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Abstract

We prove a general duality result for multi-stage portfolio optimization problems
in markets with proportional transaction costs. The financial market is described
by Kabanov’s model of foreign exchange markets over a finite probability space and
finite-horizon discrete time steps. This framework allows us to compare vector-valued
portfolios under a partial ordering, so that our model does not require liquidation into
some numeraire at terminal time.

We embed the vector-valued portfolio problem into the set-optimization framework,
and generate a problem dual to portfolio optimization. Using recent results in the
development of set optimization, we then show that a strong duality relationship holds
between the problems.

1 Introduction

Portfolio optimization problems have a long and rich history. Traditionally, portfolio opti-
mization took place in models without transaction costs, as in [11]. Portfolio optimization
problems in financial market models which include proportional transaction costs first ap-
peared in the work of Magill and Constantinides [10]. The two asset model was solved
rigorously and improved upon shortly thereafter [1] [15]. Since then, much more focus has
been placed on deriving results in markets with transaction costs, as researchers tried to
develop results analogous to the classical case.

In this paper, we consider the conic market model initially developed by Kabanov [7] for
modeling foreign transaction market. The conic market model expresses portfolios in terms
of the number of physical assets they contain, as opposed to their values. This allows the
formulation of wealth processes without the explicit use of stochastic integration. Though



this quality may be seem surprising to portfolio optimization veterans, it is attractive in
terms of its simplicity and intuitive nature. In order to compare portfolios, we consider
them as assets of vectors under a partial ordering, and invoke the theory of set optimization
to formulate the portfolio problem.

Set optimization is primarily motivated by the desire to optimize with respect to a non-total
order relation. Vector-valued optimization fits directly into this framework, with component-
wise comparison. However, we prefer to work in a set-optimization framework as opposed
to the less general vector-optimization because of its succinct theory [3]. Following the work
of [4], we introduce an ordering of sets which generates a complete lattice. This allows us to
define corresponding notion of infimums and supremums of sets—a fundamental step in the
formulation of the portfolio optimization problem. We then use the tools in [5] to formulate
a set-valued dual to the portfolio optimization problem. Because we consider the multistage
problem, our results are generalize those in [16].

Constructing a primal-dual pair of problems for set-valued portfolio optimization provides
insight into the relationship between traditional portfolio optimization theory and the pro-
portional transaction cost case. But it is also our hope that the results contained here
would be of more than just theoretical interest. Recent work [9] [6] has been investigating
computational techniques for solving set-valued optimization problems. In particular, [9]
uses both the primal and dual formulation of a set optimization problem to work towards
computing a solution. In this sense, the results in this paper provide a valuable relationship
which will help bring the portfolio optimization problem considered closer practioners, as
computational techniques progress.

The rest of this paper is organized as follows. In the first section, we introduce the material
which we use to formulate the set-valued portfolio optimization problem. This includes a
review of the conic market model in addition to a summary of the set-optimization tools
and techniques the we will use in our problem formulation. The next section explicitly
formulates the multi-period utility maximization problem. In the third section, we discuss
duality in the set optimization framework. The fourth section is devoted to our main results,
the formulation of a dual problem and a proof that a strong duality relationship holds. The
last section applies the main results to an example utility maximization problem.
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Zach Feinstein for their encouragement and guidance into the subject. Part of the paper was
completed when the second author was in residence at the Mathematical Sciences Research
Institute in Berkeley, during which he was supported by the National Science Foundation
under Grant No. DMS-1440140.



2 Preliminaries

2.1 Conical Market Model

In this section, we recall the framework of the conic market model with transaction costs
introduced in [7], though we primarily follow the development in [14].

Consider a financial market which consists of d traded assets. In classical models, we assume
that at some terminal time 7" all assets are liquidated, i.e. converted to some numeraire. In
certain applications, this is unrealistic. For example, an agent with a portfolio consisting of
assets in both US and European markets should not need to choose between liquidation into
Euro or USD to establish its relative value. For this reason, we use a numeraire-free approach
by considering vector-valued portfolios. In particular, we express portfolios in terms of the
number of physical units of each asset, instead of the value of those assets with respect to a
numeraire. This approach is especially interesting when liquidation into some numeraire has
an associated transaction cost. In this case conversion to a unified currency is irreversible,
and different choices of numeraire could result in different relative values of portfolios.

We consider a market in which transaction costs are proportional to the number of units
exhanged. To model these costs, we introduce the notion of a bid-ask matrix.
Definition 2.1. A bid-ask matriz is a d x d matrix II such that its entries 7 satisfy

1. 77 >0, for 1 <i,j <d
2.t =1, for 1 <i<d.
3. w7 < nkphi for i < i, 5,k < d.

The terms of trade in the market are given by the bid-ask matrix, in the sense that the
entry 7 gives the number of units of asset i which can be exchanged to one unit of asset
7. Thus the pair {Wﬁi,ﬂij } denotes the bid and ask prices of the asset j in terms of the
asset 7. A financial interpretation of the first and second properties of a bid-ask matrix is
straightforward, with the third condition ensuring that an agent cannot achieve a better

exchange rate through a series of exchanges than exchanging directly.

Next, we consider the notions of solvency and available portfolios. Recall that, given a set
C < R?, the convex cone generated by C' is the set

cone(C) = {Zkiyi:yieC,)\iZO,l <i<n,neN}.

i=1

Definition 2.2. For a given bid-ask matrix I, the solvency cone K(II) is the convex cone in
R? generated by the unit vectors e’ and e’ — e/, 1 < i,j < d.

Solvent positions in vector valued portfolios are those which can be traded to the zero
portfolio. The vector e’ — e/, which consists of 7 long position in asset i and one short



in asset j, is solvent because the terms of trade given by II allow exchanging 7¥/e’ to e/. It
follows that any non-negative linear combination of 7¥¢? — ¢/ is also solvent. We also allow
an agent to discard non-negative quantities of an asset in order to trade to the zero portfolio,
which justifies including the e’ vectors in the solvency cone definition.

What is that set of portfolios that can be obtained from the zero portfolio, according to the
terms of trade governed by II? Similar to the definition of the solvency cone, it consists
of vectors ¢/ — ¢!, which correspond to trades at the exchange rate given by II. Again
permitting trades where agents discard resources, we see that the set of portfolios available
at price zero is the cone —K (II).

Given a cone K < R? we denote by K+ the positive polar cone of K, i.e.,
Kt ={weR": (v,w) =0 for ve K(II)}.

Recall that the interior of K* is the set
int K* = {w : {(w,x) > 0,Vr e K,z # 0}.

Definition 2.3. A nonzero element w € R? is a consistent price system for the bid-ask matrix
IT if w is in the positive polar cone of K (II), so that

we KT(IT) = {we R : (v,w) = 0 for v e K(II)}.

The set of all consistent price systems for a bid-ask matrix is then simply K *(II)\{0}.

The notion of a consistent price system has an important financial interpretation. A price
system w gives a non-negative price w' for each asset i. One interpretation of the definition
of a consistent pricing system is that, if we fix some numeraire asset ¢, then w satisfies the
condition that the frictionless exchange rate Z—J for asset j is less than 7%. Allowing for

i

arbitrary choice of numeraire ¢ and asset j, this is equivalent to
4 w’ y -
{weR+\{O}:E > 7% for 1 <i,j <d}.
One can easily show that this set is in fact equal to K (II)\{0}, the set of all price systems

consistent with II.

Fixing a filtered probability space (€2, (F)L,, P), we model a financial market by (II;)L,, an
F adapted process taking values in the set of bid-ask matrices. Such a process will be called
a bid-ask process. We make the following simplifying assumptions.

Assumption 2.4. (Q, (F)L,,P) satisfies

o Fy = {0} is trivial.
e The model is in discrete time with ¢t = 0,...,T

e The probability space (2 is finite, with || = N
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e Each element in {2 has nonzero probability, i.e. P[w,] = p, > 0, where Q = {w;, wa, ...,wn}
andn=1,..,N.

The assumption that (2 is finite means that the different topologies L* (2, F,P), L}(Q, F,P),
LY(Q, F,P), etc. on the set of all R%valued random variables X :  — R? are isomorphic.
We will refer to this topology simply as LP(2, F,P) for some p € (1, 0), in order to make clear
when we are referring to the dual space L(Q2, F,P) where % + % = 1. For ease of notation,
we will denote these spaces LP(F;R?) and L(F;R?). Note that we can identify the space of
all d-dimensional random variables with R and inner product E{z, ). In the same way,
any cone in LP(F;,RY) generated by a finite set of random vectors {x;}™, is generated by
{z;1r,} in RN where {I';},e; is the set of atoms of F;. Lastly, for sake of notation, we’ll
denote the components of a vector z € RN by z;(w) for we Q, 1 <i < N.

Let (TI;)Z_, be a bid-ask process. This generates a cone-valued process (K;)._, where each
K, is an associated solvency cone. We denote by LP(F;, K;) the set

(X € LP(F;;RY) @ Xy (w) € Ky(w)}.
for each w € ).

We can now define the notion of a self-financing portfolio.
Definition 2.5. An R%valued adapted process ¥ = (9;)L, is called a self-financing portfolio
process if the increments

§(w) = Dy(w) = Py (w)
belong to the cone — Ky (w) of portfolios available at price zero, for all time ¢ = 0,..., 7. We
also put ¥_; = 0 by convention.

For each t = 0,..., T, we denote by A, the convex cone in LP(F;; R?) formed by the random
variables ¥;, where ¥ = (9;)Z_, runs through the self-financing portfolio processes. We always
assume that the initial portfolio ¥ is deterministic. A7 may be then interpreted as the set
of positions available at time 7" from an initial endowment 0 € R?. More precisely, if we
denote by 1 € LP(Fy, R?) the constant random variable that assumes the value 1, we have
the following result:

Proposition 2.6. For eacht =1,...,T,

At:—Ko]l—Lp(fl,K1>——Lp(]:t,Kt)

Proof. Assume z € A;. Then z is a convex combination of random variables

r =Y NV
j=1
where for each j, (/)L is a self-financing portfolio and X > 0. We rewrite z as

=Y N0+, — -+

J=1



Expanding this sum, each 37", M () —9)_,) € —K(II;) since — K (I1,) is a cone and ¢! —9)_, €
— K (II;) for every j. We have established that

At - —Ko]l—Lp(fl,Kl) ——LP(E,Kt)
The reverse containment follows by a symmetric argument and is omitted. O]

Similarly, if one starts with an initial endowment xy € R?, then the collection of all random
portfolios available at time T is given by Ar(z¢) = 2ol + Ap. Explicitly, we have

AT([I)()) Zl'o]]_—KO]l—Lp(fl;Kl)—"'—Lp(fT;KT), (1)

with convention Ar(0) = Ar.

Another important concept in a financial market model is the concept of arbitrage. In the
conic market model framework, the bid-ask process (II;)’_, is said to satisfy the no arbitrage
property if

Ar n LP(Fr;R%) = {0}. (2)

We will assume that our market model satisfies the no arbitrage property.

In classical financial market models, no arbitrage is intimately connected to the existence of
an equivalent martingale measure. The corresponding notion in the conic market model is
a consistent pricing process.

Definition 2.7. An adapted R?-valued process (Z;){_ is called a consistent pricing process
for the bid-ask process (II;)_, if Z is martingale and Z;(w) lies in K;(w)™\{0} for each
t=0,...,T.

The following extension of the Fundamental Theorem on Asset Pricing, due to Kabanov
and Stricker, [8], establishes the connection between no arbitrage and consistent pricing
processes.

Theorem 2.8. Let Q be finite. The bid-ask process (I;)L_, satisfies the no arbitrage condi-
tion if and only if there is a consistent pricing system Z = (Z;)I_, for (II;)1,.

This theorem is a fundamental component in the proof of our main duality result, Theorem
5.2.

We will make use of this result in the form of the following lemma
Lemma 2.9. A bid-ask process satisfies the no arbitrage condition if and only if

(=AF) nint (L9(Fr,RY)) # &.

Proof. For the forward direction, assume a bid-ask process satisfies the no arbitrage condi-
tion. Then
Ar o LP(Fr,R%) = {0}.

Since € is finite, Ay is the sum of finitely generated closed convex cones, so it is a finitely
generated convex cone, and hence closed. Let C' := conv ({e(w);,1 < i < d,w € Q}), where
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each {e(w); is a unit vector in R™¥Y. Since C' is the convex hull of a finite set of points in
LP(Fr,R%), it is compact. Obviously 0 ¢ C. By the separation theorem (in the case that
one set is closed and the other compact) there is a nonzero z € R™ that strictly separates C
and Ar. That is,

sup{z,z) < inf{z,y).
yeC'

:EEAT

C is compact, so the expression on the right-hand side of the inequality is finite. Since Ap
is a cone, the left-hand side of the inequality must then be zero, so z € —AZ. Furthermore,
(z,yy > 0 for each y € C, so that (z,\y) > 0 for all y € C and A # 0. Since C generates
LP(Fr), we have that (z, \y) > 0 for all y € LP(Fr,R%) with y # 0. It follows that

zeint ((LP(Fr,RY))") =int (LY(Fr,RL)).

For the reverse direction, assume that
(=A%) nint (LY(Fp,RY)) # &.
Then there is a z such that
(z,2) <0 for x € Ar and (z,y) > 0 for y € K\{0}.

This obviously implies that Ay and K\{0} are disjoint. O

2.2 Set Optimization

In this section, we review the components of set-valued optimization that will be necessary
to introduce the portfolio optimization problem. For a more detailed exposition of the set-
valued optimization framework and the corresponding duality theory, see [3, 4, 5].

We begin by constructing a suitable notion of “order” for sets. Let Z be a non-trivial real
linear space. Given a convex cone C' ¢ Z with 0 € C, we have a preordering of Z, denoted
by <¢, which is defined as

2 Ko 7y = 22—2160

for any 21, 2z € Z. The following are equivalent to z; <¢ 29,
21 Ko B9 22—2160 <~ 22621+C < 21622—0.

These last two expressions can be used to extend <¢ from Z to P(Z), the power set of Z.
Given A, B € P(Z), we define two possible extensions.

A<cB < BcCcA+C

AZcB < Ac B-C.



We use + to denote Minkowski addition of sets, with set convention that A+ = @+ A =
for all Ae P(Z).

In what follows we will exclusively discuss the relation <, which is appropriate for set-
valued minimization. Each of the results we include has a corresponding result for <4 in
the maximization context, which we omit. For further details see [3].

In addition, we assume that Z is equipped with a Hausdorff, locally convex topology. We
consider the space
G(Z,C)={Ac Z:A=clconv(A+C)}

where clconv is the closure of the convex hull. We abbreviate G(Z,C) to G(C), when
Z is clear from the context. We define an associative and commutive binary operation

@:G(C)x G(C) - G(C) by
A®B =cl(A+ B)

Observe that in G(C'), the relation <¢ reduces to containment. For any A, B € G(C),
A<c B < AcCB.

As shown in [4], the pair (G(C'),2) is a complete lattice, meaning that 2 yields a partial
order on G(C'), and that each subset of G(C') has an infimum and supremmum with respect
to 2 in G(C). Given & # A < G(C), the infimal and supremal elements in G(C') are

inf A = clconv A, sup A= A. (3)
(G(C),2) ALA (G(C),2) Q4

In order to preserve intuition, it is useful to recall how this framework relates to the familiar
complete lattice of the extended real numbers R U {+o0} with the < order. The extended
real-numbers translate into the set-valued framework described above by using the ordering
cone C' = R, and identifying each point z € R with the set {z} + R, in (G(R,R;),D).
Moreover, +00 and —oo in the usual framework are replaced by ¢ and R, repectively, in the
set-valued case.

Next, assume that X,Y are two locally convex spaces, and that D < Y is a convex cone
with 0 e D. Let f: X — G(C) and g : X — G(D) be two set-valued functions. We consider
optimization problems of the form

min f(z) subject to 0 € g(x).

zeX

Where the minimum refers to the set-valued ordering previously discussed. In other words,
we want to find the set

inf )|z e X,0€e g(x)} = clconv x)lre X,0eg(x)}.
St (@) @) i@ e
This is the minimum of our optimization problem.
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Extending the notion of a minimizer to the set-valued case is slightly more subtle. Given
f:X — G(C)and M < X, we denote the set of all values of f on M by

fIM] = {f(z)lx e M}.

The minimal elements of f[M] are defined by

Min f[M] := {f(x)|f(y) € fIM] and f(y) =2 f(x) = f(y) = f(x)}.
Similarly, an element 7 is a minimizer of f on M if f(Z) € Min f[M].

In addition to a minimality condition, we also expect a solution to attain the infimum of a
problem. We say that the infimum of a problem

min f(z) subject to z € X

is attained at a set X < X if
inf f(z) = inf f(X).

zeX zeX

As per the definition of infimimum in (3), this means that

clconv U f(z) = clconv U f(z).

zeX zeX

Alternatively, we say that the set X is an infimizer of the problem. Combining both of
these requirements, we arrive at an appropriate notion of a solution to a set optimization

problem.
Definition 2.10. Given f : X — G(C), an infimizer X < X is called a solution to the problem

min f(z) subject to x € X

EY C Min f[X]. Similarly, we call an infimizer X < X a full solution to the problem if
X = Min f[X].

In the typical optimization framework of the extended real numbers, the notion of an infimizer
and minimizer coincide because the search for infimizers can be reduced to singleton sets. In
the set-optimization setting, this is not the case, which warrants the above definition. The
infimum of a problem is, in general, the closure of the union of function values, which is not
necessarily a function value itself. Further details and a more in depth review of this issue
can be found in [5].

We next review some important convex-analytic type properties for set-valued functions.
Definition 2.11. A set valued function f : X — (G(C'),2) is said to be convez if for every
pair x1, x5 € X and every t € (0, 1)

Stz + (1= t)awg) 24 f(x1) + (1 — 1) f(22).



It is straight-forward to show that convexity of f is equivalent to convexity of the graph of

f, where
graph f:={(z,2) e X x Z|z€ f(x)} € X x Z.

We end this section with the following results, found in [5], which use convexity to simplify
the computation of infimums and Minkowski sums.
Proposition 2.12. If f : X — P(Z) is conver and

f(x) = (f(z) +C),
then f(x) € G(C)

Proof. We want to show that for each z € X, f(z) = clconv (f(z) + C), given that f is
convex and f(x) = cl(f(z) + C). It suffices to show that f(x) + C is convex, which will
follow if f(z) is convex because the Minkowksi sum of two convex sets is convex [12]. But
f(z) is convex for every x, since for arbitrary z;, 29 € f(x), t € (0,1), we have

tz1+ (1 —=t)zgetf(z)+ (1 —t)f(z) < ftx + (1 —t)z) = f(x)

where the last containment comes from the convexity of f. O]

Proposition 2.13. If f : X — G(C) and g : X — G(D) are convez, then

S {F@le e X.0e g(a)} = ol | Jif @) e X.0€ g(a)},

so that the convex hull can be removed from the definition of infimum.

Proof. We want to show that

Ul @)l e X,0€ g(x)}

is convex. We begin by showing that {x € X|0 € g(x)} is convex. If 0 is contained in both
g(x1) and g(x9), then for any t € (0, 1),

0etg(z) + (1 —t)g(xs) < g(txy + (1 —t)x2),

so that {z € X|0 € g(z)} is convex.

Next, assume that 21,20 € (J{f(z)|lzr € X,0 € g(x)}. Then there are zy,z5 such that
21 € f(x1) and 29 € f(x2), with 0 € g(z1) N g(xs). Thus for any ¢ € (0, 1)

tz1 + (1 — t)ZQ € tf(%l) + (1 — t)f(l'z) - f(tl’l + (1 — t).’IQ)
Our initial claim gives that 0 € g(tzy + (1 — t)x2), so that [ J{f(x)|z € X,0 € g(x) is convex

and we have our result. O
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3 Problem Formulation

In this section, we explicitly formulate the multi-period utility maximization problem.

We consider a function U(z) : R? — R? which models the utility of an agent’s assets x at
the terminal time 7. We make the following assumptions on U.

1. U is a vector valued component-wise function
U(x) = (uy (1), ug(x2), ..., ug(xq)), == (1,29, ..., 24) € R?

where each u; : R — R. Note each u; is real-valued, as opposed to extended real valued.
Thus U is defined even in the case of negative wealth.

2. Each wu; is strictly concave, stricly increasing, and differentiable.
3. Marginal utility tends to zero when wealth tends to infinity, so that

. ’ o
zlll—rfloo w;(x;) = 0.

4. u; satisfies the Inada condition, so that the marginal utility tends to infinity when x;
tends to the infimum of the domain of u;. In other words,

lim wuj(z) = oo.
T;—>—0

These assumptions are standard in the context of utility maximization problems [2].

Let the ordering cone C' = R%. We define the objective function F : LP(Fr,R?) — G(C) to
be the expected utility of a random portfolio at terminal time.

E[-U(x)] + R U(x) # —0
F(z) = { (%) otherwise

The expectation is taken with respect to the probability space (2, Fr,P).

Note that in the definition of F', we have recast the utility maximization problem into a min-
imization framework. This is to establish more consistency with the set-valued optimization
tools developed in [3], [4], and [5], which cast their results in the traditional minimization
framework of convex analysis. Of course, one could consider the maximization form of the
problem without any loss of generality.

The portfolio optimization problem then takes the form
minimize F'(x)

subject to the constraint that the portfolio x is the terminal result of a self-financing portfolio
with initial endowment zy. In other words, we have the problem

minimize F(x) (P)

subject to x € Ap(xg)
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4 Duality in Set Optimization

In this section we review the results in [5] which we will use in the next section to form a
set-valued dual problem to (P).

Set-valued Lagrange duality follows a similar theme to the real-valued case. Given convex
cones C' < Z and D € Y, and convex functions f : X — G(C) < P(Z)and g: X — G(D) <
P(Y), we are interested in the primal problem

minimize f(x) subject to 0 € g(x). (P.)
i.e. we search for a set p & Z where

D= (g(lg)fg){f(xﬂx € X,0€ g(x)} = clconv U{f(x)|x € X,0€g(x)}.

The first step is to define a set-valued Lagrangian function which recovers the objective, in
the sense that the function f(z) is the supremum of the Lagrangian over the set of dual
variables.

For y* € Y* and z* € Z*, where Y* and Z* denote the topological dual spaces of Y and Z,
respectively, define the set-valued function Sy« z+) : Y — P(Z) by

S (y) = {2z € 2]y (y) < 27 (2)}.

We use these functions to formulate a Lagrangian function.
Definition 4.1. We define the Lagrangian [ : X x Y* x C*\{0} — G(C) of the problem (P,)
by

(w,y%,2%) = f(2)® ] Siron(y) = f(x) @ inf{Sys 0 (y)ly € g(x)}.

yeg(x)

We can recover the primal objective from the Lagrangian.
Theorem 4.2. [5/[Prop 2.1] If f(x) # Z for each x € X, then

sup lz,y*, 2") = ﬂ l(a,y*, 2*) = { flx): 0eg(x)

(y*,2%)eY * x CH\{0} (y* Y O\ (0} & otherwise

Under the condition in Theorem 4.2, we can formulate the problem (P.) as

inf sup l(x,y*, z%).
TEX (% 2¥)eY* x O\ {0}

We define the dual problem

sup inf I(x,y*, z%). (D.)
(y*,2%)eY * x C+\{0} T€X
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We denote by h: Y* x CT\{0} — G(C) the dual objective

h(y*,z*) := inf l(x,y*, 2%) (4)

reX

and define d to be the set

d:= sup h(y*,z").
(y*,2%)eY* xC+\{0}

We have the following weak duality results for the problems (P.) and (D).
Proposition 4.3. [5, Prop 6.2] Weak duality always holds for the problems (P.) and (D,).
That 1s,

d =sup {h(y*,2*)ly* € Y* z* € C*\{0}} 2 inf {f(z)|z € X,0 € g(2)} = D.
Strong duality, on the other hand, requires a constraint qualification. The problem (P.) is
said to satisfy the Slater condition if
Iz e dom f: ¢(T) nint (—=D) # .

Slater’s condition is sufficient for strong dualilty between (P.) and (D.).

Theorem 4.4. [5, Theorem 6.1] Assume p # Z. If f : X — G(C) and g : X — G(D) are
convex and the Slater condition for problem (P.) is satisfied, then strong duality holds for
(P.). That is,

p=inf {f(2)|0 € g(x)} = sup {h(y*, 2*)|[y* € Y*,2* € C*\{0}} = d.

Lastly, we introduce the notion of a set-valued Fenchel conjugate.
Definition 4.5. The (negative) Fenchel conjugate of a function f : X — P(Z) is the function
—f*: X* x (CT\{0}) — G(C) defined by

—ff(x*,2") =cl U [f(z) + S ) (—2)] -

zeX

Motivation for this definition and further details about the nature of the set-valued Fenchel
conjugate can be found in [4].

5 Duality in Portfolio Optimization

In this section we apply the tools introduced in the previous section for dualizing set-valued
optimization problems to the portfolio optimization problem (7).

We begin by showing that (P) is well-defined.
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Lemma 5.1. The functions F : L (Fr,R?) — GRY,RY), F(x) = E[-U(z)] + RL and
g: LY (Fr,R?) — G(LP(Fr,RY), LP(Fr,RY)), g(x) = x—Ar(x0) are well-defined and convex.

Proof. We begin with the function F. F clearly maps to G(R? R ) because
F(r) +R% = E[-U(z)] + R%

is a polyhedral convex cone, and hence is a closed convex cone. We claim that F' is also a
convex map. More precisely, let 21,2, € R%, and ¢ € (0,1). Then

tf(en) + (1= 1) f(x2)
= t (B[-U()] + R}) + (1 - t) (B[-U(w)] + R})
=E[t(-U(z1)) + (1 =) (-U(22))] + Ry

By the assumptions on our objective function U, for each 1 < ¢ < d, —u; is convex, so that
t(—ui(z1(w))) + (1 = 1) (—us(22(w))) = —u;i (t21(w) + (1 = ) z2(w))
for each w € Q. It follows that
E[t(—U(21)) + (1 = t) (~U(22))] + R} S E[-U(tz; + (1 — t)z)] + Ry
We conclude that F'is convex by Definition 2.11.
Next we consider the function g(x). We need to show that in LP(Fp, R?),

cleconv (z — Ap(zo) + LP(Fr,RY)) = 2 — Agp(xo) .

Observe that —Ar(zg) and LP(Fr,R%) are convex, so their sum is as well [12, Ch. 3] and
the convex hull on the left side can be dropped. In addition, since K is a solvency cone, the
cone LP(Fr,R%) is contained in LP(Fr, Kr), thus © — Ar(zo) + LP(Fr,R%) = x — Az (z).
Hence, it remains to show that  — Ap(zo) is closed in LP(Fr,R%). By the assumptions
(2.4), Q is finite, and each element in 2 = wy,...,wy has positive probability. The space of
d-dimensional random variables can then be associated with Euclidean space of dimension
d x N and inner product E{z,y). Note that if G = cone(&y, ..., &) is a random convex cone
generated by m JF;-measurable random variables, then LP(G, F;) is the polyhedral convex
cone generated by &;Ir; where {T';}jes are the atoms of F;. We have established that each
of the LP(F;, K;) is finitely generated, so by the Farkas-Minkowski-Weyl Theorem, each is
polyhedral. Since the finite sum of polyhedral cones is a polyhedral cone, we conclude that
x — Ap(zo) is a polyhedral cone, and hence is closed. O

Note that, in the notation of the previous section, we have established that X = L?(Fp, R%),
Y = LP(Fp,RY, Z =R%, € =RY, and D = LP(Fr, RY).

We are now ready to state our main result, which is a formulation of the dual problem to the
portfolio optimization problem (7). We then examine the relationship between the primal
and dual problems. Namely, we establish that strong duality holds.
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Theorem 5.2. The dual problem to (P) is the problem

sup h(y*, z*) (D)
(y*,z%)e—Ap (o)t ijl_\{O}

where h : L(Fr,R?) x RI\{0} — G(R?) is defined as

By, 2*) = { {z € RY|inferr(ry mey 25 (E[-U(2)]) + y*(z) < 2*(2)}  if y* € (= Ar(z0))*
v R¢ otherwise.

When y* € —Ar(xo)* and no components of z* are zero, we can write the function h(y*,

as
d *
{zeRdﬂE [;z:‘]luf (z?l]l)] Sz*z} (6)

where u} denotes the concave conjugate of u; [12].

To prove this result, we require the following lemma
Lemma 5.3. The lagrangian function for the problem (P) isl: LP(Fp,R?) x LI(Fp, R?) x
(RI\(0}) — G(RY, RY) defined by

{z e R E[-U()]) +y*(2) <2*(2)}  ify" € —Ar(wo)*

Iz, y*, 2") = { R4 otherwise. (7)

Proof. Note that the positive dual cones of LP(Fr,R%) and R? are LI(Fr,R%) and R?
respectively. Hence the Lagrangian function [ has domain on LP(Fp,R?) x LI(Fp,RY) x
(R9\{0}), as per Definition 4.1.

Also from Definition 4.1, we see that

l([E,y*,Z*> = F([E) @ U Sy*,z* (y> (8)

yex—Ar (zo)

The union on the right side can be written explicitly

U {eRUy () <2*()} = {zeR!| inf y*(y) <2*(2)}

yex—Arp(20) yex—Ar(zo)
={zeRY inf y*(y) +y*(z) <2 (2)}.
yefAT(xo)
Note that Ap(xg) = xg — Ko — LP(Fy, K1) — - - — LP(Fp, Kr) is a cone in LP(Fr, K7). The

infimum on the right side is the support function on a cone [12], and can be written

. f * _ _57 . *
yejxlT(xo)y () Ar(zo)t (Y7) 5

15



where d_4,.(z0)+ (¥*) is the indicator function on —Ar(zo)*, equal 0 if y* belongs to —AF
and oo otherwise. Hence, identity (8) becomes

()} @RS

Uz,y*,2") = E[-U(x)] + {z € RY| = 0_ap(eo)+ (¥*) +y* () < 2
) +y"(2) < 2*(2)} ORY

= {2 € RY| = 0_sy(o0)+ (") + 2" (E[-U(2)]
Since z* € RZ\{0},
{zeR|a<2*(2)} ®RL = {z e R?|a < 2*(2)}
for any constant a in R u {—oo}. It follows that
U, 2%) = {2 € RY) = 6 tpianys (47) + 2 E[-U(@)]) + 5*() < °(2))
which deduces identity (7). O

Recall that the coordinate functions w;(z) of the utility function U(x) are real-valued for
each r € R?. Combining this with the fact that 2 is finite (and hence the expectation in the
problem formulation is finite) yields the following proposition.

Proposition 5.4. The objective function of (P) can be recovered from the lagrangian (7).
That 1s,

E[—U({L‘)] + Ril_ : Dex— AT(Qf())

sup l(z,y*, 2%) = { ' /
(y*,2%)eLa(Fr,RY) x R4\ {0} [ otherwise

Proof. This follows immediately from the above comments and an application of Theorem
4.2. O

Using Lemma 5.3, we complete the proof of Theorem 5.2.
Proof. From the definition of the dual objective (4)

("2 = f ey 2Y)

If y* ¢ —Ap(xg)", this is RY. In the case that y* € —Ap(zo)"
: f l * *
e (z,y7, 2%)

_ 3 d| * * . * *
= 2R =y () + 2 EU@]) +9(@) < 2(6)

=cd | @) + 2 E-U@) < 25(2)}
xeLP (Fr,R4)

=cl{z|] inf 2YE[-U(z)]) +y*(z) < z*(2)}.

zeLP(Fr,Rd)
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The infimum in the expression above is the Fenchel conjugate of a sum of convex functions.
Since the Fenchel conjugate of a proper convex function is proper and lower semicontinuous
[13, Theorem 11.1], this infimum is attained, so we can drop the closure from the expression.
Thus,

={zl inf ZHE[-U(z)]) +y"(2) < 2°(2)}

zeLP(Fr,Rd)

and the result is proven.

The final part of the theorem, in which we reformulate the dual objective in terms of concave
conjugates, follows because

xeLPi(r}£7Rd) " (E[—U<J})]) + y*(f)

= inf  E[*L,-U(x))] + y*(2)

zeLr (Fp,Rd)

= inf E[*L, -U(x)) + y*, x)]

zeLP (Fp,Rd)

= inf

—ziui(z) + Yyl
weLp(Fp,R4) Fuilei) + i)

=
gl

=t ’Rd)ZP (Z —z ui(zi(w)) + y; (w)xi(W))

=1

Exploiting separability over the sum gives

d

= > Plu] Zx.%f}feR =2 ui(;(w)) + yf‘(w)w(w))
we) i=1"

[ d

- Z inf yf(xi)—Zfﬂui(il?i)]

) z;eLP(F,R)

from which the result follows immediately. More details can be found in the next section,
where we perform the details of this calculation more slowly with an example problem for
context.

O
In the language of set-valued Fenchel conjugates, we have the following easy corollary.
Corollary 5.5. The objective function of the dual problem is
%\ _F*(_y*JZ*) Zf y* € _AT(x0)+
hy™ 2") = { R4 otherwise. 9)

where F'* is the Fenchel conjugate of Fy,.
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Proof. We compute the Fenchel conjugate of F. For every y* € L(Fr,R?), z* € R1\{0}, it
follows from Definition 4.5 that

—F*(—y*, 2*) = cl U (F(z) + S(_ys.%)(—1))

reX

=d | (EU@] R+ ]yt () <))

zeLP (Fp,Rd)

=d ) {z+E[-U@)]+R}-y*(-2) < z*(2)} (10)

we L (Fr,R4)
(11)
Since z* € R1\{0}, 2*(r) = 0 for each r € R%, (10) becomes

— ¢l U {zly*(7) < 2%(2 — E[-U(z)]}

xeLP(Fr,RT)

=cl {z| meLpinf y*(z) + 2" (E[-U(x)]) < z*(z)}

(Fr,R4)

- {z| inf  y*(z) + 2*(E[-U(2)]) < z*(z)}_

weLp (Fr,RY)
This agrees with (5). O
Theorem 5.6. Strong duality holds between the problems (P) and (D). That is,
p =inf F(z) = sup(y*, 2*) = d
subject to x € Ar(xo) subject to y* € —Arp(zo)*
z* e R1\{0}.
Proof. By Theorem 4.4 and Lemma 5.1, it suffices to show that p = inf,ca,.() F(2) # R
and that Slater’s condition is satisfied.

For the first part, we use weak duality. By Proposition 4.3, p < d, so it suffices to show
that d # R%. Lemma 2.9 give that —Az(z¢)" nint (L¥(Fr, RL) is nonempty, so there exists
g* e —Ar(xo)t with §*(w); <0 for each w e Q, 1 <i < d. Then

s sup hy* %) = {z| inf  14(E[-U(z)]) + y5(z) < La(2)}-
(y*,2%)e—Ar(z0)+ x2*eR%\{0} zeLP (Fr,RY)

The last containment follows by taking y* = ¢* and z* = 14, the d-dimensional vector
consisting of all ones. So it suffices to show that

inf 1I4E[-U(2)]) — 9" (z) > —o0,

.IELP(]:T,Rd)
which is equivalent to

sup  §*(z) — Ly(E[-U(z)]) < o0.
weLP (Fr,R)
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Note that the left hand side of this expression is simply the Fenchel-Conjugate of the function
L4(E[-U(z)]). We have

sup g (z) — La(E[-U(x)])

xeLP(Fr,R4)
= o B @).a()] - EKL -Ue)]

Wn

= sup 2 P[w] [Z @f(w)mz(w) - (_uz(xl(w)))]

weLP (Fr.RY) =0,

d  wn
=2 2 Pl [SUP gi (W) = (—ui(mi(w»)] : (12)

i=1 w=w1 zi(w)

The first equality follows from the definition of the inner product in LP(Fr, RY). The second
and third come from the finiteness of {2 and the separability of the expression, respectively.

Since each u] is continuous with range (—o0,0), and each g(w) < 0, the intermediate value
theorem gives that, for each w € Q, 1 < i < d, there exists Z;(w) such that u}(7;(w)) = 7 (w).
By [12, Theorem 23.5],

sup g; (W) = (ui(@i(w)))
achieves its supremal value at Z;(w). It follows that (12) is finite, from which we conclude
that p # R

Next we show that Slater’s condition is satisfied. We want to find an T € dom F' such that
x — Ar(zo) N int (—LP(Fr,R%)) # &. Recall from the problem formulation that dom F =
LP(Fr,R%), so the first part of Slater’s condition is not a restriction. Note that since

AT(I'()) = xo]l — Ko]l — Lp(fl,K1> — ... — Lp(.FT,KT)

where each K; is a solvency cone, x¢l € Ar(xy). Then, choose T such that 7;(w) < (z¢); for
each component 1 < ¢ < d and for all w € Q. We have that T — x¢1 €  — Ap(zo) and also
T — xol € int (—LP(Fr,R%)), so Slater’s condition is satisfied. O

6 An Example

In this final section, we explore an example which we hope will help to illustrate the theo-
retical results from previous sections.

We consider a market with 2 assets and 3 time steps, so that the time step ¢ ranges from 0 to 3.
The probability space Q2 = X ?:1{—1, 0, 1}, with the probability measure P defined uniformly
on this set. In other words, the possible outcomes w are defined as a tuple w = (wy, ws, ws3),
wi,wy, w3 € {—1,0,1}. From the decision maker’s perspective, we have that at each time
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Figure 1: The solvency cones K;(w) for various ¢t and w.

step ¢ the random variable taking values w; becomes known. Thus the filtration ((F})3_,) is
defined by F; = o(w;|i<t), the sigma algebra generated by these random variables. We also
take F = F3 = o(wy,ws,ws), the sigma-algebra of full information.

The bid-ask process (II;)7_, is defined as follows:

1 1
Ht(w) - l 8. Qui<twi ] } '

This is obviously (F;)?_, adapted, and one can also easily check that the properties of bid-
ask matrix are satisfied for each realization. The solvency cones generated by this process
are

Ki(w) = cone{(1,—-1),(—1,8- QZistw)} ={(z,y)|lr+y=0,8- i<t Wig 4 y = 0}.

Figure (1) illustrates these cones for various times and realizations of w.

We define our vector-valued objective function to be
Uw) = (~e7, —e)"

where z = (z1,79)7 is the quantity of physical assets we have at terminal time. Our set-
valued objective function to be minimized is then

Flz) =E| (e, )" | + B2,
We assume that our initial endowment is (0,0)7. The set of self-financing portfolios is
Ag = —K()]]. — Lp(a(wl); Kl) — Lp(O'(wl,CL)Q>, KQ) — Lp(a(wl, Wa, w3), K3)
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where K;(w) are given as above.
We can then formulate the primal portfolio optimization problem as
minimize E [(e*xl, e*”)T] +R% (Pea)

subject to x € As

According to theorem (5.2), the dual problem is then

sup{z| inf  2*(E [(—ewl, —e“)T]) +y*(x) < 2%(2)} (De)

veLP (R2,F3)
subject to y* € —A7
e R2\{0)
First, we investigate the nature of the set —A3. From [12][Cor 16.4.2],

—AF = (Kol + LP(Fi, Ky) + LP(Fo, K) + LP(F3, K3))*

- (@7 K)*

In other words, y* € L4(F,R?) is in —A; when y(w) € K;(w)* for each t =0, ..., 3.

We can explicitly compute the cones K;(w)". We have that

o ome (come () (5 i 1)

Hence the dual cone is

Ky(w)" = cone <conv{< j ) , ( -8 f“ )}) .

Next we take the intersection of these cones to form Aj(w). For a fixed w, let s(w) =
minj:(),m,g 25:1 Wi . Then

- (3)-(57))

Figure (2) illustrates K" (w) for various times and realizations of w.

Now we work with to simplifiy the dual problem (D.,). The objective function is

=) = ol int Bl e 4 e) < ) )

— : f ]E *]]_ —T1 + *:ﬂ_ —x2 + * < *
{Z’meL;?f,m) B zle ™| +y*(z) <z (z)}
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Figure 2: The positive polar cones K;(w)" for various ¢ and w.

Recall that the nature of linear functionals y* € L4(F,R%) is y*(z) = E{(y*,2). Hence the
objective becomes

f ]E*]l—$1+*]l—x2+*+* g*
{Z‘xeLg?ﬁRQ) [=i1e e yiz +yses] <z (Z)}

Using the fact that our probability space is finite, we expand the expectation

. 1 —x1 (W —I2(W
{z' il 27 2y A€+ AT byl (@n() +h@)n () < z*<z>}

This infimum is separable over the x;(w) variables. Hence,

= { |i Z inf {zFe @ 4 yf W)z (w)} + inf  zfe ™2™ 4y (w)ry(w) < z*(z)}

27 acl(w)e]R z2(w)eR

We can compute each of these infimums explicitly. Note that

inf zfe ™ W) 4 Y1 (w)a(w) = —f*(—yi (w))

z1(w)eER

where f(z) = zfe ™ and f* denotes the convex conjugate of f. Recall that for g : R — R
and a € R (See [12])

(ag(-))*(«%) —ag “(¢%/a)
(9(a))*(2%) = g% (2% /a)

*)—a* ifa*>0
if z* =0 when g(x) =

¥ In(zx

o0 otherw1se
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Hence the objective function becomes

{z\% S o) =51 (25 450 - o (22 < z*(z)}

wef) 1

when y;(w), y2(w), 21, 22 # 0.

Therefore, when y; (w), y2(w), 21, 22 # 0, we have the following formulation of the dual prob-
lem: find the supremum of

{<z1,z2>T 3 St - s (L) + 50 - pponm (B <+ }

we 1 2

subject to (2 ) GRQ\{< 8 )}

(ic) ) = s

When either z; or 25 equals 0, we only consider x5 or x1, respectively, in our objective because
the other terms vanish. Likewise, the case that y;(w) = 0 eliminates the expressions with
y1(w) in the objective, because of the conjugation result on the previous page. The case that
y2(w) = 0 is symmetric.
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