP~2(a = b)(Gr(a) — G (b)) > |Gy(a) — Gx(b)]7,

where a,b € IR and p > 1.
In the same way we will use the classical weighted Marcinkiewicz spaces.

Definition 2.7. For a measurable function u we set
Bu(K) = plr € 0 fu(x)| > k),
where dp = |z| =2 du.
We say that u is in the Marcinkiewicz space MI(Q,du) if ®,(k) < Ck™9. Since Q is a bounded
domain, then
L9(Q, di) © MO, ds) € L9(Q, dp)
for all e > 0.

Since we are considering problem with general datum, then we need to precise the concept of
solution. We begin by the following definitions.

Definition 2.8. Let u be a measurable function, we say that u € 77@1)}30((2) if for all k > 0, T(u) €
WaP(Q).
8,0

Now, we are able to state the sense in which we will take a solution to problem (1).
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Definition 2.9. Assume that f € L'(2). We say that u is a weak solution to problem (1) if for all
¢ € C§° (), we have

5/ /D DI (o) - u(9) (@) ~ 60w = [ F@)o(a)do

Following [8], we define the notion of entropy solution, more precisely we have
Definition 2.10. Consider f € L*(Q), we say that u € 761757(9) is an entropy solution to problem (1)
if

(11) // Y)[Ptdy — 0 as h — oo,
Ry

where
Ry = {(z,y) € RN x R" : h+1 < max{|u(2)|, [u(y)|} with min{lu(@)], [u(y)[} < h or u(z)u(y) < 0},
and for all k >0 and o € Wz g() N L®(Q), we have

/ /D DIP(u(z) — u(y)[Te(u(@) — o(z)) — T(uly) — o)) <

(12) D) Ti(u(e) — p(x)) do.

Q

Remarks 2.11. Notice that for h >> k, choosing ¢ = Tj_1(u), we obtain that
/ /D DIP2(u(z) — u(y))[Te(Ghor (u(z))) — Te(Chs (u(y))ldv <
/ TG (u())do <k [ | (@)\de.

5 lu|>h—k—1
Since |u(x) — u(y)|P~2(u(z) — u(y)[T(Gr_1(u(x))) — Tk (Gr_1(u(y)))] > 0 in Dq, then setting
Ry, = {(z,y) € RN x RY : u(zx)u(y) > 0 with |u(z)| > h and h — k — 1 < |u(y)| < h},
and
Ry, = {(z,y) € RN x RY : u(z)u(y) >0 with |u(z)| > h and h — k — 1 < |u(z)| < h},

we reach that

)P Hh —u v x)|dx
(13) 3 [ 1)~ —war <k [ s
and

)P~ H(h — u(z))dv x)|dx.
(19) 3 /) 1)~ <k [ s
It is clear that

! Pdy x)|dx

(15) e @@ <k [

and

l u(y) — u(x))Pdr x)|dx
(16) 2//{hk1<u(m)<u(y)<h}( (@) ()Fdv < k/u|>hk1 |F(=)ldz.
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3. EXISTENCE RESULTS: PROOFS OF THEOREMS 1.1 AND 1.2.

In this section we consider the next problem

(=A)gu = f inQ,
(17) { Bu = 0 in RV\Q,

where f € LY(Q).

The main goal of this section is to show that problem (17) has a weak solution u in the sense of
Definition 2.9. As in the local case, the main idea is to proceed by approximation and then we pass
to the limit using suitable apriori estimates.

Before stating the proof of the main existence results, we need several lemmas.

Let {fn}n C L>°(Q) be such that f,, — f strongly in L*(Q) and define u,, as the unique solution
to the approximated problem

(18) {(_A);,Bu" = Jfalz) inQ,

u, = 0 in RM\Q.

Notice that the existence and the uniqueness of u,, follows using classical variational argument in the
space W' (Q).
The first a priori estimate is given by the next Lemma.
Lemma 3.1. Let {u,}, be defined as above, then {u,}, is bounded in the space MP(Q,du) with
_ (=N
b1 = "N —ps °

PROOF. Using Ty (uy,) as a test function in (18), we reach that
1 .
5 [ 1) = )20 ) = 000 0 0) = T ) < / ()] da

Thus
I 1) = )l ) = ()T 0)) = Ti () < O

Recall that u,, = Tk (uyn) + G (un), thus, using inequality (9),
(19) // | Tk (un () — T (un(y))|Pdv < M, for all k > 0.
Dq

Now, using the weighted Sobolev 1nequa11ty in Theorem 2.2, we get

S (/ |Tk(u)|p2|x|—2ﬁp5dx> // T (un () — T (un (y))|Pdv < C.
RN Dq
Since {|un| > k} = {|Tk(un)| = k}, we obtain that

Tk (
pwlr € Q:juy| >k} <puf{re: |Tk(un)|_k}</M| |72ﬁpd$

Therefore, p{x € Q : |u,| > k} < C’MPTS k_(p:_%s). Setting p1 = pf — % = J\][V(pf;i), we conclude that
the sequence {u,}, is bounded in the space MP*(Q, du) and the result follows. L]

Asa consequence we easily get that the sequence {|u,[P~2u,}, is bounded in the space L7 (2, du)
for all o < N R

As in the local case, we prove now that the sequence {u,}, is bounded in a suitable fractional
Sobolev space. More precisely we have
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Lemma 3.2. Assume that {u,}n is as above, then

|un(‘r) — un(y)|q 1 N(p — 1)

20 / dy dx < M, for all ¢ < ——= and for all s; < s.
S A A P SN P N

Np-1
Proor. Let g < ]8.;) be fixed. Since € is a bounded domain, then it is sufficient to prove (20)

— S
for s1 very close to s. In particular, we fix s; such that
1) pals—s1) _ 4
p—q
1

Define wy,(z) =1 — —————— where a > 0 to be chosen later and u;’ (z) = max{u,(z),0}. Using

(usf () + 1)

wy, as a test function in (18), we get

T T AR U Lo el UL 8
5 [ ) = w2 @) = ) S O </fn

Hence

/ /D () = 1 (5P~ (1 () — 10 () 22 f;””l ‘<“¢<§f>“>adygo.

Let v, (z) = u}t () + 1, since
() = ()P (@) = () ((f (2) + 1) = (uf () + 1)) =
i (@) = i P2t (@) = i ) (st () + 1) = (i (9) + 1)) =
[on (@) = vn ()P0 () = va(9)) (05 (@) = 02 (w) )

it follows that
- vn (#) — vy (y)
[vn () = v ()P~ (vn (2) — vn (Y)) (T )y < C.
11, Rt
Now, using the fact that v, > 1 and by inequality (7), we reach that

p+a 1 pta—1

5 I, e e se

Define q1 = g% < q, using Holder inequality, it follows that

// [on(x) —vn(y)|? dy dz
/o |510—3J|N+qs1 |2[P[y]?

// v (2) = on(@)|? (0n(2) + vn(y)*" (v (@)on(y)® o — y|a—as dy dv
|z -yl (n(z)on ()™ (on(z) +on(y))*? P lylPla — y|N

n(
V(@) = va (Y) [P (0a (@) +va(y)* !
(L LS O R dz)

// Un +Un ))a ' (vn (@)vn (y))* 7 | _y|(q7ql)sp% dy dx )p%q

)% (al@) + valy) @V |z — y|V]x|Plyl?

Now, using the algebraic inequality (8), it follows that

9
P

pta—1 pta—1
P

[0n (%) = va ()| (Un (@) + 00 (1)) 7" < Clon(@) > — valy) "
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Hence, taking in consideration that @ x Q C Dgq and by (22), there results that

(/ ) [vn () — va ()P (Vi (%) + 00 (¥))* dy dw);

[z —y IN“’S( (z)v(y))" leﬁlylﬁ

|P

)
|Un — Un(y) »
//DQ |z — y|N+pS(vn(I)vn(y)) |I|ﬁ|y|5dy dx) =¢

// |vn (2) — v (y)|? dy dx -
Do |z —y[NTe [z]Plylf

vn(y))® \ 7 L 1 dy dx %5
([, Gt e+ nte |x—y|N%|w|ﬂ|y|ﬂ) '

So we get

By inequality (6), we have

(vn () + Un(y))(%)a < c(vn (@) +vn(y)*T < ervd T (z) + v (y).

Therefore,

/ |’Un(‘r) _Un(y)|q dx dy
alo |w—yNter jzlflylf —

(a+1)q (O<+1)q

// W0 (2)dr dy W't (y)dz dy =
cl pS(q q1) ps (q tn) ) :
e |w—y|N =[P |y |’3 e va—yN || ]y|?

We treat each term separately.

(a+1)q (at1)g

// ' (z)dx dy / vp "1 (x)d / dy
— LT S AP P
aJa |;[;—y|N ps (q q1)|;[;|18|y|6 Q |$|B c N_ pS(q ql)|y|5

2 |z —y

Since €2 is a bounded domain, then Q@ CC Bg(0). Thus

(O<+1)q (at+1)g

1-7 q PrP—q
/ / N_Ps (q )if dy </ — | |ﬁ(x) d‘r/ dpys(q Q1)
QJe |z — yl lz|Pyl®  /BrO) ¥ Br(0) |z —y|V ly|?

where v, =1 in Br(0) \ Q. We set r = |z] and p = |y, then x = r2/,y = py’. where |2/| = |y/| = 1,
Let 7 = ©FD4 4nq g = 224=0) ¢hep
p—a p—a
R
/ / x)dz dy </ ol (x) dw/ pN 1 / dH™ () p
- T e~ _a | ar
|$—y|N P2l = S 217 S pPr N - |2 — 2y |N-0
y'|=

We set o = /—), hence
r

5
x)dx d dH™ 1
/ N 7 g 7 = / 2 / / (N)O do
aJa |:c—y| 2|yl Br(0) |$| J lz" — oy

A

y'|=1
/ <>dx af ),
< o
Br(0) |$|2’3 f 2" — oy [N ¢

y'|=1
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Define dEmi)
- n— y/
K(U) _‘ II/_l |(EI—O'yI|N_9,
as in [20], we get
U sin™ 2 (¢)
23 K(o)=2 dé€.
2 () B(%) /0 (1—20cos(§)+02)N59 ¢

Since K (o) < C|1 — o|™'*% as 0 — 1 and using the fact that oV "'"AK(0) ~ 07179 as 0 — o0
with 8 < 3 ( that follows by (21)), we obtain that foo oN"1"FK(0)do = C3 < co. Therefore

// x)dy dx <C / vl (x) dx
<C3 -
Q|$—y|N MEIE Br) 2?7

(p 1)N

Since ¢ < (N )S , we can choose a > 0 such that 7 <

Using Lemma 3.1, we reach that

d
/ % < C for all n.
Br(0) |z

Hence we conclude that

+ _ut q
[ [ e drde
QJQ

|z —y[Nros fx|PlylP T
1
(un (2 )+1)“

| ()| dy dx
<C.
// II—yIN”Sl |z]%[y|?

Combining the above estimates, we reach that

_ q
/ |un () ]gn(y)l dy dx <c
alo lz—ylNter |z|fy|8

In the same way and using (1 — ) as a test function in (18), we obtain that

and the result follows. H

Remark 3.3. As a consequence we get the existence of a measurable function u such that Ty(u) €

s N . s
Wgo(), |u|P~2u € L7(Q, |z|~2Pdx) for all o < N s and Ty (un) — Ti(u) weakly in W5 (Q).

It is clear that u, — u a.e. in Q. Since u, =0 a.e. in R™\Q, then u =0 a.e. in RN\Q.
Notice that by Lemma 3.1 we conclude that

N
[Un [P~ 2wy, — |ulPu strongly in L*(Q,dp) for all a < I .
—ps

Let
Un(2,y) = un(z) = un ()P~ (un(2) = un(y)) and U(z,y) = lu(z) — u(y)|"~*(u(z) - u(y)).
Since Q is a bounded domain, then by the result of Lemma 3.2 and using Vitali’s Lemma, we obtain

that
U, — U strongly in L'(2 x Q, dv).

We are now able to prove the first existence result.
Proof of Theorem 1.1.

It is clear that estimate (3) follows using Lemma 3.2 and Fatou’s Lemma.
Let ¢ € C3°(2), then using ¢ as a test function in (18), it follows that
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@) 5[] ) )P @)~ ue ) 6) o = [ 5u(@)0) de
Q

We set ®(x,y) = ¢(x) — ¢(y). By (24), we have

(25) //DQ (z,y)®(z, y)dv + = //DQ U(x,y))fb(x,y)duz /fn(:z:)¢(:1:) dz.
Q

It is clear that
/fn(:v) dw—>/f x)dx as n — oo.
Q

We claim that

// (Un(:zr, y) — Uz, y))q)(a:, y)dv — 0 as n — 0.
Dgq
Since u,, — u a.e. in 2, it follows that

Un(z,y)®(z,y) U(z,y)®(x,y)

— .e.in Dq.
& — y N[z PylP = y[Nres[afBlyp T R

Using the fact that u(z) = u,(z) = ¢(x) = 0 for all x € RN\, we reach that

/RN\Q /BN\Q (x,y) = Ul(z,y))®(z,y)dv = 0.

//D (Un(z,9) — Uz, y))®(z,y)dv = //QxQ(Un(x,y) Ul ) d(x, y)dv

Q
+ [ - Ve [ [ ) - Ul i
RN\Q JQ QJmrN\Q
=1L+ +Is.
Using Lemma 3.2 and Remark 3.3, we easily get that

Thus

I — 0 as n— oo.
We deal now with I5. It is clear that

|(Un(,y) = U, y)@(@,y)| < (Jua(@)[P~" + |u(@)P~H)]¢(2)] in @ x Br\Q.

Since
1

{zeSuppep, ye Br\N} |$ -
(Un(@,y) = U@, y)@(@,y) | _ (un(@P~" + Ju(@) P~ Do) _
— o |N+ps||B1a,8 = B8 = Qn(z,y).
|z —y|NVHesla|fly] B
Using Lemma 3.1 and Remark 3.3, we get Q,, — Q strongly in L'(Q x Bg\Q) with
Q(z,y) = 2fu(@) [P~ ¢(x)[[«] |y ="
Thus using the Dominated Convergence Theorem we reach that Is — 0 as n — co. In the same way

we obtain that Is — 0 as n — o0o. Hence the claim follows.
Therefore, passing to the limit in (25) there results that

//D (2, )® :z:ydy_/f

then
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Hence we conclude. ]

Remark 3.4.

(1) It is clear that the same existence result holds if we replace f by a bounded Radon measure v.
(2) In the case where B =0, we get the same existence and regularity results obtained by [23].

3.1. The case of positive datum: Existence and uniqueness of the positive entropy solu-
tion.

If f >0, we choose f, = T,,(f), thus {uy}, is an increasing sequence. In this case we are able to
prove that problem (17) has a unique entropy positive solution in the sense of Definition 2.10. Before
staring the proof of Theorem 1.2, let us prove the next compactness result.

Lemma 3.5. Let {uy}, and u defined above, then
Tr(wn) — Tk (u) strongly in W3¢ ().
The proof of Lemma 3.5 will be a consequence of the next general compactness result.

Lemma 3.6. Let {un}, C W3((Q) be an increasing sequence such that u, > 0 and (=A)y suy > 0.
Assume that {Ty(un)}n is bounded in Wi'g(Q) for all k > 0, then there exists a measurable function
u such that u, T u a.e. in Q, T(u) € Wg(Q) for all k >0 and

(26) Ty (un) — Ti(u) strongly in W55 ().
PROOF.  Since {Tj(un)}y is bounded in W7§(€2), then using the monotony of the sequence {un}y,

we get the existence of a measurable function u such that u, 1 v a.e. in Q,Tx(u) € WZ(Q) and
T (un) — Tip(u) weakly in Wpg(Q). Since (—A)5 ju, > 0, then

(=A); sun, T (un) — Ti(u)) < 0.
Thus

L o= //D ) = )00 0 () (T ot 2) = T (3)

IN

I @) = )P0 (0) = w0 () = Tl = T
Q
Let analyze each term in the previous inequality. For simplicity of tipping we set

Tk (2,y) = [Ti(un (@) = Ti(un ()P (Ti (un (@) = T (un(y)))-
We have

ho= [ M) - )i
[ [0 = Tl (Bl (@) = Tl )

In the same way, using Young inequality, we obtain that

L — //D Ty (2, ) (T () — Te(u(y)) v

+

//D [Un(:v, y) — Tn,k(:c,y)} (Tp(u(x)) — Te(u(y)))dv
= ]% //DQ T (un (@) = Tie(un (y))[7dv + % //DQ Ty (u(z)) — T(u(y))|Pdv

+

I |Onte) = oo | (Tiu@) ~ Titul)iv
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Combining the above estimates, it follows that

o (o) = T ) Pl

[ [0 = Tl [ (Biua@) = Tetu(o) = (Tulua () = Tiuta)) ] o

//D ITi(u(x)) — Te(u(y)) Pdv.

IN

Define

We claim that K, (x,y) > 0a.e in Dg. To see that we set
D, = {($,y) € Dq Un(x) < kaun(y) < k}, Dy = {(.’L‘,y) € Dq : Un(x) > kaun(y) > k}
D3 = {(x,y) € Dq : up(x) > k,un(y) <k}, Dy ={(z,y) € Dq : up(z) < k,un(y) >k},

then Do = D1 U Dy U D3 U Dy.
In Dy, we have Uy, (z,y)— Ty i (z,y) = 0, then K, (x,y) = 0. In the same way, if (z,y) € D2, we have

w(@) = un(z) = k and u(y) > un(y) > k, then [(Ty (un(z)) = Ti(u(2))) = (Th(un(y)) — Tk(U(y)))} = 0.
Thus K, (z,y) =0 in Ds.
Assume that (z,y) € D3, then
Un(,y) = T2, y) = (un(2) — un(y))" ™" = (k = un())"~" > 0.
Since

(T (un () = Ti(u(2))) = (Th(un(y)) — Tk(U(y)))} = —(Ti(un(y)) — Tr(u(y))) = 0,

it follows that K, (z,y) > 0 in Ds3. In the same way we reach that K,(x,y) > 0 in Dy. Hence the
claim follows. As a conclusion we get

i s / /D By (0) = Tie ) Pl < / /D ITelu)) = Ti() P

Since T (un) — Ty(u) weakly in W§(), then Ty (un) — Ti(u) strongly in W7 () and the result
follows. ®

Remark 3.7.
(1) As a consequence of the previous strong convergence we reach that

/ Ky (z,y)dv — 0 as n — oc.
Dq

(2) Let w, =1— , using wy, as a test function in (18),

1—|—un
[nl _u" / /
= n( n(z)de — x)d —
//DQ 0+ un( (1+un dv = | fn(z)w x flx T as n — 0o,

1
where w =1 — T a For k > 0 fized, we define the sets
U

A, = Do N {un(x) > 2k, u,(y) <k}, A= Do nN{u(z) > 2k, u(y) < k}.
It is clear that for (z,y) € Ay, we have uy(z) — un(y) > Fun(x). Thus

(27) //DQ W= (@) xa () dv < Ok //DQ H'“Zn (Qfﬁyilp(y))du < Ch).
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Since un(x)x{a,y (2, y) = u(x)x(a} a.e in Dq, then if p > 2, we get

un ()X 4, (7,y) = u(x)xa weakly in LP~(Dq,dv).
(3) From (27) we conclude that

v{DoNA,} = //Dnrmn dv < C(k).

Hence by Fatou’s lemma, we reach that

v{DoN A} = //DQM dv < C (k).

Now, we are now able to prove the existence and the uniqueness of the entropy solution.
Proof of Theorem 1.2: Existence part:

It is clear that the existence of u follows using Theorem 1.1, however the strong convergence of
{T(un)}n in the space W'((Q) is a consequence of Lemma 3.5. To finish we just have to show that
u is an entropy solution to problem (17) in the sense of Definition 2.10.

Since u, u,, > 0, then the set Rj, given in the Definition 2.10 is reduced to

Ry, ={(z,y) € RN xRN :h+1< max{u(z),u(y)} with min{u(z),u(y)} < h}.
Using T1(Gr(uy)) as a test function in (18), it follows that

//D [un () = un ()P~ (un (@) = un (W))[T1(Gh (un(2))) — T2 (G (un(y)))ldv =

Up>h

/ Fo(@) T (G (un(a)) da < / £ ().
Q

It is not difficult to show that, for (z,y) € R}, we have
[ () = ()P~ (un () = un ()T (Gh(un(@))) = T1(Grun(y)))] 2 0.

Thus, using Fatou’s lemma, we conclude that

3 [ @ = u )P @) — @) G (ue)) = Ta(Goul)ldy <

n—oo

liminf / /D Jun(2) = wn W) un(®) = un(p)IT1 Gl () = Tu(Giun ()}

u>h

< / F@Ti(Grlu@))dz < [ fla)de
Q

It is clear that for all (x,y) € Ry, we have
u(z) — u(y)["~*(u(@) — u®)[T1(Gn(u(x))) — T1(Ga(u()))] = lu(z) —uly)["~,
therefore, using the fact that

f(z)dx — 0 as h — oo,
u>h

// Y)[Ptdy — 0 as h — occ.
Ry,

we conclude that

Hence (11) holds.
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Recall that
Un(,) = [un(x) = un ()"~ (un(@) — un(y)) and U(z,y) = |u(@) — uly)["~*(u(z) — u(y)).
Let v € W () N L>®(Q), taking Ty (u, — v) as a test function in (18), we reach that

/fn(I)Tk(un(I) —v(z)) dz.

Q
It is clear that

/fn(x)Tk(un(x) —v(z))de — /f(a:)Tk(u(:E) —v(z))dr as n — 0.
Q Q

We deal now with the first term. We have
Un(, y)[Ti(un(z) — v(2)) = Ti(un(y) —v(¥))] = Ki,n(z,y) + K2 n(z,9),

where

Kin(z,y) = [(un(@) = v(2)) = (ua(y) — ()" ((un(z) — v(z)) = (un(y) — v(y)))
X [T (un(2) = v(x)) = Ti(un(y) — v(y))];

and

KQ,n(‘Tvy) =
Un(z,y) = |(un(z) = v(@)) = (un(y) — v@))[P"*((un(@) — v(2)) = (unly) — U(y)))}

X [Ty (un(z) — v()) — T(un(y) — v(y))]-
It is clear that K1 ,(z,y) > 0 a.e. in Dgq, since

Kin(z,y) = |(u(z) —v(@) — (uy) —v@) P> ((ul@) - v(@)) = (uly) —v(y)))
X [T (u(z) = v(@)) = Ti(u(y) — v(y))] a.e. in Da,

as n — 00, using Fatou’s Lemma, we obtain that

/ Kin(x,y)dv >
Dq

JI 6@ = o) = ) = o) (ute) = v(e) = (ul) = v(0))

X [T(u(z) — v()) — Te(uly) - v(y)))dv.
We deal now with K ,,.
We set w,, = u, — v, w=u—v, o1(x,y) =un(x) — u,(y) and o2(x,y) = w,(x) — w,(y), then

Kon(z,y) = [Ial(xvy)lp’zal(%y) — loa(z,y)[P 202 (a, y)} X [T (un(2) — v(z)) — Ti(un(y) — v(y))]-
We claim that

/ K2,n(x7y)dy_>
D

(28) //D {U(I, y) = |(u(z) — v(@)) = (uly) — o) P~ ((u(z) —v(@)) - (uly) - v(y)))}

X [T (u(z) — v(z)) — Te(uly) — v(y))]dv as n — oo.
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We divide the proof of the claim into two cases according to the value of p.

The singular case p € (1,2]: In this case we have
o1 (@, y)IP o1 (2, y) = loz(z, y) P02 (2, y)| < Cloi(z,y) — o2z, y)[P~" = Clo(z) —v(y)P~.
Thus
[ K2n(2,y)| < Clo(z) — o)~ Ti(un (@) — v(2)) = Te(un(y) — v(y))] = Kau(e,y).
Using the fact that Ty (un,) — Tj(u) strongly in W30 (€2) and since v € W g(€2) N L®(2), we get
Ko = Clo(z) = v(y) P~ Ty (u(z) — v(z)) = Tu(uly) — v(y))| strongly in L' (Dg, dv).

Using the Dominated Convergence Theorem we reach that

/ Ko (,y)dv —
Dq

[ [ = 1) = o) = () = o) () = () = (o) = w(0)]

X[Ti(u(x) = v(x)) = Ti(uly) — v(y))ldv,

as n — oo and the claim follows in this case.

The degenerate case p > 2: This case is more relevant. As in the previous case, we have

o1 (z,y) [P~ 201(2,y) — |oa(z,y) [P0 (2, y)
< Ciloi(a,y) — oo (z,y) [P~ + Coloa(a,y) P2 |o1 (2, y) — o2(2,y)|

< Cifu(a) —v(y)[P~1 + Colv(@) — v(y)||wa(2) — wa(y)[P

< Cifu(z) —v(y)|P~" + Calo(x) — v(y)l|un(z) — un(y)[P~>.
Thus
< Cifo(@) = ()P T (un (@) = v(x)) = Ti(un(y) — v(y))|
+  Colo(x) = v(y)l|un(®) = un(y) P~ T (wn(2)) — Ti(wn(y))]
Ko (2, y) + Kon(z,y).

The term I_{zyn(x, y) is treated as Kgm of the first case. Hence we deal with Kgm(x, ).
Define

|K2,n(xu y)'

Dy = {(z,y) € Do : un(z) <k, un(y) < &},

where k >> k + ||v]|oo is a very large constant, then using the fact that T (u,) — T;(u) strongly in
W5 6(Q), we obtain that

Ko (@,y)xp, = Colo(x) = v(y)||u(z) — w(y) P~ Tr(w(x)) = Te(w)IX fu@) <iuim)<i}
strongly in L(Dgq, dv).
Now, consider the set

Dy = {(z,y) € D : un(x) > k1,un(y) > k1},
where k1 > k + ||v]|c0, then Kz)n(l‘,y)XD2 (z,y) = 0.

Hence we just have to deal with the set of the form

Ds = {(x,y) € Do : wn() > 2k, u,(y) < k},
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Dy ={(x,y) € Dq : un(y) > 2k, un(x) < k}.

We will use Remark 3.7 and duality argument.
It is clear that for (z,y) € D3, we have

Kon(z,y)xDs (2,y) < C(k)|v(z) — v(y)||Th(wn(x)) — Tr(wn (y))[ub 2 (x)x Dy (2, y).-

From remark 3.7, we know that
p—1
ul™2(2)xp, (2, y) — upiz(x)X{u(w)ZQk,u(y)gk} weakly in L»=2(Dq, dv).
Since
et _p—1 py L p(p—1)
[IU(I) = v()|[Tk(wn(x) — Tk(wn(y)l} < TITk(wn(:r)) — Ti(wn(y) " + Elv(x) —v(y)|

< Z%|Tk(wn(x)) = Tu(wa ()P + = 2l[olloo)? @2 |o(z) — v(y)[”

1
p
= Ln(.f, y)a
using the fact that L, — L strongly in L!(Dq, dv) where ,
p—1 1 B
L(z,y) = T|Tk(w($)) — Ti(w(y))l” + 1—?(2||v||oo)p(p DNo(z) - v(y)P,
we conclude that
K2nxXpy = Calv(x) — v(y)lJu(@) — uly) P~ |Ti(w(@)) — Te(w(y)) X fu(z) > 2k u(v) <k}
strongly in L(Dgq, dv).

In the same way we can treat the set Dy.
Therefore, combining the above estimates and by the Dominate Convergence Theorem, we conclude
that

/ K2,n(x7y)dy -
Dq

[ [ = 1) = o) = () = o) () = () = (o) = w(0)]
X [Te(u(z) = v(z)) = Ti(u(y) - v(y))ldv

as n — oo and the claim follows.
Hence combining the above estimate, we get

and the result follows. ]

It is clear that if u is an entropy solution to (17), then for all w € C5°(£2), we have
1
(29) 3 /[ Vet - wa = [ el i
Q
Q

However, we can prove that (29) holds for all w € W3'§(2)NL>®(Q2) such that w = 0 in the set {u > k}
for some k > 0. More precisely we have
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Lemma 3.8. Assume that u is an entropy solution to (17) with f > 0, then for all w € WZ'g(€) N
L>(Q) such that, for some k>0, w =0 in the set {u > k}, we have

3/ UG g)(te) i)y = [ t@u ds
Q

Proof. Let w € Wg(€2) N L>(2) be such that w = 0 in the set {u > ko} for some ko > 0 and define
v ="Th(u—w) with h >> ko + ||w||s + 1.
Since w is an entropy solution to (17), then for k fixed such that k& >> max{ko, ||w||s }, we have

- / /D U, ) [T (u(x) — v(x)) — Ti(uly) — o()))dv <

It is clear that
/f VT (u(x) — o( )dw—>/f Jwdx as h — 0.

Notice that, for h >> ||w||oo, we have {u <w —h} = @, thus for h as above there results that

{lu(z) —w(@)| = h} = {(u(z) —w(@)) = h}.

Define
A={(z,y) € Dg : lu(z) —w(z)| <h, |u(y) —w(y)| <h},
B = {(z,y) € Do : |u(z) —w(@)| = h, [uly) —w(y)| = h}
= {(z,y) € Da: (u(@) —w(x)) = h, (u(y) —wly)) = h}
and
E={(z,y) € Do : (u(z) —w()) = h, luy) —w(y)| < hi,
F={(z,y) € Do : |u(z) —w()| <h, (uly) —w(y)) > h}.
Then

Jf, e —e= ]« [+

= La(h) + Ip(h) + Ig(h) + Ir(h).
It is clear that

= [[ v B - s = [ V) - v

-/l Ute ) - wilds+ [[ U, )lw(z) — w(y)ldv
An{u(z)<ko,u(y)<ko} An{u(z)>ko,u(y)>ko}

i ‘//140{“(90)>ko.,u(y)<ko} Vi y)lwle) = wiy)ldy + /Aﬁ{u(z)<ko,u(y)>ko} Uz, y)lwle) = wly)ldv

= Iia(h) + I2a(h) + I34(h) + Ls4(h)
Since Ty (u) € Wgg(Q2), we have

Lia(h) — //{u(kaO)u(kao} Uz, y)|w(z)) —w(y)]dv as h — oo.
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Using the properties of w, we have I4(h) = 0. Let us consider now I54(h), we have

Lia(h / / U, y)w(z) — w(y))dv
An{ko<u(z)<2ko,u(y)<ko}

+f Ule.g)lw(z) - w(y)ldr
An{u(z)>2ko,u(y)<ko}

= Ji(h) + J2(h).
As above, since Ty (u) € Wi(Q), then

h) — // U(z,y)|w(z)) — w(y)]dv as h — oc.
{ko<u(z)<2ko,u(y)<ko}
For Jy(h), we have

U@, y)lw(@)) = w(y)]] < [[wllo|Ul.y)| = lwlloc|u(z) - uly)
Using the fact that

‘pil

// ‘U(z,y)‘dy<oo,
w(x)>2ko,u(y)<ko}

then by the dominated convergence theorem we conclude that

v //u (@) >2k0, v)<ko} U(z,y)[w(z)) —wly)ldv as h — oo.

In the same way we can treat Iy4(h). Hence
—>// (x,y)[w(x) —w(y)]dv as h — oo.
Dq
If (z,y) € B, we have v(x) = = h, then

// (2, y) [Tk (u(z) — h) — Tp(u(y) — h)]dv > 0.
Now, for (z,y) € E, we have u(z) > h — ||w||so > ko, thus w(z) = 0. Hence
E=En{uly) <h—|lw||leoc =1} UEN{h > u(z),u(y) > h —||w||ec — 1} = E1 U Es.
It is clear that for (z,y) € Ea, we have w(z) = w(y) = 0, then
Uz, y)[Th(u(z) — v(@)) = Ti(uly) — v(@)] = Uz, y)[Ti(Gn(u(z))) = Tr(Gn(u(y)))] = 0.
Thus
J[ U o) - Titut) ~ o)l > 0.

Therefore, we conclude that

//E (2, 9) [Tk (G () — T(w(y))ldv > 2k//]3 Ue.y)|ar

Let hy = h — ||w||eo — 1, then

// ‘U(x,y)‘dug// ‘U(x,y)‘du%Oash%oo.
FE1 u(w)>h1,u(y)<h1—1

Thus Ig(h) > o(h).
In the same way we can prove that Ip(h) > o(h). Therefore we reach that

imint 3 [ U T - o) - Tetuty) o)l > 5 [ U@ - v
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As a conclusion we have proved that
1
5 [ v - wwar < [ feueds
Pe Q
Substituting w by —w in the above in equality we obtain that

: /] ) () ~ wly)d = [t
Q

which is the desired result. ]

Now, we are in position to prove the uniqueness result in Theorem 1.2.

Proof of Theorem 1.2: Uniqueness part:

Let u be the entropy positive solution defined in Theorem (17), recall that u = lim sup u,, where w,,
is the unique solution to the approximated problem (18). Assume that v is an other entropy positive
solution to problem (17). We claim that w, < v for all n. To prove the claim we fix n and define
wy, = (un — V)4, then w, = (up — Tj(v))+ where k >> |[|up||oo. Hence w, € W5 (Q2) N L>(Q)
and w, = 0 in the set {v > ||un||oo}. Therefore using w,, as a test function in (18) and taking into
consideration the result of Lemma 3.8, we reach that

1
5 [, U nte) — s = ! ful@)wn () do
< /f(:c)wn(:c)d:c: %/D V(z,y)(wn (@) — wnly))dv,
Q Q
where
V(z,y) = (z) —v(y)P > (v(z) — v(y))
Thus

% //DQ (Un(@,9) = Vi@,9)) (wn(2) = wy))dv < 0.
Using the fact that

(Un(@.9) = Vi@.9) (wa(@) = wn(y)) = Clun(@) = wa(y)P"

it follows that w,, = 0, hence u,, < v for all n and then u < v.

Let prove now that v < u. We follow closely the argument used in [9] taking into consideration
that u <.
Since u, v are entropy solutions to (17), for h >> k, we have

%//DQ Uz, y)[Tr(u(x) — Th(v(x))) — Tr(u(y) — Th(v(y)))ldv < !f(I)Tk(u(x) ~ Th(o(z))) de,
d

ar

5 [ V@i - D) - 1) - Talu@)ldy < [ F@)T () - Th(u(@) d.
Pa Q

It is clear that
/f(x)Tk(u(:zr) — Th(v(x)))dx + / f(@)Ty(v(z) — Th(u(x))) de — 0 as h — oc.
Q

Q
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Thus
1) = 5[] Ve - Tiew) - Tuu) - T
" / /D (2, ) [T (0() — Th (u())) — T (v(y) — T (u(y))))dv
= < o(h).
Let
D¢ (h) = {(z,y) € Dgq such that u(x) < h and u(y) < h}
and
D% (h) = {(z,y) € Dg such that v(z) < h and v(y) < h}.
Then
P = [f U@ - T - T - Tl
v f /D ey V)T (00) = Taf0(2)) = T(u(s) = Ta(e(4))
— Pi(h) + Pa(h),
and

k) = //D V (@, y)[Ti(v(z) = Tn(u(@))) = Te(v(y) — Th(u(y)))ldv
" //Dg\m V (2, 9)[Tk(v(x) = Th(u(x))) = Ti(v(y) — Th(u(y)))ldv

= Q1(h) + Q2(h).
We claim that Pa2(h) > o(h) and Q2(h) > o(h). Notice that
Do\D(h) = {(x,y) € Dq with u(z) > h} U {(x,y) € Dq with u(y) > h}.
If u(x) > h and u(y) > h, then v(z) > h and v(y) > h, thus
U, y)[Th(u(x) = Tn(v(2))) = Tr(uly) — Ta(v(y)))] = Uz, y) [Tk (u(z) — h) = Tr(u(y) — h)] = 0.
On the other hand, by (11), we get

/ / U (2, 9)ldv = o(R).
w(z)>h,u(y)<h—1}

/ / oy T Ti(w(a) = Ta(w(@) = Ti(uly) = Ti(o(y))ldv

> Uz, y)[Tr(u(z) — h) = Ti(u(y) — Th(v(y)))ldv + o(h).
{u(z)>h,h—1<u(y)<h}

Notice that for (z,y) € {u(x) > h,h — 1 <u(y) < h}, we have
Uz, y)[Tr(u(x) = h) = Ti(u(y) — Tn(v(y))] = Uz, y)[Ti(w(x) — h) + Tr(Ta(v(y)) — u(y))] = 0.

Thus

Thus

// o Uz, y)[Te(u(x) — Th(v(x))) — Te(u(y) — Tr(v(y)))]dv > o(h).

In the same way we can prove that

//{ e U(z, ) [Tk (u(z) — Th(v(z))) — T(uly) — Th(v(y)))]dv > o(h).
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Thus Py(h) > o(h) and the claim follows.

We deal now with Q2(h). As above we have

Do\D§(h) = {(z,y) € Do |: v(z) > h} U{(z,y) € Da | v(y) > h} = Mi(h) U Ma(h) U Ms(h),

where
My (h) ={(z,y) € Dq |: v(z) > h and v(y) > h}, My(h) = {(z,y) € Dgq |: v(z) > h and v(y) < h},
and
Ms(h) = {(z,y) € Dq |: v(x) < h and v(y) > h}.

Let

Z1(h) ={(z,y) € Da [: v(x) = Tu(u(x)) = k}, Za(h) = {(z,y) € Da [: v(y) = Tu(u(y)) = k},
then if (z,y) € Z1(h) N Z2(h), we have

Vi, y)[T(v(@) = Th(u(2))) = T (v(y) — Tn(u(y)))] = 0.

Hence we can assume that (z,y) € (Zl (h)\Zg(h)) U (Zg(h)\Zl(h)) = Y1(h) UYa(h).
Therefore we conclude that

0 =] i i1
M1 h)ﬁyl (h Mg(h ﬂYl Mg(h ﬂYl
//Ml h)ﬁYg(h /»/Mg(h ﬁYQ »//Mf;(h ﬁYQ

Ji(h) + Ja(h) + J3(h) + T (k) + To(h) 4+ T3(h).
Let begin by proving that J1(h) > o(h). Notice that for (z,y) € My(h) NYi(h), we have

Vi@, y)[Tr(v(x) = Th(u(z))) = Tr(v(y) = Tu(u())] = V(z,y)[k = (v(y) — Tu(u(y)))]

If v(z) > v(y), then V(a,y)[k — (v(y) — Th(u(y)))] > 0, so we have to consider the case where
v(z) < U( ). Thus

V (2, 9)[Th(v(2) = Th(u(@))) = Ti(v(y) = Th(u@)))]| = (v(y) = v(@))"" [k = (0(y) = Trluy)))].
Now taking into consideration that (x,y) € M1(h) NY1(h), we get
0 < (v(y) —v(@)) <Th(u(y)) +k = (Tu(u() + k) < Th(uly)) — Ta(u(z)) < uly) —u(z).

Therefore we conclude that
V (@, y)[Ti(v(z) — Th(u(z))) = Ti(v(y) — Tu(uy))]] < 2k (uly) —u(z)P .
If u(x) > h, then u(y) > h, hence

Vi, y)[Tr(v(x) = Ta(u(x))) — Ti(v(y) — Ta(u(y)))] = V(z,y)[Tr(v(z)) — Ti(v(y))] = 0,

then we assume that u(z) < h.
If u(y) > (h+ 1), by (11), we reach that

// |U(z,y)|dv = o(h).
{u(y)>h+1,u(z)<h}
If h <u(y) <(h+1),then 0 <k — (v(y) — Th(u(y))) < u(y) — u(z), thus

Vi@, y)[Tr(v(x) = Th(u(x))) = Ti(v(y) — Tu(u()]| < (uly) — u(@))’.

+
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Now, by (16), we get

[/ (u(y) — u(z))?dv = ofh).
{h<u(y)<h+1l,u(z)<h}

We deal now with the set u(y) < h. Since (z,y) € Mi(h) NYi(h), we have u(y) > (h — k), so if
u(z) < (h — k — 1), using again (14) we reach that

I/ U (2, y)ldv = o(n).
{u(y)>(h—k),u(z)<(h—k—1)}

Let us assume that (h —k — 1) < u(x) < u(y) < h. In this case we have

[k = (v(y) = Th(u®)))] = uly) = (v(y) — k) < uly) — (v(z) — k) < uly) — ulz).
€ Mi(h)NYi(h) with h — k — 1 < u(x) <u(y) < h, we get

0)
V (@, ) [T (v(2) =T (u())) =Tk (v ()= Tn (u@)))]| = ((y)—v(@))"~" k= (v(y)=Tu(u@)))] < (u(y)—u(2))".
(

Now using (16), there results that

// (u(y) — u(x))?dv = o(h).
{h—k—1<u(z)<u(y)<h}

Therefore combining the above estimates, there results that Jy(h) > o(h).

So for (z,

Respect to Jz(h), we have v(y) < h < v(z) and
Ty (v(x) = Th(u(z))) — Ti(v(y) — Th(u(y))) = k — (v(y) — Th(u(u))) = 0.
Thus

Vi@, y)[T(v(x) = Tr(u(x))) — Ti(v(y) — Th(u(y)))] = 0 for all (z,y) € Mz(h) N Y1(h).

Hence Jy(h) > 0.
We deal now with J5(h). We have v(z) < h < v(y) and for all (z,y) € M3s(h) NY1(h),

}V(:va Y)[T(v(x) = Tn(u(@))) = Te(v(y) — Tu(u@)))]] = (0(y) —v(@))" [k = (v(y) — Tu(u(y)))]-
If v(xz) < (h — 1), then by (14) we have

I/ [V )T 0(0) = () = T(oly) = Talu))] v <
{v(y)>h,v(x)<h—1}

Zk// |V (z,y)|dv = o(h).
{v(y)>h,v(x)<h—1}

So, assume that (h—1) < v(z) < h. Since (z,y) € M3(h)NY1(h), then v(y) < k+Th(u(y)) < k+u(y).
Thus u(y) > (h — k). It is clear that

0 < (y) = v(x) < Th(u(y)) - Th(u(z)) < uly) - u(z).
Hence following the same discussion as in the last case in I;(h), and combining the above estimates
we reach that J5(h) > 0.

Notice that in a symmetric way we can prove that Ty (h)+Ta(h)+T5(h) > o(h). Thus Q2(h) > o(h)
and the claim follows.

// (2)>h} Uz, y)[Ti(u(z) — Th(v(z))) — Tr(uly) — Tr(v(y)))]dv

> Uz, y)[Tk(u(x) = h) = Ti(u(y) — Th(v(y)))]dv + o(h).
{u(z)>h,h—1<u(y)<h}
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Notice that for (z,y) € {u(z) > h,h —
Uz, y)[Ti(u(z) = h) = Ti(u(y) —
Thus

Uz, y)[Tr(u(x) = h) + Ti(Th(v(y)) — u(y))] = 0.

// o Uz, y)[Tk(u(x) — Th(v(z))) — Tk(u(y) — Th(v(y)))]dv > o(h).

In the same way we can prove that

//{ e Uz, ) [Tk (u(z) — Th(v(z))) — T(uly) — Tn(v(y)))]dv > o(h).
Thus Q2(h) > o(h) and the claim follows.

Therefore, taking into consideration that u < h in the set {v < h}, it follows that
1
10 2 5[] U@ - T @) - T Tl
Q

+ 1// sy VW) (@) = Teloly) =)l + o)

2 //1)2 *) V (z,y) )) [Tk (v(z) —u(z)) — Ti(v(y) — u(y))]dv
+ 3 //Dl(h)\D?Z(h) Uz, y)[Tr(u(z) — Th(v(z))) — Te(uly) — Th(v(y)))]dv + o(h)

> 1 (h) + Ig(h) + O(h)

It is clear that

)= C//ng 1Tk (v (z)) = Ti(v(y) — uly))|Pdv.

We claim that Iz(h) > o(h)
Notice that
Dg(h)\D%(h) = Ry(h) U Ra(h) U R3(h)
where
Ri(h)
Ry(h)

(x,y) € Dg such that u(z) < h,u(y) < h,v(z) > h,v(y) > h},

{
{(z,y) € Dq such that u(x) < h,u(y) < h,v(z) > h,v(y) < h},

and
Rs3(h) = {(z,y) € Dq such that u(z) < h,u(y) < h,v(z) < h,v(y) > h}.
It is clear that

1

2 / /m U (w,9)[Te(u(x) — Ta(v(x))) — Te(u(y) — Tn(o(y)))]dv > 0.

Therefore, we conclude that

Iz(h) > %//Ra(h) —Ié//Rs(h) = In1(h) + Iz2(h).

For (z,y) € R2(h), we will consider three main cases:
I) If h—u(z) <v(y) —uly), then 0 < h —v(y) < wu(z) — u(y). Hence

Uz, y)[Te(u(z) — Ta(v(@))) — Ti(uly) — Tu(v(®))] = Uz, y)[Te(v(y) — u(y)) — Te(h — u(z)] = 0.
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IT) Tfu(z) —u(y) <0< h—o(y), then u(x) —u(y) <0 and h —u(x) > v(y) — u(y). Thus
U, y)[Th(u(z) = Ta(v())) = Tr(u(y) = Tu(v(y))] = Uz, y)[Ti(v(y) — uly)) = Te(h — u(z)] = 0.

ITT) Consider now the case where 0 < u(x) — u(y) < h —v(y). It is clear that 0 < u(z) — u(y) <
v(x) —v(y). Hence

| U@ )T (u(@) = Tu(v(@)) = T(u(y) = Tu(ow)))]
= (u(z) = u(y)P~ [Te(h = u(2)) = Te(v(y) — uly))] < 2k (o) — vy)P~*.
Ifo(y) <h—1orv(z)>h+1, by (11), we get

// |V (z,y)|dv = o(h).
Rg(h)ﬂ{{v(m)>h,v(y)<h—1}U{v(m)>h+1,v(y)<h}}

Thus, we deal with the set {h —1 < v(y) < h and v(z) < h+ 1}.
It is clear that if v(y) — u(y) > k, then h — u(z) > k, thus

| U@ )T (u(@) = Tu(v(@)) = T(u(y) = Ta(vw)))]| = 0.
Assume that h — u(x) < k, then v(y) — u(y) < k, hence
| U, y) [T (uz) = Th (0()) = Tiluly) = Tu(o(@)]] <
(v(@) = o)~ (h = u(@) = (v(y) = u(y))] < ((z) = V()"
Thus, using (16),

/] | UG )T (ulo) = Th(o@)) = Tiuly) = Tale)]|dv <

Ra(h)n{h—1<v(y)<h<v(z)<h+1}nN{h—k<u(z)}

)
(

(v(z) = v(y))Pdv = o(h).
Ra(h)n{h—1<v(y)<h<v(z)<h+1}

We consider now the set where v(y) — u(y) < k < h — u(x), then u(x) < h — k and thus
u(y) < h — k. As above we have

}U(I,y)[Tk(U(x) = Th(v(x))) = Ti(uly) = Tu(v(y))]| <
(v(z) —v(y)?~ (k= (v(y) — u)] < (v(z) —v(y))”
Thus using again (16),

| U y) [T (u(@) = T (v(x))) = Tiluly) = Th(o(y)]|dv <

Rao(h)n{h—1<v(y)<h<v(z)<h+1}n{u(z)<h—k}

(v(z) = v(y))Pdv = o(h).
Ra(h)n{h—1<v(y)<h<v(z)<h+1}

Therefore we conclude that Is;(h) > o(h). In the same way and using a symmetric argument, we
can prove that Isa(h) > o(h).

Hence Iz(h) > o(h) and the claim follows.

In conclusion, we have proved that

O//D%(h) [Tk (v(x) — u(x)) — Tr(v(y) — u(y))Pdv < o(h).
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Letting h — oo, there results that
/ /D IT(o(x) — u(@)) — Tr(o(y) — u(y))Pdv = 0.
Q

Thus Ty (u) = Ti(v) for all k and then u = v. ]

4. PROBLEM WITH REACTION TERM AND GENERAL DATUM

In this section we consider the next problem

(=A), gu = Aul+g(z) inQ,
(30) u > 0 in £,
u = 0 in RN\Q,

where A\,q¢ > 0 and g > 0. According to the values of ¢ and A\, we will prove that the problem (30)
has an entropy solution in the sense of Definition 2.10.
Let begin by the case ¢ < p — 1. We have the next existence result.

Theorem 4.1. Assume that ¢ < p — 1, then for all g € L*(Q) and for all X > 0, the problem (30)
has a positive entropy solution.

Proor. Without loss of generality we can assume that A = 1. We set g,, = T,(g), then g, > 0 and
gn T f strongly in L'(2). Define u,, to be the unique solution to the approximated problem

(_A);ﬁun = ul+gn inf
(31) u, > 0 in Q,
u, = 0 in RM\Q.

Notice that the existence of u,, can be obtained as a critical point of the functional

1 1
Ju:—// w(z) —u pdu——/uq+1dx—/ U dT.
=55 [[[ o) - wtwpa - 5 [rae [

Q Q
However the uniqueness follows using the comparison result in Lemma 2.5. It is clear that by the
same comparison principle we obtain that w, < u,1.
We claim that {u£~'},, is uniformly bounded in L!(2). To prove the claim we argue by contradic-

tion. Assume that Cp, = [|[uf | 1) — 00 as n — co. We set vy, = “Lll , then |[v2=!| 1) =1 and
cy-
vy, solves the problem
a—p+1
(A) gon = Co" " vl +C g, in QY
(32) v, > 0 in Q,
v, = 0 in IRN\Q.

g—p+1
We set G, = Cn," " vl + C; lgn, then ||Gyl|f1(q) — 0 as n — co. Taking in consideration the results

of Lemmas 3.1 and 3.2 we get the existence of a measurable function v such that Ty (v) € Wg:g (),

N
P~ e Lo(Q, |z|~%Fdx) for all o < N and Ty, (v,) — Ty (v) weakly in WG ().
s :

Since o > 1, then using Vitali’s Lemma we can prove that v2~1 — vP~! strongly in L'(Q). Thus
[P~ | pa(o) = 1.

Now taking Ty (v,) as a test function in (32), using the fact that |[G||11() — 0, it follows that
||Tk(vn)||W§:g(Q) — 0 as n — oo. Hence Ty(v) = 0 for all £ and then v = 0. Thus we reach a
contradiction with the fact that [[vP~!||11q) = 1.

Therefore [|[u?!|[ 1 (o) < C for all n and the claim follows.
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Since ¢ < p—1, we conclude that the sequence {ud + g, },, is bounded in L(£2) and then we get the

existence of a measurable function u such that ud 1 u, u?~! € L7(Q, |z|~2Pdz) for all ¢ <

and T}, (uy,) — Ty (u) weakly in W ().

Since {ul + fn}n is an increasing sequence, using Lemma 3.6, we conclude that Ty (u,) — Tk (u)
strongly in ng(ﬂ) Now, by Theorem 1.2 we obtain that u is an entropy solution to problem (30)
in the sense of Definition 2.10.

We prove now that u is the minimal solution of (30).

Let © be another entropy positive solution to problem (30). Recall that v = lim w,, so to finish
n—oo

we have to show that u, < wv for all n. Fix n and consider the sequence {w,, ;}i, defined by w, o =0
and wy, ;41 being the unique solution to problem

—ps

(_A);)Bwn,i-i-l = wfm- +gn inQ,
(33) Wn,i+1 Z 0 in Q,
Wniz1 = 0 in RN\Q.

It is clear that the sequence {w, ;}; is increasing in ¢ with w,; < u, for all . Hence wy,; 1 w0, a
solution to problem (36). Now by the comparison principle in Lemma 2.5 we conclude that w,, = u,,
and by an iteration argument we can prove that w,; < @ for all i. Hence u, < @ and the result
follows. W

In the case where ¢ = p — 1, the problem is related to the first eigenvalue of the operator (—A); 3

More precisely, we set
5[] 10 - strar
Dgq

inf
SEWSD(Q), $7£0 [ l¢lPdx
Q

(34) AL =

As in the case = 0, it is not difficult to show that Ay > 0 and that \; is attained.
Now, we can formulate our existence result.

Theorem 4.2. Assume that ¢ = p— 1. If X\ < Ay, then for all g € L*(), the problem (30) has a
minimal entropy positive solution.

To prove Theorem 4.2, we need the next classical regularity result.

Lemma 4.3. Let u be the unique solution to the problem

(=A), pu = finQ,
(35) { u = 0in RV \Q,
where |f||x|Ps# € L™(S, x| =P8 dx) for some m > %, then u € L>(Q).

PrOOF. We follow closely the Stampacchia argument given in [27]. Using G (u(z)), with & > 0, as
a test function (35), and taking in consideration that

Uz, ) (Ge(u(@)) — Gi(u(y) = |Gr(u()) — Gr(u(y)/P,

where U(z,y) = [u(z) — u(y)["~ 2(“(96) — u(y)), there results that
|Gru(x) = Gru()]? dov dy _
G dx.
//DQ |:v—y|N+ps 12 Tyf = Q|f|| k(u(z))]

By the Weighted Sobolev Inequality (2.2), it follows that

NGO oy v any < [, 111Gl
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d
where Ay = {z € Q : |u(z)| > k}. We set dw = H%, then
€T|ts

[ 1l G ulal

Ak

[ 17116 (u@))dz
Ay

1 _ 1

) om0, | Akl g, ™ 7

< G 0 0 (112
Thus

pfl 11

P

ClIGH () .0y < (IS
Let h > k, since A, C A, there results that

. I T
)”Lm(Q,dw)|Ak|dw

(h = k)| Anl gy < IIC

Hence

Zr-L -k
ClI(If[lz | Ak g,

Psh )” Q dw)

(h—k;)ﬁ

|Ap|dw <

We set (k) = |Ap|dw, then

11

Cor 07577 (k)
(h — k)
Since m > pﬂs, then ;%:1(1 -1 _ pi*) > 1. By the classical result of Stampacchia, see [27], we get the

m

existence of kg > 0 such that ®(h) =0 for all h > ko, hence we conclude. B

Proof of Theorem 4.2.
We follow closely the argument used in the proof of Theorem 4.1.
Define u,, to be the unique solution to the approximated problem

O(h) <

(=A); gun = b=t +g, inQ,
(36) U, > 0 in Q,
u, = 0 in RN\Q.

Notice that the existence of u,, can be obtained as a critical point of the functional

J(uy) = ) — u pdu——/upd:v—/gnud:v
= o5 [, 1)~ uw) |

Q

However the uniqueness follows using the comparison result in Lemma 2.5. It is clear that using the
same comparison principle we obtain that w, < u,41.

We claim that {u£~'},, is uniformly bounded in L!(2). We argue by contradiction. Assume that
Cr = [t Y| L1) — o0 as n — oco. We set v, = [[vE= L1 = 1 and v, solves the

n

problem
(~A) 5v0 = )\v5*1+(gj—" in Q,
(37) v, > 0 in Q,
v, = 0 in RM\Q.

We set Gy, = v~ + Z= then ||G,|[11(q) < C. Taking in consideration the results of Lemmas 3.1 and
3.2 we get the existence of a measurable function v such that Ty, (v) € W3 (), v~ € L7(€, |z| =28 dx)

N
for all o < N —s and Ty(v,) — Ty (v) weakly in WZg(Q).
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Since o > 1, then using Vitali’s Lemma we can prove that v2~1 — vP~! strongly in L'(Q). Thus
[[0P~ | L1y = 1. Tt is clear that G,, — AvP~! strongly in L'(Q2). Thus v solves

(A v = XP7h i Q,
(38) v > 0 in Q,
v = 0 in RM\Q.
We claim that v € L>(£). From the previous discussion we know that vP~! € L7(€, |z|~2#dz) for all
(» - 1N

. Thus setting a1 = —(p—1) —¢, with e very small, and using an approximation

<
N — ps N —ps
argument, we can take v® as a test function in (38) to conclude that

JI[ 1) = o2 0te) = o) 07 @) " () < €

Hence using inequality (7), it follows that

// 0™ (2) v (y)|Pdv < C
Dgq

Using the Sobolev inequality in Lemma 2.2, we reach that

|v a1+p 1)
/ —_—dx < 0.

Now, we set as = (a1 +p — 1)%2 — (p—1), then using v*2 as a test function in (38) and following the
same argument as above we conclude that

P

|’U a2+p 1 T
———dx < 0.

|x|ps

Consider now the sequence ani1 = (an +p— 1)75 — (p—1). Tt is clear that a, 1 oo and by an

induction argument we can prove that [v%"dx < oo for all n. Thus using Theorem 4.3, we conclude
Q
that v is an energy solution to problem (38) and that v € L*°(€2). Now using v as a test function in

(38), taking in consideration that A < Ay, it follows that ||v||W;,g(Q) = 0, a contradiction with the fact

that ||vp’1||L1(Q) = 1. Hence the claim follows. Now the rest of the proof follows exactly the same
argument as in the proof of Theorem 4.1. [

In the case where ¢ > p — 1, we need to assume additional conditions on g. More precisely, if
g € L'(Q), we define w to be the unique positive solution to problem

(-A),sw = g in€Q
(39) { w = 0 in RMN\Q.

We are able to prove the following result.

Theorem 4.4. Assume that g € L'(Q) verifies w?(x) < g(x) a.e. in Q, then there exists a positive
constant X such for all X < \, the problem (30) has a minimal entropy positive solution.

PROOF. Recall that by the results of Lemmas 3.1 and 3.2, we know that w?~! € L7(Q,|z|~%/dx) for
and Ti(w) € W5 (9).

s ;

Let v be the minimal solution to the problem

(=A)ypv = g+w? inQ,
v = 0 in RNM\Q.

N
11
a 0<N

(40)
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It is not difficult to show that v < 2P~ 'w, hence using the hypothesis on g, it follows that
(D)5 gv =g+ uw? > g+2770".

Then v is a supersolution to (30) for A < A = 277 Fixed A as above and define the sequence {u, },
by up = 0, tn41 is the unique solution to the following problem

{ (—A)? snt1 = uf + gni1 in Q,

(41) Upy1 = 0 in RV\Q.

By an induction argument we can prove that u,, < v for all n and that the sequence {u,, }, is increasing
in n. Thus {ul+g, }, is increasing and bounded in L' (). Now, using the same compactness argument
as in the proof of Theorems 4.1 and 4.2 we get the existence result. B

5. APPENDIX

5.1. Harnack Inequality. This section is devoted to prove a weak version of the Harnack Inequality
for positive supersolution to problem (1). Let begin by the next definition.

Definition 5.1. Let v € Wg:foc(Q), we say that v is supersolution to problem (1) if for all Q3 CC €,
we have

(42) //D lo(z) — o) 2 (0(x) — o)) (e(@) — p@)dv > [ Feda,

o
for any nonnegative @ € Wg:g(Ql).
The main result of the appendix is the next version of the weak Harnack inequality.

Theorem 5.2. (Weak Harnack inequality)
Assume that f >0 and let v € Wé’p(]RN) be a supersolution to (1) with v 2 0 in RN . Then for any

N(p—1)
qg < N_ps ’ we have

1
(43) (/B vq|x|72ﬁd‘r) ' < C’Jigr;f v.
v ki

Contrary to the local case where Moser type iteration is used to get the Harnack inequality, see
[16], in this we will use a different approach.

For § = 0, the result was obtained in [13] where a general version of The Harnack inequality is
proved including for sign-changing solutions.

The case 8 > 0,p = 2 and positive datum was obtained in [4]. Here we combine both arguments
to prove Theorem 5.2.

d
Recall that du(x) = e
x
case where B,.(zg) = B,(0).

For simplicity of typing, we will write B, in place of B, (0). We will use systematically the next
weighted version of the Poincaré-Wirtinger inequality. We refer to the Appendix of [3] for the proof.

dxdy
y[ Vsl Pyl

and dv = | Notice that we have just to consider the
T —

Theorem 5.3. Letw € Wg’p(Bg) and assume that 1 is a radial decreasing function such that Suppy C
By and 0 S ¢ < 1. Define

i, Lo v

Jp, ¥(@)du

then

/B Ju(e) = Wy < € /B 1 /B ()~ i) min(), () v
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Let us begin by proving the next lemma.

Lemma 5.4. Assume that v € Wg’p(lRN) with v 2 0, is a supersolution to (1). Let k > 0 and
suppose that for some o € (0,1], we have

(44) 1B N {v > k}ap > 0|Brlau

with 0 < r < 1—R6. Then there exists a positive constant C = C'(N, s) such that
(45) |Ber N {v < 26k} au < ¢ | Ber|
6r = dp S ——— 71~ | Perld
"= olog() "

for all 6 € (0,1).

Proor. Without loss of generality we can assume that v > 0 in Bg, (if not we can deal with v + ¢
and we let ¢ — 0.) Let ¢ € C§°(Bg) be such that 0 < ¢ < 1, supp ¥ C By, ¥ = 1 in Bg, and

Vgl < <.
Putting ¢ = 1Pv! 7P as a test function in (42), it follows that
[ [ 10 = o)l 2@ ) @ @0t @) = 6 )= () = 0.
RN JRN
Thus
p p
05 f, o)~ 202000 = O G - S
PP (x)
+2/ / P=2(y(z) — v(y dv
. y)IP " (v(@) — o ))U(x),,_l
It is not difficult to show that
P
P2 (v(z) — v(y 2/J(gc)dug/ / PP (x)dv.
/JRN\BST /BST VP (o) — o ))U(@p*l RN\Bs, J Bs, (@)
Since
PP (x) /°° pN P dp / dy’
P d — A
/,RN\B& g, B 2P Sy a0 ( Smﬁyf—xwps) o
setting 7 = ﬁ, it follows that
x
YP(z)dr [ N g4
VP (x)dv = — T D(r)dr,
[ A ")
where
N1 - . N—
D(r) =2~ / sin” () do
BEFE) Jo (1—2acos(9)—|—7'2)N+pS

Taking in consideration the behavior of D near 0,1 and oo, we obtain that

N=F=1D(r)dr < C.

—
8

Therefore we conclude that

P 2 v(iz) — v wp(x) v TN_p5_216
S o @ P20~ vt ey < 0 |
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Notice that from [14], we know that

[v(2) — v(y)P~* (v(@) — v(y)(
< —Ch|log(v(z)) —log(v(y))[P1(y)” + Ca((x) — P(y))".

/ / P2 (0(z) — v(y)) (2 VW),
Bs, J Bg,

o@pr T ()]

= v(x) —v(y) P2 (v(z) — v ! — ! v
-/ /B el = o)) o) )

ol P2 (0l — o W) )
+//Bgr><Bsr\Ber><Bsr |U($) (y)| ( ( ) (y))(v(x)pil ’U(y)pil)d

p 2 Tr)—v 1 — 1 v TN—ps—QB
/Bsr \/BGT‘ | ( ( ) (y))(v(;[;)P—l U(y)p—l)d +C .

Thus

Hence combining the above estimates it follows that
(46) [ ostot@) ~ osteppay < e,
Ber J Ber

We set w(z) = min{log(4),log(£)} 1, then using (46), there results that

(47) / / w(y)|Pdv < CrN—ps=28,
BGT‘ BGT‘

Define )
W) gy = e | w(@)dp,
s, = o [, w@)

then using Holder inequality and the Poincaré-Wirtinger inequality,
[ (@) = w)se, di < ClBarla
6r
Notice that {z € Q/w(z) = 0} = {x € Q/v(z) > k}, then from (44) we have

o
(48) |Bsr N {v > k}|qu < m|36r|du-
It is clear that )

Bgr N {v > 20k} = Bgr N {w = 10g(2—5)k},

then using the fact that
N—28

1 6
Bgr N {w = log(—)k < — — du,
Bar 1 = o lan < s [ o) = )
we get the desired result. ®

As a consequence we have the next estimate on inf v.
By

Lemma 5.5. Assume that the hypotheses of Lemma 5.4 are satisfied, then there exists 6 € (0, %) such
that

(49) inf v > dk.

4ar
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PrOOF. We set w = (I —v)_ where [ € (dk,20k) and let ¢ € C3°(B,) with r < p < 6r.
Putting ¢ = wyP as a test function in (42) and following the same computation as in the previous
lemma, we reach that

[ [ 1) = vl — v )~ wr )

< —c /B /B (@) () — w(y)b(y)Pdv
+e /B p /B (maz{w(z), wy)})P () — w(y)Pdv.

Thus, combining the above results, we get

(50)
[w(z)(z) —w(y)d(y)Pdv <
B, /B, p
& [ (martut). ww))P v - )Pl + B0 o <Dl x s [
B, JB, {xze€supp p} J RN\B, |£L' - y|
We define now the sequences {l;};en, {pj}jen and {7;},en by setting
Iy =0k + 2797k, p; = dr 21y, p; = LT PIEL 2””1 :

Using the Sobolev inequality stated in Theorem 2.2, we obtain that

|’LU] P ps
C(N,s,5) / |$|ﬂ,,s )" < | [l (o) - b )P

Therefore,* using the fact that w;v; = (I; — lj1) in Bjpa N {v < lj41} and taking in consideration
that |z|77s# > Cr=(P:=28|z|=28 in B; with C is independent of j, it follows that
wip()[P" N ¢
( TﬂTdI) = m(l Liv1)” |Bg+1ﬁ{U<J+1}|
Bj
Hence we conclude that

=ty (PR TR ooy ) [ oy @ote) — ws st

By application of (50) for w;, we get
J b

| Bj+1lap
(51) = N o 25 Cl/ ((maz{w;(x), w;(y)}))?|v;(x) — ¢, (y)[Pdv
B, /B,
+81B; N {v <lj}ay x  sup / dinH)
{z€supp p;} JRN\Bpj |:E—y| P
We have
dx |z —y|P~P dy
WP\ () — s (y)[Pdy < zp/ _/ le =yl dy
/Bj /Bj J ! ! Bjﬂ{’u<lj} |w|ﬂ B;j |.’L' - y|N |y|6
< CrP® dr

Bjﬂ{’U<lj} |x|2ﬁ '
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Thus
[ [ wos@) - vswPd < 013 0 o < 1y}

dy

5 m as in [13] we obtain that

Now, estimating the term sup g, equpp ;1 LRN\B

1Bj N {v < j}ap
|BJ|d#

|Bjr1 N {v<j+ 1}|du)% . _CW\V,s)

< e B v <Uida < C

Lo — L )P
(J J+1) ( |Bj+1|d,u
where C' < C(R, N, s)2N+5+2,

Define A; —'B N{v < j}an

3| and following the same arguments as in [13], we get the desired
dp

result. W

Now, we need to obtain a kind of reverse Holder inequality for v. More precisely we have the
following result.

N(p 1)

s we have

Lemma 5.6. Suppose that v is a supersolution to (1), then for all 0 < a; < ag <

1 a5 1 ar
(52) (— / V2 du) SC(i / Chs du)
|Br|d,u B, |B%r|d# B%T

PROOF. Let ¢ € (1,p) and d > 0, we set 0 = (v + d). Assume that ¢y € C§°(Bg) is such that
Suppy) C BTT,z/J = 1 in By, and |Vo| < Tf;,)r where 3 <7/ <7 < 2. Then using ¢ = ' 797 as a
test function in (42), we obtain that

/ / Y)[P2(0(x) — ﬁ(y))(ﬁfffz) N ﬁfi)gz))dy

NP2 (0(z) — o W) o,
" /,RN\B / P2 (0(@) = 30) 5y dv 2 0

As in the proof of Lemma 5.4, we can prove that

/ - /. )= 0()=(0) 5y < C B/ P s / - e
In the same way, we get
/ / G 2<a<x>—v<y>><vfpf D i <
5 /B (55 (2) = "7 ()P (y du+03/ / (579(@) + 7)) (b () — ¥(y))"dv.
Since .
/ T / (1) + @)t — v < (C_—)B e
and

d
sup / 7yN+S S OTﬁps,
{zeSuppy} JBN\B, [T — y[NTP

then combining the above estimates we reach that

P _ Py Cr— P4
[, [, (st wmny e - v s(T_T,)pB/ .
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Now using Sobolev inequality given in Proposition 2.2 and taking in consideration the previous esti-
mates, there results that

1 (p—a)N NEPS C
— U N-ps d ) S —/ ’Dp7q d .
(|BT’r|du er a |BT7‘|dM(T - 7—/)17 B, :

Now, letting d — 0 and iterating the previous inequality, we reach the desired result. B

The next Lemma will be the key in order to complete the proof of the weak Harnack inequality.

Lemma 5.7. Assume that v is a supersolution to (1), then there exists n € (0,1) depending only on
N, s such that

1 7
n < Ci .
(53) (lBrldu /Tv du) < Cipfv

To prove Lemma 5.7 we need the next covering result, see Lemma 4.1 in [13].

Lemma 5.8. Assume that E C B,(x¢) is a measurable set. For § € (0,1), we define

[E]5 = U{ng(x) N By (o), € Br(x0) : |E N Bsp(x)|ap > S|Bp(x)|du}-
p>0

Then, either
(1) [Elslap = $|Elay, or
(2) [Els = By(xo)

where C' depends only on N.

Proof of Lemma 5.7.
Notice that, for any n > 0,

1 < |Brﬁ{v > if}|dH
(54) —/ vdpu(x) zn/ gt L gy
|BT|d,u 0 |Br|d,u

Then, for t >0 and i € N, we set A} = {x € B, : v(x) > t4'} where § is given by Lemma 5.5. Notice
that Ai~' C AL _
Let 2 € B, such that Bs,(0) N B, C [Ai'];, then

s

|Ai_l n B3p(x)|du > 5|Bp|0lu = 3;%25|B3p|du'
Hence using Lemma 5.5, we reach that
v(x) > §(td" 1) =16 for all z € B,.
Thus [A; ']s C Al Therefore, using the alternative result in Lemma 5.8, we obtain that, either

i i o pi—1
A} = By ot |Aflay > §I1A ap
Thus, if for some m € N, we have

8 \m
(55) | Al ay > (5)"Brlap:
then |A)"|4, = |Br|au. Hence A} = B, and then
infv >t

r

log(£)

EHE ). Fixed m as above and define § = 17255, it follows

It is clear that (55) holds if m > —— log( B

log( &)
that

|A?|du
|Br|du

1}21va>1€5( )B.
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We set & =infp, v, then
|Br N {v > t}lap _ |A?]ap

|BT|d,u B |Br|d,u

< Co Pt PEP,

Going back to (54), we have

/ vldp(x) gn/ t"_ldt-i-nC/ S Pt=Peldt.
0 a

|Br|d,u -
Choosing a = € and n = g, we reach the desired result. [

We give now the proof of the weighted weak Harnack inequality.
Proof of Theorem 5.2. Using Lemma 5.7 we obtain that

1 5 .
- Ui <
(| T /BT U du(x)) < Clgfu

for some n € (0,1). Fixed 1 < ¢ < ]\J’ép_;?, then by Lemma 5.6 for a; = 1 and ay = ¢, there results
that
1 1 1 1
(56) (—/ uqdu>q gc(i/ u”du)".
|Br|d,u - |B%T|d# B%T
Hence
! / i C inf
uld ) < Cinf u
(|Br|d,u "= Bs,
. 2
and then we conclude. u
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