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The perspective of probing quantum many-body systems out of equilibrium under well controlled conditions
is attracting enormous attention in recent years, a perspective that extends to the study of fermionic systems.
In this work, we present an argument that precisely captures the dynamics causing equilibration and Gaussifi-
cation under quadratic non-interacting fermionic Hamiltonians. Specifically, based on two basic assumptions
— the initial clustering of correlations and the Hamiltonian exhibiting delocalizing transport — we prove that
systems become locally indistinguishable from fermionic Gaussian states on precisely controlled time scales.
The argument gives rise to rigorous instances of a convergence to a generalized Gibbs ensemble. This argument
is general enough to allow for arbitrary pure and mixed initial states, including thermal and ground states of
interacting models, and large classes of systems, including high-dimensional lattice and classes of spin systems.
Our results allow to develop an intuition of equilibration that is expected to be generally valid, and at the same
time relates to current experiments of cold atoms in optical lattices.

Despite the great complexity of quantum many-body sys-
tems out-of-equilibrium, local expectation values in such sys-
tems show the remarkable tendency to equilibrate to station-
ary values that do not depend on the microscopic details of the
initial state, but rather can be described with few parameters
using thermal states or generalized Gibbs ensembles [1H3].
Such behavior has been successfully studied in many settings
theoretically and experimentally, most notably in instances of
quantum simulations in optical lattices [2} |4, 5]].

By now, it is clear that, despite the unitary nature of quan-
tum mechanical evolution, local expectation values equilibrate
due to a dephasing between the eigenstates [3} [6H11]. So far
it is, however, unclear why this dephasing tends to happen
so rapidly. In fact, experiments often observe equilibration
on time scales independent of the system size [, [12]], while
even the best general theoretical bounds diverge exponentially
[2L [11]]. This discrepancy is known as the problem of equili-
bration time scales.

What is more, only little is known about how exactly the
equilibrium expectation values emerge. Due to the exponen-
tially many constants of motion present in quantum many-
body systems, corresponding to the overlaps with the eigen-
vectors of the system, there seems to be no obvious reason
why equilibrium values often only depend on few macro-
scopic properties such as temperature or particle number. In
short: It is unclear how precisely the memory of the initial
conditions is lost during time evolution.

To make progress towards a solution of the two problems
introduced above, it is instructive to study the behavior of non-
interacting particles captured by so-called quadratic or free
models, which provide a guideline for understanding these is-
sues in significantly more depth. Thermal states of these mod-
els are fully described by the correlation matrix and are hence
instances of so-called Gaussian states, which are thus partic-
ularly simple to describe. While studying the time evolution
of such states provides valuable insight into the spreading of
particles and equilibration, it does not explain how the state
ends up appearing Gaussian in the first place.

In this work, we address this question: We show that after

Figure 1. Illustration of the Gaussification process. Expanding a
time evolving local operator in the basis of creation and annihila-
tion operators allows us to separate Gaussian (two body, dark blue)
and non-Gaussian (multi-body, bright red) contributions to its ex-
pectation value in states with exponential clustering of correlations.
Delocalizing transport leads to an algebraic suppression of the non-
Gaussian contributions in time.

a short and well controlled relaxation time very general non-
Gaussian initial states become locally indistinguishable from
a Gaussian state with the same second-moments. This mech-
anism is much reminiscent and shares many features of actual
thermalisation, in that an initially complex setting appears to
be convergent to a state that is captured by astoundingly few
parameters only. In this way, we present a significant step
forward in the theory of equilibration of quantum many-body
systems that have been pushed out of equilibrium.

Our results hold for a remarkably large class of initial con-
ditions, including ground states of interacting models, evolv-
ing in time under a quadratic fermionic Hamiltonian with fi-
nite ranged interactions. This family of Hamiltonians notably
includes the case of non-interacting ultra-cold fermions in an
optical lattice. By virtue of the Jordan-Wigner transforma-
tion our results also apply to certain spin models. We for-
mulate our results in form of a rigorous proof, which at the
same time provides an intuitive explanation for this result. In
particular, we identify two natural assumptions, namely expo-
nential clustering of correlations in the initial state and what
we call delocalizing transport, which provide the basis for our



proof and are immediately connected to the intuition underly-
ing equilibration.

Setting. Let L be a d,-dimensional cubic lattice with V'
lattice sites. We restrict to cubic lattices purely for nota-
tional convenience, all results can be straight forwardly gen-
eralized to Kagomé, honeycomb, or other geometries. Re-
stricting ourself to spin-less fermions, again purely out of
notational convenience, each site »r € L is associated with
a fermionic orbital with fermionic creation and annihilation
operators f and f.. We collect all of them in a vector

c = (f1, f{r, v, f‘T/) The Hamiltonian of a quadratic
fermionic system is then of the form
2V
H = Z C;f- hj7k Ck, (D)
Ji.k=1

with h = hT its hermitian Hamiltonian kernel. The time evo-
lution of the annihilation operator in the Heisenberg picture
under such a Hamiltonians is given by (see Appendix [A])

2V
cj(t) = el c;e I = Z Wk (t) ci (2)
k=1

with the propagator W (t) := e2th,

Next we introduce the concept of Gaussian states and Gaus-
sification. Define the correlation matrix v of a state p as the
matrix of its second moments, i.e., y; 5 = tr(p c} k). A con-
venient characterization of Gaussian states is the following:
They are the states that maximize the von Neumann entropy
given the expectation values collected in the correlation ma-
trix (see also Appendix [C I). For every state p, we hence de-
fine its Gaussified version pg as the Gaussian state with the
correlation matrix of p, i.e., tr(pa c;f ck) = tr(p c;( Ck)-

Assumptions. Our main theorem holds for initial states
(including non-Gaussian ones) with a certain form of decay
of correlations that evolve under quadratic Hamiltonians that
exhibit a certain form of transport. We now make these two
conditions precise, starting with the correlation decay:

Definition 1 (Exponential clustering of correlations). We say
that a state p exhibits exponential clustering of correlations
with length scale £ > 0 and constant Ccyyst, > 0 if, for any
two operators A, B with || A|| = || B|| = 1, we have

|tr(p AB) — tr(Ap) tr(B p)|

< Cotust supp(A) supp(B) e~ /e, ©

Here d(A, B) is taken to be the natural distance on the
lattice between the supports supp(A4), supp(B) of A and B
and || - || denotes the operator norm. The above definition is
slightly less demanding than the standard definition of expo-
nential clustering of correlations (we allow for a scaling with
the volume of the supports rather than just their surfaces) and
a wide classes of physically relevant states exhibit this form of
correlation decay. It is important to stress that the initial state
is not assumed to be a Gaussian state. It may for example per-
fectly well be a ground state of an interacting gapped model

0 Spreading of an annihilation operator 1.0

. 0.9

50 £ 08

§ 0.7
) 0.6 <

o g

g100f £ \ 05 &
£ = ~
= < Time log (1) 04=

03
150

0.2
/ 0.1

P
2000 20 40 60 80 100 120 140 0.0

Lattice site s

Figure 2. Numerical study of the spreading of the support of a single
fermionic annihilation operator described in Eq. () under the evolu-
tion of the free hopping Hamiltonian H = — 3, (f;-rfjH + f;+1fj)
with unit hopping amplitude on a one-dimensional chain of 150 sites
with periodic boundary conditions. The blue color denotes the modu-
lus of the evolution matrix elements W75 1 (¢) of a fermionic operator
initially supported on site 75 in the center of the chain. The support
expands ballistically creating the Lieb-Robinson cone. Within the
cone the support is distributed fairly evenly. The maximal value, in-
dicated by the smoothed blue curve, is encountered at the wavefronts
and suppressed by at least t~1/3 as shown in the inset. The suppres-
sion stabilises, once the wavefronts collide.

[[13} [14] or a high temperature state of a locally interacting
non-quadratic fermionic system [[15].

For our proof of local relaxation towards a Gaussian state
we further assume that the Hamiltonian exhibits transport in
the following sense:

Definition 2 (Delocalizing transport). A quadratic Hamil-
tonian with propagator W on a dp-dimensional cubic lat-
tice of volume V exhibits delocalizing transport with con-
stant Cyans > 0 and recurrence time tre. > 0 if, for all
t € (0,tRrec), we have that

Vik:  [Wjk(t)] < Crvans max{t~%e/3, V=4c/3} (4

The intuition behind this definition is that an initially lo-
calized fermionic operator will spread over a large area, such
that its component on a single localized operator is dynami-
cally suppressed. For our main result any exponent smaller
than —d . /4 is sufficient. The choice of the exponent —d /3
in the definition is justified by the fact that this is what can be
shown to hold for important classes of models: Quadratic hop-
ping Hamiltonians with constant on-site potential (see Fig. 2]
and Appendix[B 1)), as well as the critical Ising model (see Ap-
pendix show this kind of transport, as well as numerous
others.

The recurrence time takes into account that any non-trivial
bound of the form (@) is eventually violated due to the re-
current nature of the dynamics of finite dimensional quantum
systems. For free hopping Hamiltonians, it can be shown that
the recurrence time grows at least like a power-law with the
system size V' (see Appendix [B2), but it is usually exponen-
tially large.



Main result. 'With the above definitions our main result
can be stated as follows:

Theorem 1 (Gaussification in finite time). Consider a fam-
ily of systems on cubic lattices of increasing volume V. Let
the initial states exhibit exponential clustering of correlations
and let the Hamiltonians be quadratic finite range and have
delocalizing transport. If all constants are independent of
the system size, except the recurrence time tre., which in-
creases as some function of V, then for any local opera-
tor A on a fixed finite region and error ¢ > 0 there ex-
ists a relaxation time trelax > 0 independent of the system
size such that for all times t € [tRelax, tRec] it holds that
| tr[A(t) p] — tr[A(t) pal| < e

The theorem states that for all times in [tRelax, tRec) it Will
be impossible by any local measurements on .S to distinguish
the true state p from the fermionic Gaussian state pg, which
has the same second moments as p. Note that since tRejax
is independent of the system size, but tg.. increases with
its volume, for any e there always exists a system size such
that tRec > tRelax and the interval where the theorem applies
grows as a function of the system size. We complement this
analytical and rigorous approach by a tensor network simula-
tion, the results of which are depicted in Fig. [3] which clearly
shows the algebraic suppression of non-Gaussian feature in
time.

The argument can be understood as a fermionic quantum
central limit theorem [[16] emerging from a dynamical evolu-
tion, in that the second moments are preserved and the higher
cumulants can be proven to converge to zero in time. The key
steps in the proof, to be presented in the following, can be
understood from intuitive physical considerations. They are
based on three main ingredients: the finite speed of propaga-
tion in lattice systems, the homogeneous suppression of ma-
trix elements of the propagator due to delocalizing transport,
and the exponential clustering of correlations in the initial
state. For the full proof with all details of the involved com-
binatorics we refer the reader to Appendix (see Appendix [D 3]
for an overview). The proof shares some intuition put forth on
the equilibration of harmonic classical chains [[17].

Proof. We expand the local operator A supported in a fixed
finite region .S in the basis of fermionic operators. To that end
let S == {s,} for r € [2|S]] = {1,...,2]5]|} be the set of
indices of all elements of the vector ¢ with support in S, then

1

At) = Z by oo ) Coy () ...052‘5‘(15)1”‘“5‘ NG

b1,...,b2;5=0

Without loss of generality we can assume normalization

|A|l = 1, such that all of the 22I5 coefficients satisfy
|ab1,... bom | < 1. Thus
[ tr[A p(t)] = tr[A pa(2)]| (6)

< 22151 max

| oI Wa 00, - ]|

(kj)jes€l2v]*!!

Here and in the following all products are meant to be pre-
formed in increasing order.

We assumed that the Hamiltonian has finite range interac-
tions, i.e., there exists a fixed length scale [y, such that when-
ever (j, k) > ly it holds that hj; = 0, where we have used
the shorthand d(j, k) := d(c;, ¢ ). Such models satisfy Lieb-
Robinson bounds [[18], which in our free fermionic setting can
be stated as follows:

Lemma 2 (Lieb-Robinson bound for quadratic systems [[19]).
For any quadratic fermionic Hamiltonians H with finite range
interactions there exist constants Cyr, p,v > 0 independent
of the system size such that its propagator W fulfills the bound

|Wj,k(t)\ < CLReu(v\tlfd(j’k)) ) (7

The Lieb-Robinson bound tells us that ¢;(t) and ¢y (¢) es-
sentially still have disjoint support as long as ¢ is small enough
such that v|t| < d(j, k). We can hence restrict the sum in
Eq. (6) to those k; whose min _gd(k;,s) is smaller than
(v + 2v,)[t] for some fixed v, > 0. The total contribution
of the neglected terms can be bounded explicitly (see Ap-
pendix for details) and, importantly, is independent of V'
and exponentially suppressed in |v, t|.

For each of the remaining summands in Eq. () it is now
important to keep track of the distribution of the indices k;
inside the cone. For this purpose we define the A-partition Pa
of a subindex set J C S and sequence of indices (k;);_s as
the unique decomposition of J into subsets (patches) p in the
following way: The patches are constructed such that for any
two subindices within any given patch p there is a connecting
chain of elements from that patch in the sense that the distance
between two consecutive ¢y, with j € p along that chain is not
greater than A and the distance between any two ¢, Cr/ with
4,4 from different patches is larger than A. For each patch p
in the A-partition of a given summand in Eq. (6) we define a
corresponding operator

I:)ngj)jEP — H W‘,kj (t) ij . (8)

Jjep

We can then reorder the factors in Eq. (6) to write the product
as a product over these operators. The exponential clustering
of correlations (Definition [I]) in the initial state allows us to
factor the patches if we scale A suitably with |¢|. Concretely,
for o € {p, pc} the expectation values appearing in Eq. (6),
which we denote by (-),, can be approximated as follows

<H Plgkj)76p> ~ H <P1§k9)j€p>o_. 9)

pEPA pEPA

The error introduced in the factorization is exponentially sup-
pressed with the ratio of patch distance and correlation length
A/E.

It remains to bound the contribution from the factorized
patches that are completely inside the Lieb-Robinson cone.
Note that the right hand side of Eq. (9) can be non-zero only
if all the patches are of even size, as p and pg have an even
particle number parity. Moreover, as the second moments



Gaussification of a density-density correlator

Figure 3. Numerical study of the evolution of the nearest-neighbor
density-density correlator for a correlated initial state under the
free hopping Hamiltonian with hopping amplitude one. The ini-
tial state was obtained by a matrix-product state algorithm ground
state search of an interacting spinless Fermi-Hubbard model H =
_ Zj(f,;‘rfjﬂ + f;f+1fj) +U > nynj1 + Y, win, on 64 sites.
The system was placed at half filling with periodic boundary condi-
tions and hopping amplitude one, interaction strength U = 2, and
weak onsite disorder w; drawn at random independently and identi-
cally distributed from a Gaussian with variance 1/4. The time evo-
lution was performed by an explicit evolution of the operator in the
Heisenberg picture using Eq. (2). Shown is the difference of expec-
tation values between the initial state p and its Gaussified version
pa for a nearest-neighbor density-density correlator on sites 45 and
46 as a function of time. As indicated by the curve scaling as ¢t~ 7,
which serves as a guide to the eye, the difference is suppressed al-
gebraically. At late times, a recurrence due to the finite size of the
system occurs, leading to an increase in the difference between the
state and its Gaussified version.

of p and pg are equal, the difference of the right hand side
for o0 = p and ¢ = p¢ vanishes whenever all patches have
size 2. Hence, only partitions that contain at least one patch
of size at least 4 can contribute. The delocalizing transport
of the Hamiltonian implies that the contribution from such
larger patches however is dynamically suppressed. Whenever
|p| > 4 it holds that

[(P{kaier) | < Chopgt 19273 (10)

as long as V is large enough. The influence of possible
patches of size 2 in the same decomposition makes it nec-
essary to bound the overall contribution with an involved re-
cursive and combinatorial argument. However, effectively the
dynamical suppression stated in the last inequality allows us
to derive a bound that increases with the patch size A but is
algebraically suppressed in time ¢. The increase with A is a
consequence of the fact that allowing for longer distances be-
tween the elements of a patch increases the number of possible
patches of a given size. Finally, by choosing A = t?2/24 one
can obtain an at least algebraic suppression with ¢ of all terms
and thereby of the difference |tr(A(¢)p) — tr(A(t)ps)|. O

Physical implications and application. The Gaussifica-
tion result presented above also has profound implications
for the study of equilibration of quantum many-body systems.

Whenever the second moments equilibrate, which is often ob-
served [15, [20H24], the results imply that the full reduced den-
sity matrix becomes stationary. The quadratic models consid-
ered here constitute a “theoretical laboratory”, in which the
mechanisms of Gaussification and equilibration can be very
precisely and quantitatively characterized, and all specifics of
the processes laid out.

This does not mean that the physics we address is very spe-
cific to precisely these quadratic Hamiltonians: Quite to the
contrary, we expect the fundamental mechanisms underlying
the result — local relaxation due to transport and initial clus-
tering of correlations — to be generic and the reason for re-
laxation in a wide classes of interacting models [25]. The in-
tuition, reminiscent of a quantum central limit theorem, that
incommensurate influences of further and further separated
regions lead to mixing and relaxation is then expected to still
be valid. It is also important to stress that our main theorem
equally applies to mixed initial states, such as thermal states,
which are relevant in present day experiments with ultra-cold
fermions [26H29]].

Returning to the specifics of quadratic Hamiltonians, the re-
sult derived here can be interpreted in yet another way: It con-
stitutes a rigorous proof of convergence to a generalised Gibbs
ensemble (GGE). Fermionic Gaussian states are the maximum
entropy states given their second moments so that the result-
ing state can be captured in terms of a GGE with suitable La-
grange parameters. The same holds true for the integrable spin
models that can be mapped to the type of fermionic models
considered here. The results complement insights on bosonic
systems [6} 30] and are expected to largely carry over to con-
tinuous settings as well in which a convergence to a Gaussian
generalised Gibbs ensemble has been observed [? ].

Conclusion and outlook. In this work we have established
an understanding of how systems quenched to non-interacting
fermionic Hamiltonians locally converge to Gaussian states.
Out of equilibrium dynamics is identified as having the ten-
dency to bring systems locally in maximum entropy states
given the second moments. This holds even if the initial state
was far from being a Gaussian state, e.g., a ground state of a
strongly interacting model. This is achieved based on just two
natural assumptions: A form of delocalizing transport in the
model and exponential clustering of correlations in the initial
state. Otherwise the initial state can be completely general. It
is the hope that the present work will serve as a stepping stone
to gain further insights into the relaxation dynamics of more
complex quantum many-body systems and the consequences
of the suppression of transport in, for example, localizing sys-
tems.
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Appendix A: Majorana operators and time evolution in free fermionic systems

In this appendix, we formulate the Majorana operator description that allows to conveniently derive the operator governing
transport in the system. We introduce the Majorana operators as

maj_1 = (f] + £;)/V2, (Al)
ma; =1(f] — £;)/V2, (A2)
which are collected in a vector m = (my, ..., may ) [31]. The vector ¢ of creation and annihilation operators used in the main

text and m are related by the unitary transformation

1 N[ 11
Q._ﬂ§?<_ii), (A3)

as m = Qc. The Majorana operators are Hermitian and satisfy the anti-commutation relations {m;, my} = J, for j, k €

[2V] == {1,...,2V}. The algebra generated by those operators constitutes a Clifford algebra. Linear transformations of the
form
2V
mi= Y Ojxm, O €SOQ2V) (A4)
jk=1

transform a vector of legitimate Majorana operators to a new such vector.
The most general form of a Hamiltonian considered in this work can be written in terms of the Majorana operators as follows

2V
H=i Z mjKjJka, (AS)
k=1
where K = — K7 is real and anti-symmetric. It is straightforward to relate such Hamiltonians to the ones expressed in the form

of Eq. (T). The kernel K can be obtained form h via K = —i Q h QF.

Time evolution can be captured conveniently in the Majorana operator formulation. Using the Baker-Campbell-Hausdorff
formula, that K is anti-symmetric, and the algebraic structure of the Majorana fermions, one arrives at the following expression
for their time evolution in the Heisenberg picture

2v 2V
m;(t) = eflm e Ht = Z(thK)Lk my = ZLj,k(t) mg, (A6)
k=1 k=1

where L(t) := e?*X. Now notice that as the propagator defined in the main text is related to L(t) via

W(t)=Q L(t)Q (A7)
and hence
2V
ci(t) =Y Wik(t) ek (A8)
k=1

as claimed in the main text.

Further, we introduce some general notation which we will use in the following for any given operator A that is supported on
aregion S. For this set, let S == {s1,-- -, 52|S‘} with 51 < s2 < ... < sg)5| be the set of indices of fermionic basis operators
in S. Similarly as in Eq. (3) in the main text we can then expand A as

1
b
A= Z a({s, : b, =1}) cgi e Caygl s (A9)
b1yenesba) s =0
with a({s, : b, = 1}) = ay, ..

the region S. We can hence group the summands according to the subset J of indices from S for which a given term actually
contains a fermionic basis operator and write it as a sum

A= "a(N)A;, (A10)

Jc8

.bsys - The sum in Eq. (A9) goes over all possible configurations of fermionic basis operators on



with

Ay ::ch. (A11)

jeJ

Here, as well as everywhere where such expressions appear, we assume that the product over j is ordered according to the lattice
ordering. The time evolution of A is then given by A(t) = >~ ;s a(J) A;(t) with

Aj(t) = Z (H Wj,k:j (t) ij> . (A12)
x|J|

(kj)jcs€[2V] ies

Appendix B: Transport

In the following we show that our definition of delocalizing transport (Def. [2) is matched by two prototypical examples: the
fermionic nearest neighbor hopping model as well as the fermionisation of the Ising model. Our proofs rely on the following
Lemma [30].

Lemma 3 (Spreading for hopping models). Given the real V x V matrix

01 1
101
mM=| 101 : (B1)
10
1
we find for all 0 < t < V6/7
- 37
—itM
|(€ )J k| > |t|1/3 (B2)

We begin with free hopping Hamiltonians.

1. Transport in fermionic nearest neighbor hopping models in square lattices

Consider fermionic hopping models, i.e., systems whose Hamiltonian is a linear combination of terms of the form fJT S
Instead of the general quadratic form (I}, the Hamiltonian can then be written as

14
H=" fIMfx. (B3)

7,k=1

with M a real and symmetric matrix, i.e., M = M7 . The time evolution of fermionic annihilation operators in the Heisenberg
picture is then given by

14
fi(t) = f e =N "N 1 (8) fi, (B4)
k=1

where N (t) := e ™!, To connect this to the notation used in the main text, note that with P the permutation matrix that acts as

(Fio f e s B = P(fy o fos o 1. (B5)

the Hamiltonian from Eq. (B3)) can be written in the form of Eq. (T) by adding an appropriate constant and setting
1
h=5P (M @ —M) PT. (B6)

N (t) is then related to W (¢), via
W(t) = P(N(t)® N(t)")PT. (B7)



Now consider the particularly important case of nearest neighbor hopping on a square lattice of spacial dimension d, with V'
sites, periodic boundary conditions and unite hopping strength. Writing the Hamiltonian as in (B3) the coupling matrix M of
this model can be decomposed into a sum over the different d, spatial directions as follows

de—1
M= 19F@ MM @18k, (B8)
k=0
with
01 1
101
10
1

For such models we can bound the spreading as follows:

Lemma 4 (Spreading for fermionic hopping models). For the fermionic nearest neighbor hopping model on a square lattice of
spacial dimension dp with periodic boundary conditions there is a constant C'ryapns > 0 independent of volume V' of the lattice
and the recurrence time tre. = V7% such that for all t €]0,trec] it holds that

Vj, k |W],k(t)| < CTrans t_d£/3~ (BlO)

Proof. From the structure of the Hamiltonian it follows that N (t) = (ei(de—DteiM V)@de where M (1) agrees up to a sign with
the matrix in Lemma 3] From Lemma [3|we obtain that for all 0 < ¢ < tpe. = V%74 and j, k

37de
N < 75 (B11)
This bound is inherited by W as IV and W are related by a permutation of rows and columns. O

2. Spreading in the Ising model

In this appendix, we discuss the 1D Ising model and specifically show that the required conditions of transport are satisfied at
criticality. Its Hamiltonian for V sites is

\4 \4
His ==Y X;jXj1-9) 7, (B12)
j=1 j=1

where X, Z; are the Pauli matrices supported on site, j and g are a real parameter, and we adopt periodic boundary conditions.
For convenience we restrict the discussion to V' even. Invoking the Jordan-Wigner transformation [32]], this spin system can be
mapped to fermions, using the substitutions

Zi— fif] = £l =1-2n;, ®13)
1
Sj = 5(X; = ¥;) = [T =200, B
I<j
1
St =5 (x5 +ivy) = [Ja - 2n)f] (B15)
I<j

where S; is the spin annihilation operator associated with site j and n; = f; f;j denotes the usual fermionic number operator.
After this transformation, the Ising Hamiltonian takes the form,

Y 1%
His ==Y (1 + )0 = 20)(fley + fi0) — 9> (1 —2n)) (B16)
=1 =1
V V

==Y (I =+ fie) —9) (1 —2n) . (B17)
j=1

j=1



Using the Majorana operators introduced in Appendix[A] we can rewrite the Hamiltonian as

V-1 v
His =i Z(m2jm2j+l — Maj1Maj) — ig Z(mzjm2j—l — Maj_1Maj). (B13)
j=1 j=1
That is, it is of the form
2V
H=i Z m; K xmy (B19)
Jik=1
with
0 g
—-g 0 1
-1 0 g
K= —-g 0 1 . (B20)
-1 0

In what follows, we will consider a special case. First, we will set g = 1, corresponding to the critical Ising model. Second, we
will make use of periodic boundary conditions, to render the discussion simpler. The model actually considered, therefore, is the
Hamiltonian (B19)), with the circulant kernel

0 1 -1

K= -1 0 1 . (B21)

For this model, essentially the same statement as above holds true.

Lemma 5 (Spreading for the critical Ising model). For the one-dimensional fermionic model in Eq. and corre-
sponding to the critical Ising model with V even, there is a constant Cyans > 0 such that for all t €)0, trec| with the recurrence
time tree = (2V)%/7 /2 we have

‘Wy,k(t)| S CTranst_1/3 Vj7 k. (B22)
Proof. The proof follows again from Lemma[3] For V' even we can relate the coupling matrix K in (BZI)) to M by
iM=Q'KQ (B23)
with Q = diag(1,i,—1,—i,1,...,—i). We then find for all 0 < ¢ < (2V)%/7/2
; 37
Lik(8)] = ()] = [(QTe* 5 Q) k] = [(€*™) 1] < |2t[1/3° (B24)
From the block structure of €2 in Eq. follows directly
37
Wik(t)] < 2——7. B25
Wik(0)] < 257 (®25)
O

Appendix C: Fermionic Gaussian states and clustering of correlations

In this appendix, we consider Gaussian fermionic states. We first demonstrate that they can be thought of as maximum
entropy states given a correlation matrix. Moreover, we investigate the Gaussified version of states with exponential clustering
of correlations. By using the exponential decay of second moments, we show that also the Gaussified version of the state shows
such a correlation decay.



10
1. Gaussian states as maximum entropy states

In this subsection, we show that fermionic Gaussian states are the maximum entropy states given the second moments of
fermionic operators, which we state here for completeness of the argument. That is to say, the state the system locally converges
to can be seen as a proper generalised Gibbs ensemble (GGE), with the constants of motion being provided by the second
moments.

Lemma 6 (Gaussian states as maximum entropy states). For a given correlation matrix v € C?V>2V,

po = argmax {S(p) :v(p) =}, (CI)

where p is a quantum state and ~y(p) its correlation matrix.

Proof. This statement follows immediately from the positivity of the quantum relative entropy. For an arbitrary state p and the
Gaussian state pg with the same correlation matrix, we have

0 < S(pllpe) = =S(p) — tr(plog(pa))- (C2)

Since pg is a Gaussian state, it can be written as pg = e for a suitable Hermitian & that is quadratic in the fermionic operators,
which means that

tr(plog(pc)) = tr(pc log(pa)) = —S(pc), (C3)

from which the assertion follows. ]

2. Clustering of correlations of Gaussified states

In this subsection we show that given a state p that exhibits exponential clustering of correlation as defined in Def. [I] its
Gaussified version p¢ inherits the exponential clustering of correlations with a changed scaling of the pre-factor with the support
of the considered operators. We proof this statement by the aid of Wick’s theorem which connects higher to second moments
for a general Gaussian state. Precisely, Wick’s theorem can be stated as follows.

Lemma 7 (Wick’s theorem [33])). A Gaussian state p¢ fulfills

([ [ cipcl = PEY“lins - vin]) (C4)
k=1
where
tr(ci, ci,pa) fora < b,
Yelit, . yinlay = § — tr(ei, i, pa) forb < a, (C5)
0 else.

Given a state with exponential clustering of correlations also its Gaussified version will show clustering of correlations in
following sense:

Lemma 8 (Weak clustering of correlations for Gaussified states). Let p be a state that exhibits exponential clustering of corre-
lations according to Definition[I|with constants Cciust, & > 0, then for all operators A, B with | A|| = || B|| = 1 its Gaussified
version pg satisfies

|tr(pg AB) — tr(Apg) tr(B pa)| < Corust 4l supp(A)|+\supp(B)\(| supp(A4)| + |Supp(B)Dlsupp(A)Hlsupp(B)lef d(A.B)/¢
(Co)

Proof. Note that we can assume without loss generality Copusie™ 445B)/€ < 1 as otherwise the trivial bound | tr(pg A B) —
tr(A pg) tr(B pe)| < 2 concludes proof.
We decompose a general operator supported on supp(A) and supp(B) as in Eq. (AT0) into the fermionic operator-basis

A= Z a(K) H Ck (C7)

K Csupp(A) keK
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and

B= > b)) ]]e (€8)

JCsupp(B) JjeJ

correspondingly. From || A|| = 1 = || B]| follows |b(J)| < 1 and |a(K)| < 1 for all corresponding J and K. Using the triangle
inequality, we can therefore write

[tr(pe AB) — tr(A pg) tr(B pg)| < 2/5PPAsweeBl max tr(pe ] ex [T es) = te(]] expa) te([] ¢i00)] -

K Csupp(A), . :
JCsupp(B) keK  jeJd keK jeJ

(C9)
Assuming that the maximum is attained for the sets J’ and K’, Wick’s theorem allows us to write the expectation values in terms
of second moments:

|tr(pe AB) — tr(A pg) tr(B pg)| < 215 PP BN PEe(k) e ger, (5)jea] — PEY[(R)kerr] PEY[(5)jer]. (C10)

Note that from the definition of ¢ in (C3)) follows that v°[(k)ke k-, (j)je ] decomposes into blocks according to

FIWrerr, Gier) =7 [(Rrer] &[0 ser] + (%T {f) . @t

As F contains only second moments of which one operator is supported on supp(A) and the other on supp(B) we obtain from
the exponential clustering of correlations of p that |Eq | < Cciuste™ d(A,B)/¢ Expanding therefore the Pfaffians in Eq.
yields that each term either appears in both terms of the difference and cancels out or that it contains at least one element of £/
as a factor. Counting the number of terms in the expansion of the Pfaffians gives that the sum contains

(2[| supp(A)| + | supp(B)[] — 1)!! < 2/ suPpDIFIswp(B)(| supp(A)| + | supp(B)])wPP(A)I+Isupp(B)] (C12)
many terms which yields the final bound

|tr(pag A B) — tr(A pe) tr(B pa)| < Copuse 415 PPAIHISPB) (| supp(A)| + | supp(B)])IsPp()IHIsupp(B)g— d(A.B) /€
(C13)
O

Appendix D: Details of the proof of Theorem /I

In this Appendix we provide all the details of the proof of our main result Theorem [T} We proceed as follows: In Section[D ]
we bound the error introduced by truncating to the Lieb-Robinson cone. In Section[D 2] we introduce the necessary concepts and
notation to then in Section[D 3|bound the error made by factorizing expectation values into a products of local contributions from
different patches. In Section[D 4] we use the properties of delocalizing transport to show a bound on the remaining non-Gaussian
contributions to the expectation value. Finally, in Section[D 5] we assemble all the parts of the proof and state a more technical
version of the main theorem.

1. Truncating to the Lieb-Robinson cone

We decompose a general operator supported in the region S according to Eq. (AT0). Without loss of generality we can assume
that A is normalized, i.e., || A|| < 1, which implies |a(.J)| < 1 and so in the following we concentrate on the individual terms of
the form given in Eq. (AT2). We will demonstrate that sums over time evolved fermionic operators in Eq. (AT2) can be truncated
to an enlarged Lieb-Robinson cone up to an error that decays exponentially with time. Rather than summing over all possible
index positions k; € [2V] it is then sufficient to only sum over positions inside this enlarged Lieb-Robinson cone. We will
require the following auxiliary lemma:

Lemma 9 (Norm bound on restricted sums of fermionic operators). Let I C [2V] and W € U(2V') be unitary. Then for all
je2v]

<1. (D)

Z W',kjckj

kel
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Proof. The proof can be carried out with straightforward norm estimates and using the normalisation of the two-point correlator
~. We begin with

Z Wik, ck, || = sldl)p (] ZW],T] ¢, Z Wik, cr, |) = sup Z Z Wir, (]c chk [y Wik, . (D2)

kel | =y kel r el kel
g ¥y ll=1 ! ! HW)H 17

We now rewrite this as a matrix multiplication on the index space

Z Wik;cr, || < sup G| WPyPWT|j) (D3)
kjel

where |j) is a vector on the index space, Py denotes the projector onto the interval I and y denotes fermionic correlation matrices.
A straightforward norm estimate and using that ||-y|| < 1, as every fermionic mode can be occupied by at most one particle, gives

> Wiker, | < WP AP W <1, (D4)
kjEI

which concludes the proof. O

As introduced in the main text, we then denote by d(A, B) the shortest distance between the supports supp(A), supp(B) of
two operators A and B. For k1, ks € [2V] we then define the distance d(k1, k2) = d(ck,,ck,). Note that d defines only a
pseudometric on [2V] as for k1, ko € [2V] with ¢, = f, and cx, = fI we have k1 # k but d(k1, k2) = 0.

Given a pseudometric, we define a ball around a set as follows.

Definition 3 (Ball around set). Givenl > 0, a set M with pseudometric d and J C M, we define the I-ball B;(J) C M around
J by

Bi(J) ={s € M :mind(j,s) <l}. (D5)
jeJ

With this, we define an enlarged Lieb-Robinson cone around a set of indices J with radius (v + 2v.)|t| for some v, > 0 and
bound the error made by restricting sums of the form given in Eq. (AT2)) to this widened Lieb-Robinson cone:

Lemma 10 (Error made in restricting to widened Lieb-Robinson cone). Given a d.-dimensional cubic lattice system with a
quadratic Hamiltonian H that satisfies a Lieb-Robinson bound of the form given in Lemma [2 with parameters Cyr, j1,v > 0.
Let v > 0 and define for any set J C [2V'] the widened cone C := B(,120,)+|(J), then there exists a constant CLr(d), such
that

< Crr(dg)|J[Pe el (D6)

Z H Wik, (t) cx,

(kj)jesgCxIIl i€

Proof. We begin by splitting the sum according to whether the first index is inside the cone or not. All other indices are free if
k;, is outside the cone, while at least one other index is outside the cone if k;, lies in it. Using Lemmal[9] we obtain

S Wi e| < | S Wik, e || TT cj<t>H

(kj)jesgCxlIljed kj, ¢C J€JI\{s}
> Wik, (), > IT Wi
kj, €€ (kj)jen iy €Cx I jeI\{j1}
> Wik, () e, > [T Wik ) e, (D7)
kj, ¢C (kj)jergi 3y ECxI7I=1 je€\{j1}
The first term in the above equation now, due to Lemma@ satisfies
v
> Wik <Cir Y, [Ba(I\Bi(J)|er 17D
kn ¢C l:(v+21}6) M
<2%tdp |J|Cget N gttt (D8)

I=(v+2ve) ||
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where we have used that the number |B;.1(J)\B;(.J)| of points in the surface of a cone with radius [ around .J in a cubic lattice
is bounded by 4 d |J| (20)%<~1. Shifting the limits of the sum then yields

> Wik, () ek, ‘ e ety 29etd, Cp D (14 (v + 2 )[t]) e e (el (DY)
kjy ¢c =0
We now define the time independent constant
Crr(de) = sup 2%+ dp Cp D (1 + (v + 20,)|t]) " e (oelth (D10)
teR+ 1—0

which can be written in terms so of the Hurwitz-Lerch-Phi function ® (also known as Lerch transcendent)

OLR(dg) = sup 2% d, Cir De ™ 1—de,(v+ 21}6)\t|)e_“”6|t| . (D11)
teR+

Inserting the estimate into Eq. (D7) and iteratively using the resulting inequality |J|-times gives the result as stated.
As argued above, the constant is directly related Hurwitz-Lerch-Phi function and can easily be explicitly evaluated for physical
dimensions ds = 1,2, 3. In one dimension, the constant takes the form

- 1
Cir(1) =4Cr 7— = - (D12)

O

2. Partitions: Tracking indices on the lattice

Using the result of Lemma [T0] we can restrict the time evolution in Eq. (AT2) to the Lieb-Robinson cone at the cost of an
exponentially suppressed error term. In this section we therefore look

= Y (TIww0a,). (D13)

(kj)jes€c*!] JeJ

the restriction of a term of the form Eq. (AT2)) to the widened Lieb-Robinson cone C = B(,12,.)¢/(/). By grouping summands
according to how close the respective indices k; are on the lattice we will rewrite AﬁR(t) as a sum over partitions of the sub-
index set J. This will later allow us to factorize certain expectation values using the exponential decay of correlations in the
initial state.

We start by introducing some notation. Given a finite non-empty set J, a partition P of J is a set of non-empty subsets
(patches) of .J, whose union is J, i.e., P == Upepp = J. We denote by m,,(P) := {p € P : |p| = m} the subset of all patches
in a partition with a given size m and by 7>, (P) = {p € P : |p| > m} that of all patches with size larger than m. We refer
to patches of size two as pairs and patches of size at least four as clusters. Partitions will be called even, if all patches in it have
an even size. We further denote by P(J) = {P : P partition of J} the set of all partitions of .J, and by P, (J) and Px.,,(.J) the
sets of all partitions into patches of size exactly equal to, or larger than m, respectively. Given two partitions P, ) we say that @)
is a coarsening of P and write Q < PifVge Qdp € P:q Cpand Q # P.

Next we introduce the notion of a A-partition of the sub-index set J. Such a partition To each configuration of indices (k;) e,
we assign a unique partition P of the subindices j such that all indices (k;),c, with subindices that lie within one set p of the
partition are connected by a path of steps with maximal length A and all indices k; corresponding to subindices in two different
sets of the partition lie more than a distance A apart.

Definition 4 (A-partition). Given a distance A > 0, a finite set J C N, a finite set M equipped with a pseudometric d, and a
sequence of elements (k;);jcy € M* 7. We define the A-partition Pa(J, (kj)jea) to be the unique partition of J which fulfills
(1) Each set in the partition is path connected by hops of length at most A in the sense that

Vp € Pa(J,(kj)jes) : Yo,y €p3z1,...,2n €piw =21,y = 2y AVi € [N — 1] : d(k.,, k., ) <A (D14)
(2) The different patches in the partition are separated by a distance larger than A in the sense that

Vp # q € Pa(J, (kj)jes) Vo €p,y € q: d(ks, ky) > A (D15)
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cluster pair pair
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k1 k7 ko ks ks ke k4 ks
——— exclusion region ] —8

Figure 4. Illustration of a A-partition of a given index configuration with A = 3 and J = {1,...,8}. To the above configuration of the
indices k1, ... ks we associate the A-partition {{1,2,5, 7}, {3,6}, {4,8}} such that a patch of size four and two patches of size two (pairs)
are formed. Around each patch exists an buffer region (shaded nodes) which separates different patches. For a given A-partition P we obtain
all possible index configurations in K by placing the patches iteratively. A placed patch will hereby create an exclusion region consisting of
the patch itself and the buffer region around it in which no further patch can be placed.

In addition, we define a compact notation for index configurations distributed over the lattice such that their A-partition agrees
with a given partition P.

Definition 5 (Index sets respecting A-partitions). Given a distance A > 0, the set [2V'] of all sites on the lattice equipped with
a pseudometric d, a sub-index set M C [2V'], and a partition P € P(J). We denote the set of sequences contained in M whose
A partitions is equal to P by

KY = {(kj);cp € M*IPV: PA(P, (k)),cp) = P} (D16)

The notation introduced above allows us to rewrite the sum over the indices (k). in Eq. (DI3) inside the cone by sorting
them according to their associated A-partition.

A= > (H Wik, (t) ck])

(kj)jesec*l’l NjeJ

Z Z H Wik, (t) Ck;

PEP(J) (kj)jeseKs J€J

> osign(P) > ] Pk, (D17)

PeP(J) (kj)jes€KS PEP

where for each p € P we have introduced a patch operator 15;’” )i <7 defined by
Plgkj)jep = H Wik, (t)ck; - (D18)
Jj€p

The sign(P) denotes the sign picked up from reordering the fermionic basis operators into the corresponding patches, where
keeping the relative order of the operators inside each patch fix.

3. Factorizing expectation values

In the last section, we have developed the formalism to group indices on the lattice according to their distribution on the
lattice and introduced the patch operators 15;’“" Ji€»  We now use the exponential clustering of correlations in the initial state to
show that expectation values of products of such patch operators can be factorized into a product of expectation values of the
individual patch operators up to a small error.

Lemma 11 (Factorizing expectation values in states with exponential clustering of correlations). Let p be a state that exhibits
exponential clustering of correlations as defined in Definition[I| with system size independent parameters Ccyss, & > 0. Let
J C [2V] and P € P(J) be a partition of J. Then for any distance A > 0 it holds that

Z <H I:);lgkj)jEp> _ H< A,gkj)jeph) < ‘J|3 Cotust |C||J|e*A/5 ' (D19)

(kj)jes€K$ | \pEP p PEP

Proof. We begin by factorizing out the contribution from the first patch p; € P. Using Lemma[J]and the exponential clustering
of the initial state, we find for a given (k;);cs € K%

P~ ) N }C]‘ JED - ) Y —
<H Pék])1€p> - <PI§1 i 1>P< H P:lgkj)]ep> < |p1| ‘P\p1|CCluste A/g . (D20)

PEP o peP\{p1} P
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Using the trivial bound |p1||P \ p1| < |J|?, iterating the step above |P| < |J| times and using that |[K$| < |C|l/! yields the
result as stated. O

From Lemmal§] follows that the same theorem applies to the Gaussified version of a state exhibiting clustering of correlations
if we allow Cgyyss to scale with the size of the support according to Copyst — Conustd!”! |J| 171,

4. Suppression of non-Gaussian contributions

In the last two sections we have bounded the error made in approximating expectation values of terms of the from given in
Eq. (AT2) by certain sums of products of expectation values of patch operators. This allows us to bound the the difference
between the left and right hand side of

tr[A(t) p) — tr(A(t) pe]l = Y _a(J) > sign(P) > [T (BSsdsery, — TTBF<0) 06 | - (D21)

Jcs PeP(J) (kj)je €S \PEP peP

It is obvious that to the right hand side only partitions P in which all patches p are of even size can contribute, as p and pg have
an even particle number parity. Moreover, as the second moments of p and pg are equal by definition, the difference between
the products also vanishes whenever all patches have size exactly 2. Hence, every contributing term contains at least one patch
of size at least 4. In the remainder of this section we now bound the contribution of such partitions to the right hand side of the
above equation. The combinatorial nature of the problem makes this a tedious endeavor. The final result is summarized in the
following lemma, which is the last result that we need before we can assemble all the parts of the proof in Section[D 5]

Lemma 12 (Bounding contributions from partitions that contain large patches). Let p be a state exhibiting exponential clustering
of correlations as defined in Definition [I|with system size independent parameters Cciust, § > 0 and p its Gaussified version.
Let A > 1, J C [2V], and P € P(J) be an even partition that contains a patch of size at least four (cluster), and m = |mwo(P)|
many patches of size two (pairs). Given that the time evolution of the system is governed by a Hamiltonian showing delocalizing
transport as defined in Deﬁnitionwith parameter Cyans, for all t € (0, min(trec, V)] and o € {p, pc} it holds that

Rp(J,m,t) = S [ Bk, (D22)

(kj)jEJGK(P:, peP
< (|C|1/4CTranst—d£/32d£+1|J|dLAdL)|J|—2m
[7]/2
« (1 + CClust|C|Qe_A/£) + 2(d5+1)|J||J‘(d5+1)\J\+1 Z (|C‘1/4CTranst_dL/3AdE)2T+4

r=0

Proof. In order to prove the above bound we separate the partition into a part containing only pairs and one containing the rest

P:WQ(P)UT('>2(P). (D23)
For every given fixed position of the indices corresponding to clusters in 72 (P), the indices corresponding to the pairs are
restricted to the set K := C \ Ba({k; }j Gm)’ as all patches are separated by a distance larger than A. Thus, we can write

Rp(J,m,t) = Z H <1515k_7’)jep>0 Z H <If>1§k_7‘)jep>a . (D24)

(k3) ;x5 € - 5P peET>2(P) (k) jerymy € Ry Py, PET2(P)
K=C\Ba({kj};czmsmy)
The homogeneous suppression due to delocalizing transport for ¢ € (0, min(trec, V)] and that |7~2(P)| = |J| — 2m implies
H ngkj)Jep < (Crryanst 4 /3)11=2m (D25)

pET>2(P)
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Using this and the triangle inequality for the first sum in Eq. (D24) we arrive at

Rp(J,m,t) < (Cryanst™*/%)l7172m > > [T (Biery,| . (D26)
(k) jerzam Kasap) | (3);emgmy€hmypy, PET(P)

K=C\Ba ({k; }jem)

At this point, the inner sum still depends on the position of the clusters, as they create an exclusion region for the pairs (see
Fig.[). Taking the supremum over such exclusion regions decouples the sum. Then bounding the possible number of positions
of the |J| — 2m indices in the |7~ (P)| clusters

(k) ;ermatpy € K5y omy| < lC|Im=2Pl (202t | g|de pde)lTI=2m (D27)
gives
|72(P)| de/39de+1) 71de Adey|J|—2m (k) jep
Rp(J,m,t) < |C|m>2 DN (Crpy st~ /320 1] J]de Ade) max > [T BFier),
(k; )JGM(P)G;C%{P) pEma(P)
< dey  4—=de/39de+1) gide Ade)lJ|—2m p(kj)iepy |
A e S LR S D o 1 (RN A
PEPy(M) |(kj)jemeky PEP
We now define
flm,t) = max max Z H Pk )761’ (D29)

McCJ:|M|=2m ICC, o
PeP2(M) |(kj)jemeKeN PEP

and apply an recursive argument to achieve a bound of the form
f(m,t) < C(m,1) . (D30)

a. Start of recursion: For the case of one pair (m = 1), by using Lemma 9] we can bound the appearing maximum as
follows

A(kj)jenm A(kj)jem
1,t) = max max P( 773 = max  max Py
F(L,1) McJ:|M|=2 ICC Z c\1< M )o MCJiM|=2 1CC | kz;cv< M )o
(kj)iem €KX ny {llll’,ll22}:]V[:7
(ki iy ) <A
H(Ekj)jenm A(kj)jem
< max max plkidie + Py
< e ma > (B, > (B,
kl17kl2€c\lv kz17kz2€C\1,
{l1,l2}=M {l1,lo}=M:
d(kll,k12)>A
<  max max(l+ |C\2001uste_A/§)
MCJ:|M|=2 IcC
2 —A
=1+ |C|*Comsie™ /¢ . (D31)

With this, we can move to setting up the recursion.

b. Setting up the recursion: To obtain a recursion formula for an upper bound C(m,t) on f(m,t) we now relax the
condition that different pairs may not occupy close-by lattice regions. If we drop this constraint, the only remaining constraint
is that paired indices k; and k;s lie close to each other, i.e. d(k;, k) < A. For any set M C J with |[M| = 2m, set I C C,
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P € Py(M) Eq. (D31) yields directly

I X (Be),| < 1+ ComlcPe2/6)m. (D32)

C\I
peP (k'j)jEPEK:{;\)}

This leaves us with controlling the difference between the constrained and unconstrained pairs and yields

m
f(m,t) < (1+ |C|2ccmstefﬁ/€) +  max max g(M, P, I), (D33)
Ach:\M|:2mP€I7§C(Ju)
2
g(M,P,I) = Z H p(k diep) H Z <]51§kj)jep>g . (D34)
(k’j)JEMEKfD\IpeP (kJ)JEPEKfI\ﬂ{

In order to get the error under control, we need the notion of a coarsening of a partition defined above [34]]. The key insight
here is that the above difference between constrained and unconstrained pairs precisely amounts to all possible coarsening of the
partition P

m—
g(M7P7]): Z Z H< 716‘7 S Z Z Z H<Plgkj)jep>g ,
QEP(M):  (k;);enmekM:  PEP w=0  QeP(M): (kj)jemekS:  PEP
v{l,l’}eP:d(kl,Zl,)gA Q>PiIm2 (@)= |y 1y e Prd (ki ky ) <A

(D35)

where we have applied the triangle inequality and sorted the coarsenings by the numbers of pairs w they have. This is almost
the original expression Rp(J, m,t) which this lemma is trying to bound, with the exception that there is still a signature left of
the fact that the clusters were created by joining pairs, such that consecutive indices have to be at most distance A apart in the
cluster. Following the same steps as above, one can show that

H(ki)jep
g(M, P,I) Z > > LLem o
w=0  QeP(M): (kj )JEMEKC\I per
Q>P,|m2(Q)|=w V{LU'YeP:d(ky,k; ) <A

m—2
D D S DY )3 [T (B,

w=0 | QeP(M): (k) jersa €Ky | (Ri)jemym €K my )y PET2(P)
Q>P,|m2(Q)|=w V{l,l’}gli:d(kz,kl/)ﬁﬁ K:C\BA%{ki}gem)
m—2
< 3 @2m)P™(ICIM A Cryanst /320 7] de Ate )220 £ (4 1) (D36)
w=0

where we used that for a finite set M, we can upper bound the number of partitions of this set by |P(M)| < |M|/™!. Thus we
obtain for the function f(m,t) the following upper bound

m—2

f(m7 t) < (1 + |C|QCCluste_A/§) + Z |J‘|J|(|C|1/4CTranst_d£/32dL+l‘J|d£Ad£)2m_2wf(wat)
w=0

m—2
< (1 n |C|QCCluste_A/§) + 2(deF DV | g|(de+D)1J| Z(|C|1/4CTranst—dL/3Ad,;)zm—zwf(w,t)

w=0
. 171/2 m—2
< (14 10 Cone™/€) " 4+ 214 DI (et DTN (04t =2/2A%2)2 44 37 ()
r=0 w=0
m—1
<a™+46 Y Clw,t) = C(m,t), (D37)
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where we overestimated by introducing the sum over r and adding the m — 1 term to the second sum and have introduced the
abbreviations

a = (1+ Cops|C[Pe™8/%), (D38)
[71/2

§ = 2(d£+1)‘J‘|J|(dlL+l)|J| Z (|C|1/4CTranst—d£/3AdC)27“+4 . (D39)
r=0

By now setting

C(0,t) == f(0,t) =1, (D40)
C(1,t)=a+6>a> f(1,t), (D41)
m—1
Ym>1: C(m,t)=a™+$¢ C(w,t), (D42)
w=0
we now have a recursively defined upper bound C(m, t) on f(m,t).
c. Solving the recursion: To resolve the recursion, we first show that
aC(m,t) < C(m+1,1), (D43)
by relying on an induction. To begin with, we have
aC0t)=a<a+d=C(1,t). (D44)
For the induction step, we use
m—1
aC(m,t) = o™ +6 Z aC(w,t) (D45)
w=0
m—1
<a™+6) Clw+1,t)
w=0

< oMt +5Z C(w,t) =C(m+1,t),
w=0
where we used the induction when moving from the first to the second line by relying on the fact that the sum only goes until

w = m—1 and we added 6C(0,t) > 0 in the last line. From this, we immediately know that C'(m, t) is monotonically increasing
as a function of m, since o > 1. This implies

C(m,t) <aC(m,t) < C(m+1,t). (D46)
This allows us to resolve the recursion by iteratively using this estimate as follows
m—1
C(m,t)=a™+65 Y Clw,t) (D47)
w=0

IN
o

™ 4 (m—1)6C(m —1,t)

o o oooml!
< amigi
; (m —j)!
S aoml|Jf
< "I ——
- ;0 (m =) j!
= (a+|J|0)™.
For f(m,t), we hence obtain
f(m,t) < (a+[J]6)™
171/2 "
_ (1 + CClust|C|2€_A/£) + |J|2(d£+l)|J||J‘(d£+l)\J\ Z (lc‘1/4CTranst_dC/3Ad£)2r+4 (D48)

r=0
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and for the original quantity considered in this lemma, this yields

Rp(J,m,t) < (IC)Y*Crrpanst ~%€/320 1| J|de Ade)lTI=2m (D49)
11/2 "
« (1 + CClust|C|2€—A/§) + |J|2(d£+1)|J||J|(d£+1)\J\ Z (‘C|1/4CTranst_d£/3AdL)2r+4 ’
r=0
which concludes the proof. O

5. Overview of the proof of Theorem/[l]

Collecting all the results of the preceding sub-sections, we can now proof the following result, which directly implies theo-
rem[I]in the main text.

Theorem (Gaussification in finite time). Let Ccrust, £, Cvans > 0. Consider a family of systems on cubic lattices of increasing
volume V' and let S be some fixed finite region of sites. Let the corresponding initial states exhibit exponential clustering of
correlations with constant Ccyusy and correlation length &. Let the Hamiltonians of these systems be quadratic finite range and
let them exhibit delocalizing transport with constant Cryans and a recurrence time tgre increasing as some function of the volume
V. Then for any € > 0 there exists a relaxation time trelax > 0 independent of the system size such that for all t € [tRrelax, tRec]
it holds that ||p° (t) — p2.(t)||1 < e

Proof. To begin with we rewrite the one-norm as

1p5(t) — P ()|l = sup tr(A(t)(p— pc)) . (D50)
AeAg

and expand the operator A in the basis of fermionic operators

1

A = D e € (O ey (1) (D51)

bi,...,b215/=0

Normalization of the operator || A|| = 1 implies that all of the 22/5I coefficients satisfy |ap, ... p,,,| < 1, thus

" (H i) (0 9) )

> tr (H Wik, (8) ek, (p— ,OG)) ‘ . (D52)

(kj)jesel2V]x1VI i€

1% (8) = p&()ll < 2% max
JcS

< 22151 max
JcS

Using the Lieb-Robinson bound stated in Lemma we can restrict the sum in the right hand side of the previous inequality to
the Lieb-Robinson cone C. This leads to an error term that is exponentially suppressed in time ¢ and we obtain

15() = pS (1)1 < 229! mag(
JCS

> tr(]‘[ Wi, (t) ex, (p = PG)) ’ +2CLr(d)| T |2e‘“”6't) . (D53)
x| J|

(kj)jes€lC] jed

We now reorder the terms in the sum according to how the indices £; are distributed on the lattice. To that end, in Section

we have introduced the concept of a A-partition. We turn the sum into a sum over all possible partitions P(J) and then, for each
partition P € P(J), sum over all possible ways K% to distributed the indices over the lattice whose A-partition coincides with
that given partition P. Partitions consist of patches and we collect the factors Wy, (t) cx, from the product over j € J into

patch operators If’;kj Ji€r for each patch p, as defined in Eq. (D18)). Together with the triangle inequality this yields

Z (<H Plgkj)jeﬂ>p - (H ngkjbep%c)‘ + QGLR(d£)|J|2€_’”]€t|> -

(kj)jeJG)C?g peP pEP

165(8) = pS0)ls < 2215 max( 3

TS \pep()

(D54)
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Lemmal(IT]allows us to factor the expectation values with respect to p and using Lemma|8]its Gaussified version p¢ into products
of expectation values of the individual patch operators. This leads to an additional error term that grows polynomially with the
size of the cone, but is exponentially suppressed in the minimal patch distance A, so that we get

5 (H (e, — ] }S’“J’”E">pc)‘

(kj)jeJEK% peEP peEP

1°(8) = p&()lln < 2°1°] ma%( >

TSI \pep()

(D55)
+ (14 2207 7 M1H3 Cpeg €| Te=2/E 4 2éLR(d£)|J|2e—We“) :

It is now apparent that partitions that contain at least one patch of odd size do not contribute to the sum as then the corresponding
patch operator does not fulfill the parity super-selection rule. Likewise, partitions that contain only patches of size two do not
contribute, as the expectation values of their patch operators are the same in p and pg. It remains to bound the contribution
from the remaining partitions. For these we cannot use cancellations between the parts coming from p and those coming from
pa, but instead bound them in absolute value. All these partitions contain at least one cluster of size at least four, which
allows us to bound the corresponding term from the homogeneous suppression of the elements of the propagator implied by
the delocalizing transport (see Definition [2). Doing this explicitly is tedious because of the interplay of contributions from
the larger patches and those of size two, and the involved combinatorics of how the smaller patches can be distributed on the
lattice. All this is done by first ordering contributions according to the number m of patches of size two they contain and then
applying Lemma[I2] which internally uses a recursive argument. It yields an upper bound on absolute value of sums of the form

> (k;);e s €KE, Hp<p,§kj )i €7), that grows with A but is algebraically suppressed with time ¢. Assuming A > 1 this yields for
pe

t < min(tree, V) the following bound

IS|
6% (8) = P (D)l < 27 (2”'“|SI” D (221 F S| |C A Copyanst 2/ A )24 [1 + ConustlC[Pe2/¢
m=0
IS| [S|
4 24(de IS+ g12ISI(de+1)+1 Z(|C|1/40TranstdL/gAd£)2r+4:| (D56)
r=0

+ 8CLr(de)| S 2e el 4 28|S|+4|S|4S|+3001ust|C|QSle_A/g> '

Recalling that |C| < 2|S|[2(v + 2v.)t + 1]9 one realizes that by letting A grow in time as A = max(1, t42/24) all terms are
at least algebraically suppressed in t. Therefore for every e there exists a critical system size from which on the bound above
decays below e for a suitable relaxation time tRelax < min(fgec, V). As the saturation of the the delocalizing transport once ¢ is
of the order of V' implies a saturation of the bound above at a value defined by ¢ = V' we set for systems smaller than the critical
system Size tRelax > tRec. It follows then that [|p° (£) — p2(t)||1 < € for all ¢ € [tRelax, tRec]- O
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