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ABSTRACT. In this paper we describe bistochastic Kadison-Schawrz operators acting on Mz (C).
Such a description allows us to find positive, but not Kadison-Schwarz operators. Moreover,
by means of that characterization we construct Kadison-Schawrz operators, which are not com-
pletely positive.
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1. INTRODUCTION

It is known that entanglement is one of the essential features of quantum physics and is funda-
mental in modern quantum technologies [34]. One of the central problems in the entanglement
theory is the discrimination between separable and entangled states. There are several tools
which can be used for this purpose. There are many papers devoted to find a given state is
separable (see [16]). The most general approach to characterize quantum entanglement uses a
notion of an entanglement witness [17, [7,[44]. One of the big advantages of entanglement witness
is that they provide an economic method of detection which does not need the full information
about the quantum state (see for recent review [10]). Interestingly, the entanglement witnesses
are deeply connected to a theory of positive maps in operator algebras [6l [, [I5]. Therefore, it
would interesting to find some conditions for the positivity of given mappings. In this direction
there are several papers [4] [0, 8 9] 15, 21), 40, [41]. Therefore, it would interesting to find some
conditions for the positivity of given mappings (see [21]-[25]). In the literature the most tractable
maps, the completely positive mapping, have proved to be of great importance in the study of
quantum system (see [11], 35l [36] [37) [42]). Tt is therefore of interest to study conditions stronger
than positivity, but weaker than complete positivity. Such a condition is called Kadison-Schwarz
(KS) property. Note that KS-operators no need to be completely positive. In [39] relations be-
tween n-positivity of a map ¢ and the KS property of certain map is established (see also [2]).
Some ergodic properties of the Kadison-Schwarz maps were investigated in [20] [14] 38]. Unfortu-
nately, like completely positive maps, the description of Kadison-Schwarz maps is not provided.
Very recently, one of the authors of this paper in [28] has described bistochastic KS-operators
from My (C) to itself. But, in general, the problem still remains open.

In [13] it was proposed to study positive operators P from a von Neumann algebra M to its
tensor square M ® M (we refer a reader to [12, B3] for recent review on quadratic operators).
It turns out that this kind of mappings have some applications to quantum information theory.
One of such an application is to detect entangled states. For example, let P be a block positive,
then a state ¢ on the algebra M ® M is separable, then the state P,¢ is positive. If ¢ is entangled,
then P.¢ may not be positive. This observation leads to more investigation of operators from
M to M ® M. In general, description of this kind of mappings was fully not studied yet.
Some positivity conditions were found in [21], 24]. In [30] 27] it was considered trace preserving
mappings from Ms(C) to M2(C) ® M3(C), and each such kind of mappings can be written as
a sum of two ”linear” and "nonlinear” operators (see (2.7)-(2.9))). In [29] mappings of the form
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([2:8)) have been studied. Namely, some sufficient conditions for positivity (resp. Kadison-Schwarz
property) of the mentioned mappings were found.

In the present paper we are going to describe or characterize operators of the form (2.9]). To
do it, we first in Section 3 we provide a characterization of KS-operators form Ms(C) to M3(C)
which improves the main result of [28]. In section 4, we give a sufficient condition for a class of
bistochastic mappings from M>(C) to Ms(C) ® M2(C) to be KS-operator. Note that this class
of operators are totally different from the operators studied in [29]. Such a description allows
us to find positive, but not Kadison-Schwarz operators. Moreover, by means of that conditions
one can construct KS-operators, which are not completely positive. Note that some parts of this
section have been announced in [31]. Moreover, our results allow to produce higher dimensional
examples of positive, but completely positive maps. The proposed approach can be extended
to a more general setting rather that Ms(C), and will produce non trivial examples of positive
mappings.

2. PRELIMINARIES

In this section we recall some definitions and notations.
Let M,,(C) be the algebra of n x n matrices over the complex field C. Recall that a linear
mapping @ : M, (C) — M,,(C) is called
(i) positive if ®(x) > 0 whenever x > 0;
(i1) wnital if (1) = T1;
(iii) trace preserving if T7(®(z)) = 7(x), where 7 is the normalized trace;
(iv) bistochastic if ® is unital and trace preserving;
(v) n-positive if the mapping ®,, : M,,(A) — M, (B) defined by ®,(ai;) = (®(ai;)) is positive.
Here M,,(A) denotes the algebra of n x n matrices with A-valued entries;
(vi) completely positive if it is n-positive for all n € N;
(vil) Kadison-Schwarz operator (KS-operator), if one has

(2.1) O(z)*®(x) < ®(z*z) forall z € A.

It is clear that any KS-operator is positive. Note that every unital 2- positive map is KS-
operator, and a famous result of Kadison states that any positive unital map satisfies the in-
equality (2.1) for all self-adjoint elements = € A.

By KS(M,,, M,,) we denote the set of all KS-operators mapping from M, (C) to M,,(C).

Theorem 2.1. [28] The following assertions hold true:
(i) Let @,V € KS(M,,, M,,), then for any A € [0,1] the mapping I' = A® + (1 — X\)U belongs
to KS(M,,, M,,). This means KS(M,, M,,) is convex;
(ii) Let U,V be unitaries in M, (C) and M,,(C), respectively, then for any ® € KS(M,,, M,,)
the mapping Yy y(x) = US(VaV*)U* belongs to KS(My, My,).

By M3(C)® M»(C) we mean tensor product of My(C) into itself. We note that such a product
can be considered as an algebra of 4 x 4 matrices My(C) over C. By S(M2(C)) we denote the
set of all states (i.e. linear positive functionals which take value 1 at T) defined on Ms(C).

Recall that a linear operator A : My (C) — M(C) @ My(C) is said to be gquantum quadratic
operator (q.q.o.) if it is unital and positive.

A state h € S(M2(C)) is called a Haar state for a q.q.o. A if for every x € Ms(C) one has

(2.2) (h®id) o A(z) = (id® h) o A(z) = h(z)L.

Remark 2.2. Let U : My(C)@ My (C) — My (C)®Ms(C) be a linear operator such that U(z®y) =
y®x for all z,y € My(C). If a q.q.o. A satisfies UA = A, then A is called a quantum quadratic
stochastic operator or symmetric q.q.o. Recent reviews on this kind of operators can be found
n [12] 33]).
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Recall [5] that the identity and Pauli matrices {1, 01, 09,03} form a basis for Ms(C), where

(01 (0 i (1 0
1=\ 10)%2= i o) 0o -1 )

In this basis every matrix x € M3(C) can be written as * = wol + wo with wg € C,
w = (w,ws,w3) € C3, here wo = wi0q + weos + w303.
Lemma 2.3. [40] The following assertions hold true:
(a) x is self-adjoint iff wo, w are reals;
(b) Tr(z) =1 iff wo = 0.5, here Tr is the trace of a matriz x;
(c) &> 0 iff |wll < wo, where [[w]| = v/Jwi? + [wa]? + fws[?.

Note that any state ¢ € S(M2(C)) can be represented by
(2.3) p(wol +wo) = wo + (w, f),

where f = (fi, fo, f3) € R? with ||f|| < 1. Here as before (-,-) stands for the scalar product in
C3. Therefore, in the sequel we will identify a state ¢ with a vector f € R3.

In what follows by 7 we denote a normalized trace, i.e. 7(z) = 1 Tr(z), z € M(C),

Let A : M3(C) — M3(C) ® M3(C) be a q.q.o. We write the operator A in terms of a basis in
M (C) ® My (C) formed by the Pauli matrices. Namely,

(2.4) AT=1® T;

3 3
(2.5) Aloy) = bi(Te 1) + Y b (1@ o)) Z b2 (0 @ 1) + Z bt (O ® 01),
j=1 j=1 m,l=1
where i = 1,2, 3.

In general, a description of positive operators is one of the main problems of quantum infor-
mation. In the literature most tractable maps are positive and trace-preserving ones, since such
maps arise naturally in quantum information theory (see [18, 19, [34, [40]). Therefore, in the
sequel we shall restrict ourselves to the trace preserving q.q.o. Hence, from (2.4]),(2.5]) one finds

3
(2.6) Ar)=wl®1+BYw.c01+19BPw. .0+ Z mils W)Om ® 01,
m,l=1
where x = wy + wo, by = (bmi1, bmi,2, b 3), and Bk = (bgj))” L k=12
In general, to find some conditions for A to be KS-operator, is a tricky JOb. Therefore, one
can rewrite ([2.6]) as follows

(2.7) A(z) = AMA1(x) + (1 — N)Ag(x),
where
138
(2.8) Ayw) = wol @ T+ 5 > (b, W)om ® 0,
m,l=1
(2.9) Ao (x) :w01®1+ﬁ(B(l)W'U@JI—I—I@B@)W'O‘).

In [29, 32] we have studied q.q.o. of the form (2.8]). It is found necessary conditions for (2.8])
kind of operators to be KS-operator. But operators of the form (2.9]) has not been studied yet.
Therefore, main aim of this paper to find some conditions on operators ([2.9) to be Kadison-
Schwarz. Then using Theorem 2] and our findings with the results of [32], we can find sufficient
conditions for (2.7 to be KS-operator.
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3. KADISON-SCHWARZ OPERATORS FROM M5 (C) TO My(C)

To investigate operators of the form (2:9]) (see section 4) we need some preliminary facts from
[28]. In this section we collect some of them, and improve a main result of [28].
It is known that every ® : My(C) — Mjy(C) linear mapping can also be represented in this

basis by a unique 4 x 4 matrix F. It is trace preserving if and only if F = i ; where T

is a 3 X 3 matrix and 0 and t are row and column vectors, respectively, so that
(3.1) O (wol +w-0) =wel+ (wot +Tw) - 0.

When @ is also positive then it maps the subspace of self-adjoint matrices of M2 (C) into itself,
which implies that T is real. A linear mapping & is unital if and only if £ = 0. So, in this case
we have

(3.2) O(wol+w-0) =wdl+ (Tw) - 0.

Hence, any bistochastic mapping ® : My(C) — M3(C) has a form ([B.2). In [28] it has been
given a characterization bistochastic KS-operators, i.e. the following

Theorem 3.1. [28] Any bistochastic mapping ® : Ma(C) — Ms(C) is KS-operator if and only
if one has

(3:3) ITwll < |wl, TW=Tw
(3.4) HT[W,W] — [Tw,Tw] H < [w|? - |Tw]?

for all w € C3.

Let ® be a bistochastic KS-operator on My(C), then it can be represented by (3:2]). Following
[18] let us decompose the matrix T as follows T' = RS, here R is a rotation and S is a self-adjoint
matrix (see [18]). Define a mapping ®g as follows

(3.5) Dg(wol +w-0) =wel+ (Sw) - 0.

Every rotation is implemented by a unitary matrix in My(C), therefore there is a unitary U €
M5 (C) such that

(3.6) O(z) =UPg(2)U", x € My(C).

On the other hand, every self-adjoint operator S can be diagonalized by some unitary operator,
i.e. there is a unitary V' € M>(C) such that S = VDy, x, 2, V¥, where

A0 0
(3.7) Dywrs=| 0 X 0 |,
0 0 A3

where A, Ag, A3 € R.
Consequently, the mapping ® can be represented by

(3.8) ®(x) =U®p, ,, ., (@)U*, € My(C)

for some unitary U. Due to Theorem 2.1 the mapping ® Dy agng 18 also KS-operator. Hence,
all bistochastic KS-operators can be characterized by ® Dy agns and unitaries. In what follows,
for the sake of shortness by ®(y, x,.»;) we denote the mapping ® Dy aging It is clear to observe
from [B3) that |A\x] <1,k =1,2,3.

In [40] it has been given a characterization of completely positivity of @, , x,)-
Using Theorem [2.1] we are going to characterize KS-operators of the form @y, y, x,)-
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Theorem 3.2. &y, », \,) s a KS-operator if and only if the following inequalities are satisfied:

(3.9) (T+ADB+ A2+ 22— 2\2) <4(1 4 A dodz);
(3.10) (T+X)B4+ A+ 22— 22 <41+ Adas);
(3.11) (T+ADG+H A+ 23— 22) <41+ M adz).

where A1, A2, A3 € [—1,1].

Proof. ’only if’ part. Using simple calculation from (3.4) of Theorem Bl with 7' = D)y, x, , We
obtain

A|’LU2@3—ZU3@2|2 + B|ZU1@3—ZU3@1|2

(3.12) + Clu®s — wywi |* < (afwi]? + Blwal? + ylws[?),
where w = (w1, we,w3) € C3 and

(3.13) a=[1-X, B=[1=X ~v=[1-\}

(3.14) A=A =3 B=|A =M% C=|A3— %

Due to the inequality |23 (uv)| < |ul? + |v|?, one has
(3.15) i) — wimil® = 123 (wiwy)* < Jwil* + 2w lws|* + ws|* (@ # 5)

Note that this inequality is reachable by appropriate choosing of values w; and wj.
Hence, we estimate LHS of ([3.12)) by

A(Jwa|* + 2fws *lws|* + [ws[*) + B(|wi|* + 2w [Plws[? + [ws|*) + C(Jwi|* + 2w [*|wa]? + Jw2|!)
Consequently, from (3.12)) we derive the following one
jwi[*(0® = B = C) + |wa| (8% = A = C) + |ws|*(+* — A~ B)
(3.16) +2|w1|?|wa|* (B — C) + 2|w1|*|ws|?(ary — B) + 2Jws |} |ws*(By — A) >0
for all (wy,ws,ws) € C3. Tt is easy to see that (B.I6]) is satisfied if one has

a?>B+C, 2>A+C, ~+*>A+B,
af>C, ay>B, py=>A.

Substituting above denotations ([B.13]),([3.14) to the last inequalities, and doing simple calcu-
lation one derives

(3.17) (THADB 4+ A2+ 22— 2 <41+ Mdaos);
(3.18) (T+AD B+ A+ 22— A2) <4(1 4 A adz);
(3.19) (T+ADB+H A2+ 22— 22) <41+ A adz);
(3.20) A2+ 024+ A2 <1+ 20 Aghs.

where A1, Ao, A3 € [—1, 1].
Now we would like to show that (3.20]) is an extra condition, i.e. the inequality (3.20) always
satisfies when (B.17), (B.I8) and (B:I9) are true. Suppose that

3.21 AN A2+ 22 =142\ 020
1 2

is true. We will show that the elements of the surface do not satisfy the inequalities (B.17),
BI8) and (BI9) except for (0,0,0), (£1,+1,+1). Using simple algebra from B.17), (3I8) and
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BI9) with ([B:2I)) we obtain the followings
(1= AN = MAeds) < 0;
(1= A3)(A3 — AtdaAs) < O;
(1= A3) (A3 — Adads) <0,

where A1, Ao, A3 € [—1,1]. Due to our assumption A\; # £1,\y # +1, A3 # £1 from the last
inequalities we infer that

(3.22) A(A1 = A2A3) <0
(3.23) A2(A2 — A1A3) <0
(3.24) A3(A3 — A1Ag) <0,

where A\, Ao, A3 € (—1,1). Let Ay > 0, then one gets A\ < AgA3. It implies Ay > 0, 3 > 0 or
A2 < 0,23 < 0. Now assume Ao > 0, A3 > 0, then from (3:23) and ([B3.24])) one gets

A2 <A1z, A3 < A

From A1 < XAy)A3 and Ay < A1 A3 one has Ay < )\2)\3. This means 1 < )\g. This contradicts to our
assumption.
Now let A\; > 0, 2 < 0 and A3 < 0, then from ([3.23)) and ([3.24]) one finds

(3.25) Ao > Aids, A3 > Mo

From (B3.25) one finds A3 > A2\3. This implies that A\? > 1. It is again a contradiction. In case
A1 < 0, using the similar argument we will get again contradiction. This implies the required
assertion.

'if” part. Let (B.9)-(@B.I1) be satisfied. Then it implies that ([B.20]) is always true. This means
(3.16)) is satisfied. This yields ([3.12]), hence ®(y, x, x,) is a KS-operator. This completes the
proof. O

Note that the proved theorem provided necessary and sufficient conditions for the mapping
D(x;,00,05) to be KS-operator. In [28] it was proved only sufficient conditions to be KS-operators.
Therefore, the last theorem essentially improves a main result of [28]. Moreover, the last theorem
allows us to construct lots of KS-operators, which are not completely positive.

4. A cLASS OF KADISON-SCHWARZ OPERATORS FROM M (C) TO My (C) @ M(C)

In this section we are going to provide description of operators of the form (2.9). First we
need the following auxiliary

Lemma 4.1. Let z = wpl@T1+w- -0 Q1+ 1®r-0. Then the following statements hold true:

(i) z is self-adjoint if and only if wy € R and w,r € R3;
(ii) z is positive if and only if wg > 0 and ||w|| + ||r]] < wp.

Proof. (i). One can see that
=l Il+w ocxI1+1IQT -0

So, self adjointness x implies Wy = wy, W = w, T =r.
(ii). Let x be self-adjoint. Then from the definition of Pauli matrices one finds

wo + w3 + 73 Wy — tWo r1 — 1792 0
. w1 + 1wo wo — w3 + 13 0 r|1 —1r9
o 71+ irg 0 wo + w3 — T3 wy — 1Wo

0 1+ i w1 + two wo — W3 — T3
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It is easy to calculate that eigenvalues of last matrix are the followings
A =wo — [[r] +[[wll, A2 =wo — [r[| — [|w],
A3 =wo + [[r] + [[wll, As=wo+ [|r]| — [|wl]|

So, we can conclude that z is positive if and only if the smallest eigenvalue is positive. This
means wo — ||r|| — |[[w| > 0, which completes the proof. O

Now we rewrite operator ([2.9) as T : My(C) — My(C) ® Ms(C) given by
(4.1) T(wol+w-0)=wl@I+Aw -0 @1+ 1R Cw-0o

where A, C are linear operators on C3.
We first find conditions when T is positive. This is given by the following

Theorem 4.2. The mapping T given by (A1) is positive if and only if
[Aw]| + [[Cwl[| <1,
for all w € R3 with ||w]| = 1.

Proof. Let x = woI+w -0 be positive, i.e. wy > 0, ||w|| < wp. Without lost of generality we may
assume wy = 1. Now Lemma 1] yields that T'(x) is positive if and only if |Aw| + ||[Cw] < 1.
This competes the proof. O

Corollary 4.3. Let A = C then T is positive if and only if ||A]| < %

Now let us turn to the Kadison-Schwarz property.
Define the following mappings

(4.2) O(z) =wol+2Aw -0
(4.3) U(r) =wyl+2Cw-o
Then one finds

1
(4.4) T(x) = 3 <(I>(a:) @I+1I® \I/(a:)>
Theorem 4.4. Let T be a mapping given by [E4)). If one has
(4.5) [w[l* — 2| Awl|* — 2| Cw]* > 0

(4.6)|A[w, W] — 2[Aw, AW]|| + || C[w, W] — 2[Cw, CW]|| < [|w|* - 2[|Aw][* - 2|Cw|?
Then T is a Kadison-Schwarz operator.

Proof. From (@) one finds that
T('s) — T(2)'T(z) = % (®(s"z) — B(z) D)) © T
e (V) \I/(x)*\I/(a:))>
(4.7) +%<I®\I/(a:)—<I>(x)®1>*<1®\ll(a:)—(ID(x)®I>.

Now taking into account the following formula

w*z = (Jwo|* + [|w|*) T+ (woW + Wow — i[w,W]) -0
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from [@2]) and ([@3]) we have
O(z*z) — D(z)*®(z) = (|w|? — [|2AwW|*) I - 2i(A[w, W] — 2[Aw, AW])a,
U(z*x) — U(z)"¥(x) = (HWH2 — HQCW||2)][ — 2i(C[w,w| — 2[Cw, Cw])o.

Therefore, one gets

<<I>(a;*x) - @(x)*cp(a;)) RI+1® <\I/(a:*a;) - xp@:)*@(@)

<(”W”2 — 4| Aw|*) T - 2i(A[w, W] — 2[Aw, AW])U) ®1

+1I® ((ku2 —4|Cw|*) 1 — 2i(C[w, W] — 2[Cw, CW])U)

2wl — 4 Aw|? - 4| Cw|*)T® 1

—2i(A[w, W] — 2[Aw, AW])o ® T — 1 ® 2i(Clw, W] — 2[Cw, CW])o

According to Lemma 1] we conclude that the last expression is positive if and only if (@3] and
([£6]) are satisfied. Consequently, from (4.7)) we infer that under the last conditions the mapping
T is a KS operator. This completes the proof. O

We should stress that the conditions ([4.5]),([d.0) are sufficient to be KS-operator.
Corollary 4.5. If the mappings ® and ¥V are KS operators, then T is also KS operator.
The proof immediately follows from (4.7]).

Remark 4.6. We have to stress that if T" is KS operator, then the mappings ® and ¥ no need
to be KS.

4.1. Case: C = A. Now let us study the operator T" given by (4.1]) when C = A. Consequently
from (4.1]) one finds

(4.8) Ta(woI+w-0)=wplIITI+Aw-c @1+ 1® Aw 0.
From Theorem [4.4] we immediately have the following
Corollary 4.7. Let T4 be a mapping given by [AS8). If one has

Iw||* — 4| Aw][* >0

(4.9) 2 Alw, W] - 2[Aw, AW]| < [[w|* — 4] Aw]?.
Then Ty is a Kadison-Schwarz operator.
Now using the same argument as in section 3, we can write

(4.10) Ta(x) = UTp, ,, ., (@)U*, x € My(C)

Ag,A3

for some unitary U. Due to Theorem [2:1] all bistochastic KS-operators can be characterized by
TDy, apns and unitaries. In what follows, for the sake of shortness by T{y, 1, x,) we denote the

mapping TDM»AMa’
Next we want to characterize KS operators of the form Ty, x, x)-

Theorem 4.8. If
4(1 48 A2A3) > (14+4X3)(3 + 402 +4)2 — 4\D),
4(1 4+ 8A1AaA3) > (1 +4X3)(3 + 403 + 402 — 4)02),
4(1 4 8 A2A3) > (1 +4M3)(3 + 407 +4)3 — 4)2)

are satisfied, then T(x, x, x;) 5 a KS operator.
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Proof. Taking A = Dy, x, ,; in ([@3)), we obtain

4A; w3 — Waws|* 4 4Ag|[Trws — wiw3|? + 4Az|w W — Wrws|?

(4.11) < (Bifwr? + Bafusf? + Bafusf?)

where w = (w1, w2, w3) € C3 and

(4.12) A =M1 —2Xa)3]%, Ay = | A2 — 201 03)%, Az = [A3 — 2\ A%,
(4.13) By = (1—4)\}), By = (1—-4)\3), By = (1—4)2).

By (BI5) LHS of (4II) can be evaluated as follows
443 (laf* + 2w Pl + Jwg ')+ 44s (fer* + 2 Plus? + g |*)
+ ads (junl* + 2un Pleos? + )
Therefore, from ([@II]) one gets
(B% —4Ay - 4A3) w4 + (B§ 44 - 4A3) Jwa|* + (B§ 44, - 4,42) s !
—|—2|U)2|2|U)3|2(B233 — 4A1) + 2|’LU1|2|U)3|2(31B3 — 4A2) + 2|w1|2|w2|2(BlBg — 4A3) >0
It is obvious that above inequality is satisfied if one has
B} > 4Ay +4A3, B3> 4A; +4A3, B2 >4A; +4A,,
BoBs > 4A1, B1B3 >4As, BBy > 4A3.

Substituting above denotations (£.12]), (4.13]) to the last inequalities, and doing some calculations
one derives

(4.14) 4(1 4+ 8AAa)3) > (1 +4X3)(3 + 43 + 403 — 40D),
(4.15) 4(1 48 A2A3) > (1+4X3)(3 + 427 +4)2 — 4)2),
(4.16) 4(1 4 8 AoA3) > (14 4X3)(3 + 407 + 423 — 402),
(4.17) 14+ 16A1 0003 > 407 + 403 + 422,

where Ay, Mg, A3 € [— %, %] .
Now using the same argument as in the proof of Theorem one can show that ([@I7) is an
extra condition. This completes the proof. O

It is interesting to study when the operator T{y, 1, ;) is complete positive. Let us characterize
completely positivity of Ty, x, x;)-

Theorem 4.9. A map Ty, x,z,) i complete positive if and only if the followings inequalities
are satisfied

(1) ] < 3;

AN+ ANZ + 402 < 1+ 16X M0)s;

A+ A3+ \/(A% + A§)2 — AN A3 + A% < &
(2) As=13, A, A€ [— %,%}
B) s=—3, Ai=%5 X=7T3

Proof. From [I1] we know that the complete positivity of T2\ ,20,2) 18 equivalent to the positivity
of the following matrix

= T (e11)  T(aa00s)(€12)
T _ (A1,22,A3) (A1,A2,A3) )
(A1,22,23) ( T ey (€21)  Tiag aeng) (€22)
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It is clear that

1+2X3 0 0 0
1 0 10 0
T (enn) = 5 0 01 0 ’
0 0 0 1-2X3
0 A+ A+ A 0
(22, 0g) (€12) = 21 M =X 0 0 AL+ A2

0 A=A AL — A 0

and Ty, aag)(e22) = T T =Ty a,0g)(e11), T()\l,)\g/,\)\g)(eﬂ) = Tx,2009) (€12)™
(1). According to [3, Theorem 1.3.3] the matrix T(y, x, x,) is positive if and only if

(4.18) T o) (€11) = T ao ) (€12)T0as e ne) (€22) ™ Ty o 2g) (€21) = 0,

where Ty, x, 1) (€11) and Ty, \, 2,)(€22) are positive matrices.
It is easy to see that T(y, a, x;)(€11) and Ty, x, 14)(e22) are positive if and only if
1
(4.19) |A3] < 7
One can calculate that (£I8]) is equivalent to

aq 0 0 (%]
0 14 as a3 0
>
0 o3 l1+as O >0
[67) 0 0 a9

where
a1 = 1+ 2)\3 — 2()\1 + )\2)2, g = 1-— 2)\3 — 2()\1 — )\2)2,

C A=) ) o2 2
W M1 T 2(A1 A2>'

It is known that the matrix is positive if and only if the eigenvalues are positive. The eigen-
values of the last matrix can be calculated as follows
AN 4 AN3 AN — 16A AN — 1
B 402 — 1 ’

S1 = 1, S92

2
s3=1—2\2 —2)3 + 2\/(A% + Ag) — 4A1 93 + A3,

2 2 2 2 2 2
si=1-2F =23 =2/ (M +23) — adods + A3,

To check the their positivity, it is enough to have so > 0 and s4 > 0. These mean

1
(4.21) AN? 43+ 4X2 < 141601 A0 \s;
2 1
(4.22) )\% + )\% + \/(/\% + )\%) — 44X A2 N3 + )\% < 5;

2
(4.23) (A% + A%) A2 > A,
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Note that the expression standing inside the square root is always positive, indeed, we have
2
(A% +23) + x> 2<A% +23) A > 20200 02)As = 01 Ao s,

Therefore, from (@19), [E20), E21) and (@22]) one has
1
A3 < 5

AN? AN 4402 <14 16X 00)3;

A2 \/(A§+A§) — A\ AoAs + A2 < %
(2). Let A3 = 1, then f(Ah)\Q,)\S) has the following form
2 0 0 0 0 B B 0
0 1 0 0 B 0 0 B
0 0 1 0 B 0 0 B
7 1 0o 0 0 0 0 B B O
M) T [0 By B O 0 O 0O O |
B 0 0 B 0 1 0 0
B 0 0 B 0 0 1 0
0 B, B 0 0 0 0 2

where where 81 = A 4+ Ao, B2 = A — A2, A, Ao € [— 3 2} According to the Silvester’s

criterion, the matrix given above is positive if and only if the leading principal minors are
positive. Let Dy, (n = 1,8) be the leading principal minor of T()\l’)% 1y One can see that for

each n € {1,...,8}, the minor D, is positive. Hence, if A3 = % then f(/\h)%%) is positive.
(3). Now assume A3 = —%, then one finds
0 0 0 0 0 B B O
0 1 0 0 B 0 0 pB
0O 0 1 0 B 0 0 B
7 _ 0O 0 0 2 0 B By O
()\17)\27—%) - 0 52 51 0 2 0 0 0 ’
fp 0 0 B 0O 1 0 O
fp 0 O B O 0 1 0
0 5/ B/ 0 0 0O 0 O
where as before 81 = A1 4+ Ao, B2 = A1 — A9, A1, A2 € [— %, %} One can calculate that principal
minors of the last matrix are
D, =0 (n=1,5),
DG = /\1 + /\2 (4 4),
Dy = (A1 + A2) (8 8),

Dg = 16(/\1 + )\2) ,
It is easy to see that T()\ Xor—1) is positive if Dg > 0 and D7 > 0. It implies that A\; = %, Ay =
$2 This completes the proof O

In [40] a characterization of completely positivity of @y, x, ;) has been given. Namely, the
following result holds.
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Theorem 4.10. A mapping ®(x, x,,»;) 5 complete positive if and only if the following inequal-
ities are satisfied

(4.24) ()\1 + )\2)2 < (1 + )\3)2,
(4.25) (A1 —X2)? < (1—A3)%,
2
(4.26) (1 - (A% + A2+ A%)) > 4<A§A§ FAZAZ 4 AZN2 - 2)\1)\2)\3).
Example. Let us consider a mapping {4 qp), Where a,b € {— %, %} Then one can see

that ®(24,24,2) is the corresponding operator. Now let us check conditions of Theorem and
Theorem [£T0l From conditions of Theorem one finds

1
(4.28) a? < 1+—2b;
8
2
(4.29) 1 4a% -2 <2a2 - b) > 0.

Now we would like to show that (4.29) is extra condition. It means that the left hand side of

([#29)) is always positive if ([£.27) and (4.28)) are satisfied. Let (4.27)) and (£28)) be true. Then

2 1420 1+2b 2
_4q2 — 2 _ > .77 R
1—4a2—2 <2a b) > 1-4-— 2\/<2 - b>

2
= 1_1+T2b_2 <1__2b> —0.

Now from conditions of Theorem [4.10] one has
(1 + 20)?
16 ’

The graphics of the inequalities ([€.27)), (£28]) and (£30) are given in the following figure.
From the graph we can see that the class of CP operators corresponding to T, , ) are much
bigger then the class of CP operators corresponding to ®(24,24,2p)

(4.30) a? <

4.2. Case: Aw = \w, Cw = pw. In this subsection we consider a more concrete case, namely,
Aw = Aw and Cw = pw. By T) , we denote the corresponding operator (see (d.1])). Then one
can see that ® oy 93 21y and ¥y, 9, 9,,) are the corresponding mappings (see (£.2)-(#4)). Due to
Theorem [B.] one can find that ® ;) 2y 2y) is a KS-operator if and only if

2L = 2X[[|[w, W]|| < (1 —4X%) [ w].
From ||[w,w]|| < ||[w||? (if we choose w = (0,1,4), then one gets ||[w,W]| = [|w]||?) one finds
2M[(1—2)) <1 —4)\2
The solution of the last inequality is A € [ — %; %] .

Similarly, one finds that ¥y, 9, 2, is a KS-operator if and only if x € [ — 43

From Corollary [£.5]we immediately conclude that if A\, u € [— %; %] then T} , is a KS- operator.

Next we want to provide other values of A and p for which T) ,, is Kadison-Schwarz.
Theorem 4.11. Let Ty, : Ma(C) — M(C) ® M2(C) be given by @I). If
AL = 2]+ [ul[1 = 2p1] <1227 — 242
is satisfied, then the map T) , is KS-operator.
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FIGURE 1. Shaded region is CP operators corresponding to ®(g424,25). White
region indicates CP operators corresponding to T{, 4 4)-

Proof. From (4.5),(d.0]) one has

1
)\2+M2§§

(AT = 2X] + [l 1 = 2u]) [[Tw, W] < (1 — 207 — 2% | w||*.

From the arbitrariness of w with ||[w,W]|| < [|w|* we find

AL = 27 + [ul[L — 2u] < 1— 23 — 2,2,

which is the required assertion. O

From the figure 2, we conclude that if the pair (A, u) belongs to the outside of the yellow

and red regions, then the mappings ® (2 23 2x) and ¥ (g, 2,2, are not Kadison-Schwarz, but the
mapping T} , is Kadison-Schwarz.

Now we are interested when the operator T) , is complete positive.

Theorem 4.12. Let T) ,, : M3(C) — Mz(C) ® M2(C) be given by @I). Then T}, is completely
positive if and only if

Apu+1—=2X2 = Au+pu2>0
A+p<l

Proof. It is know [I1] that the complete positivity of T} , is equivalent to the positivity of the
following matrix

7= ( Buulen) Dhpler)
" Thu(ear) T ples)
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One can calculate that

L+M, 0 0 0
0 1-Mp O 0
Bl =51 0 1+M, 0 |
0 0 0 1M,
0 2% 2u 0
00 0 2
D) =51 o o o oA
00 0 0

and T)\’u(egg) =1Ix1- T,\,u(ell), T)\’u(egl) = T)\”u(elg)*. Where Ml = A+ My M2 =\— M.
Therefore, we obtain

1+ M, 0 0 0 0 22 2 0

0 1— M, 0 0 0 0 0 24

0 0 1+ M, 0 0 0 0 22

7 1 0 0 0 1— M, 0 0 0 0
AT 0 0 0 0 1— M, 0 0 0
2\ 0 0 0 0 1+ M, 0 0

24 0 0 0 0 0 1— M, 0
0 24 22 0 0 0 0 1+ M,

One can calculate the the eigenvalues of T \,u are the followings

A+ 142402 — Ay + p2,
At p+1 =272 = A\p+ p2,

1—A—pu.
Hence, T \u is positive if and only if the the eigenvalues are positive, which implies the
assertion. O
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