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Abstract

We analyse a problem of two-dimensional linearised elasticity for a two-component periodic composite,
where one of the components consists of disjoint soft inclusions embedded in a rigid framework. We
consider the case when the contrast between the elastic properties of the framework and the inclusions, as
well as the ratio between the period of the composite and the framework thickness increase as the period
of the composite becomes smaller. We show that in this regime the elastic displacement converges to the
solution of a special two-scale homogenised problem, where the microscopic displacement of the framework
is coupled both to the slowly-varying “macroscopic” part of the solution and to the displacement of the
inclusions. We prove the convergence of the spectra of the corresponding elasticity operators to the
spectrum of the homogenised operator with a band-gap structure.

Introduction

The multi-scale extension of the notion of the weak L?-limit was proposed in [10], [2], where a general theorem
about two-scale compactness of L2-bounded sequences was proved and a corrector-type result for the uniformly
elliptic periodic homogenisation problem was established. Multi-scale convergence has proved to be an effective
tool in the study of composite media with a complicated geometry of the periodic reference cell. Further, in
problems where solutions do not converge in the strong L2-sense, for example in the presence of degeneracies,
see e.g. [12], the related techniques have the additional benefit of capturing the multi-scale structure of
the limit, by providing a suitable generalised notion of strong convergence. As opposed to the uniformly
elliptic case, where the limit function only depends on the macroscopic variable and is a solution to a single
boundary-value problem, the multi-scale limit for degenerate homogenisation problems satisfies a coupled
system of equations for the macroscopic and microscopic parts of the limit solution. This happens to be the
case for periodic “thin structures”, which are the subject of the present work.

We define a thin structure as an arrangement of rods of thickness A > 0 joined together at a number
of junction points (“nodes”). Fig. shows an example of a this structure, where the two panels show rods
of thickness h (left) and the “singular” structure obtained by taking the mid-lines of the rods (right). In
the literature, equations of elasticity on thin structures are studied either for a fixed rod thickness h or by
treating it as a parameter linked to the typical rod length. In the context of homogenisation, the rods are
often assumed to be arranged periodically with period €, and the limit behaviour of the structure is studied
as € — 0. The use of two-scale convergence for the study of periodic thin structures has been proposed in
[13] [14], [4], where the two-scale approach of [10, 2] was extended to the setting of general Borel measures, and
conditions on the measure sufficient for passing to the two-scale limit were determined. In addition, it was
shown in [I3] that the spectrum of the “double-porosity model”, where the components of the composite have
contrasting properties, is close to a band spectrum whose complement consists of an infinite set of disjoint
intervals (“gaps”). This property is also possessed by the homogenised operator that we derive in the present
work.
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Figure 1: Example of a periodic network and unit cell.

If the thickness of the rods h = h(e) is a function of the period € of the network, such that lim._,o h(e) = 0,
then the limit behaviour depends on the asymptotics of the ratio h/e? as ¢ — 0. In particular, in the case
when lim._,o h/e? = 6 > 0, sequences of symmetric gradients of the solutions are, in general, not compact
with respect to strong two-scale convergence. As a consequence, the equation describing the limit energy
balance is no longer obtained by setting the test function to be the solution of the homogenised equation for
the corresponding “singular structure”, obtained by considering the mid-lines of the rods with the measure
induced by the thin structure (¢f. Fig.[l). This problem was addressed [18], where the correct form of the
energy equality was determined and the limit system of equations was derived. This study was followed by the
analysis of Sobolev spaces for a variable measure [16] 1], Korn inequalities for periodic frames [17], and gaps
in the spectrum of the elasticity operator on a high-contrast periodic structure [I9] with non-vanishing volume
fraction of the components as ¢ — 0. In [I9], the band-gap nature of the spectrum of the limit operator is
analysed and conclude that the convergence of the spectra of the heterogeneous problems to the limit spectrum
is proved.

In the present work we extend the techniques of [I8] [19], for the study of an elasticity problem on a two-
component periodic composite where the region occupied by the main material (“matrix”) is a framework with
h/e? — 6 > 0, and the complementary part of the space consisting of disjoint “inclusions” is filled by a less
rigid material, so that ratio between the stiffness of inclusions and the matrix is of the order O(g?). In other
words, in addition to the assumption of high contrast, ¢f. [13, [I7], we assume that the the stiff component is
a thin structure so that its volume fraction is of the order O(e).

1 Problem formulation

We counsider a periodic rod framework (“stiff” component of the composite) filled by a different material (“soft”
component). We assume that the rod thickness h > 0 is a function of the period £ > 0, and consider the
regime when lim._,o h/e? = 6 > 0. The ratio of the elastic moduli of the soft and stiff component is assumed
to be of the order O(£?). Denote by FJ* the domain occupied by the rods and by F; the corresponding singular
structure. Consider the “periodicity cell” @ := [0,1]? and denote Q; := Q N Fy and Qp := Q\Q;. Consider
also the “contraction” Flh € := e~ F] of the framework FJ'. The soft component R? \ FJ* and its contraction
e~ 1(R?\ F}") are denoted by F and F(?’E, respectively. We denote by x%, X}f’a and @, Xg’a the characteristic
functions of the respective sets.

In what follows, we consider equations of two-dimensional elasticity in R2. These are obtained from the
full system of linearised elasticity in three dimensions when there is a direction, say x3, along which material
properties are constant, assuming that the displacement does not depend on z3. At each point x € R2, the
fourth order tensor of the elastic moduli of the medium is given by

A® = Ao(-/e)xo(-/e) + Ar(-/e)xa( /e),

where Ag and A; are periodic, bounded and positive deﬁnit cj£'2 <A;6-€< cj_1£2, c¢; >0,j=0,1. For a
bounded Lipschitz domain Q C R2, we denote by Q5" := QN F/"* the stiff component and by Q5" := QN F*

1The scalar product of two symmetric matrices &€ = {gij}%jzl and n = {n;; }szl is defined by & -1 = &;7;;. The product of
the fourth-order elasticity tensor A with a symmetric matrix & is defined as A& = a; %1€k, and thus A& - & = a; %185 &k



Figure 2: Periodic network with high-contrast.

the union of all soft inclusions in €. Consider the measures A, \* defined on @Q by
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where H?, d = 1,2, is the d-dimensional Hausdorff measure (see e.g. [§]), and extended to R? by Q-periodicity.
Clearly, the weak convergence A* — X holds as h — 0, i.e. one hasﬂ

. h ) 2

fim [ odx = /Q<Pd>\ v € [C Q)]

Similarly, for the “composite” measures pu := (1/2)dx + (1/2)A and p" := (1/2)dx + (1/2)\", where dx

is the plane Lebesgue measure, one has u* — p as h — 0. Further, we consider the “scaled” measure

AY(B) := €2\ (7! B) for all Borel B C R?, and p” := (1/2)dx + (1/2)A%, so that u? — dx as e — 0.
Fore,h >0 and f € [C(’o(ﬁ)}z7 we look for u € [H} (Q)]2 such that

A 2)eful) - elp) dul 6 [ Ao /2)e(ul) - ep)

Qi,h
+/ u?wodu?:/prdu? v € [H3 ()], (1.1)
Q Q
Define a bilinear form B”(-,-) and a linear form £/(-) by
Biuv) = [ AiC/eeqe)due [ dol/e(uyelv) dult [wvdil,  ghv)i= [ fvdul,
Qs Qg Q Q
(1.2)

Notice that B" is coercive and continuous, and £” is continuous on [H& (Q)]2 It is a consequence of the
Lax-Milgram lemma (see e.g. [T, Chapter 6]) that ([1.1) has a unique solution u”. In what follows we aim to

describe the structure of the limit problem for the weak two-scale limit of the function u as e — 0.

From the general theory of homogenisation on periodic rod structures, the following results hold regardless
of the limit of the ratio h/e?:

1. There exists a vector function u(x,y) € [C*>(Q, L2..(Q, du))]2 such that

per
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2We attach the superscript “per” to the notation for a function space when we refer to its subspace of Q-periodic functions.



2. The vector u(x,-) is a “periodic rigid displacement” (see Definition 2.3): u(x,y) = ug(x) + x(x,y),
where ug € [H&(Q)]2 and x is the transverse displacement, see 1'

3. The equation —diV(Ahome(uo)) + (u)y = f holds, where APom s the “homogenised tensor”, see 1]

For each link I of the network Fi, let 7 and v be unit tangent and normal vectors that form a positively
orientated system. Then all vectors v € R? are written as v = oD+ +v® v, where v = v.7 and v¥) = v.v.
In the case when the tensor Ag is isotropicﬂ the vectors U and x are shown (see Section to satisfy equations
of the form

AU+u=f, LAY +T,UW 44 = ) (1.3)

where Ay is a second-order differential operator in ) expressed in terns of the tensor Ay only, £, is a fourth-
order differential operator in the “longitudinal” direction 7, and 7, is a first-order differential operator in the
“transverse” direction v corresponding to each link 1.

2 Two-scale structure of solution sequences

In this section we establish the structure of various two-scale limits on the soft and stiff components. This is
achieved by taking the limits of integrals entering the identity (|1.1]), with suitably chosen test functions ¢.
2.1 Two-scale convergence: definition and properties

We first recall the notion of weak and strong two-scale convergence and their basic properties, see [14].

Definition 2.1 (Weak two-scale convergence). Suppose that h is a function of € and {ul} c [L? (Q,d/ﬂg)]2
is a bounded sequence:

e—0

1imsup/ lu? dpl < . (2.1)
Q

We refer to u(x,y) € [L*(Q x Q,dx x du)]2 =: [L*(Q x Q)]2 as the weak two-scale limit of u”, denoted

h 2 .
u} = u, if

i [t @/ dit = [ [uty) ey duivdx Ve e [P@GQ)  (22)
0Jg

e—0 Q

Proposition 2.1 (Two-scale compactness). If a sequence u” is bounded in [LQ(Q,d,u’;)]z, then it is compact
with respect to weak two-scale convergence.

Proposition 2.2. If u? 2 u then lulliz2ax@)yz < liminfeo [[ulliz2(Q,aumy2-

Definition 2.2. Let u” be a bounded sequence in [L2(Q,d,uf__})]2. The function u = u(x,y) € [L?(Q x Q)]2
is said to be the strong two-scale limit of u”, denoted u 2 u, if for any weakly two-scale convergent sequence

2
vl = v one has

e—0

lim [ ul-vPhdph = / / u(x,y) - v(x,y)du(y)dx. (2.3)
Q QJQ

h

» one has

lim/ \u?|2du€:// lu? dpdx. (2.4)
e—=0 Jo oJg

The next proposition shows that the converse also holds.

Note that by setting v = u

Proposition 2.3. If u® 2 u and the convergence (M holds, then u® 2.

g

Proposition 2.4. For any arbitrary a € L°°(Q), the weak (resp. strong) two-scale convergence of ul to
u(x,y) implies the weak (resp. strong) two-scale convergence of a(-/e)ul to a(y)u(x,y).

3A tensor Ay is said to be isotropic if for all symmetric matrices & one has Ag& = k1€ + ko(tr €)1, ki,ka >0



2.2 Two-scale compactness of solutions to ([1.1))
Consider the equation (1.1)) with ¢ = u”:
A /ee(ul) e(ul) dug 42 | Aol /e)e(us) - e(ul) duz + /Q [ul? dul = /Q £oul it (25)
1 0

Using ellipticity estimates on the left-hand side and the inequality 2ab < a? + b2, a,b € R, on the right-hand
side yields

2 2 1 1
6052/ ’ }e(u?)f d,u? —|—c1/ } |e(u?)| du? + 5/ |U?|2 du’! < 5/ If]? du’; co,c1 > 0.
Q" Qsh Q Q

Hence the following a priori bounds hold.

Proposition 2.5. Let u? be a sequence in [LQ(Q, du’;)]Q of solutions to . Then there exists C > 0 such
that

Hu?H[L2(Q,du’;)]2 <, He(u hy)3 <C, EHe(u ) <C.

ol gl
e/L2(@Qs" dul e/ML2Qf " dut))® =
Using two-scale compactness of L2-bounded sets (see Proposition [2.1)), we assume that the sequences

h, h, h,
u}EL? X] c ga Xl Ee(ug)’ EXO Ee(u?)

weakly two-sale converge to functions

u(x,y) € [L(2xQ, dxxdp)]’, d(x,y), plx,y) € [L2(2xQ,dxxdN)]*,  B(x,y) € [LA(QxQ, dxxdy)]”,

respectively, where [LQ(Q x @, dx X dy)]2 is treated as a subspace of [L2 (Q x Q,dx x d,u)]Q.

2.3 Rigid displacements, potential and solenoidal matrices

Definition 2.3. A vector function u € [L2 (Q, d)\)] % is said to be a periodic rigid displacement (with respect

per

the measure \) if there exists a sequence {u,} C [C2 (Q)] such that (u,,e(u,)) = (u,0) in [LZ..(Q, d)\)]s.

per per
We denote the set of periodic rigid displacements by R, omitting the reference to the measure A.

It is shown, see e.g. [14], that any u € R has a unique representation

u(y) =c+x(y), yeQ, (2.6)

where ¢ € R? and x is a periodic transverse displacement, i.e. on each link of the singular network Fj it is
orthogonal to the link. Denoting by R the set of transverse displacements, we thus have R = R2@R. The next
definition characterises transverse displacements that occur in the study of rod networks with h/e? — 6 > 0
ase — 0.

Definition 2.4. Denote by I1,..., I, the links of the network F} sharmg an arbitrary node O, and denote
by (x - v)’ the derivative in the tangentlal direction: (x -v) = (7-V)(x -v). The set RO C R is defined to
consist of periodic transverse displacements x satisfying the conditions:

(C1) The function x - vjls;, j = 1,2,...,n, has square integrable second derivatives on I;, i.c. one has
x v € H*(I).

(C2) The first derivative along the link is continuous across each node: (x - 1/1)’|O =(x- uz)’|o =... =
(x-vn)|o

(C3) Each node is fastened: x|o = 0.
The norm in RY is defined to be the sum of the H2-norms of x - v over all the links.

Definition 2.5. For a given Borel measure » on @, we define the space Vot Of s-potential matrices as the
closure of the set {e(u)|u e [C52,(Q )]2} in the space [L2.,(Q, d%)] . A symmetric matrix v € [L2,(Q, d%)]
is said to be s-solenoidal if

v-e(u)dx =0 Vue [C (Q)]Q.

per
Q



Denoting by V.7 the set of s-solenoidal matrices, we can write (see e.g. [14]) [L 2 (@, d%)} =V eV

It follows that the orthogonal decomposition [L?(Q x Q,dx x %)] = L*(Q, V) @ L*(Q, V) holds, where

the two-scale L?-spaces of k- potentlal and %—solenmdal vector fields are the closures of the linear spans of
matrices we(u), w € C§°(), u € [C52 (Q)} and wv, w € C§°(Q), v € V7, with respect to the norm of

per sol?

[Lz (2 x Q,dx x d%)]s. When s is the Lebesgue measure on @), we simply write Viot, Vsol, [L2 (Q2 x Q)]S.

2.4 Convergence on the stiff component

We first study the relationship between u(x,y) and u(x,y).

Definition 2.6. Denote 1#? = 1,bh('/z€)7 where " € [ per(Q du )]2 extended to R? by Q-periodicity.
1. We say that the sequence 1/:? weakly converges to ¢ € [ pcr(Q du)] and write 1/;? — P, if
/"LE

/w?-s(-/a>du —>/¢ edu  vEe [ @)
Q

where the test function € is extended to R? by Q-periodicity.
2. We say that ng strongly converge to a function ¥ € [ per(Q du)] and write 1/;}; — p, if
'LI/E

/ Pt gh(Je) dpl H/ -€&dp  if and only if &P —&.
ph
Proposition 2.6. If u®(x) N u(x,y) (see Appendiz) and '«,bg — W, then
He

/ uh - pdut — / / u(x,y)  $y)e() dux)dx Ve € C(Q).
Q QJQ

Proof. Since 1,[1? — ), it follows that for all ¢ € [Cpcr(Q)} ? the relation
He

im h_ ¢t auh = — ¢ .
| /Q|¢E ¢(-/o)| dut |Q|/Q|¢ ¢ du (2.7)

e—0

holds. Notice further that, by the Holder inequality, one has

‘/ ul - (2 = ¢(-/2)) e dul

1
2 2
< gl ae [ 97 - cC/e) ot

The weak two-scale convergence of u” and the relation (2.7) imply that

“?j}fp’/g Ylodul — // u(x,y) )e(x) duly )dX‘

/Q ut o dul - /Q ¢ (fe)pdu

= lim sup
e—0

<C(/Q¢—C|2du>é ¢ € [Crer(@)]

The claim now follows by choosing an approximation sequence ¢ = ¢}, such that ¢, — % in [L2_(Q,du)] O

Theorem 2.1. The function U is the trace of u on Fy, in the sense that u(x,y) = U(x,y) a.e. x € Q, A-a.e.
y € Fl.

Proof. For all functions 9 € [L2..(Q, d,u)]2 we define

. P(y), yeFRnQ, hioy h h
P(y) = {0’ v O\R, Y (y) = zj:wj (¥), yeF'nQ. (2.8)



where for each link I; of F; N @), we define ’(/J;Z(y) to equal 17J(y*), whenever y is in the h-neighboughood of I;
and |y —y*| = dist(y, I;), y* € I,. Notice that for all p € C5°(Q) one has

Z;u?-wgwduﬁ:=]Qlﬁxf(/E)-¢?de?+-/gu?X30/€)-¢?wduﬁ- (2.9)

Due to the fact that 1/;? — 17), one has
ME/

1 ~
Jfuwtoant — 5 [ [ woey) dmeeamixc oo (210)
Similarly, for the first integral on the right-hand side of , one has
[ tstcse) whoant — 5 | [ 66ey) Bpte) dxpax (211)

Finally, the second integral on the right-hand side of (2.9) goes to zero as e — 0, by virtue of the convergence
ulyB(-/e) 2 u(x,y)xo(y). It follows that the limit integrals in (2.10) and (2.11)) coincide, as required. O

The next theorem, proved in [I4], describes the structure of the two-scale limit u. Recall that on the stiff
component F}"* the symmetric gradient is bounded and hence ex7"e(ul) — 0 in [L2(Q}", d)\g)]?’.

Theorem 2.2 (Theorem 12.2 in [T4]). 1. It follows from x5 u 2 4(x,y), exS"e(u) = 0 in [L2(QF P d)\h)]
2

that Vx € Q, A-a.e. y € Fy one has U(x,y) = ug(x) + x(x,y) where up € [Hg(Q)]" and x € L*(2, R).
2. Define the “\-homogenised” tensor A})l\om by the minimisation problem

b\
1)€VpOt

Abomg . € — min / A1(E+v)- (E+v)d\ V€ € Syms. (2.12)
Q

Suppose that Ahom is positive-definite and that periodic rigid displacements take the form (2.6). If x7"u h h

up(x) + x(x,y) and the sequence {Xl’ e(ul(x))} is bounded in [L*(Q] oh d)\h)] then, up passing to a subse-
quence, one has:

i) e(ul(x)) > e(uo( ) +v(x,y) in [LHQ", dAD)]?, where v(x,y) € L3(Q, V,);
i) Ai(-/e)e(ul) = Ahom{e( (x)) +v(x,y)} € L*(Q, Vaar).

The description of the structure of the two-scale limit of X1 u’ is a consequence of several statements

proved in [I8] Combining this with Theorem we obtain the following result (¢f. [I8, Theorem 3.1]).
Theorem 2.3. In the formula U(x,y) = ug(x) + x(x,y), the transverse displacement x is an element of the
space L?(Q, RY).

2.5 Convergence on the soft component

Theorem 2.4. For all sequences {ul} C [Hl(Q)] such that uh = u(x,y) in [L2(Qy ,dpe)]2 and expe(ul) A
p(x,y) in [LQ(QS’h,d,u?)]g, one has u € [L2(§27H1(Q))]2 and p(x,y) = ey( (x,y)) ae. x€N yeqQ.

Proof. For each § > 0, consider a C*°-domain Qs such that Q@ N FZ° C Qs C Q N FY and the set
3
X(s = {b S [COO(Q(;)] : bn|3Q5 = 0}

where n is the unit normal to 0Qs. For b € X5, a = divb in Qs, consider the functions

(2.13)

3(y) = 420) Y EQs, sy b)Y EQs,
aly) = {07 0€Q\Qs, bly) = {0, 0€Q\Qs,



extended to R? by Q-periodicity. Then for sufficiently small € > 0 (recall that h — 0 as € — 0) the following
identity holds:

E/Qg,hg('/a) re(tp) dpz = —/QE_,,L a(-/e)-pdul Vi € [Hy(Q)]%. (2.14)
Setting ¢ = pul, p € C3°(Q), in yields

),

Passing to the limit in the last identity as € — 0 and using the fact that a, b vanish in Q \ Qs, we obtain

~ ~ 1 ~
Be/e)preul)apt +e [ B/ Gl 0 Ve r Voo ulaut == [ E(/e) ol apl.
0] 0

€,
0

| 3ecwiet-biy)ayax =~ [ [ uixyieo-aly) dyx.
QJQs QJQs
As ¢ € C§°(R2) is arbitrary, it follows that
/Q B(x,y) - by)dy = - /(D2 u(x,y) -aly)dy ae xef. (2.15)
S5 S

Taking divergence-free fields b € X5 in (i we infer (see e.g. [6]) the existence of v € [LQ(Q,Hl(Q(;))]2
such that p(x,y) = ey (v(x, y))7 y € Qs, which implies

/@s v(x,y)-a(y)dy:/Qs u(x,y)a(y)dy aexe, Vac{divb|be Xs}= {aeC“’(Q(;): /Qsazo}.

Using the density in [L?(Qs)] % of vector functions a having the above representation implies that v(x,y) and
u(x,y) differ by a constant for y € (s, hence p = ey(v) = ey(u), a.e. y € Q5. By virtue of the arbitrary
choice of the parameter §, we conclude that p = ey (u) for a.e. y € Q. O

3 Homogenisation theorem

The proof of the homogenisation theorem is similar to the proof of the corresponding homogenisation theorem
n [18]. However, modifications in the structure of the extension functions are required to prove the result in
question. Accordingly, the limit equation includes two coupled microscopic equations which uniquely determine
the function U on the soft inclusions and its trace x on the limit network.

3.1 Homogenised system of equations

Definition 3.1. We denote by V the energy space consisting of vectors

u(x,y) =up(x) + U(x,y), ug€ [H(}(Q)]Z, U c [Lz (Q,ngr(Q))}z,
Ux,y) = x(x,y), ae x€, lae yeQ, X € LQ(Q,QO).

We refer to u € V' as the solution of the homogenised problem if

9? . 1
[ Avmetn) eepax+ 5 [ [ i@ anix 3 [ [ dvey(U)- oy (@) dyax
Q QJQ QJQ
[ o) pdudx= [ [ £opdutx  Vetxy) = e + By €V (3.)
QJQ QJQ

where A}iom is given by 1D and k = <A;1n . 17>_1, N=TRT.
The identity (3.1) is equivalent to a system of partial differential equations, which is obtained by considering
various classes of test functions in (3.1)). First, taking functions of the form ¢(x,y) = ¢ (x) yields

— divA™™e(ug) +uo + (U) = £, uy € [H(Q)]". (3.2)



In order to obtain additional equations, test functions of the form ¢(x,y) = ®(x,y) are considered where two
restrictions of ® will be examined. Consider first those test functions which have support exclusively on the
limiting network F} followed by those test functions that are supported by the soft component. If the tensor
Ay is isotropic, then the desired system of PDE’s obtained take the form

0%k
?aQLXl + (k1 + k2)01Uz + ((uo)1 + x1) = f1, (3.3)
- %{klAU + (k1 + 2ky)Vdiv U} 4 u =, (3.4)
U(x,") € [Héer(Q)]Qv x €4, Ux,y) =x(x,y) x€Q, Mae yE€F, x € L*(Q,RY).  (3.5)

For a general periodic framework F; where on each link there is a positively orientated pair of vectors 7, v
with 7 pointing along the link and v orthogonal to the link. Then equation (3.3) in this case is given as

-
%&x(”) + (k1 + k)3, U 4 u®) = 0, (3.6)

where 0;, 0, denote differentiation along the links and in the direction normal to the links.

3.2 Extension theorem

Before proving the main result, we recall the description of a class of functions that extend periodic rigid
displacements in R on the framework F; to the rod network F}, introduced in [I§].

Definition 3.2. Let D denote the space of functions g € RY such that:
1. The function g is infinitely smooth outside a neighbourhood of the nodes of the network Fi;

2. In a neighbourhood of each node yo, the function g takes the form g(y) = C(w(y) — w(yo)), y € Fi,
where C'is a constant, w(y) := (—y2, y1)-

The following two statements are proved in [18§].

Proposition 3.1. The set D is dense in RY.

Proposition 3.2. For each g € D, there exists an extension g" = g"(y) to the network FJ' such that
1. The symmetric gradient ey (g") is zero in a neighbourhood of each node,

2. The following asymptotic formula holds:
Arey(g") = h[(g - v)"p],0 +O(B?), h—0, (3.7)

where
o:=—(r®T)B(/e), Ply)=h""v-(y —yo) on the h-rod,

p=(An-n)~", n=TOT,

[(g-v)"p], is the natural extension of the function (g - v)"p to Fy".

3. The convergence g" — g holds in [LQ(Q,duh)]z.



3.3 Convergence of solutions

Theorem 3.1. Let u® solve the integral identity with right-hand side f = f7°, for all €, h, and suppose

that h/e — 6 > 0 as ¢ — 0. If f° 2 F then ul N u, and u satisfies . If fhe 2 f then u’ 2 u and, in
addition, there is convergence of the elastic energies.

Proof. Setting ¢ = ¢(x) in the identity (1.1) and using Theorems we obtain

/Af\lome(UO)'e(‘Po)dx—i—//u-%odﬂdxz//f"Podex- (3-8)
Q QJQ QJQ

Suppose that G € [H] (Q)]2 g € RY such that G(y) = g(y) for l-a.e. y € 9Q. Consider the function

per
Gh = Gh + g", where g" is the extension of g" to @ such that g ‘F,L is Ag-harmonic, and Gh [H& (Q)]2
solves the problem

/Q(AOX(})L‘FEZAlX}f)e(é?) ~e(y)du” —/QAoXSe(G)'e(ilﬁ)duh v € [H3(Q)]". (3.9)

Clearly, one has G € [Héer(Q)]2 for all e, h. Taking in 1) test functions ¢ = @"* = wGH(./¢), where
w € C§° (1), yields

[ Aol ey (@) /wdet + [ A /ele(ul) - (GE(/2) @ V) dt

Qsh Qs
e [ Aal/eletul) ey (@) /epu di?
e [ AgC/elelul) - (GhC/2) @ V) dut = [ (€4 —ul) - GEC /2wl (3.10)
Qsh Q

We denote the four integrals on the left-hand side of (3.10) by I;(¢), j = 1,2,3,4. It follows from the L2
boundedness of the sequence e(u”) and the fact that A (e(ug)+v(x,y)) is pointwise orthogonal to the matrix
g ® Vw (see [13] Lemma 5.3]) that the integrals I(¢) and Iz(g) tend to zero as ¢ — 0. By the convergence
results on the soft component discussed in Section [2.5] it is seen that

lim I3(e //Aoey (g)wdydx.

e—0

The following lemma is proved in [I§].

Lemma 3.1. The two-scale convergence

h 9 62
Mewt)-oty) 2 L v, (311
holds, where o is the function defined in Proposition [3.3
It follows from the above lemma that
0 Tl
213%11(5) = G/Q/Qlcx - g"wdAdx. (3.12)

Finally, we prove the following lemma.

Lemma 3.2. The sequence G converges to G in L*(Q) as e — 0.

Proof. We start by using the Poincaré-type inequality

U)o < 09/ (2" + h~yMe(U) - e(U)dx,  Cyp >0, (3.13)
Q
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which holds whenever h/e? — 6 as ¢ — 0. Indeed, since the tensors Ay and A; are positive definite, the
inequality

CG! ~ Gl < | A1) elG) - (e(G) — e(G)) !

1

- 52/ Ao(e(Gl) —e(@)) - (e(GL) — e(G))dpu! (3.14)
Q

b
holds, where the constant C depends of Cy in 1) and the ellipticity constants c; of A;, j = 0, 1. Setting
first ¢» = G" and then ¥ = G — g" in (3.9) we obtain

/Q (Aoxh + =2 An)e(G) - e(Gh)du! = /Q Aoxhe(G) - e( Gy, (3.15)

/Q(AoXQvLEzAlX?)e(é?) e(G —gl)dp" /Conxge(G)'e(Géf)duh- (3.16)
Using (3.15)) and (3.16)) to re-write the right-hand side of (3.14) yields the estimate
CGE-G 120 gﬁ/ Ao{e(gh).e<gh—G)+e(G).e(ég+gh—G)}+/ Are(g"—-G)-e(g"-G) (3.17)
Qb Q1

Further, in view of the uniform boundedness of the first integral in (3.17) and convergence

/Ale G)du" oo /QAle(g)-e(g)du:O7

where the limit vanishes by virtue of g € R, we infer the claim of the lemma. O

Passing to the limit in (3.10|) as € — 0 we obtain

62 - 1
—/ / kx" - g"wdMdx + f/ / Apey(u) - ey (G)wdydx = / / (f —u) - Gw dpdx, (3.18)
6 JalJo 2 JaJg 2JqQ

Adding together the identities (3.8) and (3.18) and denoting ¢ (x,y) = ¢y(x) + ®(x,y), the homogenised
formulation (3.1) follows.

In order to prove strong convergence of solutions when £/ 2 f , consider another version of problem 1'
with right-hand sides g"® EN g:

viem@), |

e,h
Ql

A /2)ev?) elg) dut & [ Aol-/e)e(vh) - e(p) dult
+/§2V?-¢du?=/§2gh’5~¢du? Ve [H()]. (3.19)

Setting ¢ = u” in the above, ¢ = v in the original problem (1.1)) and then subtracting one from the other

yields
lim ug.gh,sdug:/vg'fh,ed‘ug://V.fdﬂdxz//u-gd‘udx, (3.20)
=0 Jo Q oJo QJo

where where v solves the homogenised equation with right-hand side g.
Finally, using a standard two-scale convergence property (see e.g. [2]), we obtain

;gxg){/mhm(-/s) (o) -el 2 [ Aol /eJelul) eful dug}—//lfIQdudx RS
:/Ahom (ug) - e(ug) dx+—//kx” x" dAdx + = //Aoey ey (U) dydx,

as required. O

11



4 Convergence of spectra

Here we establish the convergence of the spectra of the operators associated with (|1.1]) to the spectrum given
by the limit problem (3.1)). We then calculate the spectrum on a model network and it to the spectrum of the
analogous problem without high-contrast.

4.1 Spectrum of the limit operator
Consider the bilinear forms (cf. (3.1)))

bmacro(an (PO) = /Q Ahome(UO) . e("pO) dX, o, Lo S [H(%(Q)] 27 (41)
02 T " 1 17
brmicro(U, ®) = ry ; kEx" - ®"dX\ + 5 . Apey(U) - ey (®)dy, U, @€V, (4.2)

where the space V consists of functions in [ngr( ) ? whose trace on @ N F; coincides with a rigid-body
motion M-a.e. The spectral problem associated with (3.1)) can be written in the form

2
bmacro(u07 QOO) = s(uo + <U>a sDO)[LQ(Q)P VSOO € [Hé (Q)] ’ (43)

bmicro(U7 q’) = 5(110 + U, @) V& c ‘7

[L2(Q,dp)]?

Let {¢,, }nen be an orthonormal set of eigenvectors with non-zero average for the bilinear form bpjcro with
corresponding set of eigenvalues {wy, }nen :

bumicro (P ®) = wWn (b, ®) 120y VR E V. (4.4)

Assuming that the values s is outside the spectrum o (bmicro) of the form bpicro, the function U(x,y) is written
as a series in terms of eigenfunctions {¢,, }nen :

Uley) =y @l 0By (o) (45
n=1

Wn

Substituting this expansion for U(x,y) into (4.3)), we obtain

bmacro(Uo, ¥o) = (ﬁ(s)uo,4,00)[L2(Q)]2 YV, € [Hé(Q)]Z, B(s) :=s <I + s Z W) . (4.6)
n=1 n

Versions of the function S appear in the study of scalar [I3] and vector ([12], [19], [20]) homogenisation
problems. The following statement is a straightforward modification of a result in [20].

Proposition 4.1. Denote by $ the closure in [LQ(Q X @, dx x dp)]2 of the energy space V' from Definition
and consider the operator 2 whose domain consist of all solution pairs (ug, U) to the identity

bmacro(an ‘Po) + bmicro(Ua ‘I’) = (f’ ®o + é)[LQ(QXQ,ddeu)]Q VQOO +@ eV, (47)

as the right-hand side f runs over all elements of §, and defined by f = A(uy + U) if and only if holds.
Then s € C belongs to the resolvent set p(A) of the operator A if and only if s ¢ o(bmicro) and the matriz

B(s) is negative definite:
p(R) = p(bmicro) N {3 |B(s) < 0}7 (4.8)

where p(bmicro) denotes the resolvent set of the operator generated by the form bicro in the closure 0 V in
[22(Q)]"

4Note that the domain of this operator is dense in this closure.
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Proof. Suppose that s belongs to the right-hand side of We argue that the problem

bmacro(u07 ‘PO) - S(UO + <U>, ‘PO)[Lz(Q)]z = (fa (PO)[LQ(Q)]?)

(4.9)
bmicm(U, @) - S(llo + U, (P) (L2(Q.dp)]2 = (f, ¢)[L2(Q,du)]2'

has a solution for every f € §) given that s satisfies the required assumptions of the lemma. Since s ¢ Sp(bmicro),

it follows that U can be written in the form (4.5) with ug replaced by sug + f. Substituting this into the first

equation given in system (4.9)) yields
bmacro(uOv (PO) - (,8(5)110, LPO) [L2(0)]2 = (5715(5)f7 (100) [L2(Q)]2’ (410)

Since [(s) is negative definite, the operator induced by the bilinear form on the left-hand side is invertible
and thus is solvable.

To prove the converse, assume that s € p(20). It is clear that s cannot be in the spectrum of byjcro. Assume
that 3(s) is positive definite for some s € p(2l). Hence problem is uniquely solvable for any f. Therefore
is solvable all right-hand sides, which is a contradiction. O

We note (see [19]) that all points of nontrivial spectrum for the periodic problem induced by the bilinear
form byicro are at those points s where the matrix 8(s) is singular. The trivial spectral points are w = 0 which
corresponds to constant eigenfunctions and those w € Sp(bmicro) such that the corresponding eigenfunctions
have zero average. Moreover, as a consequence of the last result, when the matrix S(s) is positive definite there
is no solution and hence values of s for which 3(s) is negative definite correspond to a gap in the spectrum.
The matrix 5(s) = {8i;(s)} is negative definite if and only if the following conditions are satisfied:

S (1)
ﬂll()—S(l—FSZ( ) )<0, det B(s) >0

Wn —

(@) -

where ¢’ is the ith component of the vector ¢, := (¢, ). Note that after simplification, it can be shown that
oo (1) (2) 2 1 1)
3 (Cn Cn det Cn,Cm)] _len Cm
det B(s) = s {ng S + sng . Em_l on—5) [ det(cy, ) = 2 @

If det 3(s) has a zero on the interval (wp,wn4+1) then, provided this zero is strictly less than the corre-
sponding zero of 811(s) on the same interval, the interval between the these two zeros does not belong to the
spectrum. Should det 8(s) have a turning point in the interval (wy,wy,+1) then, provided det 8(s) is positive
on the whole interval, there is no spectrum all the way up to the zero of 811(s) on the same interval.

Let {vn}nen, denote the increasing sequence of values for which £11(s) = 0. Let {v,}nep denote the
increasing sequence of values for which det 8(s) = 0 where P C Ny. Note that vy = 79 = 0. Hence, provided
Y < vp for all n € P, the spectrum of the limit operator A takes the form:

59(A) = (U (el Ubmsnsad) ) U (U Bl ) U {3
nepP n€Ng\ P
Therefore, the intervals (v,,vy), n € P and the intervals (wy,v,) n € Ng\P are gaps in the spectrum of the
operator A provided it does not contain a point from the set {wj, w5, ...} and v, < v,.
4.2 Proof of convergence
Here we show that the spectra of the original problems converge to the spectrum of the limit problem (3.1)).

Definition 4.1. We say that a sequence of sets X. C R, € > 0, converges in the sense of Hausdorff to X C R
if the following two statements hold:

(H1) For each w € X, there exists a sequence w. € X such that w. — w;

(H2) For all sequences w. € X such that w. — w € R, it follows that w € X.

13



TBui(s)

Figure 3: Sketch of the graph of 1. The highlighted parts of the s-axis correspond to the regions where
B11(s) is positive and hence there is the possibility for spectrum.

Definition 4.2. We say that a family of operators A, in [L2 (Q, du?’)} 2 strongly two-scale resolvent convergent
as € — 0 to an operator A in [L?(Q x Q,dx x du)]Q, and write A, —> A, if for all f in the range R(A)
of the operator A and for all sequences f* € [LQ(Q,d,uQ)]Q such that f" 2 £, the two-scale convergence
(Ac+ 1) £2 2 (A4 1)71f holds.

Proposition 4.2. If A, 25 A, then the property (H1) holds with X = Sp(A.), X = Sp(A).

Proof. Let T. .= (Ac +1)"tand T := (A+ 1)~ If s € Sp(A) then t = (1+ )~ € Sp(T). Therefore, for any
d > 0, there exists a vector f € R(A) such that

[£llz2(@x @.axxawp = 1, H(T - t)fH[LZ(QxQ,dxxdu)]Z < 6/4.

Consider a sequence f* € [L2 (Q, dug)]z such that f 31 Using the definition of strong two-scale resolvent
convergence, one has
<4/4.

| (T2~ D2 0,0y = 17~ 8]

L2(2,dpl) L2(2x Q,dx xdu)]?

Hence, [|(T: — t)ff”Lz(Q’ng) < 6/2 and Hff||Lz(Q7dug) > 1/2 for sufficiently small e. Therefore, the interval
(=6 + t,0 + t) contains a point of the spectrum of the operator T.. Moreover, every interval centered at s
contains a point of the spectrum of the operator A, for small enough ¢, which completes the proof. O

Corollary 4.1. For the operators A defined by the identity
B (u,v) = £(v),

where the forms B, £l are defined by , f = Alu, and the operator A is defined in proposition the
property (H1) holds with X. = Sp(A"), X = Sp(2), h = h(e).

The property (H2) of the Hausdorff convergence does not hold for spectra Sp(2l;) in general, due to the fact
that the soft component may have a non-empty intersection with the boundary of €. In addition, sequences
of eigenfunctions of Sp(2l.) may converge to the eigenfunctions of the “Bloch spectrum” associated with the
expression s-quasiperiodic functions, » € [0, 27)2. However, a suitable version of (H2) does hold for a
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modified operator family, where the corresponding elements of the soft component are replaced by the stiff
material. More precisely, for each ¢, h, denote by A" the operator defined similarly to A, with Qé’h and Qi’h
in replaced by Q5" and Q\ Q5". Here, the set Q5" is the union of the sets £(Q N F +n) over all n € Z2
such that ¢(Q +n) C Q.

Theorem 4.1. For all 5 € [0,27), denote by V> the space of functions U(y) = e*¥YUy(y), y € Q, such that
2 ~
Uy € [Hye (@], Uly)=x(y) Aaec.yeF, xeRy,

where 7/'\;,9( is the set of sx-quasiperiodic rigid displacements, defined analogously to 7/'\;,0, see Definition .
Consider the bilinear form

62 [ - 1 .
;icro(U’ @) = F \/C'Q kX// : (I)/I dA + 5 /Q AOey(U) : ey(q)) dy7 U, Lo € V%a

Suppose that of all €, h, the function ul € [H(%(Q)]2 is the L?-normalised eigenfunction of é\lg :

é\[au? = wgu?, ||U?H[L2(de‘ug)]2 =1. (411)

h
€

If we = w ¢ U, Sp(b%;..,), then the eigenfunction sequence u
convergence on €.

Proof. The eigenvalue problem (4.11]) is understood in the sense of the identity

18 compact with respect to strong two-scale

/\( A /2)elul) - elp)dut + 62 [ Ao(/elelul) - elo)apt = . [ ulopanl v e @),

which implies, in particular, that
[ /el et det 42 [ o(c/o)e(ul) - e(ul) du? = w.
Q\ﬁg’h ﬁ(s),h

Denote by Q5" the union of (Q N F* + n) over all n € Z2 such that £(Q + n) C Q. We claim that for all e,
h, there exists u" such that

e(ul) = (@) on O, @ e [HI(Q)]’, @] g2z e < Clle@D| a@er apryer (412)
-y Ao(-/e)e(ul) -e(p) dul =0 Ve € [HA(Q)]? such that e(p) = 0 in Q5"
where the cons:ant C > 0 is independent of ¢, h. Indeed, we can consider u” such that z := u? — u” solves
the minimisation problem
;/ﬁgvh Ao(-/e)e(v) - e(v)dul — /ﬁé’h Ao(-/e)e(ul) - e(v) du! + min, (4.13)

over all functions v € [Hg ()] ? whose restriction to ﬁ’fa is a rigid-body motion with respect to the Lebesgue

measure, i.e. one has e(v) =0 in Q?’E. Clearly, one has e(z”) = 0 in Qi’h and

2 [ Aole)elal) - elo)dut —w. [ abpdnl —w. [ Wpdd Ve HIQP, e(p)=0in B,
Qe Q Q

(4.14)

It follows from the bound dj that u” is compact with respect to strong convergence in [LQ(Q,d,u?)]2 :
there exists u(x,y) such that, up to selecting a subsequence, one has

~n ~ . 2 ~ ~
= n [22(Q,dul)]?, xo " 5 xo(y)a(x), (4.15)

where we the second convergence follows from Proposition [2:4]
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Lemma 4.1. Suppose that [LQ(Q)]2 > fh Afe 9, where the space $) is defined in Proposition . For all
g, h, consider the function vl € [H&(Qs’h)]2 such that e(zh) = 0 in Qih and the following resolvent identity

holds (cf. ({-14))):

e? | Ae(vl)-e(p) du?—we/ vi-pdpl =/f£’~<pduf§ Vo € [H; ()]
Q Q

e,h
QO

? e(p)=01in Q5" (4.16)

Then v Av=v(xy)e [L2(, ‘7)]27 and

[ | e -etrayac—o | [ voanmx= [ [ e panmax voe @ @

Proof. Note first that since w. converges to a point outside the set |, Sp(b%;.,,), the identity (4.16) does not
have non-zero solutions v? for fgh = 0 and w, replaced by any value in some finite neighbourhood of the set
{w:}e<e, for some g > 0. Hence, for an L2-bounded sequence of the right-hand sides f”, the functions v

that satisfy G) are uniformly bounded in [L2 (Q, du?)f for e < gp.
Further, setting ¢ = v” in (4.16)) and using the fact that Ay is uniformly positive definite yields the uniform
estimate

EHX(})L’EQ(V?)H[L?(Qé”ﬂdu?)]z =C

for some positive constant C. Proceeding as in Section 2} and using the fact that ﬁg’h U ﬁih —+Qase =0,

we extract a subsequence of v that weakly two-scale converges to a function v € [L2 (Q, 17)]2 and such that
h, 2 . 2

Xo “e(vh) = ey (v) in [L3(Q,duM)]".

g

Finally, passing to the limit as ¢ — 0 in (4.16)) yields the identity (4.17)). By the uniqueness of solution to

(4.16)), the whole sequence v weakly two-scale converges to v. O

Lemma implies that the sequence z" is compact with respect to weak two-scale convergence, its two-

scale limit z = z(x,y) is a rigid-body motion on F; and satisfies the identity
/ / Apey (z) ~ey(<p)dydx—w/ / z-cpdde:w/ / u- pdydx Ve € [L*(Q, ‘7)]2 (4.18)
QJQ QJQ QJQ
Setting ¢ = v in the identiy (4.14) and ¢ = z” in (4.16) yields
/ 2! fhdph = we/ vl (xg"al) dul Ve, h. (4.19)
Q Q

Taking the limit on both sides of (4.19) as ¢ — 0, h = h(e), and using the above convergence properties, we
obtain

/Q/QZ(X’Y)'f(X’y)d“(Y)dXW/Q/QV(XJ)'ﬁ(X)du(y)dx.

In particular, setting fsh = z!" and using (4.17) with f = z, ¢ = @, and (4.18) with ¢ = z, we infer the
convergence ||Z?||[L2(de#?)]2 — ||2|l{L2(2x ©,dxxdu))2- Therefore, the sequence z? strongly two-scale converges
to z, see Proposition O

4.3 Limit spectrum for model framework

In the following, an explicit calculation of the spectrum for the periodic bilinear form by;c;, defined by equation
(4.2) will be given for the case shown in Fig. where the unit cell @ has links labelled Iy, I3, I3, I4. Consider
the spectral problem

2 .
bmicro(tjv ¢) = S(U» ¢)[L2(Q,d,u)]2 v¢7 Ue [Hr.l)er(Q):I ) U|Oj = 07 (U'Tj)‘fj = 07 J = 1,2, 374 (420)

Its spectrum can be calculated explicitly by using the Fourier method (see e.g. [3]). Let U be written as a
Fourier series: ‘
Uly) = 3 bm)e™,  n= (ny,ny), (4.21)
nez?
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where b(n) = (b (n),bg(n))—r are the Fourier coefficients. For completeness, the conditions on the Fourier
coefficients required to be satisfied in order the the eigenfunction U to be in the right space are

Z bg(nhng) =0 VTLQ c Z, Z bl(nl,ng) =0 V?’Ll S Z.

ni1€Z no€Z

Hence, by substituting the Fourier series (4.21) into (4.20) and using the test functions ¢;(y) = e;e?™™¥,
m € Z2, j = 1,2 in (4.20)). two algebraic equations are obtained:

Z Bricro (b(n)e%i“'y,ejezmm'y) =5 Z <b(n)62“i“'y,eje2’ﬁm'y>, ji=1,2, (4.22)
nez? nez?
Using the definition of the bilinear form where the tensor Ag is chosen to be isotropic and applying Fourier
theory, the above equations can be expressed as A(m, s)b(m) = 0, where

167462k k

A( ) %m% + 27 (k1 + k2)m3 + %m%} — s, 72 (k1 + 2ka)mima

m,s) := .

’ 167460%k k
72 (k1 + 2kg)myma, %m‘f + 272 [(k:l + ko)m3 + ?lmﬂ —s
(4.23)

Recall that k1, ke are the Lamé constants and that k = kq (k1 + 2k2)(k1 + k2)~!. Clearly the above system
has a non-trivial solution if and only if det A(m, s) = 0. It should also be obvious that the eigenvalues of the
matrix A(m, s) are also the points of the spectrum of the bilinear form Bijcro-

The characteristic polynomial associated with the matrix A(m, s) is given by the equation

o= {167T;‘921%(m% +my) + 7% (3ky + 2k2) (m + m%)} s — 7 (k1 + 2k)*mim3
[W;e%m;‘ + 212 (k1 + ko)m7 + @mg]] ll&iazkm‘f + 212 (k1 + k2)m3 + kzlmﬂ} =0.
In the general case (0, k; and ko arbitrary), it follows that the spectral values for all m, my € Z? are given by
s(my,mo) = % {W;e%(m‘f +m3) + 72(3ky 4 2ko)(m? +m3) £ /D(my, mQ)} , (4.24)

where

N\ 2
167402k

D(my,ms) := (mf + m%){ <3> (m? — m§)2(mf + m%)—

~ 327%0%k

5 (b + 2k2)(m3 — m3)% 4+ 7 (k1 + 2k2)? (M3 + mg)}.

The spectrum calculated for the high-contrast, critically scaled model will now be compared with the
spectrum for the model which is critically scaled only. The bilinear form of consideration in this case is simply
the microscopic bilinear form without the second integral, i.e.

~ 92 .
Bmicro(U; Q) = - / kU// . @” dA.
3 Jq

Consider the same geometric setting, i.e. the model network and let the Lamé constants be set k; = 1 and
ko = 0. Hence when the critical scale parameter 8 = 1, it can easily be seen that the spectral points are at
167* 1674
Sum) = md, S(m) = 1
In this case, s = 0 has multiplicity two and every other point of the spectrum has multiplicity four.
The spectrum in the critically scaled case is distributed (up to a factor) at every fourth power of an integer
with multiplicity four, whereas, in the critically scaled high-contrast case [I9], the spectrum is less regularly
distributed with varying degrees of multiplicity.

4
ms, Mmi, My € 2.
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