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Abstract

This paper is focused on the generalized Forchheimer flows of compressible fluids in porous
media. The gravity effect and other general nonlinear forms of the source terms and boundary
fluxes are integrated into the model. It covers isentropic gas flows, ideal gases and slightly
compressible fluids. We derive a doubly nonlinear parabolic equation for the so-called pseudo-
pressure, and study the corresponding initial boundary value problem. The maximum estimates
of the solution are established by using suitable trace theorem and adapting appropriately the
Moser’s iteration. The gradient estimates are obtained under a theoretical condition which,
indeed, is relevant to the fluid flows in applications.

1 Introduction

We consider fluid flows in porous media with pressure p, density p, velocity v, and absolute viscosity
w. The media has permeability k£ > 0 and porosity ¢ € (0,1). For hydrodynamics in porous media,
the following Darcy’s equation is usually used as a default law

—vp =Ly, (1.1)
k
However, even Darcy himself [5] noted that there were deviations from the linear equation
(CI). For instance, in the case the Reynolds number is large or fluids in fractured media, (LI)
becomes inaccurate in describing the fluid dynamics. Many work have been devoted to developing
alternative nonlinear models to Darcy’s law, see e.g. [3]. Forchheimer, in [9[10], established the
following three models:

— Vp = av + bjv|v, (1.2)
— Vp = av + blofv + c|v|*v, (1.3)
— Vp = av +dJv|™ tv, for some real number m € (1,2). (1.4)

The numbers a, b, ¢, d above are empirical positive constants. The equations (2], (L3]) and (L4])
are usually referred to as Forchheimer’s two-term, three-term and power laws, respectively. For
more models and discussions, see [3,2526,28],33] and references therein.
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From the mathematical point of view, the Darcy flows, under the umbrella “porous medium
equations”, have been analyzed intensively since 1960s, see e.g. [31] and a large number of references
cited there. In contrast, the mathematics of Forchheimer flows and their variations has attracted
much less attention. Moreover, the existing papers on this topic mainly treat incompressible fluids,
leaving compressible ones barely studied, see [28] and references therein. The current paper aims to
explore Forchheimer flows of compressible fluids using analytical techniques from partial differential
equation (PDE) theory.

The Forchheimer equations (L2), (I3]), (T4) are extended to more general form

N
—Vp = aiv[*v, (1.5)
=0

where a;’s are positive constants. Equation (L)) is called the generalized Forchheimer equation.
It is used to unify the models (L2), (L3]), (L), and as a framework for interpretation of different
experimental or field data. It is analyzed numerically in [8I21,27], theoretically in [2,[12HI5L18] for
single-phase flows, and also in [I6l[17] for two-phase flows.

For compressible fluids, especially gases, the dependence of coefficients a;’s on the density p
is essential. By using dimension analysis, Muskat [25] and then Ward [33] proposed the following
equation for both laminar and turbulent flows in porous media:

—Vp= f(vak%pa_lu2_a), where f is a function of one variable. (1.6)
Using this, Ward [33] established from experimental data that

p p :
—Vp=-v+cp—=|vlv with cp > 0. 1.7
p="totertopl (1.7
This model is widely accepted as the standard form of the Forchheimer’s two term-law.

Based on the arguments by Muskat and Ward, we proposed in [4] the following adaptation for

(C5)

N
- Vp = Z aipai ]v[o‘iv, (18)
i=0
where N > 1, ap =0 < a3 < ... < apy are real numbers, the coefficients aqg,...,ay are positive.

This equation covers the two-term case (7)), and the focus is the dependence on the density, but
not viscosity and permeability.

Equation (L8], however, does not take into account the gravity. Because of the nonlinear
density-dependence of the model, any addition of new density terms may complicate the analysis
as we will see below. Nonetheless, the gravity can be integrated into (L8] by replacing (—Vp) with
—Vp + pg, where ¢ is the constant gravitational field. Therefore, we consider

N

> aip®|v|v = =Vp + pg. (1.9)
=0

Denote by g : RT — RT a generalized polynomial with positive coefficients defined by
9(s) = aps®® +a1s™ + -+« +ans*N  for s >0, (1.10)
with ag,aq,...,any > 0. Then (L9) can be rewritten as

9(plv))v = =Vp + pg, (1.11)
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With this rule, we now follow the method in [4] to derive the basic PDE and its corresponding
boundary condition. Multiplying both sides of (III]) by p, we obtain

g(|pv))pv = —pVp + p°§. (1.12)
Solving for pv from ([[LI2]) gives
pv = —K(|pVp— p*Gl)(pVp — p°g), (1.13)
where the function K : Rt — R™ is defined for £ > 0 by
K(€)=— (1.14)

with s(§) = s being the unique non-negative solution of sg(s) = &.
Relation ([I3]) will be combined with other equations of fluid mechanics. The first is the
continuity equation
¢pe + div(pv) = F, (1.15)

where the porosity¢ is a constant in (0,1), the source term F counts for the rate of net mass
production or loss due to any source and/or sink in the media.

From (LI3)) and (LI5) follows
¢pr = div(K (|pVp — p*F)) (pVp — p°G)) + F. (1.16)

We consider below scenarios of isentropic gas flows, ideal gases and slightly compressible fluids.
Isentropic gas flows. In this case

p=c¢p’ for some constants ¢,y > 0. (1.17)

Here, v is the specific heat ratio. Note that pVp = V(&yp?*!/(y 4+ 1)). Hence by letting

1

oyt
u =

= , (1.18)
THL @
we rewrite (LI0) as
2 () = V- (K (|Vu — eu’g))(Vu — cu’q)) + F, (1.19)
where ,
1 1
A= ——€(0,1), £=2\ and c— <'Y_+ > . (1.20)
v F1 ey
The new quantity v in ([I.I8]) is essentially a pseudo-pressure.
Ideal gases. The equation of state is
p = cp for some constant ¢ > 0. (1.21)

We can consider (I.2I]) as a special case of (ILI7)) with v = 1, and derive the same equation (19
with A = 1/2. In this case, the pseudo-pressure u ~ p? which is used commonly in engineering
problems.

Although we mainly focus on gases, we also present here, in a unified way, the slightly com-
pressible fluids which is important in petroleum engineering.
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Slightly compressible fluids. The equation of state is

1d 1
S const. > 0.
pdp K
Then pVp = kVp, and by letting
u=rp, £=2 and c=1/K% (1.22)

we obtain the same equation (LI9) with A = 1.
For all three cases, by scaling the time variable, we can always assume the multiplying factor
on the left-hand side of (II9) to be 1. In summary, we have derived
() = V- (K(|Vu — cu’g)(Vu — cu’g)) + F (1.23)

with constants A € (0, 1], £ = 2\, ¢ > 0, and function F(z,t) being rescaled appropriately.
Boundary condition. We will study the problem in a bounded domain U with outward
normal vector &/ on the boundary. We consider the volumetric flux condition

v-U =1 on JU.
This gives pv - 7 = 9p, hence, together with (LI3]) and (LI8)) or (L22]) yields
— K(|Vu+ i) (Vu + cu’g) - 7 = ?ypu. (1.24)

General formulation and the initial boundary value problem (IBVP). Although prob-
lem (L23) and (L24) is our motivation, in this mathematical investigation, we consider a more
general class of equations and boundary conditions, namely,

8(;:‘) =V - (K(|Vu+Z(u)|)(Vu+ Z(uw))) + f(z,t,u) on U x (0,00),
u(z,0) = up(w) on U, (1.25)
K(|Vu+ Z(u)|)(Vu+ Z(u)) -V = B(x,t,u) on I' x (0,00),

where Z(u) is a function from [0,00) to R™, B(x,t,u) is a function from I" x [0,00) x [0,00) to R
and f(z,t,u) is a function from U x [0, 00) X [0,00) to R.

In (23] the source term f(x,t,u) now can depend on u, and the boundary term B(x,t,u) can
be more general than (x,t)u*. For our analysis, they still need some growth conditions.

Assumption (A1l). Throughout this paper, we assume that functions Z(u) : [0,00) — R,
B(z,t,u) : T'x [0,00) x [0,00) = R and f(x,t,u): U x [0,00) x [0,00) — R satisfy

|Z(u)| < dou'?, (1.26)
B(z,t,u) < ¢1(x,t) + gog(w,t)uZB, (1.27)
fla,tu) < fi(e,t) + fo(z, t)u' (1.28)

with constants do, ¢z > 0, £y, > 0, and functions ¢1, 2, f1, fo > 0.

Note that the growths with respect to v in Assumption (Al) are arbitrary. This is different
from other existing papers when the exponents (7, ¢y, {p are restricted to suit certain Sobolev
embedding or trace theorems.
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The problem (L25]) is significantly more general than the one in our previous work []. It
can arise from other complex, nonlinear models of fluid flows in porous media. Indeed, a similar
PDE with p-Laplacian structure was derived in [7] for water vapor. Here, we showed that it comes
naturally from the Forchheimer equations and is formulated for the pseudo-pressure u instead. Due
to more complicated flows (ILIT]), the resulting function K (£) is non-homogeneous compared to the
homogeneous one in [7].

Regarding the PDE in (I23]), it is doubly nonlinear in both v and Vwu. (For the theory of
equations of this type, see the monograph [19], review paper [20] and e.g. [1}22123/[30[32].) Moreover,
our equation contains lower order terms of arbitrary growths in w. Therefore, it is not clear whether
L*-estimates are possible. In addition, the boundary condition is time-dependent, of non-linear
Robin type and also has arbitrary growth rate in u. Thus, the boundary contribution is not trivial
and, thanks to the nonlinearity, we cannot shift the solution by subtracting the boundary data.
For vanishing Dirichlet boundary condition, the work [7] uses maximum principle which is not
applicable to our problem. Also, both [7,30] imposes the L*°-requirement for the initial data. In
contrast, we use Moser’s iteration [24], hence can deal with more complex equation and boundary
condition. Furthermore, we only require the initial data belonging to a certain L%-space with finite
«a > 0, and derive the L>°-estimates of the solution for positive time. We note that, although ours
are a priori estimates, they are crucial in establishing, via regularization and approximation, the
existence results (see [19]).

The paper is organized as follows. In section 2] we recall needed trace theorem and Poincaré-
Sobolev inequalities. In particular, the inequalities in Corollary are formulated to suit the
nonlinear diffusion, and later treatment of the general nonlinearity in the source term and Robin
boundary condition. In section Bl we establish the L%-estimate of a solution wu(z,t) of (L25]) for
any finite a > 0 in terms of the initial and boundary data. In section [ we derive an estimate for
spatially global L*°-norm of u(z,t) in Theorem by adapting Moser’s iteration. The sequence
of exponents in the iteration are constructed based on the nonlinearity of the boundary condition
and the source term. We note that the global L>°-norm of w is bounded by (4.38]) in Theorem
4.4 which is “quasi-homogeneous” in its Lgt—norm for some 3 > 0. This extends previous results
in [4,29)]. In section Bl we establish L?~%-estimates for the gradient of u(x,t) in Theorem
Even for this simple norm, it is non-trivial due to the arbitrary growth in the nonlinear Robin
boundary condition. It is obtained under condition (5.8]). This mathematical requirement turns
out to be naturally satisfied for the original problem ([.23]) and known gases such as those in the
data book [34]. It modestly shows the relevance of our mathematical analysis.

2 Basic inequalities

First, we recall elementary inequalities that will be used frequently. Let x,y > 0. Then

(x4+yP <zP+y? forall0<p<1, (2.1)
(z+y)P <27 (2P +yP) forall p> 1, (2.2)
2P <242 forall 0 < a < g <4, (2.3)
particularly,
2 <1427 for all0 < g <. (2.4)

Next, we recall particular Poincare-Sobolev inequality and trace theorem.
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The classical trace theorem: If a function u(x) belongs to WH1(U) then

/|u|d0§cl/ |u|dx—|—02/ |Vu|dzx, (2.5)
T U U

where constants ¢, co > 0 depend on U.
Lemma 2.1 ( [4], Lemma 2.1). In the following statements, u(x) is a function defined on U.

() Ifa>s>0,a>1, and p > 1, then for any |u|* € WHY(U) and € > 0 one has

1 s—
/|u|°‘d0§s/ |u|°‘_s|Vu|pd:E—|—cl/ |u|adx+(02a)ﬁs—p—1/ ot d (2.6)
I U U U

(ii) Ifn>p>1,7‘>0,oz2320,0z2§%‘1§, anda>w, then for any € > 0 one has

s+p)

0 6(a— 0
/ |u|a+rd$§€/ |u|a—s|vu|pd$+€_ﬂ2 O4179 (Egm)ﬁuunzjﬂ
U U

a—s _f 0(a(p—1)+s—p) 1)+s ) o
+ 20| U| lullza",  (2.7)
for all |u|™ € WIP(U), where
a—s+p r r+60(s—p)

and positive constants ¢s = ¢3(U,p) and ¢4 = ¢4(U,p) depend on U, p, but not on u(x), o, s.

The following remarks on Lemma 2] are in order.
(a) We can calculate r in terms of € by the second formula in (2.8]), and rewrite the power a+ p

in ([27) as

B ap r P 0
atp=a+ [9( Lt (p—s) + (s p)]1_9 —a(l—i—n —1—9>' (2.9)
Assume p < s, then m < o and we can rewrite (2.7)) as
a+r a—s a—i—r —i — a(l+2 %9)
]u\ dr < e \u! |VulPdz + Dy ||ul| 4 =0 Dollul| e " , (2.10)

where
O‘(P 1)+S P ]9

Dy = [20-5P&|U] . Do = 2075 (530)P] 0.

(b) For any r >0, a > s > 0, « +r > 1, applying ([Z0) for « — a+r and s — s + r yields
/ | do < 5/ |5 | VufPda + cl/ ul* T d + (es(a + r))%g—ﬁ/ o e, (2.11)
r U U U

where
r+s—p pr+s—p

p—1  p-—1

r=r+

In our particular case, we have following corollary.

Corollary 2.2. Assumel>a >8>0, a>2—46, and |u|* € WHY(U). Let r > 0.
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(i) For any e > 0 one has

/ o+ do < ¢ / =28 [ a2 + ¢y / o da
I U U

(2—a)r+a—94

2-a _ 1 a 2-a)r+a=s
+ (ca(a+r))imee e [ |u = dr. (2.12)

U

(i) If a > = —9) , then for any € > 0 one has

1+2_a _0_
/ |u|**"dx §€/ ||~ 2+6|Vu|2 adm—l—D1Hu||a+r—|—D2€ - 9Hu|| ( 1*9), (2.13)
U

where
r

a2—a)/n+06—a’
Dy (2a+5 a 2 ¢1|Uv|7a(1 a)ta—9

)9’ Dy = (2a+5—a(63a)2—a)1%90
with ¢3 = ¢3(U,2 —a) > 0 and ¢4 = ¢4(U,2 —a) > 0.

Proof. Let p=2—a and s = 2 — §, noticing that p < s. Then inequality ([2.12]) follows ([ZI1]), and
inequality (2.I3]) follows (Z.10). O

We also recall a particular multiplicative parabolic Sobolev inequality.

Lemma 2.3 ( [4], Lemma 2.3). Assume 1 >a > 4§ >0,

a>2—-0 and oz>a*d§fM. (2.14)
2—a
If T >0, then
. T T 0
/ / ]u\mdxdt < (e5a* ™) R (/ / lu|* O ddt +/ / ]u\a+6_2\Vu]2_adxdt) e
o Ju o Ju
1-6
sup / ju(e, 1)[*dz) * (2.15)
te[0,7
where c5 > 1 is independent of o and T, and
~ ~ e 1 e 2 - - 5 1 1
0=0, = ———7——, n:/ﬁ(a)d:fl—i— ¢z :1+(a—5)(———>. (2.16)
14 -0 n « e«
n(a+d—a)
3 Estimates of the Lebesgue norms
From now on, we fix a function g(s) in (LI0) and (LII). Denote
a=—N_¢0,1) (3.1)

ay +1

This number will be used in our calculations throughout.
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The function K(§) defined by (LI4) has the following properties: it is decreasing in £, maps
[0, 00) onto (0, %] and

d1 d2
arer = =mrge o
d3(&*7" = 1) S K(§)€% < dp&™, (3.3)

where dy,ds, d3 are positive constants depending on «;’s and a;’s of the function g(s), see [2]. Let
n=2,3,..., and U be the a bounded, open, connected subset of R” with C? boundary I' = 9U.
In applications, n = 2 or 3, but we treat all n > 2 in this paper.

Hereafter, u(z,t) > 0 is a solution of IBVP (L.25]).

Define 6 =1 — X € [0,1). Throughout the paper, we assume

a > 0. (3.4)

This assumption is to avoid too many possible cases for our estimates. The case a < § can be
treated similarly and, in fact, is easier to deal with.

Then a, = n(a—9)/(2—a) in [214) is a fixed positive number. In order to describe our results,
we introduce some constants and quantities. Define
—a 2—a

d =1 . .
- and Ky + o (3.5)

1
HB:1+

Let p1, p2, p3, psa be fixed numbers such that
1 <pi,p2<kp and 1<p3,ps<ry. (3.6)

For i = 1,2,3,4 let g; be the conjugate exponent of p;, that is, 1/p; + 1/¢; = 1. Then ([B.0)) is
equivalent to
n n
1+ ——<qi,g2<o00 and 1+ —— < g3,q4 < 00. (3.7)
1—a 2—a

A key quantity in expressing our estimates is
T(t) = Hcm(t)l quql (I + H‘P2(t)‘ %zqz(r) + ”fl(t)| ngqg(U) + Hf2(t)‘ %4q4(U) for > 0. (3-8)
We also denote by 7y a positive number defined by

—piA+a—9 ~A+{lp)+a—94
770ZmaX{Q1>\,q2(>\—€B),n(€Z—1), 1 ,p2( B) 7

Rf—D1 Rf — D2 (3.9)
—piA+(a—06) po(—=A+l)+a—8 —psA+a—46 p4(—A+£f)+a—5} ’
KB —p1 KB — D2 T Kp—p3 Kf — P4 ’

In the following, we focus on estimating the L*-norm on U of the solution u(z,t), for any given
a > 0and ¢t > 0. We start with a differential inequality for ||u(t)||%a(U).

Lemma 3.1. Assume
na
a > max {2, 1—} and o > 1. (3.10)
—a

Fort >0, one has

d o —a a—A— V1 v
E/ u(a:,t) da:+/ \Vu(a:,t)F u(x,t) A Ldr < CO-(Hu(t)HLa(U)—l—Hu(t)HL2a(U)+T(t)>, (3.11)
U U
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where Cy = Cp(a) > 0,

2 — 0
Vlzul(a)défa—)\—l and ngug(a)défa<l+ a'_)
n
with o
def 3~
9 —p. <
“ a@—-a)/n+d—a
Proof. Multiplying the first equation in (IL25) by u®~*, integrating over domain U, and using
integration by parts we have
Ad
adt U

for v3 = v3(a) defined by (3.27)) below.

« — . u U m U uoe—)\ z ua_)\ "
u dx_/UV (K(\Vu+ Z(@)))(Vu + Z(u)) u®d +/Uf p
= _(O‘_)‘)/UKUVU-I-Z(U)D(VU—I—Z(u)).vu(ua—A—l)dx

- / K(|Vu+ Z(w)|)(Vu+ Z(u)) - tu® o + / futAdz.
T U
For the first integral on the right-hand side, we write
(Vu+ Z(u)) - Vu = |Vu+ Z(u)|* = (Vu+ Z(u)) - Z(u).
For the boundary integral, we use the boundary condition in (L25]). These result in

2 d

2 udr = —(a — )\)/ K(|Vu+ Z@w))|Vu + Z(uw))?u*tdz

=) [ K(Vu+ Z@))(Vut Z) - 2o+ [0 Bdo + [ puaa,

Using relations (L26]), (8:2) and [B.3)) for the first two integrals on the right-hand side, as well
as (L27), (L28])) for the last two, we have

rd

S [ wtdn < —ta=Nds [ (Vuk Z@P - D s

+ (a - )\)dgdo / (’Vu + Z(u)’ 4 1)1—aua_)\_1+gde
U
a—A ZB Zf a—\
+ [ w1 + pouB)do + | (f1 + fou'l )u*dw.
r U
Using (2.1]), we estimate

(IVu+ Z(w)|+ 1) < |Vu+ Z(u)|' = + 1.

Hence, we obtain

Ad
EE/ w®dx < _(Oé — )\)d311 + (Oé — )\)d3]2 + (Oé — )\)d2d0[3 + (Oé _ A)d2d014 + 15 + IG-
U
where
I Z/ \Vu+ Z(u) > *u " d, I, = / w1,
v U
I3 = / |Vu_|_ Z(u)|1—auo¢—)\—1+€zd$’ 14 — / ua—)\—l—i-Zde’
u U

I5 _ /(ua—)\(pl —|—ua_>‘+£B<,02)d0, IG — / (ua—)\fl —I—ua_A—Mffg)dl‘.
T U
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In calculations below, the positive constants C, C, C., C’ are generic, with C' independent of
a, while C' depending on «, and C., C! depending on « and e.
e Applying Young’s inequality to the integrand of I3 with powers ?:—Z and 2 — a gives

ds 9-a, a-A-1 —/ (2(2—a)+a-A—1 d3 :
I3 < \Y% Z “u® d C AR dr = L+ CI 3.12
3_2d2d0/U‘ u+ Z(u)|*u T+ Uu x 2d2d01+ 7, (3.12)
where
I; = / udr  with pp =0z(2—a)+a—A—1. (3.13)
U
Note also, by (2.3]), that
Iy, < I+ Ir.
Then
Ad o ds -
—— | udx < —(a—AN)=1 +Ca(ls + I7) + I5 + L. (3.14)
adt U 2

e To estimate I; we use inequality
7 < 27 (Je — y|*7 + [y[*7*) which gives |z — y[*7® > 297 2T — [y|*7? Va,y € R™.

Together with (L.26), it gives
I, > / (2a—1|vu|2—aua—)\—1 _ |Z(u)|2—auo¢—)\—1)d$

U

> 2“_1/ |Vu|2_“ua_>‘_1d:n—d(2)_“/ w1 z(2-a) gy (3.15)

U U

1

> - / |Vul*~ 0 dy — d2™I;.
2 Ju

This and [BI4) imply

Ad d -
—— / utdr + (a — )\)—3 / V>~ A e < Cally + I;) + Is + I, (3.16)
o dt U 4 U
e For I5, using Young’s inequality, we have
B < [wedo+ [ wdo o + e (3.17)
where
o =pi(a—AN) and ps =pa(a—A+{p). (3.18)

For the first two integrals on the right-hand side, applying (Z12) to a+r = pg and a+1r = s

gives
/u”da%—/u’“dage/ lu| A V2
r r U

(3.19)
+cl/(uﬂz —|—u“3)da:+CE/(u“4 +u“5)dx,
U U
where € > 0 is arbitrary,
M4:a+(2—a)r+a—5:CH_(2—a)((P1—1)a—p1)\)+a_5>a7
(2—‘11);3@—5 (2 —a)(( —1);?# (~\+4p)) +a—36 (3.20)
ps = o+ =a+ P2 2 B > a

1—a 1—a
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(The validity of (319) will be verified later.) Then

5
B<e [ Vil tde +C S utde el oy + el ey (3.21)
U i=2
e For Ig, using Young’s inequalities we have

Iy < / (W + )+ | f1]| % + [ fal %, (3.22)
U

where
pe =p3(a—A) and  pr = pa(a— A+ Ly). (3.23)

Note for 1 < i <7 that v; < p; < v3, where, referring to (B.13]), (B8:20) and (323]),
vz = max{p;: 1 <i < T} (3.24)
Hence by using (23]), u* < u** 4+ u*3 for all 1 < i < 7. Combining this with B.I6]), (32I), and
B22) yields
Ad o ds 2-a, a-A-1 Vi s
28 ydy + [(a 0B e} Va2 tde < O | (b +u)de + (),  (3.25)
adt U 4 U U

Using Holder’s inequality we have

v

/ ude < C </ uadx> - Cllull7s- (3.26)
U U

Applying 2I3) to o 4+ r = v3 gives
05/ Wdy < e/ | Va2 da + Ll + a2 (3.27)
U U

(Again, we will verify the validity of (8:27]) later.) Combining ([B.25) with ([B.20) and (3.:27)), also
using inequality (23] with powers 11 < v3 < 15 in dealing with ||u||z«, we have
Ad

o dt

[ wrda [t =0T = 2] [ vupee e < Clul + Cllul g + Y0 (329

Choosing ¢ sufficiently small in ([B.25]), we obtain (B.11]).
It remains to check conditions for inequalities (3.21]) and [B.27)) to hold. Inequality [BI9) is
valid under conditions po, 13 > a and a > 2 — §, which, thanks to o > 2, is equivalent to

a > max{q@ A, g2\ —¥p)}. (3.29)
The conditions for (B.27)) are v3 > o, o > 2 — a, and

n(r+a—2¢) n(ryz—a+a—9)
0> g = - . (3.30)

Based on definition ([B:24)) of v3, we consider the following cases.
(i) If v3 = py, condition ([330) becomes

a>n(ly —1). (3.31)
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(i) If v3 = g, condition ([B:30) becomes

—mA )
0> patazo
Rf—D1

(iii) If v3 = s, condition (B.30) becomes

p2(— A+ L) +a—9
Kf — P2 '

a >

(iv) If v3 = pg4, condition (B.30) becomes

a>—_p1)‘+(a_5).
KB — P1

(v) If v3 = s, condition (B30) becomes

. 2?@((2—0)((292—1)a41—fzc(L—)\+€B))+a—5+a_5>
= (2= Da+pa(-A+ t5) +a o),

thus,

po(=A+lp)+a—90
KB — D2 '

o >

(vi) If v3 = pg, condition ([3.30) becomes

—p3A )
P
Rf —P3

(vii) If v3 = py, condition ([B30) becomes

pa(—A+ L) +a—46
Kf —P4 '

a >

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

In summary, the conditions (B29) and B31I))-([B3T7) are equivalent to a > 79, which is our

choice of a. The proof is complete.

We then obtain the estimates in terms of initial and boundary data in the next theorem.

O

Theorem 3.2. Let o, Cy, 0 be as in Lemmal31 and Y(t) be defined by (3.8). If T > 0 satisfies

/OT(l +Y(t)dt < O - <1 + /Uuo(:n)ada:> -

where @ ¥
def —a
Vp = V4(Oﬁ) = m and Cl = Cl (Of)

def 1
4COV4 ’

then for all t € [0,T]

1 [t !

/Uua(a:,t)dx < {(1 +/Uuo(a:)°‘da:> T o [0+ T(T))df}_ﬁ.

0

(3.38)

(3.39)
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In particular, if T > 0 satisfies

/OT(l FY()dt < Cy - (1— 2—V4)<1 + /Uuo(g;)adx)_”“,

then
/ u(x,t)dx < 2(1 +/ ug‘(x)dx) for all te0,T],
U U

and

T
/ / V>~ At dadt < 2(1 + 1/V4)<1 + / uo(m)adx).
0 U U

Proof. In [BI1]), by applying Young’s inequality to the right-hand side we find that

d
— [ udzx +/ V> A e < 200 - (14 [|u@®)||2 + Y(t)
r2

<4C-(1+ T(t))(l + / uo‘dx)

U

Let V(t) = 1+ [, u®(x,t)dz. It follows from (B.43) that

V'(t) <4Co - (1+ TV () e =4Cy - (1 +YT(®)V ()"

13

(3.40)

(3.41)

(3.42)

(3.43)

Solving this differential inequality, under condition ([B.38)) yields the estimate (339 for all ¢ € [0, T].

Now, let T > 0 satisfy (3.40). Then we have from (3.39) that
V(t) <2V(0) Vtelo,T],

and hence, estimate ([B.41]) follows.
Next, integrating ([3:43) in time from 0 to ¢ and using ([B3.44)), (B:40) we have

/()T/U’vu‘2_aua—>\—1dt§/Uuo(x)adx—i—élCo /OT <1+/Uuada;>y4+l(1+T(t))dt
V4 T

< /U uo()dz + 4Cy - (1 + /U uo(a)dz)”"" /0 (14 T(t))dt

§/Uuo(a:)ada;—l—élCoCl-(1—2_”4)<1+/Uu0(a:)adx).

Note that
. 1—27"
4CCy - (1 —27") = ——— <

1
V4 vy
Thus we obtain ([3.42) from B.45]).

4 Maximum estimates

In this section, we use Moser’s iteration to estimate the L°°-norm of the solution u(x,t).
For i =1,2,3,4, let ¢; and p; be as in section Bl Assume [B.0). Let

(2—a)pr—1 2—a)p2—1
1—a ’ 1-a

m*:max{ ,p3,P4},

(3.44)

(3.45)
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DA —a+ 48 pg()\—éB)—a+5}
2—a)p—1" (2—a)p2—1 ’
a—(5+(2—a)p2€B}

1—a '

mzmax{(

72 = max {EZ(Q —a),ly,
Lemma 4.1. Given k > Ky, suppose

a>max{2,a,,m} and o> = 2 (4.2)

If T > 1T, >1T1 >0 then

T
sup /ua(x,t)da:—i—/ /\Vu(a:,t)\2_“u(x,t)a_)‘_1dxdt
Ty JU

te[Te, T JU (4.3)
1 14
< eo(1+ ) (14 = ) o Mo ([l + Nl e )

where cg > 1 is independent of o, &k, T, T1 and T5,

Mo =1+ H%Hqu A H<P2HLq2 ) T I1llzas @) + 1 f2llLos(@r)» (4.4)
the positive powers vs and vg are defined by

vs=a—hy and vg= o+ hy (4.5)
with
h :max{/\+1, PMA—a-+9d ,pg()\—KB)—a—i-é} S0,

a—0—piA a—5—p2()\—53)} >0

p(2—a)—1" p(2—a)—1 -

Proof. Denote Q7 = U x [0,T] and T'r =T x [0, T]. Let £ = £(¢) be a C'-function on [0, 7] with

£(0) =0 and 0 < &(t) < 1. In calculations below, the generic positive constant C' is independent of
«, I%, T, T1 and Tg.

Multiply the PDE in (L25) by test u®~*¢2? and integrating the resulting equation over U give

)\ d

adt

ho :max{o,ezu—a) A1l — M\l — A,

A
%de - = / 2L du
@ Ju
_ / V- (K(Vu+ Z())(Vu+ Z(u) )u e + / FuoAe2dz
U U
Since £(t) is independent of z, same estimates as in section [ give the following version of (B.16I)

Ad / a£2d$+w/ |vu|2—aua—)\—1£2dx S CO[/(’LLVI +uﬂl)£2d$
adt 4 U U

s [w Nt eat)ddo + [ (i+ fautue o+ 2 [ e,
I U U

Integrating the previous inequality in time and applying Holder’s inequality give

A sup /uo‘(az,t)g(t)dx—k%// |Vu|? =12 dudt
U T

& te[0,T]
\ 4
<Ca // ("t 4w dxdt + = // 2uEE dadt + ZIZ- (4.7)
Qr @ JJQr i=1
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where
1/p; ) 1/qi
- ( / / uo‘i£2dadt) "F o with Fy = ( / / ¢§1§2dadt) " fori=1,2,
FT FT
( g ¢2 1/ps ) 562 1/qs
- uese da;dt) Fy  with Fj = ( fisg da;dt) :
Qr Qr
o ¢2 1/pa . qae2 1/q4
- ( / / nay: d:cdt) F, with Fy = ( / e d:cdt) ,
Qr Qr
with

a1 =pila—A)>p > 1, as =pala—A+Lp)>p(1+4p)>1,
ag =ps3la—A) > pg > 1, ag =pala = A+Lp) >ps(1+05) > 1.

For I;, by using the trace theorem (2.35]), we have

// u Edodt < ¢ // u E2dxdt + caon // w1 V|2 dadt.
I Qr Qr

In the last integral, writing u® ~!|Vu| as a product of u T ]Vu\ and u™ "~
Holder’s inequality with powers 2 — a and (2 — a)/(1 — a), we obtain

/ / u Edodt < ¢ / / u E2dxdt
FT T
+ o0y // u A V2 “§2da:dt // m1§2da;dt ., (4.8)
Qr Qr

2-a)ag —at+a—358 (2—-a)pr—1a—pA+a—3
mi = = > 0.
1—-a 1—-a

+
e , and applying

where

Denote X (« fo

£(t)dzdt. We will use the fact 0 < ¢2 < ¢ < 1. By @S) and
Young’s 1nequahty

. . 1—a
I < Ci/plX(al)l/plFl + (cpaq) VP (// ua_)‘_1]Vu\2_“da:dt> PEY X () mE-a By
Qr

< c}/plX(oq)l/plFl + s// A V2 e dt
Qr

+ e (e )*™ “]WX(ml)Wpraz“f)l (4.9)
Similarly,
I < esX(ag)/P2Fy + ¢ / / u* AVl dzdt
T ) - (4.10)
+ [ eao0)*™ “]WX(mg)WF”(2 R
where

- 2—-a)ag—a+a—-6 (2—a)ps—1)a+p(lp—A)+a—06
2 = =

> 0.
1—a 1—a
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We now choose £(t) such that

Et)=0for 0<t<Ty, () =1for Th <t <T, and 0 < &'(t) < 2T for 0 <¢<T. (4.11)
1

b —
Then

A , C
o //QT 2uEL drdt < T TIX(oz). (4.12)

Therefore, with ¢ = (o — X\)d3/16, it follows (L7T) and the above estimates (£9), (£I0), (£I12)
that

S / (o, (o + =D / / [VuP~*u A dadt < Ca(X (m) + X (1))
& tefo,1) 8 Or
S 2—a 1 p;(2—a)
¢ 1/171 Oé pj(2—a)—1 W p;j(2—a)—1
+T2—T1 +CZX F+CZ< )\) X (my)ri F
(4.13)

We bound the left-hand side of (£I3]) from below by

Iy def A sup / Uz, t)E2(t)dx —I-—// |V~ u®= A 1e2ddt.
U T

& tef0,7)
We now bound the right-hand side of (£13]). We will estimate many X (-)-terms by using

def
Jo = HUHLW (Ux(Ty,T))

Claim. Under condition (£2), one has
0 < {1, 01, Q, 03, 04,1, T2 < Ra. (414)

We accept this claim at the moment. By Holder’s inequality if 0 < 5 < ko then

T
X(B) S/ /uﬁdxdt < J21Qr % < JP(1 +1Q7)). (4.15)
T JU
Note for j = 1,2 that
1—a pi(2—a) 2—a
— <1 d J . 4.16
PG B T G g B g (4.16)
Using also a — A > /2 and a1, < (p1 + p2)(1 + £p)a, then for j = 1,2,
az—a 1 1
(=) 7 < (201 +p2) (1 + Lp) 70! ) PTTT < Ca
Thus, we have from ([@I3), ([II0) that
mj(1—a) pj(2—a)
Sé(l—i—\QT\)(aJ{fl + aJyt + JO +Z F +az p](z R p](z E 1).
Calculating the powers of Jy gives
M_oDBoa-n Zoa- M+l ZEoa-rt1y,

p1 p3 b2 yZ
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mi(l—a) —piA+a—94 ma(l—a) p2(lp—A)+a—9
p1(2—a)—1_a p1(2—a)—1’ p2(2—a)—1_a p2(2—a)—1
Hence,
Iy< O+ |QT|)a<1 P )F-j
T —Th
where
Pr1(2—a) p2(2—a)

1_,:' -1 —|—F1 + F2 _|_F1P1(27a)71 + F2p2(27a)71 —|—F3 + F4,
_ oy +7p1/\+a7(5
J= J(‘]:‘f‘|'ZZ(2 a)—A-1 +J(t]:|z—)\—1 +J€+J€_>\—|—Jg p1(2—a)—1 _|_J84+€B—)\

+ JSHF% Lot
Using the second inequality in (4106 and inequality (2.4]), we simply estimate

2

F <31+ F"

a 2-a
“+ F217a + F5 + Fy) < 3M,.
Also, by using ([2.3)), .

J < 8(JgM 4 ggthe),

Therefore 1

1o — 1T

Iy < C(1+ Qrla(1+ JMo(JG M 4 T, (4.17)

By ([@I7) and definition of Iy we have

sup /uo‘(x,t)ﬁz(t)da:+// |V~ a2 dadt
U T

te[0,7

< C(1L+1Qrl)e?(1+

l—hl/a 1+h2/a

This estimate, together with property (£I1]) of function £(¢), and the fact 1 4+ |Qp| < (1 +

|U|)(1 +T), implies (@.3]).
Finally, we verify the claim (£I4]). Dividing ([AI4]) by « gives an equivalent statement

l72—a)— -1 A Ig — \ A br— N\
1+ Z( ) 7p1__7p2+ & 7p3__7p4+ ! ’
o «a « o
(2—a)p; —1 —(2—a)p1)\+a—5, (2—a)ps—1 . (2—a)p2(lp—AN)+a—9 <h (418)
l—a a(l —a) 1—a a(l —a)
Note for i = 1,2 that p; < %. Then by definition (@) of k.,
2—a -1 (2—a —1
17p17p27p37p47( )pl ( )p2 S K. (419)

l—a 7 l1-a
Hence, we can bound the left-hand side of ([@IR]) by

lz2—a)=A=14p—Xly—Xa—0—2—a)pA a—6+(2—a)p2({p—A)
m*+max{ a a T a a(l —a) ’ a(l —a) }

<k B (4.20)
[0

Since kK > ks, we choose a sufficient condition for [@I8]) to be na/a < & — k., which is satisfied by
([#2). The proof is complete. U
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Lemma 4.2. Let i, «, vs, vg and My be as in Lemma[{1d]. If T > Ty > T > 0 then

1
ol oy < AR (100 er, )+ 190w s ) (4.21)
where K is defined by (2.10),
vr = vr(a) & %, (4.22)
and 2
A =er(1+T) (14 g ) "M} (4.23)

with ¢y > 1 independent of o, &, T, T1 and T5.

Proof. We follow the proof of Proposition 6.2 in [4]. We use Sobolev inequality (215) in Lemma
2.0l

A~

1 0o \ 10y 4
o sy < O 1% sup /yux D) ) (4.24)
tGTQ T]

where C' = ¢5a?~® with ¢5 > 1, the numbers  and & are defined in (ZI6]) and

_ g a+d—a T a—A—1 2—a aToa
= [/ /|u| dxdt+/ /|u| Vul*-*drd]
Ty JU Ty JU

L S 2 and 2a+§7a_1
a+d—a

Then applying inequality (2.2]), we find that

I< 2< 4 at+d—a a+§*‘l T a—A—1 2—a a+§*‘l
< |ul dxdt +2 [ul |Vu|*~dxdt . (4.26)
. Ju T, JU

Applying Holder’s inequality to the first integral on the right-hand side of (#28) with conjugate

exponents s and i we get

1-adl F g 5
[ < 20| 5 e / /\uymdxdt)” (/ /\u!o‘_’\_l\Vu]2_“dxdt) ST (4.27)
Ty Ty JU

Next, we use ([@3]) to estimate the second term on the right-hand side of ([@27]). We denote

Note that
< 2. (4.25)

Ro
r—1)a+a—0d"

§ = Jullprexry and M= cs(1+T)(1+ )a* Mo, (4.28)

where ¢ is the positive constant in ([43]). Then combining ([@.24]) and (£27) yields

{20+ 1@rh s 2mes + 5] (s + 571}

1
o

Q‘H

]| Lo (1, 7)) < C

p"“

Cw

IN

[[20 +1@rl)%s* +20M(8% + 8% 4 M(s + 5%)]' 16};

Q‘H
Rl

o { (1+ |Q7])2S® + 2Ma75=a (S¥5 4 S¥0)aFo=a + M(S” + 3%)}

Since v5 < a < v, we use ([2.3)) to estimate S¢ < S5 + S¥6. Also, by ([2.2]) and (£.25]),

(S¥5 4 S¥)ats-a < 2(Satia 4 Satsa)
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Thus, we have

o~

Jull oz < € { (201 + Q1) + M) (87 4+ 8°) + 4MTFo= (ST7 4 s757) |

Using §"¢, Sato—a < §¥5 4 Sato-a we obtain

1

AL _a v _Yex a
lullzwe @y < C7 {8((1+1Qr)? + M+ Massa ) (87 4855 ) 7. (4.29)

Note also that C'x < C, then we obtain from (£29) that
1 1
ull Lre s (mo,m)) < MY <HUHZSM(Ux(T1,T)) + Hu”ffea(Ux(Tl,T))> ) (4.30)
where

My = 8c50® (1 + |Qr])? + M + Mavi-a], (4.31)

We estimate M. Note that My, M, M; > 1. Recall from (£25]) that the last power of M in
([#31)) is less than or equal to 2. Then

M, < 865@2_a<(1 LU+ T+ 2/\/12)

1 2
< 2—a 2 2 2
< 850 (14 |UDA(1+ T)2 4+ 2{ ega? (1 + T Tl)(l +T)Mo} ) (4.32)
< 805 ((1+U1)2 + 262 )2 (1 + )2(1 +T)° M2,
= 6 T 0
Hence we obtain (£21]) from (£30) and (£32]). O

Next, we apply Moser’s iteration. For that we recall the following lemma on finding the upper
bounds of certain numeric sequences.

Lemma 4.3 ( [4], Lemma A.2). Lety; >0, k; >0, s; > 1r; >0 and w; > 1 for all j > 0. Suppose
there is A > 1 such that

“5

i1 < A% (Y +y7)5 V>0,

Denote Bj = rj/k; and vj = s;/kj. Assume
_ de 5 .. 5 —
a = — < 00 and the products B, v; converge to positive numbers 5,7, resp.

Then
y; < (2A)Gj@max{yg‘)"'”’l,ygo"ﬂj”} Vi > 1, (4.33)

where Gj = max{Ll, YmYm+1--.- 7 : 1 <m <n < j}. Consequently,

limsupy; < (24)%% max{y], yg_}, where G = limsup Gj. (4.34)

J—00 J—00
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For iterations below, we will require
/{z < Kf,
which is equivalent to
VEF+1
p1p2 < S5 — and  p3,ps < /K. (4.35)

Therefore, we assume (L30]) for the remainder of this section. We now fix & such that

ks < K < /K.

2
R= M@. (4.36)

Theorem 4.4. Let aq be a positive number such that

For simplicity, we take

-0
ap > max{2,a,,m} and «ag> max{ 2 a4 2} (4.37)
R— ke Kf—FR

Then there are positive constants C, fi, U, wi, we, w3 such that if T >0 and o € (0,1) then

L e w w fi
oo @iy < C(14 =) (@ 4+ T2 Mg max {ulfsa g 0y 1l 00 07 o (4:39)

where My is defined by ([{-74).

Proof. We set up to iterate inequality (A21]) in Lemma[£2] Note that o = oy satisfies (£.2]). Define
for j >0, f; = R . Since & > 1, the sequence {f; }‘]X’ o is increasing, and hence, so is the sequence
{k(B;)}320- We then have from the last fact and the choice of ag that

k(Bj) > K(ag) = K — aao > R2. (4.39)

For j >0, let t; = oT(1— 2%) For j > 0, applying ([£21]) of Theorem @2 with a = f;, To = t;41
and T7 = t;, we have

VOB V7(6 B
[ enTa— (|| SR [ A

4B B;
AJ(H s ey s e my) e (440)

where 7; = v5(8;) and §; = v7(5;), see formula ([@22]). Note from (39 that
K(B})B; = KB; = Bjy.

Define for j > 0 that Q; = U x (t;,T) and Y; = ||u||L53+1( Q)" By Hélder’s inequality

_1r 1 1
Visr =l ssiagq, ) < 1Q5al 7 T flul oty g,y < (HIQ0DT ol g - (441

Combining inequalities (£40]) and ([@A41]) gives

1

1 o~
Y A7 (Y +Y7)% Vj>0, where A = (1+|Qol)Ag,. (4.42)
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Now we estimate Ej. Note that |Qo| = |Q7r| < (1 +|U|)(1 +T). From [Z23) and (£42), we
have

n 6 27+1\2 3442
A <er(1+ |U|)5j—a<1 + U—T) (1+T)>*M>
o 1\2
< er(1+ [UNFao) 9 (14 —) 1+ 1) MG < 471,
where )
A7 500 = max {47557 4oz (1 + |U|)ag (1 + —T) (L+T)*M3} > 1. (4.43)
o
Hence _
i . o
T4 Si\ B
5/}+1<AToao(}/}]+§/}])6J’ (444)
We have - -
+1 1 +1
YIEESIES EES S
j=0 7 05=0
Note that
T h 55 i+ h h -0
I A L S R I N el B L e b (4.45)
B; Rl ag Bi  Bj+d—a Klag+06—a
Then it is elementary to show that the products
o ~ o ~
2 23 4.46
1;[ B ];[ 2 (4.46)
are positive numbers. By (4.44)) and Lemma [£3] we obtain
limsupY; < (247,5,00)“ maX{YOﬁ, YY), (4.47)
j—o0
where w =G 3 7% % with G = []z2,(8x/Bk) € (0,00).
Note that Yo = [Jull 5, (g, and, by E3),
1\
(24r,0,0)° <C(14 =) (1 + T2 M
I O_T
where wy = 2w, wy = 3w and w3 = 2w. Then estimate ([L3])) follows ([EAT]). O

Remark 4.5. Estimate {{-38) can be rewritten as

Julls=@xtormy < Cogususerien (Il reonomy *+ 1elren oy )

The bound on the right-hand side is quasi-homogeneous in ||| Lraq (17« (0,1): hence, relevant for both
small and large values of Hu||L,aa0(UX(07T)). This is different from the commonly obtained estimates
when a positive constant is added to the inequality’s right-hand side. This global (in space) estimate
extends our own version in [{l/, and the local one in [29)].

Combining Theorems and [£4] gives the following particular estimates of in terms of initial
and boundary data.
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Theorem 4.6. Let o satisfy

-9
o > maX{Z,a*,m,@} and g > max{ na —, = 2 , ¢ — } (4.48)
R (1—a)k’ k—kKy Kf— K2

Let fi, U, wi, wa, ws be the same constants as in Theorem [{.4], and denote B = Rayp.

(i) If T > 0 satisfies (3.38) for o = B, then for 0 < e < min{1,T}, one has

i z

Ba(ATvamg“}, (4.49)

T
[l oo (x e,y < Ce™ @ (1 +T)“2Mg? - max {(/0 V(t)dt>

where My is defined by [{F4)), and for 0 <t <T

V(t):{<1—|—/Uu0(:1:)61dx)_y4(61)— Cl(lﬁl)/otr(f)df}_m. (4.50)

(ii) If T' > 0 satisfies (3.40) for a = By, then for 0 < e < min{l,T}, one has

el oo ey < Ce™H (1 + T (14 o (@) o1 (1)) " ME? (4.51)

Above C is a positive constant independent of T and ¢.

Proof. Note that aq satisfies ([{37)), and o = /3y satisfies (8I0). The constant C' > 0 in this proof
is generic.
(i) Applying estimate (£38]) to 0T = ¢ we have

[l oo (U (e,m)) < Ce (1 +T)2 Mg?

3 7 4.52
- max / /|u|ﬁldxdt ﬂ / /|u|ﬁld:17dt ﬁl (4.52)

/ﬁm@wmng. (4.53)
U

By (3.39), we have

Then [@52) and ([A53) yield [Z9).
(ii) If T satisfies (B40) with o = 1, then by B4I]), we have

/uﬁl(:n,t)dx < 2<1+/ ugl (:E)d$) for all t e [0,T7. (4.54)
U U
Combining (£52]) with (£54]), and noticing that i < 7, we obtain
[wll Lo (@ () < Ce™H (1 + T)“2 M?
T B T v
- max 2/ 1+/u51xdxdtﬂ1, 2/ 1+/u51xdazdt !
1), (o fpod@e)a) (2 [ (1 | @e)ie) " }

<Ce 1T M (1 1) (14 [ o @)do) T,
U

and estimate (51 follows. O
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5 Gradient estimates

In Theorem B2l we have an estimate for fOT Jo IVu(z, t) >~ u(z, t)*~*~ldzdt. Note that the double
integral is in both spatial and time variables, and it is not yet a direct estimate for the gradient.
Therefore, we focus, in the following, on estimating fU |Vu(z,t)|>~*dx directly for t > 0.

In connection with properties (L20) and (L27]) in Assumption (A1), it is natural to make the
following assumptions.

Assumption (A2). The function Z(u) satisfies
|Z' (u)| < dgu*?~1 Yu € [0,00), (5.1)
for some constant d4 > 0, and there are non-negative functions ps(z,t) and ¢4(x,t) defined on
x (0, 00) such that

(in@f_f_ﬁ_‘<< p3(x,t) + palz, t)u’ (5.2)

We also assume a slightly stronger version of (L27)) and (L28]), namely,
|B(z,t,u)| < @1(z,t) + @a(z, t)u’®, (5.3)

‘f(x7t7u)’ < fl(xat)+f2(x7t)uzf' (54)

To deal with the boundary condition, we define for any x € I'; ¢ > 0, u > 0

Qz,t,u) = /0 B(z,t,v)dv. (5.5)
Then by Assumptions (A1) and (A2), we have
‘Q(‘Tvt7u)‘ < cpl(a;,t)u—i— (P?(‘Tat)ugB—H (56)
and 5
t
(M‘ < gyl )u + Copa(a, huls+, (5.7)
Assumption (A3).
2y > A+ 1. (5.8)

For our original problem (L23)), {7z = 2\, then condition (5.8) becomes A\ > 1/3. For slightly
compressible fluids, A = 1. For ideal gases, A = 1/2. For isentropic gas flows, from the data in [34]
or section IIT of [6], all values of the specific heat ratio v belong to the interval (1,2), therefore
A=1/(147), see (I20)), satisfies 1/3 < A < 1/2. Thus (5.8) is naturally met in all cases.

For the gradient estimates, same as in [2,[IT], we will make use of the following function

52
H() = K(y/s)ds for &> 0.
0
The function H () satisfies

K(6)€* < H(€) < 2K(§)€%, (5.9)
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and hence, as a consequence of ([B.3]) and (&.9),
d3(€77" — 1) < H(€) < 2d267°.
Based on the structure of the PDE in (L.25]), we define an intermediate quantity
Z(t) = /UH<|Vu(x,t) + Z(u(:n,t))|>dx for t >0,
and for initial values

ZO:/ljué+1(x)dx+z(0)+A(cpl(a:,())uo( x) + @a(x,0) ZB+1( ))da.

First, we estimate Z(¢) in terms of certain Lebesgue norms of u(z,t).

Proposition 5.1. Fort >0,

I()<2Zo+0{t+1+/

u'™(z,t)dx +/ / u™(x, 7)dzdr + Nq(t / No(T dT
U

where C' is a positive constant,

— 4
ngzmax{(Z al)(_25+1),(2—a)ﬁz},
_ Y 0,(2 —
e = max { EZVCB L) 2EC20) 500 4 ),
and
Mi(t) = [ (o @t) + 3ant))dor,
Na(t) = Nu(t) + /F (&7 (@ 1) + (1) ) dor + /U (F0°,t) + fi(a, 1) ) da
with 21 + tp) 21 +0;) 4205 +1— )
_ B — max ! fr1-
T ”G_ma{1+2ef’ A +1—-N }

(5.10)

(5.11)

Proof. The proof is divided into three steps below. As usual, constants C, C. are positive and

generic.

Step 1. Multiplying the PDE in (I.25]) by u, integrating over U and using integration by parts,

we have

ALH%/ WMy = /v K(|Vu+ Z(u )y)(Vu+Z(u)))udx+/Ufud:c

——/UK(]Vu—i—Z(u)])(Vu—i—Z(u))-Vudx—i—/FBuda—k/Ufuda:

—/UK(|Vu+ Z())|Vu + Z(u)Pda

+/UK(|Vu+Z(u)|)(Vu+Z /Buda—l—/ fudz.
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On the right-hand side of the last equation, using relation (59 for the first integral, relations
B2), (C20) for the second integral, (I27)) for the third, and (L28)) for the last, we have

%H%/Uu)‘“dazﬁ —%/UH(]Vu—l—Z(u)\)dx—i—C/U]Vu—FZ(u)\l_“uZde

+ /F(Cﬁl + <P2UZB)udU + /U(f1 + fzuzf)uda; (5.12)

1
d:ef—§I+ Ji+ Jy + Js.

In the following, ¢ € (0,1).
e For Jp, using Young’s inequality with powers %:—Z and 2 — a, and then relation (B.10),
J <eT+C.+ Ce/ w7 (=9 gy (5.13)
U

e For Jo, using Young’s inequality, we have
T2 < 2/[ultB |y + N (1)

Next, applying inequality (26]) for « = s = 2({p + 1), p = 2 — a to the boundary integral
[ttt 2, 1), We have

12(tp+1)

Iy < 5/ Val>2de + Clul245 D) + Cullullst, + Na()
with
2l +a _ (2 — a)(2€B +1)

s1=2Up+1)+ 1—a 1—a

By ([Z2) and then relations (L26), (5.10),

/ Ve §2/ \Vu+Z(u)]2_“dx+2/ 12 ()2 da
U U U

< 3I +C+ C/ w29z gy
ds U

Thus
h<Xrictc / w2y 4 C / W2B ) o / utde + Ni(t).
ds U U U

Since (2 — a)lz,2({p + 1),s1 < n3, by using Young’s inequality, we have
Jy < d_z+c e /u”sdx—i—Nl() (5.14)

e For Js3, using Young’s inequality

2(1+24)

Jy < 2/ u2(ff+1>d:p+/ (fl””f +f§>dm. (5.15)
U U
Combining (6.12)), (5.13)), (5.14) and (G.15) gives
A d A1 1 2e
AN S5z
>\+1dt/Uu dot (3¢ d3>

< Ca<1 + / (ufz@=a) g yms 4 uwf“))da;) + N3(t),
U
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where

2(14+64)
Natt) = o) + [ (177 @0 + ) de.

Taking e sufficiently small and using Young’s inequality show that
d
—/ wWMlde +7 < 0+0/ u®?dx + C'N3(t). (5.16)

where
sy = max{2({; + 1),m3}.

Step 2. Multiplying both sides of the PDE in (L.25]) by u;, integrating over U and using the
boundary condition, one has

A /U P lu2d 4 /U K(|Vu + Z(w)])(Vu + Z(w)) - Varde = /F Buydo + /U Fuyda.
Then by (32), we have
A /U P lu2dz + /UK(|VU +Z))(Vu+ Z(W) - (Vu + Z(w))ds
_ /UK(|Vu—|— Z))(Vu + Z(w) - (Z(w))eda + /FButda+/Ufutd:n
< C/U |V + Z(u)|' =2 ()| |ug|dae +/FBUth +/Ufutdx.
Hence by definition of H(§), we have

1d
)\/ P l2dz + 5%/ H(|Vu + Z(u)])de
v v (5.17)
< 0/ Y+ Z ()| 2 () g dz + / Buydo +/ Fuyda.
U r U
e We bound the first term of the right hand side in (5.17)) by (51]) and then Young’s inequality,
0/ Y+ Z ()| 2" () Jugd: < 0/ IV + Z ()0t | da
U U
< E/ \Vu + Z(u)|*%dx + Cg/ w?= Oz =) |y, 2,
U U
By (&I0) and then using Young’s inequality one more time on the last term, we have

(2—a)(26 7 —2—1)

C’/U|Vu+Z(u)|1_“|Z’(u)||ut|d:rg digz+c+3/[]u*—1u§dx+oe/(]ua dr. (5.18)

4
e For the middle term on the right-hand side of (5.17)), using definition (5.5]) we have
d 0Q
B(z,t t t) = — t t) — = .
(LE, 7u(x7 ))ut(‘rv ) dtQ<x7 7u(x7 )) ot (@ tu(z,t))

Thus (5.2) yields

L [ 0Q(.tu)
/FBUth— dt/FQ(x,t,u)da /F py do

j (5.19)
< — / Q(z,t,u)do + C/(cpgu + pau'B ) do.
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For the last term of (5.19), similar to estimate (5.14]) we have

2
C / (st + sulP T Ndo < =
I

T+C.+ CE/ uBdx + C/ <cp§5 + goi) do. (5.20)
ds U r

e For the last term of (5.17)), using Cauchy’s inequality, (54]) and Young’s inequality, we obtain

/futda:g i/ u)‘_lu?dx+0/ Pt e
U 4 Ju U

A
< Z/ M udd + 0/ (fF+ f3u®r)u'=dx (5.21)
U
4205 +1-X)

S%/ dm—i—C/ 2(205+1— )‘dx—l—C/ f14ef+1 X +f2)
U

Then combining (17), (GI8), (I9), (:20), and (E21), we obtain

A

(5.22)
(2—a)(2¢ -1
3 U
where 4(2¢p+1-X)
Nu(t) = /p (& + 3 dor + / (2T i) (5:23)

Step 3. Let t € (0,7). Note by assumption (5.8) that the power (2 —a)(2(z — A — 1)/a in
(522)) is positive. Summing (5.16]), (5:22) with sufficiently small €, and using Young’s inequalities,
we have

%(/Uu/\+ld:n+1—/rQ(:n,t,u)da> §C+C'/Uu33dx—|—C’(N3(t)—|—N4(t)) (5.24)

with
(2—a)2z —X—1)

a

33:max{32, ,2(2€f—i—1—)\)}.

2(1+Ly) d 4(20441-)) ¢
14205 4l +1-X

f1in N3(t) and Ny(t) are less than or equal to 7g, then by Young’s inequality

For simplicity, we bound s3 < 14, and u® < 1+ u™. Also, the powers

N3(t) + Ny(t) < C(1 + No(t)).
Therefore, (5.24) yields

d

—(/ u*+1dx+z—/Q(x,t,u)da) < c+c/ uMdz + CNa(t). (5.25)
dt\ Jy r U

Integrating (5.25]) in time from 0 to ¢ gives

/Uu)‘H(x,t)d:E +T(t) g/Uuo(x)“lderI(O)—/I“Q(w,ojuo(w))df’+/FQ(x’t’“)df’

t t
+Ct+ C/ / uMdxdr + C’/ No(r)dr. (5.26)
0 Ju 0
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We will neglect the first term on the left-hand side of (5.26]). On the right-hand side, by (5.6]) we
have

/ 1Q(, 0, up(2))|do < / (1 (2, 0o () + a2, 0)ulP ™ () dor

while for ¢ > 0, using also estimate (5.14]) we obtain
2
/ Qla, t, u)do < / (prut ™o < T4 0. +C. / WBdz + CN(b). (5.27)
r r 3 U
Again, choosing ¢ sufficiently small, we derive from (5.26]) and (5.27) that
1 t t
ST < Zo+ O+ 1)+ c/ / W dadr + c/ No(r)dr + C/ wBdz + CNy(f),
o Ju 0 U

and, hence, estimate (5.11]) follows. O
Finally, we combine the estimate in Proposition [£.1] with those in Theorem

Theorem 5.2. Let
na

mzmax{l_

oMo+ 1,774} and  ng = va(n7).
(i) If T > 0 satisfies (338) for a = nz, then for all t € (0,T]
/ Vulw, )P~z < C(Z0 + (¢4 1)1+ Valt) + Mt / Na(r)dr ) (5.28)

where
1

V,(t) = {(1 +/Uu0(<p)mdx)_"8 - @/Otu +T(7))d7}_%.

(ii) Moreover, if T > 0 satisfies (3.40) for a = n7 then for all t € (0,T]
/ Vu(e, ) de < C{ 20+ (t+1)(1 +/ ul (2)dz) + N (¢ / No(r)dr ). (5.29)
U U

Above, C is a positive constant.

Proof. Thanks to ([2:2), (510) and (&I0]), we have
/\vuP adx<2/(yw+2( )20 4 | Z () “)dx<CI()+C+C/ 2(2-0) gy
§C{Zo+(t+1)+/(u"3+u52(2“ da:—i—// (x,7)Mdzdr + N1 (t) /N2 dT .
U

Using the fact 13, £2(2 — a),ns < n7 and Z4) to bound u™, ufZ(2=%) ™M < 1 + 4", we obtain

t
/\vuy2—adg;gc{zo+(t+1)+/ u(a:,t)’”dx—l—/ /u(x,T)mdxdT
U 0 JU
+N1 /N2

(5.30)
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(i) Note that o = n; satisfies (B10). Let T > 0 satisfy (338) for a = n;. Now using (3:39) with
o = 17, we have

/ u(z, t)"dx < Vi(t). (5.31)
U

By (B31)) and the fact V,(t) is increasing in ¢, we have
/ Vul? e < Of 2o+ (1) + (4 DVL(t) + Nt / No(r)dr} (5.32)
U

and, therefore, obtain (B.28]).
(ii) Now, assume 7" > 0 satisﬁes B38) for a = n7. By using (B4I) instead of (3.39), we

can replace V,(t) with 2(1 + [;; ul" (z)dz) in (53I) and (5.32), and consequently, estimate (5.29)
follows. O

Acknowledgement. L. H. acknowledges the support by NSF grant DMS-1412796.

References

[1] Art, H. W., AND LUCKHAUS, S. Quasilinear elliptic-parabolic differential equations. Math.
Z. 183, 3 (1983), 311-341.

[2] AuLisA, E., BLOSHANSKAYA, L., HOANG, L., AND IBRAGIMOV, A. Analysis of generalized
Forchheimer flows of compressible fluids in porous media. J. Math. Phys. 50, 10 (2009),
103102:44pp.

(3] BEAR, J. Dynamics of Fluids in Porous Media. American Elsevier Pub. Co., New York, 1972.

[4] CeLIK, E., HoaNG, L., aAND Kieu, T. Generalized Forchheimer flows of isentropic gases.
submitted, preprint http://arxiv.org/abs/1504.00742.

[5] DARCY, H. Les Fontaines Publiques de la Ville de Dijon. Dalmont, Paris, 1856.

[6] DE LANGE, O. L., AND PIERRUS, J. Measurement of bulk moduli and ratio of specific heats
of gases using Riichardts experiment. Am. J. Phys. 68, 3 (2000), 265-270.

[7] Diaz, J. I., AND DE THELIN, F. On a nonlinear parabolic problem arising in some models
related to turbulent flows. SIAM J. Math. Anal. 25, 4 (1994), 1085-1111.

[8] DoucLaAs, J. J., PAES-LEME, P. J., AND GIORGI, T. Generalized Forchheimer flow in porous

media. In Boundary value problems for partial differential equations and applications, vol. 29
of RMA Res. Notes Appl. Math. Masson, Paris, 1993, pp. 99-111.

[9] FORCHHEIMER, P. Wasserbewegung durch Boden. Zeit. Ver. Deut. Ing. 45 (1901), 1781-1788.
[10] FORCHHEIMER, P. Hydraulik. No. Leipzig, Berlin, B. G. Teubner. 1930. 3rd edition.

[11] HoANG, L., AND IBRAGIMOV, A. Structural stability of generalized Forchheimer equations
for compressible fluids in porous media. Nonlinearity 24, 1 (2011), 1-41.

[12] HoANG, L., AND IBRAGIMOV, A. Qualitative study of seneralized Forchheimer flows with the
flux boundary condition. Adv. Diff. Eq. 17, 56 (2012), 511-556.



30

[13]

[14]

[15]

[16]

[26]

[27]

[28]

E. Celik, L. Hoang, and T. Kieu

Hoang, L., IBRAcIMOV, A., KIEU, T., AND SOBOL, Z. Stability of solutions to generalized
Forchheimer equations of any degree. J. Math. Sci. 210, 4 (2015), 476-544.

Hoang, L., AND Kieu, T. Interior estimates for generalized Forchheimer flows of slightly
compressible fluids. submitted, preprint http://arxiv.org/abs/1404.6517.

Hoang, L., aAND Kieu, T. Global estimates for generalized Forchheimer flows of slightly
compressible fluids. Journal d’Analyse Mathematique (2015). accepted.

Hoang, L. T., IBRAcGIMOV, A., AND KitU, T. T. One-dimensional two-phase generalized
Forchheimer flows of incompressible fluids. J. Math. Anal. Appl. 401, 2 (2013), 921-938.

Hoang, L. T., IBRAGIMOV, A., AND Kieu, T. T. A family of steady two-phase gener-
alized Forchheimer flows and their linear stability analysis. J. Math. Phys. 55, 12 (2014),
123101:32pp.

Hoang, L. T., Kieu, T. T., aAND PHAN, T. V. Properties of generalized Forchheimer flows
in porous media. J. Math. Sci. 202, 2 (2014), 259-332.

IvaNnov, A. V. Second-order quasilinear degenerate and nonuniformly elliptic and parabolic
equations. Trudy Mat. Inst. Steklov. 160 (1982), 285.

IvaNov, A. V. The regularity theory for (M, L)-Laplacian parabolic equation. Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 243, Kraev. Zadachi Mat. Fiz. i Smezh.
Vopr. Teor. Funktsii. 28 (1997), 87-110, 339.

Kieu, T. Analysis of expanded mixed finite element methods for the generalized Forchheimer
flows of slightly compressible fluids. Numer. Methods Partial Differential Equations (2015).
accepted.

KINNUNEN, J., AND Kuusi, T. Local behaviour of solutions to doubly nonlinear parabolic
equations. Mathematische Annalen 337, 3 (2007), 705-728.

MANFREDI, J. J., AND VESPRI, V. Large time behavior of solutions to a class of doubly
nonlinear parabolic equations. FElectron. J. Differential Equations (1994), No. 02, approx. 17
pp. (electronic only).

MOSER, J. On a pointwise estimate for parabolic differential equations. Communications on
Pure and Applied Mathematics 24, 5 (1971), 727-740.

MuUskAT, M. The flow of homogeneous fluids through porous media. McGraw-Hill Book
Company, inc., 1937.

NIELD, D. A., AND BEJAN, A. Convection in porous media, fourth ed. Springer-Verlag, New
York, 2013.

PARK, E.-J. Mixed finite element methods for generalized Forchheimer flow in porous media.
Numer. Methods Partial Differential Equations 21, 2 (2005), 213-228.

STRAUGHAN, B. Stability and wave motion in porous media, vol. 165 of Applied Mathematical
Sciences. Springer, New York, 2008.



A General Class of Forchheimer Gas Flows in Porous Media 31

[29] SURNACHEV, M. D. On improved estimates for parabolic equations with double degeneration.
Tr. Mat. Inst. Steklova 278, Differentsialnye Uravneniya i Dinamicheskie Sistemy (2012), 250—
259.

[30] Tsutsumi, M. On solutions of some doubly nonlinear degenerate parabolic equations with
absorption. J. Math. Anal. Appl. 152, 1 (1988), 187-212.

[31] VAzQUEZ, J. L. The porous medium equation. Oxford Mathematical Monographs. The Claren-
don Press Oxford University Press, Oxford, 2007. Mathematical theory.

[32] VESPRI, V. On the local behaviour of solutions of a certain class of doubly nonlinear parabolic
equations. Manuscripta Math. 75, 1 (1992), 65-80.

[33] WARD, J. C. Turbulent flow in porous media. Journal of the Hydraulics Division, Proc. Am.
Soc. Civ. Eng. 90(HY5) (1964), 1-12.

[34] Yaws, C. L. Matheson gas data book, Tth ed. Matheson Tri-Gas, NJ, 2001.



	1 Introduction
	2 Basic inequalities
	3 Estimates of the Lebesgue norms 
	4 Maximum estimates
	5 Gradient estimates

