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REINFORCEMENT LEARNING IN SOCIAL NETWORKS

DANIEL KIOUS AND PIERRE TARRES

ABSTRACT. We propose a model of network formation based on reinforce-
ment learning, which can be seen as a generalization as the one proposed
by Skyrms [Il 12] for signaling games. On a discrete graph, whose ver-
tices represent individuals, at any time step each of them picks one of its
neighbors with a probability proportional to their past number of commu-
nications; independently, Nature chooses, with an independent identical
distribution in time, which ones are allowed to communicate. Communi-
cations occur when any two neighbors mutually pick each other and are
both allowed by Nature to communicate.

Our results generalize the ones obtained by Hu, Skyrms and Tarres in
[12]. We prove that, up to an error term, the expected rate of commu-
nications increases in average, and thus a.s. converges. If we define the
limit graph as the non-oriented subgraph on which edges are pairs of ver-
tices communicating infinitely often, then, for stable configurations of the
dynamics outside the boundary, the connected components of this limit
graph are star-shaped. Conversely, any graph correspondence satisfying
that property and a certain balance condition, and within which every
vertex is connected to at least another one, is a limit configuration with
positive probability.

1. INTRODUCTION

We introduce and analyse a model of network formation, based on one hand
on a reciprocity condition - we can talk to somebody only if he conversely
wants to talk to us - and on the other hand on a reinforcement learning
procedure - we want to talk more to the ones we already talked to frequently.

Start with a weighted graph G = (V, E, ~), where the vertices in V repre-
sent people, and nonoriented edges in F represent links between them. As-
sume that no vertex is isolated, i.e. that for all i € V, there exists 7 € V such
that {i,7} € E (also denoted by i ~ j).

Let A := (aij)ijev be a collection of nonnegative real numbers such that,
for any i,j € V, a;; = aj;, and if a;; > 0 then {7,j} € E; a;; represents the
affinity between ¢ and j. Let the network G4 be the graph G with weights A.

Now consider the following game on the network G 4, whose players are the
vertices of G. The game is played in infinitely many rounds (one at each time

step), and each of them consists in the following procedure:
1
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e cach vertex ¢ € V chooses one, and only one, of its neighbours j ~ ;

e Nature independently picks a subset V' C V of vertices, allowed to
communicate;

e if i, j € V are neighbours, i.e. 7 ~ j, and if ¢ and j mutually choose
each other, then a communication occurs between them and they both
receive a payoft equal to their affinity a;;.

We model the choice by Nature of the set of vertices which are allowed to
communicate at each time step by random independent identical Bernoulli
distributions on the set of subsets of V, denoted by P(V).

More precisely, we let (pyv)vep(v) be a family of nonnegative real numbers

such that
Z bv = 17
Vep(V)

and assume that the sequence of subsets V;, € P(V) chosen by Nature at time
n € N is an i.i.d. sequence of Bernoulli random variables with probability

(pV)VGP(V)-
Note that, given any two adjacent vertices 7,5 € V, 7 ~ 7,

Pij ‘= Z bv

VEP(V):i,jeV

is the probability that ¢« and j are both allowed to communicate by Nature
at any time step. The numbers p;;, i ~ j, will be important in the results.
In general the nonoriented edges {i,j} are not chosen independently of each
other by Nature.

Let us describe three noticeable choices of (py )vep(v).

The most obvious one is py = 1, and py = 0 if V' £ V, where any adjacent
pair of vertices is allowed to communicate together at any time.

Another natural choice is that of a sequence (pv)yepvy, such that py # 0
if and only if (iff) V = {i} U{j : j ~ i} for some i € V: at each time step only
one particular (random) vertex ¢ and its neighbours are allowed by Nature to
communicate together.

The third choice is that of a signaling game, on which the same reinforce-
ment learning procedure was studied in [I2]. Let S; and Sy be two disjoint
subsets spanning V, i.e. V=8 US,, S NSy = (. Then assume py # 0 iff
V=V, :={i}US, for some i € S;. Then p;; >0 onlyifi € S,, j € S,, p,
q € {1,2}, p # q. In other words the graph on which communications occur
is bipartite in this case, see Figure . In [12], the bipartite graph is complete,
and it is assumed that py, = 1/M;, where M is the number of vertices in Sy,
but the condition is not required in that paper.

The game being defined, let us now describe how the individuals pick each
other. The model we consider here is reinforcement learning, a trial-and-error
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State 1 2 3 4

Signal A B C D

FiGUurRE 1. In the signaling game, S&; and Sy correspond re-
spectively to the sets of states of Nature and signals: the agents
learn to signal, i.e. they create a common language.

procedure in which agents are more likely to use the strategies that have
given more payoff before, which in our case means that, the more an agent
has already talked to somebody, the more he will be likely to again talk to him.
At each round, each vertex will choose one of its neighbours with a probability
that is proportional to the payoff they shared together so far.

More precisely, for all 4, j € V, let us define the cumulative payoff V7 (resp.
V™) on the edge {7,7} (resp. vertex i) at time n by

n _ .0 LN
V;j _Uij+al]Nij7

V= >l Vi

JEV:j~i
where v?j > 0iff ¢ ~ 7, v?j is a constant and Nj} is the number of communi-
cations that succeeded between i and j at time n. If ¢ = j, we set V;7 = 0 for
all n.

Now we assume that, at each time step, any vertex ¢ € V chooses one of its

neighbours 7 with probability

ViV
By symmetry, j also chooses ¢ among its neighbours with probability

ViV
Let F := (F,)n be the filtration generated by the process, i.e

L 0 n ..
Fni=0((Vij, -, Vii) 4,5 €V), neN.

Then, the probability of a communication through an edge ij € F is
(Vip)?

i Vj
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We have now described our learning procedure of the network game. Ob-
serve that reinforcement learning is one of a number of models of strategic
learning in games, in which players adapt their strategies, with the (possibly
unconscious) aim to eventually maximize their payoffs, amongst for instance
no-regret learning, fictitious play and its variants, and hypothesis testing, see
[22].

In the spectrum of adaptive procedures, reinforcement learning certainly
does not provide an optimal strategy, and rather assumes that players have
bounded rationality. In particular they do not need to know which game the
other agents are playing, or which strategies they are playing. It is therefore
attractive as a simple behavioral model, since it does not require the agents
to be entirely devoted to their task and, in our setting, even to be aware that
they are involved in the formation of a network, but on the contrary just
to observe their effective payoffs. Moreover it accumulates inertia, since the
relative increase in payoff decreases in time, which would make it more stable
with respect to randomness of the payoffs for instance, and in general avoid
instability of the strategies.

Models of network formation using reinforcement learning were already
proposed by Pemantle and Skyrms [18] as follows: each day, each individual
chooses one of his neighbours and talks to him, the communication being
always accepted by the neighbour; then both of them reinforce the probabil-
ity to talk to each other. An important difference is that, in our model, a
reciprocity assumption is made, in the sense that the communication is not
necessarily accepted by the chosen neighbour.

Let us now summarize the results obtained in this paper, which are de-
scribed in more detail in Section As explained above, the network game
model can be seen as a generalisation of the signaling game [17], on which
the same reinforcement learning procedure was analyzed by Hu, Skyrms and
Tarres [12]. Our results are generalisations of the ones in [12], and the proofs
adapt their techniques to a more general setting.

The main tools are stochastic approximation techniques. In particular,
we will approach the behavior of some stochastic process by a deterministic
ordinary differential equation (ODE), with the difficulty that the function
governing the ODE is not continuous on the boundary of the simplex on
which it is defined. One could instead show that the process, with a different
system of coordinates, approximates a smooth dynamics, but it would then
take place in an unbounded domain, which would lead to other technical
difficulties.

First, we prove that there is a Lyapunov function for the deterministic
ODE, which enables us to deduce in Theorem [2.2] the a.s. convergence of the
expected payoff. Then we prove in Theorem that the occupation measure
of the communications converges a.s. to the set of equilibria of the ODE.
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In Proposition [2.6] we show a property which characterizes the stable equi-
libria of the ODE: if we define the limit graph as the non-oriented subgraph
on which edges are pairs of vertices communicating infinitely often, the con-
nected components of this limit graph are star-shaped components, in other
words core and shell (see Figure, satisfying furthermore a balance condition
on the affinities a;; and probabilities p;;. In particular each connected com-
ponent contains a nucleus vertex linked to (one or several) satellite vertices
which are only linked to the nucleus.

In Theorem [2.8| we prove that any graph correspondence with the preceding
property, such that no vertex is falling out of use, is a limit configuration with
positive probability.

2. MAIN RESULTS

We let Cst(ay, as,...,a,) denote a positive constant depending only on ay,
as, ... ap, and let Cst denote a universal positive constant.

Given two real functions f and g defined on a set D, we write f = O(g) iff
there exists a constant C' > 0 such that |f(z)| < Cg(z) for all x € D.

First, notice that if there is no 4, j € V such that a;;p;; > 0, then we are
the trivial case where no successful communication can ever occur hence the
system is just frozen in its initial configuration. Therefore, we assume that
there exist 4,7 € V such that a;;p;; > 0 for the rest of the paper.

For all n € N, define:
(2.1) T, = > Vi,

i,jev
n Vi -
T = T for all i,5 € V,
v
xl = T—Z = ZJCZ’ for all v € V.
"o jev

Note that », . a7y = 1. Let z,, := (27;); jev be the occupation measure at time
n, which belongs to the simplex:

A= {(xij)i,jev : Z Ty = 17 where Tij = Ly4 > 0, and Tij = 0if 7 = ]} .
ijev
In order to define the expected payoff, let us compute the conditional incre-
ment of T, for any n € N, recalling (|1.1)),

o (@)?
CYE(Tr~ Tl F) = S E(VGT -V F) = X aupyo

n
1,j€V 1,j€V L
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Definition 2.1. Let H : RKXV — R be the function defined, for all x € A,

by
1.2

H(x) = e
1,j€V:iz;; >0
If x € A, we call H(x) the expected payoff at x.

In this paper we use stochastic approximation techniques, namely we com-
pare the evolution of the random process (x,) to the behavior of the deter-
ministic dynamics driven by the mean-field ODE

dx
2.3) = F),
where F' is a function from A to T'A, tangent space of A, which maps x to
s
F(z) = |z (aijpij% - H(x)) )
i, N
1,jEV
with the convention that F(z);; = 0 if z;; = 0. We will make this link explicit
in Section 3.1l
As we will see, H is a Lyapunov function for the ODE (2.3), which should
imply that, up to a small error term, the random process (H(x,,)), increases in
average. We are indeed able to show the convergence of (H(x,)),, and hence
the asymptotic linear growth of (7,,),, by conditional Borel-Cantelli Lemma,
see Corollary [3.7] The proof is technical, since the function H is irregular on

the boundary of the simplex.
Theorem 2.2. The expected payoff process (H(x,,))nen converges almost surely.

The next Theorem shows the convergence of (z,)nen towards the set
of equilibria, i.e. the set of points = such that F'(x) = 0. The equilibria are
not isolated in general, and this result does not imply the a.s. convergence of
() nen, which we could not prove in general.

Theorem 2.3. The random processes (F(xy))nen and (x,)nen respectively
converge to 0 and to the set of equilibria of the mean-field ODE (2.3)) a.s.

Our next result provides necessary and sufficient conditions for the stability
of equilibria of the ODE.
Let us first define the boundary of the simplex as

OA = {xGA:EIiGVS.t. xi:Zij:O}.
JEV
Note that A is not the topological boundary of A. If z, — 0A, then
one of the vertices falls out of use, in the sense that the frequency of its
communications asymptotically goes to zero.
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We call z € A\ OA a stable equilibrium of the ODE ([2.3) iff the maximum
real part of the eigenvalues of its Jacobian matrix at x is nonpositive, see
Definition [5.6, This condition is close to the following one: if the solution of
the ODE starts near z, it will remain in its neighbourhood forever (see
Section [5| for more detail).

We characterize in Proposition the stable equilibria x € A\ OA in terms
of a graph structure associated to x.

Let us first introduce some definitions. For any x € A, we define a subgraph
G, of G, with adjacency ~, of possible communications between vertices
associated to x. Then Definition [2.5|will introduce the property corresponding
to the stability of equilibria in A\ OA.

Definition 2.4. Given x € A, let G, be the subgraph of G with vertices in V
and adjacency ~ such that i ~ j if and only if xi; >0, foralli,j €V,

Definition 2.5. Consider a subgraph G of G, with adjacency r%, and let
Ci,...,Cq be its connected components. Let Pg be the following property:

(1) Ym e {1,...,d}, i,j,k,l € Cppn, s.t. 1 r%j and k £ l, aijpij = QriDri;

(2) Vm € {1,...,d}, C,, contains at most one vertex with several neigh-

bours;
(3) each vertex has a corresponding edge within G.

Condition (1) in Definition [2.4]is a balance condition on the affinities within
a connected component, whereas Condition (2) means that each connected
component is star-shaped: if Py holds thenn within each connected compo-

nent, there exists a nucleus vertex ig such that if j; g 1o is a satellite verter,
then j; % i for any i # ig, see Figure . Finally, Condition (3) applied to

FiGUrRE 2.  Stable configuration composed of three star-
shaped connected components

G = G, is equivalent to z € A\ JA.
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The following result is a consequence of Proposition 5.8

Proposition 2.6. An equilibrium x € A\ 0A is stable if and only if its
associated graph G, satisfies the property Pg, .

Remark 2.7. Note that it is straightforward that, if Pg holds, then there
exists x € A\ OA such that G = G,.

Theorem implies that any subgraph G of G such that FPg holds, with
positive probability z,, converges to some x € A\ A with G, = G; and G is
a limit graph in a strong sense, since after a (random) time communications
will only occur within edges of this graph.

Theorem 2.8. Let ¢ € A\ OA be a stable equilibrium for the ODE
associated to the evolution of (x,), and let N'(q) be a neighbourhood of q in
A. Then, with positive probability,

(1) 2, >z € N(q) such that G, = G,.

(2) Vi,j €V, V¥ =00 <= {i,j} is an edge of G,.

Theorems [2.2] and and Proposition [2.6] are generalisations of re-
sults of Hu, Skyrms and Tarres [12], in the case of the so-called signaling
game, see Section [I]

We believe but cannot prove that z, converges a.s. to some stable equilib-
rium in A. The difficulty arises from the fact that convergence towards A
is also possible. In Section [, we explain how several sites can a.s. asymptot-
ically fall out of use (i.e. = — 0) on a network, although of them performs
infinitely many successful communications. The behavior in the neighborhood
of OA is difficult to analyse, since the functions F' and H are not continuous
on 0A, and since the error in the stochastic approximation can be irregular.

The paper is organized as follows. In the following Section 3.1} we explicit
the ODE associated to the dynamics of x,,, and prove that H is a Lyapunov
function for the deterministic dynamics. Section [3.2] and Section are re-
spectively dedicated to the proofs of Theorem [2.2]and Theorem [2.3] Section [4]
yields some explanation on the technical difficulties arising from the possible
convergence to JA. Section [5is devoted to the classification of equilibria and
analysis of stability, and Section [6] concerns the proof of Theorem 2.8

3. STOCHASTIC APPROXIMATION

Let us first compute the conditional increment of the process (z,) and de-
rive some mean-field ODE. Using stochastic approximation techniques, we
will then study this ODE (in particular its equilibria in Section , following
the idea that the random process approximates the solutions of the ODE.
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In order to compute the increment of (z,)nen at time n we define, for all
1,7 €V, i~ j,and for all n € N, the variables
(3.1) AL = VR -V,
(3.2) A= T — T,
Now, for all ij € F, we have
n n+1 n n+1 n n+1
_Vi+aAyT Vi T AT Vi Ar

ittt —gpn =Y Y =
Y VT, + AT T ﬂ4ﬂ+Ayﬂ
where we define (énﬂ) = (éﬁfﬁ)mev by

Eﬁf is the increment of a bounded and almost surely converging process: in-
deed, 0 < A;‘j“ < aij, 0 < A’T‘,J’l < Y jiev Gk, SO that, for all & € N,

1 1 2 kiev
RY | < — — < : )
> |Rla[<2 3 o <Tn TnH) T

nzk,i,j€V nzk,i,j€V

Taking the conditional expectation of . and using ) and . we
have

]E(Ii;d — x| Fn) = ?(aijpij—xn:;n — H(z,)) + R = T)] + R,
n i g n

where R :=E <Rn+1‘ ]-"n), and F is defined in (2)). Note that ), |R¥| < oo

a.s., using and a generalised version of Conditional Borel-Cantelli Lemma,
see [5, Lemma 2.7.33].

The following Lemma can be deduced from the estimates above; we use
the L' Euclidean norm | - | on RIVI*VI,

Lemma 3.1. There exists an adapted martingale increment process (0, )nen
such that, for alln € N,

(35) Tp41 — Tn = T + Mny1 + En-&-l;

and, for all k € N,

a; 2 a
(3:6) Dy AL

n>k
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Proof. Note that

D 1 n n AR Zz v @ij
(3.7) |ZTnt1 — 2n — Rpia| = T, (AijJrl —ay - AFT)| < %7
which provides the upper bound on |9,41]|; the upper bound on (R, ),en is
given by . 0

Corollary[3.7] which proves asymptotic linear growth of 7;,, will in particular
imply that the martingale (>";_; 7 )nen converges a.s. by Doob’s convergence
theorem.

Equation is a stochastic approximation of (z,). We will show in
Corollary that 1/T,, is the step size and is of the order of 1/n. Therefore
it is reasonable to expect that (x,) converges to the set of equilibria of ,
which we show in Theorem 2.3

We first study the evolution of the deterministic process driven by .
Let I' be the set of equilibria of the ODE , ie.

(3.8) = {a: €A F(z) = o}.

3.1. Analysis of the mean-field ODE. In this section we show that the
function H is a Lyapunov function for the ODE , i.e. that H is nonde-
creasing along the paths of the ODE. It is natural to expect that result, in the
sense that the overall expected payoff of the network should indeed increase
in average; see [12] for more details.

We will then deduce that the random process H(x,) is a submartingale up
to an error term (see Theorem [2.2). Recall that this stochastic result does not
directly follow from the deterministic statements and classical results, since
H is not continuous on the boundary 9A.

Let, for all x € A,

(3.9) p(x) == Z xZ;xzk (yij — yik)27

i,j,kev:xij,xik>0 v

where, given x € A\ A we let, for all 7, j € V such that i ~ j,
Tii

(310) yij = aijpijijj

be the weighted efficiency of the pair ij.

Proposition 3.2. H is a Lyapunov function on A\ OA for the mean-field
ODE ([2.3)), more precisely,

(3.11) VH-F(z) =p(z) >0,
where VH = (0H/0x4j); jev.
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Remark. H is not a strict Lyapunov function, i.e. VH - F' can vanish
outside I".

Proof. Note that, in the definition of VH, z;; and zj; are independent vari-
ables. For any x € A\ 0A, we have

VH.-F _ E 2 (g T
(x) ajpj{ i1 (a]pjx' . (x))

X
ijEV v
2 2
%] ik
——5 E QikPik -z H ()
ZT; T oot T;Tk
7, x?
——L D aipi—L- — w;H(x)
;T X
J lN]
3
xTe.
= 25 az.pz 4
= G
?/7.]
1;12] T3, x?j x?l
- Qi5Pij D) Ak Pik - Qi Pij 2a_]lp_]l
i ik L i Ll
i,j,k€V 1,7,l€V
x 1 1
]
—H(z) x E a;;Dij . 2_x_ Tip — — x|
1,jEV k~7i l~j
2 .2
o 2 2 iJ ijVik
= 2 E a,]p,] B 2 E Qi Pij AikPik 3
(@iz;) - T
1,jEV i,J,k€V
T Tik T
— 2,2 7Tyt 2 2 ikig
- Z aPij 5.2 T Z i Dik 3 o
i.j,keV NI dgkeV vk
2
9 ngxik
- Qi PijQikPik 3 .
i,5,k€V ivitk
2
LTk T T
= E - Qi5Pij AixPik o
ij,kEV A g Lk
= p(z) 20

We used, in the third equality, that )", .z, = x; (and the same equality
with j instead of ¢), and we also used relevant substitutions and permutations
of the indices. In the last equality, we use definition (3.10) of y;;.

O
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Given z € A\ 0A, and i,j € V such that i ~ j, let
Lik
(3.12) (1) = 3y

kev
be the weighted efficiency N;(x) of i.
Lemma 3.3. For any x € A\ 0A:
2
(3.13) pla) = VH - F(z —ZZxZ]<yU N )) .
1,j€EV

Remark. In the context of communication systems, the above two formulas
(3.11)), (3.13]) mean that the growth rate of the expected payoff is a function
depending on the difference between efficiencies of different strategy pairs.

Proof of Lemma 3.3 Fix i € V, and define a measure P; and a random vari-
able Y such that, for all £ € V, P;(Y = yu) := Z&. We denote E; the

T

expectation associated with IP;. Recalling (3.12)), we have
This implies that, for all j ~ i,

E; [(yw - Y)Q} = <yij - NZ-(:IZ))2 +E; [(Y - N(a:))2]
(?/z‘j Ni(x ) + Z xlk( yzk>2-
On the other hand,

Ei[(%’j } Z% Yij — Yir)”

k
Therefore, for any z € A\ 0A,

VH - -F(z) = Z xlflk { y,k} Z Tij Z Tk {yw yzk}

)

i,j,k€V i,J€EV
2 TijTik 2

= Z l‘ij(?ﬁj —Ni(x)) + Z ; (Nz(ﬂf) _yik)

i,jev igkev

2
= 2 Z Ty (yij - Nz(@) ;
ijev
switching labels of k and j on the last sum of the penultimate line. OJ

Let us define
(3.14) A:={z e A: p(x)=0},
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where p, defined in (3.9), is the derivative of H along a trajectory of the
ODE (2.3). The proof of the following Lemma is straightforward.

Lemma 3.4. x € A if and only if
Yij = Yik, foralli,j,k € V s.t. x5 # 0,2, # 0.

Remark 3.5. z € A iff the weighted efficiencies on edges y. are constant over
the connected components of (Gy,~). Now x € T iff y. is equal to H(x) for
any edge e of G,. Therefore ' C A but A # I' in general, and H is not a
strict Lyapounov function.

3.2. Proof of Theorem and asymptotic linear growth of (7).
Proof of Theorem[2.3. In order to compute the conditional expectation of the

increment of (H(x,)), let us first estimate the increment

n+1 n
g VBT 0

17 V—in—&-l‘/}n-l—l ‘/Zn‘/;n

By Taylor expansion,
(1+a)?
(1+0b)(1+c)

for all a, b, ¢ > 0.
We use notation A% from (3.1), and also define AF* := 7. AZFL

have

=1+2a—b—c+O0(a*+b+ )

g 05" A+ agvp? 1]

ann (1 —{—A;H_I/V;")(l _|_A7j1+1/vjn>

vn JAVAR ntl - ATl
_ ( zg) 9 ] o Az 7 + Elnj-‘rl

1J 7

n An+1 n n+1 n n+1
WAL (RRA(RPATT
N R AU/

where |/, and |¢7,,| are upper bounded by

NGRS AT 2 A 2
3.15 C N + [ = y ,
for some universal constant C' > 0.
Note that, since the harmonic series converges we have, for all 7, j € V,

Z| n+1| < 0.

neN
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Let Cn+1 = Zi,jeV C:Lj;i-l
On the other hand, summing our estimate over i, j, we deduce that
H(zn41) — H(zn) — Gonr
VARt (V)2Ar+t
_ L R Sy W T
= 2 Z Q5 Pij ann 2 Z Qi5Dij (‘/Zn)QVn

1,7EV ¢ 1,7€EV
‘/tL ‘/Zk n Vn n
= Z QijPij (VJ)QV"A St Z QikPik D) 2VnAzk+1
i,5,k€V 4,5,k€V
Vn)2 .
-9 Z @ijDij 0 2VnAzk+1.
i,j,k€V
Recall that E (AL F,) = @it

conditional expectation yields

E[H(@01) — H(za) = Gt 7]

n n
o Z ij Vik
= v

Vi )2 ( Vi )2 i Vik
QisPis miom | T\ QGikDik T | 2aijpz‘jaikpz‘kﬁ
ij,kev ¢ ( VV VitV (V;V;)

2
_ E xl]xlk [E ainp Tik _ 1]9(1‘ )
- 7 Qi5Pi - Wiklik - T n
i,j,k€V i P xnﬂfn xiTy T, ’

where p is defined in (3.9)). O

for all 7,k € V. Finally, taking the

x:v”’

We have proved that the expected payoff process converges almost surely.
We can now prove that the process (z,) converges to A, defined in (3.14)).

Proposition 3.6. (z,),en converges a.s. to A. More precisely, (p(x,))nen
converges to 0 a.s.

Define for all € > 0 the set
(3.16) A :={r e A\OA: p(z) > e}

Proof. This argument is similar to the proof of convergence to the set of
equilibria in [I]. Let, for all n € N,

k=0

We have proved that (H(z,) — &,) is a bounded submartingale. Thanks to
the Doob decomposition, we write it as the sum of a martingale (M,,) and an
increasing predictable process (A,). For all n € N, we have:

H(x,) =&, = M, + A,.
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(M,) is an upper-bounded martingale, hence a.s. converges. On the other
hand,

1

Anir = A = B [H(@npn) = H(@a) = Gua| Fa| = 7-p(an).

Fix € > 0 and define 6 > 0 the distance between the sets A, and A¢ Jo-

First, notice that z,, cannot stay in A, for ever as 1/7,, is not summable.
Then, assume that z,, € A., Tpi1, ., Tpyr—1 € Ao NAL Tppy € AE/Q, then:

n+k—1 n+k—1

_ p(r) 1
AnJrk_An_; T, 2822_7}.
Therefore, using (3.7) and Lemma [3.1] we have
n+k—1 n+k—1
Cst(a) _ Cst(a)
o < ; |xr+1 - xT‘ < ; Tr < - (AnJrk - An)

Then, if (z,,) were infinitely often away from A, A,, and consequently H(x,),
would explode. This implies the conclusion. 0

We end this section by stating a result that implies that the process (75,)
has a linear asymptotic growth.
Define the constant

(317) Wppin = Min {aijpij D QP > 0} .

Corollary 3.7. There exists a constant hp, = Cst((Vig)i,jeV) > 0 such that,
a.s.

T, )
— — lim H(x,) € [hminwmin, Z a;;pij| asmn — oo,

n n—oo
1,7€EV

Moreover, for all i € V such that a;jp;; # 0 for some j ~ i, n € N,
(z3;)?

(3.18) Ni(za) = > n)j2xn > Pnin.

J

JEV, 2,0 (2

Proof. Given z € A, recall definition (3.12)) of N;(z). Using that >,y z; = 1,
we have, by Cauchy-Schwarz inequality, if z; # 0,

T;Tj i

T
JEV,2;>0 jev Jiaijpij>0,2;>0
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0

For all j ~ ¢ with a;;p;; = 0, we have V7 = v;; a.s. for all n € N. Hence

(3.19)
0 0 0
xh VY. VY. Y.
§ B Ap— E Yo> 1 — E = E > h . as
- = - = min M
4 x? . v . Ve )
J:aijpi; >0 J:ai5pi;=0 J:ai5pi;=0 J:aijpi; >0

for some constant hp;, > 0. Therefore, letting B = {i € V : a;p;; >
0 for some j € V}, for any n € N,

H(xz,) = Zaszl(:En) > Za:?N,(:rn) > NpinWmin > 0 a.s.

eV ieB
which gives us a lower bound on liminf, H(x,). The upper bound on H is
trivial.

Finally, recall that
E(Thi1 — Tn| Fn) = H(zy)

and the result is now a direct consequence of Theorem and a generalised
version of Conditional Borel-Cantelli Lemma, see [5, Lemma 2.7.33]. O

3.3. Proof of Theorem [2.3] In the previous section, we proved that the
occupation measure (x,,) converges a.s. to A, which is the set of points where
the derivative of the Lyapunov function H vanishes. As we already mentioned
in Remark 3.5 H is not a strict Lyapunov function, i.e. I' C A but I' # A,
where " is the set of equilibria of the ODE , defined in .

The aim of this section is to prove that the occupation measure converges
a.s. to the set of equilibria of the ODE (2.3]). To that end we show the fol-
lowing Proposition [3.8]

Proposition 3.8. Leti, j € V, i~ j. Then

limsup =7} (ys — H(z,)) = 0.

n—oo !
Proposition will enable us to conclude. Indeed, for all n € N, we have
H(zn) =y yiialy = H(wa) + (gl — Hlwa)) Tl — D (yfy — H(wa)) "l
i,jev i,jev ijev
Now, for all i, j € V, Propositionimplies that lim,, 0 23 (yf; — H(2,))” =
0. Subsequently, for all 7, j € V,
(3.20) lim @ (yis — H(v,)) = 0,

Qi
n—o0 J

so that F'(x,) converges to 0 as n — oo.
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Let us show that this implies convergence of (z,),en to the set of equilibria
[. Fix € > 0 and let (2, )nen be defined as follows. For all n € N, i, j € V| let

-1

hy, = Z T}ry :
1,JEV: xilj>e
and let 275 = '’ h, if 75 > €, 275 = 0 otherwise.
It is easy to check that h, = H(z,) and z, € T for all n € N. We easily
deduce from that |h,—H (x,)| < eCst(a, |V]) and |z,,—z,| < €Cst(a, |V])
for large n € N.

Let us now sketch the proof of Proposition[3.8] given in Section[3.3.3] Define
(3.21) Uij(e) :={z € A zjj <eory;— H(z) > —¢},

and recall the definitions of A, and hy;, respectively introduced in (3.16)) and

in Corollary 3.7}
Proposition will follow from Lemma , which implies that both x7;

(resp. yj;) decreases (resp. increases) outside Us;(e) U As.

Lemma 3.9. Leti, j €V, i ~ j, with a;jp;; > 0. Let

n 2
R m m—1 € .
Yn = mz;no (yzj - yzg — Q45 Psj 6Tm_1-> ]l{xm—1¢U¢j(€)UAE4}a
n B 52
Sn = Z <'Ilj — :EZJ + —2T 1>]l{$m—1¢Uij(€)}'
m=my

Assume T,y = Cst(a;jpij, a,€) and € € (0,1/9). Then

(1) (Yo)nsme (1esp. (Sn)nsme) is a submartingale (resp. supermartingale);

(2) lim Supn}m,m%oo(yn - Ym>7 = lim Supn}m,m%oo(sn - Sm)+ =0.

Lemma [3.9]is shown is Section It follows from Lemma [3.1] for its part
on z;, and from the following two Lemmas and for its part on y;;.

Lemma is proved in Section 3.3.1} and shows that the increment of y;’
is driven by a differential equation of the type y = G(x), where, for all z € A,
we let

G(r) = ((%g <yij — Ni(z) — Nj(z) + H(:c)))
Outside U;j(e) U A4, Lemma implies that
G(x)ij = yi;(H (z) — i),

which indeed yields that y;; increases on average.

1,j€V:ix;; >0



18 D. KIOUS AND P. TARRES

Lemma 3.10. For alli, j € V, the increment of (y;3)n expands as follows:

n n 1 n n
(3.22) yij+1 —Yi; = EG(%)H + rij+1 + ij+17
where (r7}) is predictable, E(C[;F|F,) = 0 and
n+1 n n+1 Co n+1 Co
’yij - yij’? | ij | < T zngn’ and ‘Tij | < —(T TP
ny 7 nq 7

where ¢y = Cst(a).
Lemma 3.11. Assume that € € (0,1/9), and that x € AS,. Then, for all
vertices 1 and j, 1 ~ j, such that x;; > €, we have:
£ 5
lyij — Ni(@)] < 3 and [y;; — Nj(z)| < 3
Proof. Follows directly from Lemma [3.3] O

3.3.1. Proof of Lemma(3.10, Using (1+¢)™t =1—c+O(c?) for all ¢ > 0, we
deduce that
(1+s)(1+1)
3.23 tu,p) = AT
(3:28) s b)) = () )
if t €[0,¢] and s, u, v € [0, 7).

Now recall y;; = aypi; TV} /(V*V}"): therefore,

=1l4+s+t—u—v+0(Mne+n))

ntl _ n
Yij = yijf(sn+17 bt 1y Unt1, Unt ),
where
n+1 n
s T -1, VT =V
n+1l — ) Im+1 — n )
T, v
n+1 n n+1 o n
B et VA /et
n+l — V;n ) n+l — Vn .
J
Let

n+l _ n n+l _ ¢n+l n+1
51’;’ = yij(sn-H +tnt1 = Unt1 = Uny1), i 5ij - E<5ij | Fn)-

Note that ¢*' uniquely determines 7" from (3.22).

By definition of H, N; and y,;, we have

Blsnl ) = ) Bt F) = 22
Ni Tn N; T
E(uni1]|Fn) = 1(—, )v E(vni1|Fn) = Jj(v >a

so that

mn 1 n n
]E(5ij+1|'Fn) = jTyz’j (yz’j — Ni(zn) — Nj(zn) + H(:E,J)
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On the other hand, s,.17,, tn—i—l‘/z‘?v

bounded by Cst(a), which implies that

U1 V" and vn1 V] are all upper

Yi Cst(a)
S < Cst(a)—% = .
| 1) S (a) V;;L Tnlel‘?
Also, assume w.l.o.g. that V" < V}; then it follows from (3.23) that
Cst(a) Tn‘/l? Tn 2
ng W Cat ,

|T’Z+1 < CSt(Sn_H VUupy1 V 'Un—f—l)tn—i-ly

which enables us to conclude, noting that [y} — yi| < 677 + |r?j+1 :

3.3.2. Proof of Lemma [3.9 Assume z,, & Ujj(e) U A,
Using that |R?, ;| < Cst(a)/T? from (3.4)), Lemma implies

Ty pij
E(zft — 2l F) = fj(yzg = H(wn)) + E(R) | F0)

]
g2 Cst(a) - g2

T, T2 < 2T’

n

<

if n > my and T,,, > Cst(a, €), so that (S, )n>m, is a supermartingale.
Also, using Lemma, [3.11],

y?j — Ni(zn) — Nj(w,) + H(zn) 2

W ™

Hence, using now Lemma [3.10]

eyl co 1 U3 Pij Ti5E Co
By — il F) > 252 — = .
07 =90 > S~ ey~ T 5 et
1 aijpij52 G S Cst(ai;pij, a, €)

if n > mg and T,,, > Cst(a;;p;j, a, €). This concludes the proof of (1).

In order to prove (2), define II,, and =, as the martingale parts in the Doob
decompositions of Y,, and S,,:

I, =Y,— Z E[Ym_ym—1|fn:|7

m=mgo

En o= Su— Y E[Sy— SmoilF).

By Lemma [3.10, we have for all n > my,

E[(Hn+1—Hn)2\Fn] < E[( ?j+1)2]l{xn¢Uij(E)UAs4}|}—”}
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2 2
Co Co

s Man Ui (e)UA LY S g -

S Dapay #0084 S Cip

Therefore, using Corollary , (I1,)),, is bounded in IL.? and hence converges
a.s. We conclude for (Z,,),, with similar computations, and (2) follows imme-
diately.

3.3.3. Proof of Proposition [3.8 Let us first prove the following auxilliary
Lemma [3.12]

Lemma 3.12. Lete > 0,4, j € V, i ~ j, and assume T,, > Cst(a,¢). If
z, € Uy(e) and |H(xpy1) — H(z,)| < /2, then x,41 € Uyj(2¢).

Proof. Assume x,, € Uy;(¢). Then either 7} < e or yf; — H(z,) > —¢.
If 27, < & then, using (3.6)-(3.7), we deduce |2} — 27| < Cst(a)/T,, < €if
T, > Cst(a,¢€), so that x?j“ < 2e.
n n n+1 n 2 :
If 27 > e and yj; — H(z,) > —¢, then |yij —yii| < Cst(a)/(e*T,) < €/2 if
T,, > Cst(a, €) by Lemma m By assumption, |H (,4+1) — H(x,)| < €/2, so
that we conclude that yj"™ — H(2,41) > —2e. O

Let us now show Proposition .8, We fix e > 0 and mo € N, and assume
Tony = Cst(aijpij, a,€), so that the assumptions of Lemmas and hold.
Let 7,,, be the stopping time

Tme = inf {n >mg : xy € Aaor |H(z,) — H(xpm,)| > Z}

We want to prove that either 7,,, < oo, or x, € U;(3¢) for all large n.
Recall that Uy;(-) is defined in (3.21). This will allow us to conclude, as
Proposition [3.6|and Theorem [2.2]imply that there exists almost surely my € N
S.t. Ty = 0.

Let o,,, be the stopping time

Omg = Inf{n > my : x, € U(e)}.

Lemma (2) implies that there exists a.s. a (random) my € N such that,
for all n > m > my,

(3.24) (Y, — Yi)~ < % (S, — S,)* < %
Therefore 0,,,, < co: indeed, otherwise y; — oo asn — oo by Lemma
(recall 7,,,, = 00, since Y- T, = oo, so that x, € Uj; for large n, which

leads to a contradiction.
For all n > o,,, let p, be the largest k& < n such that =), € Uy;(e). By

(3-24),

n n 8
(yij - Z/{'Dj +1) = 5
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Pn+1 .

By Lemma , Tp, 11 € Uij(2¢) : let us assume for instance that y;;
H(x,,41) > —2¢. Together with |H(z,,) — H(z,,41)| < /2, as T, = 00, we
deduce that

vy~ Hlza) 2 it = H(zpn) — 2 > —3c.

With a similar argument, xff“ < 2¢ implies z7; < 3e. These two arguments

together imply that x,, € U;;(3¢) if n > o,,,, which enables us to conclude.

4. ASYMPTOTIC BEHAVIOR NEAR THE BOUNDARY

The results presented in Sections [5] and [6] concern respectively the charac-
terisation of stable equilibria and convergence towards them on A\ OA.

However, as we mentioned at the end of Section [2, a full analysis of the
asymptotics of the process (2, ),eny would require a better understanding of the
behavior of the dynamics close to the boundary dA. This can be understood
through the following simple example.

Let G be a star-shaped connected graph consisting of k£ + 1 vertices V =
{v,uq,...,u;}, where v is the core adjacent to all vertices u;, [ = 1...k, and
any two vertices u; and u,,, [ # m, are not adjacent. Assume w.l.o.g that the
sequence a.,,, k = 1...k, is nonincreasing in ¢, and consider the case where
py = 1.

Consider our process ((V;})ijev)nen on G. Then, for all I =1...k, V,, , =
Vi, so that the probability to choose edge {u;, v} at time n is V,p /V* and,
in that case, V'l = V' 4 Gy,

This corresponds to the so-called Friedman’s urn with &k colors: when a ball
of color [ is chosen, then it is put back into the urn, along with a,,, other balls
of the same color. Thus V,» / nau/@u converges a.s. towards a positive 1.v.
(see for instance [§]).

Assuming for instance that a,,, < a,,, for all [ # 1, we deduce in partic-
ular that =7 , ..., 23 converge a.s. to 0, and that zj , ay converge to 1/2 a.s.
Therefore x,, converges to the boundary 0A.

Note that, for any general graph G = (V, E,~), and for all i € V such
that a;;p;; > 0, the convergence to the boundary will occur at a rate at most
nc~! for some € > 0. This is a consequence of in Corollary : the
probability that i receives a positive payoff at time n + 1 will be at least

n 7

o 2 Pmin®; = huin—-
— (z")2a] T,
jev At J n

If we let L = hyin V", then we can couple the process (L!),en with a Fried-
man’s urn with 2 colors (i and i¢), so that when a ball of color i is chosen,

then it is put back into the urn along with at least hyi, minjey. q4,,>0 a;; other
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balls of color i, and such that in any case (either if ¢ or i¢ is chosen), at most
Cst(a, hmin) balls of color i¢ are added.

Now F' is not continuous on the boundary 0A, so that Lemma [3.1] is not
useful on the event that the trajectory of x,, has accumulation points in 0A.
However it is possible to write the evolution of our network as a stochastic
approximation of solutions of a smooth ODE: if we let z = ((2;)iev, (¥ij)ijev)
then the process (z,)nen can be seen as a Cauchy Euler approximation of the
following ODE:

& = z;(Ni(z) — H(x)),
Uij = G(W)ij = yi;(yi; — Ni(z) — Nj(z) + H(x)),
Ni(z) = kayfk
keV

However the perturbation in the evolution of y;% in Lemma depends on
x; and x;, and the state space of the ODE on z is not compact anymore.

5. CLASSIFICATION OF EQUILIBRIA AND STABILITY

In this section, we analyze the deterministic dynamics associated to the
ODE (2.3). In particular, we compute the Jacobian matrix of F' and give a
characterization of the stable equilibria in A\ 0A.

5.1. Properties of Lyapunov function. In this section, we show that H
is constant on each connected component of I'.

Proposition 5.1. H is constant on each connected component of .

We first prove in Lemma that H is constant on connected subsets of I"
with the same support (defined below) by a differentiability argument. Then
we show in Lemma [5.3| that H is continuous on I' (including I' N 0A), which
enables to conclude. Let © be the set of subsets of E. For any x € A, we
define its support

(51) E:): = {Z] ck: Tij > O}

O can be used as an index set to divide A or I' into several subsets: for any

0 e 0o,

Ng:={xeA: E, =0},
Fg::Ang.

Lemma 5.2. For any 6 € ©, H is constant on each connected component of
[y.
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Proof. Given q € Ty, let us differentiate H at ¢ with respect to z;; = x;;, ij € 0
(i.e. g;; > 0) without the constraint z € A:

)., -

) x?
ki
O aklpkl_$ .
| klklco ~ k&l

0 7, 0 3
QT (%jl%‘j%) +2 Z B “<az’kpik ‘k
| Oz Tx; wiiies % Ty

2 — | i —25
N Z 0x;; (ajkp]kxmk

r=q

ki jkeo Y J v—q
= 2a;;pi; 4is (2 . @>
145 di d;
qdi  dik qir 4k
-2 Z QikPik—— = — — 2 Z ajkPik 9 J
k#j:iked ik 4 ki:jked 4;9k  4qj
= 2H(<z)< - - —J) —2H(q)<1 - —J> —ZH(q)(l _ %
% 45 qi 4
= 0.

The penultimate

equality comes from the fact that, for all r, s € V, rs € 0

(hence ¢,s > 0, since g € I'y), we have (a,sp,sqrs)/(q-qs) = H(q). O

Lemma 5.3. H s continuous on T.

Proof. Suppose that ¢ € I', and that x € T" is in the neighbourhood of ¢ € T’
within A, then E, D E, and, using x € I,

2
x4,
_ ij
H(z)= ) aijpij— =+ Y wyH(x),
i,j1ij€Eq Y i€ Ba\Eq
so that )
1 Xis
_ J
H(z) = Y o AijPij
LJ:1J€EL\Eg 7 jije B, v
and the conclusion follows. O

5.2. Jacobian matrix. At any equilibrium z € (A \ 0A)NT (F is not

differentiable on 0A), we calculate the Jacobian matrix

OFy,
J(x) = (8 )
Lij / i gy (L kY5, ke E

Y

where, by a slight abuse of notation,
F(z) = (Fyj(2)) i jyijen-
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For all ij, kl € FE, a simple extension of the calculation in the proof of
Lemma |5.2] yields gTIi{j(:U) = 4H (x)(1 4,20y — 1), so that

OFy, ik oH
Oz () = —H(@)lggij=(rhen=0 T Tk das; () — zu, Dz, (z)
Tk
= —H@)lgp=pmen=or + H@) =g enror — ——H (@) Lpeqay

Lk
—;H(x)]l{je{l,k}} — dayH(x) (]]'{Iij?éo} - 1)‘
j

Therefore, for z;; # 0, we deduce

g = M-t
Tij T X
OFy, Lik .
— TR E) k4
Do v, @),k # 5
8ij Tk .
— R () kA
S = —EH@k £
F
O _ 01tigik#ii
&’cij

For any ij € E s.t. x;; = 0, we have:

OF,

—
o (@)
F
OF = Oal#27]7k7élaj7xlk:0
81'7;]'

Let Cy, . ..,Cq be the connected components of the subgraph G, := (V, E,),
where F, is defined in (5.1). Let

0F
J = ( lk) :
Oxj i§,k1EC,

Therefore, J, can be written as follows, by putting first 75 and kl coordinates
such that z;; # 0 and x;; # 0 (in the same order, with increasing connected
components Cy, ...,Cy)

Jl
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5.3. Classification of equilibria based on stability. Let us introduce
some definitions on stability for ordinary differential equations.

Definition 5.4. x is Lyapunov stable if for any neighbourhood Uy of x, there
exists a neighbourhood Uy C Uy of x such that any solution x(t) starting in
Uy is such that x(t) remains in Uy for all t > 0.

Definition 5.5. x is asymptotically stable f it is Lyapunov stable and there
exists a neighbourhood Uy such that any solution x(t) starting in Uy is such
that x(t) converges to x.

An equilibrium that is Lyapunov stable but not asymptotically stable is
sometimes called neutrally stable.

Definition 5.6. x is linearly stable if all eigenvalues of the Jacobian matriz
at x have nonpositive real part; otherwise, x is called linearly unstable.

Remark that, with these definitions, linear stability allows for eigenvalues
to have zero real part, and therefore does not necessarily imply Lyapunov
stability. However the dynamics considered here makes these stable equilibria
indeed Lyapunov stable: as in [12], as we will observe in Section [0 (in a
stochastic version).

Definition 5.7. Let
FO =1nN A\@A,
Fb =1nN 8A,

and let T'y (resp. T',) be the set of linearly stable (resp. unstable) equilibria in
[y for the mean-field ODE.

For any = € T',, let
& ={0€R" 10| =1and 3ij € E, s.t. 0-e; # 0},

where F, is defined in (5.1]).
Recall Definition [2.4) of a graph G, associated to some x € A.

Proposition 5.8. We have
(a) Iy ={zx €Ty : Pg, holds}.

(b) If x € T'y, then there exists an eigenvector in &, whose eigenvalue has
positive real part.

We are first going to prove following Lemmal5.9 giving a necessary condition
on the elements of I'y. Its proof is widely inspired by that of a similar result
in [4].
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Lemma 5.9. If x is in Iy, then for all i,j,k and | in the same connected
component of Gy such thati ~ j, k ~ 1, we have:

Q;jPij = QkIPkl-

Let us denote P, this last property.

Proof. Choose x € (A\ 0A)NTI. It is sufficient to prove that, if z;,;, > 0 and
Tigko = 0, then Qigjo Piojo = QFigkoPigko -
Assume the contrary, for some g, jo, ko. Then, in particular,
x. .
Qigjo Piojo '1()]0‘ = H(:U)
207 Jo
Recall that the entries of the Jacobian matrix J(x), computed in Section
[5.2] are such that, on the line corresponding to ij, we have:

% = H(m)[l—%_%]
% B —%H(ﬂc%k#j,
gi = —HH() kA,
)

Recall also that J(x) is block upper triangular with on its diagonal sub-
matrices J', 1 < m < d. Hence, the eigenvalues of J", 1 < m < d, are
eigenvalues of J(z). Moreover, each JI" corresponds to the edges within the
same connected component of the graph, where we called C,, this connected
component. This means that for any coordinate kl of J*, we have kl € C,,
and xg > 0.

Let us first prove that the matrices JJ* can be written as the product of a
diagonal matrix and a symmetric matrix. Define the diagonal matrix

D™ = (2 H(x) L gij=rs})

Besides, define the symmetric matrix M™, with entries of the coordinates
(ij,kl), ij, kl € Cy,, given by

ij,kl€CH *

m 1 1 1
Mijﬂ'j = T T T
xij €T; ZL‘j
M = —i k#j
ijik T ) J
X
m o .
gk T T k # 1,

J



REINFORCEMENT LEARNING IN SOCIAL NETWORKS 27

It is then straightforward to check that J* = D™M™.

Now, the eigenvalues of J* are all nonpositive if and only if the eigenvalues
of M™ are all nonpositive. To have a proof of this fact, see the Claim in the
proof of Lemma 1 in [4], p. 2199. Therefore, let us prove that M™ has a
positive eigenvalue, which will enable us to conclude.

Let u be a vector in Rl such that:
u” = (0, ..., 0, Uig o, 0., 0, Uig kg, 0; -, 0).

Dropping the 0 of g, jo and kg for simplicity, we have:

1 1 1 1
(- u)ij = [ ——— = —] —ug—
xij Z; Ij €T;
1 1 1 1
M™ w)., = wp|———— —| —u;—,
( )zk k[%k ; JCk] IS
hence
1 1 1 1 1 1
FOVCDNN YR SR U L UV A
Ty T T Tk T Tk
1 1
Then, we chose u;; = 1 and u;; = —1. So, we have:
1 T; 1 T;
w' M™M= —[1-=]+— 1——k}
Tij T Tik Lk
Recall that 1;; < 1 and ”;If < 1, and notice that Z—; # 1 or ‘;—: # 1. Indeed,
if Q;JJ =%k =1, as aijpij%? = ajxpir ;> (we are on the set of equilibria), then

we would have a;;p;; = a;pir, which is not the case, by assumption.

Hence u” M™u > 0 and therefore M™ has a positive eigenvalue, as this matrix
is symmetric. Finally, this implies that J(x) has a positive eigenvalue and
therefore x is not stable. 0J

Lemma [5.9| implies that I'y C {z € I'y : P, holds} =: I'{.
To prove Proposition [5.8, we need the following Lemma [5.10{ on the structure
of G, when z € T.

Lemma 5.10. For all x € I'§ such that Pg, does not hold, then there is at
least one connected component on which every vertex has at least two edges.

Proof. Assume that x is in I'§ and P, does not hold. Assume by contradiction
that, on any connected component, there exists a vertex j linked to only one
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vertex, say i. So, we have 2—1 = 1. Then, as z € I}, for all k£ such that
J

i > 0, we have:

Qi Lifk aijxij N %

= Yij = Pij
;T Tl T

=1

Yik = Pik )
then k£ is only linked to i, and therefore each connected component of G, is
star-shaped, which contradicts the assumption that P, does not hold, and
allows us to conclude. 0

Proof of Proposition [5.8] First, assume that z € I'j and Py, does not
hold. We want to prove that x € I',. Lemma [5.10] implies that G, has a
connected component on which each vertex is adjacent to at least two edges,
which we assume w.l.o.g. to be C;. Let V(C;) (resp. E(Cy)) be its set of
vertices (resp. edges). Let us show that J! has at least one eigenvalue with
positive real part.
Compute the trace of J} :
1 Lij Ly
) = @) Y =TT
{6}

= H(z)([E(C)| = [V(C)]) = 0.

The last inequality comes from the fact that each vertex has at least two
edges.

It is easy to check that (1,...,1) - J! = —H(x)(1,...,1) < 0, hence —H (z) is
an eigenvalue of J!, and subsequently there exists an eigenvalue with positive
real part. This implies that (a), using Lemma [5.9)

Now, assume that z € I'fj and that P, holds. Then, each connected com-
ponent of (G, is star-shaped. Let us assume for instance that C; is composed
of a nucleus v and satellite vertices 1, ..., k. Then, for alli € {1, .., k}, x;, = x;,
and we have:

r1 ... I1

le_H(‘r) Ty ... X9

T T, . .
The rank of J! is 1, 0 and —H(z) < 0 are eigenvalues, as (1,...,1) - JI =
—H(x)(1,...,1), so all its eigenvalues are nonpositive, which completes the

proof.
O

Remark 5.11. Note that, in general, there may be no stable configuration on
A\ OA. Now, if the number of vertices is even, every equilibrium xz such that
G, yields a one-to-one correspondence between vertices (i.e. each connected
component has only two vertices and one edge) is asymptotically stable.
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6. PROOF OF THEOREM [2.8]

Assume that (G, (aij, pij)ijer) is such that T'y # 0.

Theorem is a simple consequence of the following Proposition [6.1} Be-
fore stating it, we need some definitions.

Let G C G be a graph such that Pg holds (see Definition . In particular,
each connected component is star-shaped and for all 4, j, k and [ in the same
connected component, s.t. ij € G and kl € G, p;ja;; = praw. Moreover,
each connected component contains a nucleus vertex (i.e. any other vertex in
the same component belongs to its neighbors), which is chosen arbitrarily if
the connected component has only two vertices. We denote by Ng the set of
nucleus vertices of G.

Let m := mg : V— Ng be a function mapping ¢ € V' to one nucleus vertex
of the connected component that ¢ belongs to.

For all 2 € V, n € N and ¢ > 0, let us define

n._ ,nj/.n
Q; = €T /xﬂ(2)7

Hy:= () {Vi"=>2en},
i€V, i=n(i)
H? = ﬂ {af > ¢
i€V

HY = N {Vp<vn}
1,J€V i#n (f),j#m (i)
Obviously, all these definitions depend on the graph G, but for simplicity we
do not write this dependency.

Proposition 6.1. Let G be such that Pg holds, and let @ := ©g. For all
£ € (0, pmin), of H, H? and H? hold, and n > Cst(e, (pij, aij)ijev, |V|), then,
with lower bounded probability (only depending on e, (pij, @ij)ijev, and |V|),
foralli, j €V, k>n,

(6.1) Vig' = Vij, when i #w(j),j # m(i);
(6.2) aflal € (1—e,1+¢);
(6.3) VF > ek, when m(i) = i.

In the remainder of this section, we fix the graph (G, <) (and thus 7 = g

and the events H,’s) and € > 0. The proof consists of the following Lemmas

62 5.3 and 63

Let, for all 2, j € V, n € N,

P inf{k Vi # Vi
2,

Zn
= inflk>n: of/al ¢ (1—¢,1+¢)};

n
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= inf{k > n : VF < ek},
and let

= inf el 2= inf 2" 2= inf 73

i.GEV,itn(f),j#n (i) " dev T ieVm(@=i "

Lemma 6.2. Ifn > Cst(e, (pij, aij)ijev, |V]), then

Ty = T;/\r,f/\r;j’.

P(Té > 2 AT | Fy, Hi,HfL,Hz) > exp <—4|V|2ma§{aij}5_4) .
1,]€
Proof. Assuming n > Cst(e, (pij, aij)ijev, |V]),
(Vi)

P(ri>minnd| FuHLHLH) 2 T (1= Y aupuipans
k>n i,jrin(f),g#m (i) ¢

_3maxi,jev{aij} Z n
2 oo AN
’LJ:’L#T((]),]#W(Z)JC}”

> exp (—4|V|2 max{aij}s_4> .
1,j€V

= exp

Lemma 6.3. Ifn > Cst(e, (pij, aij)ijev, |V|) then, for alli eV,
]P’(THQ,Z' > T AT | Fo, HY HZ, Hg) > 1—2exp(—Cst(e)n).

Proof. Fix i € V, n € N, and assume w.l.o.g. that 7 (i) # i.
Let, for all 7 € V and k > n,

k. Y/n k n
VISV ) (Vi = Vi),
145
which is equal to ij as long as k < 7.
Let, for all kK > n,

~

k
Wy :=log AVZ ,
VE
(%)
and let us consider the Doob decomposition of (W )xsn:
Wi =Wy + Ay + Uy,
:
A=y E(W; = Wi |Fj),

j=n+1
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In the following computation, we write u = O(v) if |u| < v, for all u,v € R.
Assume that H!, H? and H? hold, and that k < 7,,: then, using that, for all
J 2 7 (0), Pinti) Gin(s) = Djm(i) Qi)

|Apyr — A = [E [ Wiy — Wi | Fil |

‘/;I:rz) i 1 k
= |Qix(i)Pir (i) Vk (1+|:|((V) )

=Y aon, Vk’ Vet (14 (v, )
J J V! (VW(1)> (2)

3R (3)

_ Qin(i)Pin(i)

1+k™ 1/2[](Cst( (pij; az’j)i,jGV7 V1)

k
Vrr(z
Vi
=Y (14 E7PO(Cst (e, (pig, aig)igevs V1)) T
(i) o
= k3P0 (Cst(e, (pigs aig)ijevs V1)),
where we use that, for all j < 7 (i),
Vi, Vi,
(64) % =102 V—l(c(); — 1| <k7V2cst(e, (pij, aig)ijev, V).
J (2

3R (i)
Therefore, for all £ > n
1Al < n_l/QCSt(E (pij» aij)ijev, [V]).

Let us now estimate the martingale increment: |Uy,; — Uy| < Cst(e)k™!
(since |Wii1 — Wi| < Cst(e)k™!), so that [I2, Lemma 7.4] (stated here as

Lemma implies

<sup Wy — U, [Lpery < 6/2) > 1— 2exp(—Cst(e)n),

k>n

which completes the proof. 0

Recall the definition (3.17)) of wyiy,.

Lemma 6.4. If ¢ € (0, wmin) and n > Cst(e, (pij, aij)ijev, |V|) then, for all
i € V such that w(i) =i (i.e. 1 € Ng),

IP( sl g2 |fn,H;,Hg,H§> > 1 - 2exp(—Cst(e)n).
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Proof. Let n € N, assume that H!, H? and H? hold, and fix 7 € V such that

7(i) = i. Let us consider the Doob decomposition of (V*)j=y:

V=V 4+ &)+ 2,
k
Opi= Y BV =V Fa).

j=n+1

Now, for all n > 0, if n > Cst(n,¢) and k < 7,, 1} implies
)2
(I)kJrl - (I)k =E (‘/ik+1 - ‘/;k | fk Z Clung Vkvk / Wmin — 1],

if n > Cst(e,n, p, a,|V]).

Let us now estimate the martingale increment: let, for all p > n

p—1 — —
Sk+1 T Sk
=D Ok
k=n
Then, for all p > n

= D, ten—xwk=— Y xe+{@—1Dxp

n<k<p—1 n<k<p—1

This implies, using [I2, Lemma 7.4] (see Lemma and |21 — 2k < 1
for all k£ > n, that for all ¢ > 0

P (Vk=n, VF > (2e—nn+ (k—n)(hwn —n) | Fn)

>P (sup <n| fn) >P (sup Ixk| < g |.7-"n> > 1 —2exp(—Cst(n)n);
k>n

p=n

| [1]

we choose 7 = min(e, hyin — €), which completes the proof.
0

The following Lemma states an exponential inequality for martingales
(see for instance [12], Lemma 7.4 for a proof).

Lemma 6.5. Let (yx)ren be a deterministic sequence of positive reals, let
G := (Gn)nen be a filtration, and let (M, )nen be a G-adapted martingale such
that |My 11 — M,| < v, for alln € N. Then, for alln € N and A > 0,

/\2
P (sup M, —M,) =\ gn> < exp <——> )



1]

[21]

[22]
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