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We present a theoretical formalism for resonance fluorescence radiating from a two-level system
(TLS) driven by any periodic driving and coupled to multiple reservoirs. The formalism is de-
rived analytically based on the combination of Floquet theory and Born-Markov master equation.
The formalism allows us to calculate the spectrum when the Floquet states and quasienergies are
analytically or numerically solved for simple or complicated driving fields. We can systematically
explore the spectral features by implementing the present formalism. To exemplify this theory, we
apply the unified formalism to comprehensively study a generic model that a harmonically driven
TLS is simultaneously coupled to a radiative reservoir and a dephasing reservoir. We demonstrate
that the significant features of the fluorescence spectra, the driving-induced asymmetry and the
dephasing-induced asymmetry, can be attributed to the violation of detailed balance condition,
and explained in terms of the driving-related transition quantities between Floquet-states and their
steady populations. In addition, we find the distinguished features of the fluorescence spectra un-
der the biharmonic and multiharmonic driving fields in contrast with that of the harmonic driving
case. In the case of the biharmonic driving, we find that the spectra is significantly different from
the result of the rotating-wave approximation (RWA) under the multiple resonance conditions. By
the three concrete applications, we illustrate that the present formalism provides a routine tool for
comprehensively exploring the fluorescence spectrum of periodically strongly driven TLSs.

PACS numbers: 42.50.Ct, 42.50.Hz, 32.50.+d, 32.80.-t

I. INTRODUCTION

In recent years, the resonance fluorescence has attracted widespread attentions both in experiments and theory [1–
18], which is not only motivated by testing fundamental quantum optics theory but also for the purposes of developing
single quantum emitters for quantum light spectroscopy and quantum information applications. In general, the spec-
trum of the fluorescence light is of primary interest, which can be calculated in theory and measured in experiments.
It is well known that the fluorescence spectrum consists of coherent and incoherent components. The coherent one
results from the elastic scattering while the incoherent one from the inelastic scattering [1]. In particular, in the
case of a two-level system (TLS) driven by the monochromatic driving, the incoherent part is made up of three split
peaks, known as Mollow triplet. The generation of Mollow triplet can be understood physically by using the so-called
dressed atom model [19], which combines the TLS and the driving field. Within this model, the Mollow triplet is
simply interpreted as a result of the transitions between the specific dressed states.

As resonance fluorescence in versatile experimental conditions are explored, the theory about radiation from the
TLS has been intensively investigated and developed in two main ways. One is concerning with elaborated driving
field other than the monochromatic one, for instance, optical pulse [14] and polychromatic driving field [18, 20, 21],
etc. In these cases, the problem becomes complicated due to the applied driving field. The other involves different
kind of reservoirs and the simple monochromatic driving. It focuses the influence of the reservoirs coupled to the
TLS on the spectral properties, such as dephasing coupling [15, 16] and the narrowband vacuum [2, 22], etc. To our
knowledge, there is no general theoretical formalism to simultaneously reveal effects of both the arbitrary driving and
the multiple reservoirs on the resonance fluorescence. In this work, we present a theoretical formalism that provides a
unified treatment of resonance fluorescence spectrum of the TLS driven by an arbitrary periodic driving and coupled
to multiple reservoirs.

As is well known, we can solve the time evolution of the periodically driven TLS by the Floquet theory in the
absence of the reservoirs [23–25]. On the other hand, provided that a TLS interacts weakly with the reservoirs, we
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can apply the Born-Markov master-equation approach to get the reduced dynamics of the TLS [26]. In the presence of
the periodic driving and reservoirs, it is feasible to combine the Floquet theory and the Born-Markov master equation
into the Floquet-Born-Markov (FBM) master equation [25, 27, 28]. It is noticeable that, in Ref. [29], the authors show
that the FBM master equation is consistent with the second law of thermodynamics under strong driving conditions
in which case the traditional quantum optical master equation becomes inapplicable and is inconsistent with the
second law [30]. Intuitively, we can conclude that the FBM master equation provides the basis of unified treatment
of fluorescence spectrum in the cases of periodic strong driving and multiple reservoirs.

In this paper, we present a formalism of fluorescence spectrum based on the FBM master equation, which is
applicable to the situation where the TLS is periodically driven and weakly coupled to multiple reservoirs. When
the Floquet state of the driven TLS is solved by the numerical technique or analytical method, the formalism allows
us to not only straightforward calculate the spectrum but also explore the spectral features with a simple selection
rule. In Sec. III, to exemplify the theory, we apply formal spectrum to the harmonically driven TLS, which weakly
interacts with both the radiative and dephasing reservoirs. Based on the analytical results of fluorescence spectra,
we demonstrate two kinds of asymmetric line shape in the main triplet. One is the driving-induced asymmetric
line shape, the other is the dephasing-induced asymmetric line shape. Moreover, we explain the underlying reason
of the asymmetric lineshape and observe the interplay between the two kinds of asymmetry. In Sec. IV, we study
the fluorescence spectra of the TLS driven by a biharmonic driving. In comparison with the harmonic driving, the
biharmonic driving leads to more intense higher-order triplets centered at both even and odd multiples of the driving
frequency. We analyze the feature of the multiple resonance induced fluorescence spectra. In such case, we find the
exotic spectra significantly differ from those predicted by the rotating-wave approximation (RWA). In Sec. V, we
discuss briefly the fluorescence spectra of the multiharmonic driving similar to the square-wave signal. It turns out
that the present formalism provides a routine tool for the comprehensive studies of the fluorescence spectrum.

II. THEORETICAL FORMALISM

A. Floquet-Born-Markov master equation

We consider a TLS with time-dependent periodic driving and multiple reservoirs (including a radiation field), which
is described by the Hamiltonian (we set ~ = 1 throughout this paper)

H(t) = HS(t) +
∑

j

H
(j)
R +

∑

j

H
(j)
SR. (1)

Here, HS(t) = HS(t+ 2π/ωl) is the periodically driven TLS.
∑

j H
(j)
R ≡ HR denotes the sum of free Hamiltonians of

the reservoirs.
∑

j H
(j)
SR ≡ HSR represents the coupling between the TLS and reservoirs. Moreover, we assume that

H
(j)
SR ≡ X̂(j) ⊗ B̂(j), where X̂(j) and B̂(j) are the Hermite operators and act on the Hilbert space of the TLS and that

of the jth reservoir, respectively.
Since HS(t) is periodic in time, we can use the Floquet theorem to solve the dynamics of the TLS. The Theorem

states that the Schrödinger equation governed by HS(t) possesses the formal solution [23–25]:

|ψα(t)〉 = e−iεαt|uα(t)〉, (2)

where |uα(t)〉 = |uα(t + 2π/ωl)〉, a function periodic in time, is referred to as the Floquet state associated with
quasienergy εα. It is straightforward to show that |uα(t)〉 and εα satisfy following equation:

[HS(t)− i∂t]|uα(t)〉 = εα|uα(t)〉, (3)

where HS(t) − i∂t is the so-called Floquet Hamiltonian. It is worthwhile to notice that |uαn(t)〉 = einωlt|uα(t)〉 is
physically equivalent to |uα(t)〉 but with the shifted quasienergy εαn = εα + nωl. As a consequence, it is sufficient
to consider εα in the range −ωl

2 < εα ≤ ωl

2 . In what follows, we revisit the derivation of Born-Markov master in the
Floquet picture.

In the weak-coupling regime, we set H0 = HS(t) +HR as the free Hamiltonian and HSR as the perturbation. In
the interaction picture, we readily obtain the Born-Markov master equation for the TLS up to second order of the
perturbation [26], which reads

d

dt
ρIS(t) = −

∫ ∞

0

dτTrR[HI(t), [HI(t− τ), ρIS(t)ρR]], (4)
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Here, ρIS(t) is the reduced density matrix of the TLS in the interaction picture. HI(t) is given by

HI(t) = U †
S(t) exp(iHRt)HSRUS(t) exp(−iHRt)

=
∑

j

U †
S(t)X̂

(j)US(t)⊗ exp(iHRt)B̂
(j) exp(−iHRt)

≡
∑

j

X̂(j)(t)⊗ B̂(j)(t), (5)

where US(t) = T exp[−i
∫ t

0
HS(τ)dτ ] is the time-ordered evolution operator of the TLS. Provided that [HR, ρR] = 0,

we can rewrite Eq. (4) as

d

dt
ρIS(t) = −

∑

j

∫ ∞

0

dτ [X̂(j)(t)X̂(j)(t− τ)ρIS(t)〈B̂
(j)(τ)B̂(j)(0)〉R

−X̂(j)(t− τ)ρIS(t)X̂
(j)(t)〈B̂(j)(τ)B̂(j)(0)〉R + h.c.], (6)

where 〈B̂(j)(τ)B̂(j)(0)〉R ≡ TrR[B̂
(j)(τ)B̂(j)(0)ρR] is the reservoir correlation function. To proceed, we use the Floquet

states |uα(0)〉 (α = ±) as the basis to derive the equation of motion for the element ρIαβ(t) = 〈uα(0)|ρ
I
S(t)|uβ(0)〉.

According to Floquet theory, we have

〈uα(0)|X̂
(j)(t)|uβ(0)〉 = 〈uα(t)|X̂

(j)|uβ(t)〉e
i(εα−εβ)t =

∑

n

X
(j)
αβ,ne

i∆αβ,nt, (7)

where

X
(j)
αβ,n =

ωl

2π

∫ 2π/ωl

0

dt〈uα(t)|X̂
(j)|uβ(t)〉e

−inωlt, (8)

∆αβ,n = εα − εβ + nωl. (9)

Thus, we readily obtain following expressions:

〈uα(0)|X̂
(j)(t)X̂(j)(t− τ)ρIS(t)|uβ(0)〉 =

∑

γ,δ

〈uα(0)|X̂
(j)(t)|uγ(0)〉〈uγ(0)|X̂

(j)(t− τ)|uδ(0)〉

×〈uδ(0)|ρ
I
S(t)|uβ(0)〉

=
∑

γ,δ,n,m

∑

λ

δβ,γX
(j)
αλ,nX

(j)
λδ,me

−i∆λδ,mτ

×ρIδγ(t)e
i(∆αδ,n+∆γβ,m)t, (10)

〈uα(0)|X̂
(j)(t− τ)ρIS(t)X̂

(j)(t)|uβ(0)〉 =
∑

γ,δ,n,m

X
(j)
αδ,nX

(j)
γβ,me

−i∆αδ,nτ

×ρIδγ(t)e
i(∆αδ,n+∆γβ,m)t. (11)

Substituting Eqs. (10) and (11) into Eq. (6), we arrive at the following form

d

dt
ρIαβ(t) =

∑

δ,γ,n,m

{
Γ+
γβαδ,mn + Γ−

γβαδ,mn −
∑

λ

[
δβ,γΓ

+
αλλδ,nm

+δα,δΓ
−
γλλβ,nm

]}
ρIδγ(t)e

i(∆γβ,m+∆αδ,n)t, (12)

where

Γ+
αβδγ,nm =

∑

j

X
(j)
αβ,nX

(j)
δγ,mγ

(j)+
δγ,m, (13)

Γ−
αβδγ,nm =

∑

j

X
(j)
αβ,nX

(j)
δγ,mγ

(j)−
αβ,n, (14)

γ
(j)±
αβ,n =

∫ ∞

0

dτe−i∆αβ,nτ 〈B̂(j)(±τ)B̂(j)〉R. (15)
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This is the so-called Floquet-Born-Markov master equation [? ]. This master equation can treat the driving term
exactly and keep TLS-reservoir couplings up to second order.

In some senses, i.e., the strong driving cases, we may neglect the time-dependent terms in Eq. (12) by invoking
the secular approximation. With such approximation [25], we obtain a time-independent equation of motion in the
Floquet picture,

d

dt
ραβ(t) = −i(εα − εβ)ραβ(t)− γαβραβ(t) + δα,β

∑

δ 6=β

ρδδ(t)Wδβ , (16)

where we used relation ραβ(t) ≡ 〈uα(t)|ρS(t)|uβ(t)〉 = e−i(εα−εβ)tρIαβ(t). The coefficients read

Wδβ =
∑

n,m

(Γ+
δββδ,mn + Γ−

δββδ,mn)δn,−m, (17)

γαβ =
∑

n,m

[
∑

λ

(
Γ+
αλλα,nm + Γ−

βλλβ,nm

)
− Γ+

ββαα,mn − Γ−
ββαα,mn

]
δn,−m, (18)

where δn,−m is the Kronecker-delta function. The solutions to Eq. (16) can be found as follows:

ρ++(t) = ρ++(0)e
−γrelt +

W−+

γrel
(1− e−γrelt), (19)

ρ+−(t) = ρ+−(0)e
−(γdeph+iε+−iε−+iδω+−)t, (20)

where the explicit forms of the transition rates and Lamb shift can be rewritten as follows:

W−+ =
∑

n,j

|X
(j)
+−,n|

2(γ
(j)+
+−,n + γ

(j)−
−+,−n), (21)

γrel =
∑

n,j

|X
(j)
+−,n|

2(γ
(j)+
+−,n + γ

(j)−
−+,−n + γ

(j)+
−+,−n + γ

(j)−
+−,n), (22)

γdeph =
∑

n,j

{
|X

(j)
−+,n|

2Re(γ
(j)+
−+,n + γ

(j)−
−+,n)

+|X
(j)
++,n|

2(γ
(j)+
++,n + γ

(j)+
++,−n + γ

(j)−
−−,n + γ

(j)−
−−,−n)

}
, (23)

δω+− =
∑

n,j

|X
(j)
−+,n|

2Im(γ
(j)+
−+,n + γ

(j)−
−+,n). (24)

Here γrel and γdeph are the relaxation and dephasing rates of the Floquet states, respectively. δω+− is the reservoirs-
induced energy shift, which is usually a negligible small quantity and omitted. In the next section, we use these
solutions to derive the fluorescence spectrum.

B. Resonance fluorescence spectrum

In this subsection we derive an analytical expression for the fluorescence spectrum in the steady-state limit. The
fluorescence spectrum is proportional to the real part of Fourier transform of the first-order correlation function [1]

I(ω) ∝ Re

∫ ∞

0

lim
t→∞

g(1)(t+ τ, t)e−iωτdτ, (25)

where g(1)(t+ τ, t) is the first-order correlation function and evaluated as

g(1)(t+ τ, t) = Tr[U †(t+ τ)σ+U(t+ τ)U †(t)σ−U(t)ρS(0)ρR]

= TrS{σ+TrR[U(t+ τ)U †(t)σ−ρS(t)ρRU(t)U †(t+ τ)]}

≡ TrS [σ+ρS(t+ τ)], (26)

where ρS(t + τ) = TrR[U(t + τ)U †(t)σ−ρS(t)ρRU(t)U †(t + τ)] can be viewed as a reduced density matrix whose
evolution is determined by Eq. (16) with initial condition σ−ρS(t). This is actually the so-called quantum regression
theorem [31]. In general, we have

σ−ρS(t) =
∑

α,γ,β,n

X−
αγ,nργβ(t)|uα(t)〉〈uβ(t)|e

inωlt, (27)
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where

X−
αβ,n =

ωl

2π

∫ 2π/ωl

0

dt〈uα(t)|σ−|uβ(t)〉e
−inωlt. (28)

According to quantum regression theorem [31], the explicit form of ρS(t+ τ) can be obtained from Eqs. (19) and (20)
by replacing the initial condition ραβ(0) →

∑
γ,nX

−
αγ,nργβ(t)e

inωlt, which leads to

ρ++(t+ τ) =
∑

γ,n

X−
+γ,nργ+(t)e

inωlte−γrelτ + ρss++(1 − e−γrelτ )
∑

α,γ,n

X−
αγ,nργα(t)e

inωlt, (29)

ρ−−(t+ τ) =
∑

γ,n

X−
−γ,nργ−(t)e

inωlte−γrelτ + ρss−−(1− e−γrelτ )
∑

α,γ,n

X−
αγ,nργα(t)e

inωlt, (30)

ρ+−(t+ τ) =
∑

γ,n

X−
+γ,nργ−(t)e

inωlte−(γdeph+iω+−)τ , (31)

ρ−+(t+ τ) =
∑

γ,n

X−
−γ,nργ+(t)e

inωlte−(γdeph−iω+−)τ , (32)

where ω+− = ε+ − ε− + δω+− are the reservoirs-normalized energy gap of the Floquet states. ρss++ = W−+

γrel
and

ρss−− = 1 − ρss++ are the steady Floquet-state populations. In the steady-state limit, we can assume the correlation
function to be τ dependent only, and thus it can be rewritten as

g(1)(τ) = lim
t→∞

g(1)(t+ τ, t)

= lim
t→∞

∑

α,β,n

X+
αβ,nρβα(t+ τ)einωl(t+τ)

=
∑

n

einωlτ |X+
++,n|

2{[1− (ρss++ − ρss−−)
2]e−γrelτ + (ρss++ − ρss−−)

2}

+
∑

n

einωlτ{|X+
−+,n|

2ρss−−e
−(γdeph+iω+−)τ + |X+

+−,n|
2ρss++e

−(γdeph−iω+−)τ}, (33)

where X+
αβ,n = (X−

βα,−n)
∗. By substituting Eq. (33) into Eq. (25) and integrating, we obtain the fluorescence spectrum

as follows:

I(ω) ∝
∑

n

{
π|X+

++,n|
2(ρss++ − ρss−−)

2δ(ω − nωl)

+|X+
++,n|

2[1− (ρss++ − ρss−−)
2]

γrel
γ2rel + (ω − nωl)2

+|X+
−+,n|

2ρss−−

γdeph
γ2deph + (ω − nωl + ω+−)2

+|X+
+−,n|

2ρss++

γdeph
γ2deph + (ω − nωl − ω+−)2

}
. (34)

This expression provides the unified description of fluorescence in the cases of the periodically driven TLS coupled
to multiple reservoirs. We state that this result is derived with the aid of the secular approximation, and thus it is
valid when |ω+−| ≫ γdeph, γrel, i.e., the emission lines are well separated. While this condition is not satisfied, we can
calculate the fluorescence spectrum from Eq. (12) by retaining the terms satisfying n = −m, i.e., the partial secular
approximation.

In the present formalism, we can interpret the emission lines as a result of the transitions of specific Floquet states
and understand the physical origin of the emission line. Generally speaking, a transition |uα,n(t)〉 → |uβ(t)〉 results in
an emission process with the resulting photon of frequency determined by the energy gap of the two states (a positive
frequency means a real process) and probability related to |X+

αβ,n|
2. The X+

αβ,n is defined as

X+
αβ,n = (X−

βα,−n)
∗ =

ωl

2π

∫ 2π/ωl

0

dt〈uα,n(t)|σ+|uβ(t)〉,

which can be regarded as the time-averaged transition amplitude between the two states, |uαn(t)〉 and |uβ(t)〉. More-
over, it is straightforward to calculate the quasienergy gap between the two states

∆αβ,n = εα,n − εβ = ωαβ + nωl,
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where ωαβ ≡ εα − εβ. All results indicate that the weights of Lorentzian lines in the formal spectrum depend on
|X+

αβ,n|
2 and the populations of the Floquet states, and the positions are determined by ∆αβ,n. For instance, the

incoherent Lorentzian line
γdeph

γ2deph + (ω − nωl + ω+−)2

is corresponding to the transition |u−,n(t)〉 → |u+(t)〉. Therefore, its weight is proportional to the transition probability
|X+

−+,n|
2 as well as the population of the Floquet state ρss−−. Its position is determined by the gap ε−,n − ε+ =

ω−+ + nωl ≡ nωl − ω+−. γdeph is the dephasing rate for the Floquet state, which determines the FWHM. The other
emission lines can be understood in the same manner.

It turns out that the semiclassical Floquet theory provides a similar description as the quantum dressed-atom
model. In fact, it has been discussed in Ref. [32] that the correspondence between the Floquet states and the dressed
states for the simple RWA driving case. All in all, the present formalism allows us to obtain analytical expressions for
all the characteristics (weights and widths) of the fluorescence spectrum and physically understand how the driving
and reservoirs influence spectral characteristics. In what follows, we use three examples to show the advantages of
the present formalism.

III. APPLICATION TO THE HARMONIC DRIVING

We study the fluorescence of a specific model by implementing the formalism presented above. The model describes
that a TLS is excited by a monochromatic harmonic field and weakly coupled to an electromagnetic radiation field
and a dephasing reservoir. The total Hamiltonian reads

H(t) = HS(t) +
∑

k

ωka
†
kak +

∑

q

νqb
†
qbq

+
σx
2

∑

k

gk(a
†
k + ak) +

σz
2

∑

q

fq(b
†
q + bq). (35)

Here, HS(t) =
1
2ω0σz+

A
2 cos(ωlt)σx describes that a TLS with bare transition frequency ω0 is driven by the harmonic

field with amplitude A and frequency ωl. σx(y,z) denotes Pauli matrix. ak (a†k) is the annihilation (creation) operator

of the kth-mode of electromagnetic field with photon frequency ωk. bq (b†q) is the annihilation (creation) operator of
the kth-mode with frequency νq of the dephasing reservoir. gk and fq are the coupling constants between TLS and
reservoirs.

We state that the key ingredients to be determined in the present formalism are the Floquet states, quasienergies,

the coefficient X
(j)
αβ,n, and the Fourier transform of the reservoir correlation function γ

(j)±
αβ,n. These quantities fully

determine the dynamics of the driven TLS as well as the fluorescence spectrum given in Eq. (34). For the model

considered, in comparison with Eq. (1), we haveHR =
∑

k ωka
†
kak+

∑
q νqb

†
qbq and HSR =

∑
j=x,z X̂

(j)⊗B̂(j), where

X̂(j) = σj/2, B̂
x =

∑
k gk(a

†
k + ak), and B̂z =

∑
q fq(b

†
q + bq). Provided that the Floquet states and quasienergies

are known, we can determine the quantities listed in Eqs. (21)-(24) by the explicit forms of the operators. Therefore,
the key task is to determine the Floquet states and quasienergies. In what follows, we use a unitary transformation
to solve the Floquet states and quansienergies for the harmonically driven TLS.

A. Unitary transformation

We start to derive the Floquet states and quasienergies of the harmonically driven TLS. This issue has been
addressed by Shirley using the perturbation treatment in A [23]. Here, we introduce a method based on a unitary
transformation to analytically solve the Floquet states and quasienergies. This is the advantage of our treatment
avoiding the diagonalization of the infinite Floquet Hamiltonian given by Shirley[23, 33].

The time evolution of any driven systems satisfies the following equation:

i
d

dt
US(t) = HS(t)US(t), (36)

with the initial condition US(0) = 1. By unitary transformation, we get

i
d

dt
U ′
S(t) = H ′

S(t)U
′
S(t), (37)
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where U ′
S(t) = eS(t)US(t) and

H ′
S(t) = eS(t)HS(t)e

−S(t) + i∂tS(t) (38)

is the transformed Hamiltonian. The generator S(t) of our treatment is

S(t) = i
A

2ωl
ξ sin(ωlt)σx, (39)

where the parameter ξ can be determined self-consistently (0 ≤ ξ ≤ 1) [33]. We readily give the transformed
Hamiltonian as follows:

H ′
S(t) =

1

2
ω0

{
cos

[
Aξ

ωl
sin(ωlt)

]
σz + sin

[
Aξ

ωl
sin(ωlt)

]
σy

}

+
A

2
(1− ξ) cos(ωlt)σx. (40)

Using the identity exp
[
iAξ
ω sin(ωt)

]
=

∑∞
n=−∞ Jn

(
Aξ
ω

)
exp(inωt), in which Jn(·) is the nth-order Bessel function of

the first kind, we divide the transformed Hamiltonian into two parts H ′
S(t) = H ′

1(t) +H ′
2(t),

H ′
1(t) =

1

2
ω0J0

(
Aξ

ωl

)
σz + ω0J1

(
Aξ

ωl

)
sin(ωlt)σy +

A

2
(1− ξ) cos(ωlt)σx, (41)

H ′
2(t) = ω0

∞∑

n=1

{
J2n

(
Aξ

ωl

)
cos(2nωlt)σz + J2n+1

(
Aξ

ωl

)
sin[(2n+ 1)ωlt]σy

}
. (42)

We emphasis that H ′
1(t) is comprised of the slow-oscillating terms while H ′

2(t) consists of all the fast-oscillating terms.
We introduce the first approximation in our treatment, i.e., the drop of H ′

2(t) and the Hamiltonian H ′
S(t) ≃ H ′

1(t).
To proceed, we determine ξ self-consistently by

ω0J1

(
Aξ

ωl

)
=
A

2
(1− ξ) ≡

Ã

4
, (43)

which leads to a counter-rotating hybridized rotating-wave (CHRW) Hamiltonian H ′
CHRW(t):

H ′
CHRW(t) =

1

2
J0

(
Aξ

ωl

)
ω0σz +

Ã

4
(e−iωltσ+ + eiωltσ−), (44)

where σ± = (σx ± iσy)/2.
The effective Hamiltonian H ′

CHRW(t) can be further transformed into a time-independent form with a rotating
operation

H ′
CHRW = R(t)H ′

CHRW(t)R†(t)− iR(t)∂tR
†(t) =

∆̃

2
σz +

Ã

4
σx, (45)

where R(t) = exp(iσzωlt/2) and ∆̃ = J0

(
Aξ
ωl

)
ω0 − ωl is the effective detuning. We can readily diagonalize the

Hamiltonian (45). Its eigenstates and corresponding eigenenergies are given as follows:

|±̃〉 = sin θ|∓〉 ± cos θ|±〉, (46)

E± = ±
1

2

√
∆̃2 + Ã2/4 ≡ ±

1

2
Ω̃R, (47)

where

θ = arctan
[
2(Ω̃R − ∆̃)/Ã

]
(48)

and |±〉 are the bare levels of the TLS: σz |±〉 = ±|±〉.
By using the above results, we have obtained the time evolution operator as

US(t) = e−S(t)R†(t)e−iH′
CHRWt. (49)
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Provided that the initial states of TLS is |ψ±(0)〉 = |±̃〉, we have the final state at the time t given by

|ψ±(t)〉 = US(t)|ψ±(0)〉

= e∓i 1
2
Ω̃Rte−S(t)R†(t)|±̃〉

≡ e−iε±nt|u±n(t)〉, (50)

where

|u±n(t)〉 = ei(n+1/2)ωlte−S(t)R†(t)|±̃〉, (51)

ε±n = (ωl ± Ω̃R)/2 + nωl. (52)

It is evident that |u±n(t)〉 = |u±n(t+ 2π/ωl)〉 are periodic in time. According to the Floquet theory, we identify that
ε±n and |u±n(t)〉 are the quasienergies and Floquet states, respectively. In contrast, it is straightforward to derive the
quasienergies and Floquet states within the rotating-wave approximation (RWA) by replacing the modified quantities

Ã and ∆̃ with the corresponding bare quantities (A, ∆ = ω0 − ωL), and e−S(t) with 1 in Eqs. (51) and (52).

B. Comparison of quasienergy and Floquet state

We show the validity of our treatment as compared to the numerically exact and the RWA results. First, we
compare the results of quasienergies by our CHRW method, numerically exact treatment of Floquet Hamiltonian
and the RWA. Note that (ε+n + ε−m)modωl = 0 [23], it is sufficient to compare the quasienergy ε+ in the range of
(−ωl/2, ωl/2], whose absolute values are shown in Fig. 1. Obviously, our results agree well with the numerically exact
ones when A/ωl < 2 for both resonance and off-resonance cases. In particular, for ω0/ωl ≪ 1, our method works quite
well even though A/ωl → 6. However, the RWA is valid only for the (near-) resonance case and A/ωl < 1.5 from the
viewpoint of the quasienergies.

Second, we reveal the accuracy of the element between the Floquet states X
(j)
αβ,n calculated by our method. We

consider X̂z = σz

2 . By using Eqs. (8) and (51), we can obtain the expression for Xz
αβ,n with |uα(t)〉 ≡ |uα0(t)〉:

Xz
αβ,n =

1

2

{
cαβ

[
δn,0J0

(
Aξ

ωl

)
+

∞∑

k=1

J2k

(
Aξ

ωl

)
(δn,2k + δn,−2k)

]

+dαβ

[
∞∑

k=1

J2k−1

(
Aξ

ωl

)
(δn,2k−2 − δn,−2k)

]

−dβα

[
∞∑

k=1

J2k−1

(
Aξ

ωl

)
(δn,2k − δn,−2k+2)

]}
, (53)

where

cαβ = 〈α̃|σz |β̃〉

= sin(2θ)(1 − δα,β) + (1− 2δα,−)δα,β cos(2θ), (54)

dαβ = 〈α̃|σ−|β̃〉

= (sin2 θ − δβ,+)(1− δα,β) +

(
1

2
− δβ,−

)
δα,β sin(2θ). (55)

The derivation of the coefficient X
(j)
αβ,n is given in the Appendix. In Figs. 2 and 3, we show the behaviors of |Xz

++,0|

and |Xz
++,2| as a function of ratio A/ωl, respectively. We find that results of the CHRW method are in good agreement

with numerical results when A/ωl < 2 for both off- and on-resonance cases. Figure. 3 shows that Xz
αβ,n for n 6= 0

is significantly enhanced as A increases. In contrast, the RWA results is Xz
αβ,n ≡ 0 which is totally different from

Xz
αβ,n 6= 0 for n 6= 0 obtained by the exact and CHRW methods. It indicates that the incorrect RWA coefficient X

(j)
αβ,n

for n 6= 0 can not predict the accurate dynamics and analysis the features of the spectrum in the strong driving case.
From the above comparison, we find that our approach can give the correct result with high accuracy in comparison

with the numerically exact results when A/ωl < 2 (or A/ωl < 6 and ω0/ωl ≪ 1). On the contrary, the RWA is
valid only when A/ωl ≪ 1. It is therefore reasonable to apply Floquet states (51) and associated quasienergies (52)
obtained by the CHEW method to analytically evaluate the fluorescence spectrum.
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C. Standard and modified Mollow triplets

In order to give the fluorescence spectrum of the model (35), it requires us to calculate Xx
αβ,n, X+

αβ,n, and γ
(j)±
αβ,n

with j = x, z, which reads

Xx
αβ,n =

1

2
(dαβδn,−1 + dβαδn,1), (56)

X+
αβ,n =

1

2

{
dβα

[
1 + J0

(
Aξ

ωl

)]
δn,1 + dβα

∞∑

k=1

J2k

(
Aξ

ωl

)
(δn,2k+1 + δn,−2k+1)

+dαβ

[
1− J0

(
Aξ

ωl

)]
δn,−1 − dαβ

∞∑

k=1

J2k

(
Aξ

ωl

)
(δn,−2k+1 + δn,−2k−1)

−cαβ

∞∑

k=1

J2k−1

(
Aξ

ωl

)
(δn,2k−1 − δn,−2k+1)

}
, (57)

γ
(j)+
αβ,n = πG(j)(−∆αβ,n)− iR(j)(−∆αβ,n) = (γ

(j)−
βα,−n)

∗, (58)

where Gx(ω) =
∑

k g
2
kδ(ωk − ω) and Gz(ω) =

∑
q f

2
qδ(νq − ω) are the spectral functions of the electromagnetic

reservoir and dephasing reservoir, respectively. In this work, we consider that the electromagnetic reservoir is of
broadband type with Gx(ω) = 2

πκ where κ is the radiative decay rate, and the dephasing bath is of Ohmic type with

Gz(ω) = αωe−ω/ωc where α is the dimensionless coupling strength and ωc is the cut-off frequency. Provided that the
reservoirs are at zero temperature and in vacuum states, the basic ingredients in the FBM master equation can be
solved

W−+ = 2π
∑

n

∑

j=x,z

|X
(j)
+−,n|

2G(j)(∆−+,n), (59)

γrel = 2π
∑

n

∑

j=x,z

|X
(j)
+−,n|

2[G(j)(∆+−,n) +G(j)(−∆+−,n)], (60)

γdeph = π
∑

n

∑

j=x,z

{
|X

(j)
−+,n|

2[G(j)(∆−+,n) +G(j)(−∆−+,n)]

+2|X
(j)
++,n|

2[G(j)(nωl) +G(j)(−nωl)]
}
. (61)

Therefore, we determine the fluorescence spectrum of the driven TLS interacting with two reservoirs in the following.

1. The driving-induced asymmetry

First, we reveal that how the standard Mollow triplet recovers from Eq. (34) in the absence of the dephasing
reservoir (fq = 0). We consider the coefficient X+

αβ,n within the RWA,

X+
αβ,n = d

(RWA)
βα δn,1, (62)

where d
(RWA)
βα is given by dβα with θA = arctan[2(ΩR − ∆)/A]. Here ∆ = ω0 − ωl is the bare detuning and ΩR =√

∆2 +A2/4 is the Rabi frequency. For X+
αβ,n6=1 = 0, the four components of the fluorescence spectra (the delta-

function and three Lorentzians) associated with n = 1 survive in Eq. (34). To examine the spectral features, we need
to calculate the Floquet-state population ρssαα, relaxation rate Γrel, and dephasing rate Γdeph, which is easily evaluated
from Eqs. (59)-(61) and given by

ρss++ =
sin4 θA

cos4 θA + sin4 θA
= 1− ρss−−, (63)

γrel = κ(sin4 θA + cos4 θA), (64)

γdeph =
κ

2
[sin4 θA + cos4 θA + sin2(2θA)]. (65)

It is straightforward to verify that the equality |X+
+−,1|

2ρss++ = |X+
−+,1|

2ρss−− exactly holds within the RWA, which is
known as the detailed balance condition. It guarantees that the spectrum is always symmetrical with respect to the
center [19].
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In particular, when ∆ = 0, we have θA = π/4, which leads to |X+
αβ,1| = 1

2 , γrel = κ/2, γdeph = 3κ/4, and

ρss++ = ρss−− = 1/2. Thus, our spectrum Eq. (34) recovers the standard incoherent Mollow triplet:

I(ω) ∝
κ/8

(ω − ωl)2 + κ2/4
+

3κ/32

(ω − ωl − ΩR)2 + 9κ2/16
+

3κ/32

(ω − ωl +ΩR)2 + 9κ2/16
. (66)

Here we find that the coherent component (the delta function) vanishes. This arises because of the secular approxi-
mation which omits the terms of order κ/ΩR and higher.

Second, we demonstrate the spectral properties beyond the RWA and in the absence of the dephasing reservoir.
The results are as follows: (i) the positions of center components in the Mollow triplets appear at odd multiple of the
fundamental driving frequency. By Eq. (57), we get |X+

αβ,n| = 0 for |n| = 0, 2, 4, · · ·, but |X+
αβ,n| 6= 0 for |n| = 1, 3, 5, · · ·.

A nonzero |X+
αβ,n| means that the transition |uαn(t)〉 → |uβ(t)〉 is allowed when n is odd, leading to the generation

of Mollow triplets centered at odd multiples of driving frequency nωl (|n| = 1, 3, 5, · · ·). Actually, the components
centered at negative frequencies give negligible contributions to I(ω > 0). The main ingredients of fluorescence
spectrum are the emission lines at positive frequencies; (ii) the two sidebands around ωl possess unequal intensities in
the case of the strong harmonic driving. This type of asymmetry has been proved in previous works [17, 34]. It turns
out here the asymmetry of the first-order triplet can be understood by the inequality |X+

−+,1|
2ρss−− < |X+

+−,1|
2ρss++,

which means the violation of the detailed balance condition.
We examine analytically the violation of the detailed balance condition. Similar to the RWA case, we

have the steady Floquet-state population ρss++ = sin4 θ
cos4 θ+sin4 θ = 1 − ρss−− while θ is given by Eq. (48). On

the other hand, we find |X+
−+,1| = 1

2

∣∣∣sin2 θ
[
1 + J0

(
Aξ
ωl

)]
+ J2

(
Aξ
ωl

)
cos2 θ − J1

(
Aξ
ωl

)
sin(2θ)

∣∣∣ and |X+
+−,1| =

1
2

∣∣∣cos2 θ
[
1 + J0

(
Aξ
ωl

)]
+ J2

(
Aξ
ωl

)
sin2 θ + J1

(
Aξ
ωl

)
sin(2θ)

∣∣∣. Provided that A/ωl ≪ 1 and Jn

(
Aξ
ωl

)
with n ≥ 1 is

omitted, we recover the detailed balance condition. However, when A/ωl are large enough, the contributions from

higher-order Bessel function Jn

(
Aξ
ωl

)
become important. In Fig. 4(a), we show the process of the violation of the

detailed balance condition with the increase of A. We find that the condition is apparently violated when A > 0.2ω0

for ωl = ω0, which differs from the prediction of A > 0.8ω0 given in Ref. [34] (their notation Ω is equal to 2A). In
addition, Fig. 4(b) shows that |X+

−+,1|
2ρss−− < |X+

+−,1|
2ρss++ holds for both the on- and off-resonance cases in the

strong-driving regime. As a result, we find that the red sideband is suppressed while the blue one is enhanced with
the increase of A. In contrast, we notice that this property can not be given from the traditional quantum optical
master equation [35] (see Figs. 8 and 12 of the reference).

From the above discussion, we notice that we can gain an insight into the spectral properties of the fluorescence by
analyzing the properties of X+

αβ,n as well as the steady Floquet-state populations. In particular, X+
αβ,n is uniquely

determined by the driving. However, the populations are generally influenced by both the driving and the reservoirs.
In the following, we demonstrate the effect of the pure dephasing coupling on the spectrum.

2. The depahsing-induced asymmetry

We explore the effect of the pure dephasing reservoir (fq 6= 0) on the spectrum. In Fig. 5, we show the fluorescence
spectra for the on- and off-resonance cases. It is found that the spectra exhibit asymmetry with the increase of α which
characterizes the strength of the dephasing coupling. It is the dephasing coupling that results in the enhancement
of the red sideband and the suppression of the blue one, which is opposed to the feature of the harmonic-driving-
induced asymmetry (the suppression of the red sideband and enhancement of the blue sideband) [17]. Moreover, the
dephasing-induced asymmetry becomes more apparent for the blue detuned driving [see Fig. 5(c)] than the resonant
driving [see Fig. 5(a)]. This property is further illustrated in Fig. 6. We find that the difference in the weights of the
two sidebands becomes evident for both RWA and non-RWA driving with the increase of ωl for fixed A.

Figure 5(b) shows a phenomenon of the interplay between harmonic-driving and dephasing induced asymmetry.
For a certain harmonic driving strength, it is possible to realize the inequality |X+

−+,1|
2 < |X+

+−,1|
2 resulting in the

spectral feature with a suppressed red sideband and an enhanced blue sideband. For α = 0, the spectral asymmetry
is only determined by the harmonic driving, i.e. the blue sideband is higher than the red one. When α increases, the
blue sideband comes to be suppressed while the red one becomes enhanced. This means that the spectral asymmetry
is dominated by the dephasing coupling. In Fig. 6(a), it is clear to see the CHRW method gives the crossover of the
two types of asymmetry induced by harmonic driving and dephasing coupling. When ωl < 0.97ω0, the red sideband is
lower than the blue one, which is the feature of the driving-induced asymmetry. While ωl > 0.97ω0, the red sideband
becomes higher than the blue one, which is the feature of the dephasing-induced asymmetry. In contrast, the red
sideband of the RWA is always higher than the blue one because the RWA does not take into account the effects of
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the counter-rotating driving term, which means that the RWA spectrum are asymmetric. In Fig. 6(b), we show the
spectrum for the non-RWA and RWA cases for ωl = 0.97ω0. Interestingly, the non-RWA spectrum is symmetric while
the RWA spectrum is asymmetric.

We explore the effects of the dephasing reservoir by analyzing the population ρssαα which influences the weights of
each components of the fluorescence and depends on the properties of the reservoir. In Figs. 7(a) and 7(b), we show
the population ρss++ as functions of ωl and A for both RWA and harmonic driving, respectively. It is evident that ρss++

becomes smaller for the dephasing coupling α > 0 than for α = 0 [the solid (dot-dashed) line with α = 0.01 is always
below the dashed (dotted) line with α = 0]. Moreover, as ωl increases, ρss++ becomes smaller for α > 0 than for α = 0.
It is feasible to understand the role of the dephasing coupling on the spectra by examining ρss++ of the RWA driving
case. We obtain the expression for ρss++ in the RWA:

ρss++(α) =
κ sin4 θA

κ(cos4 θA + sin4 θA) +
π
2αG

z(ΩR) sin
2(2θA)

. (67)

It follows from Eq. (67) that ρss++(α) ≤ ρss++(0), i.e., the steady population ρss++ decreases as α increases. In comparison

with |X+
+−,1|

2ρss++(0) = |X+
−+,1|

2ρss−−(0) for α = 0, we conclude that |X+
+−,1|

2ρss++(α) < |X+
−+,1|

2ρss−−(α) for α >
0. This inequality leads to the generation of the enhanced red sideband and suppressed blue sideband, which is
qualitatively consistent with the experiment observation [15]. The similar discussion can be explored in the harmonic
driving case. Therefore, the dephasing induced asymmetry can be attributed to the modifications to the steady
Floquet-state populations caused by the dephasing reservoir.

IV. APPLICATION TO THE BIHARMONIC DRIVING

In order to show the high efficiency and the advantage of our formalism Eqs. (1) to (34) to any periodic driving,
we study the biharmonic driving case with the aid of numerical method. The biharmonically driven TLS is described
by the Hamiltonian:

HS(t) =
1

2
ω0σz +

A

2
[cos(ωlt) + r cos(2ωlt+ φ)]σx, (68)

where φ is the relative phase of the signals and r is the relative amplitude. Similar to the harmonic driving case, the
key task is to evaluate the Floquet states and quasienergies for the Floquet Hamiltonian, which can be done by the
numerical treatment.

Since |uα(t)〉 is periodic in time, we can formally expand the Floquet state as |uα(t)〉 =
∑

n u
(α)
γn einωlt|γ〉 where γ

is the index of the two levels and n is an integer. Substituting this expansion to Eq. (3), one finds that the Fourier
coefficients satisfy the following equation

∑

n,γ

Hδm,γnu
(α)
γn = εαu

(α)
δm , (69)

where Hδm,γn = ωl

2π

∫ 2π/ωl

0 〈δ|e−imωlt[HS(t) − i∂t]e
inωlt|γ〉dt ≡ 〈δ,m|HF |γ, n〉 is the element of Floquet Hamiltonian

in the Sambe space [24]. The Sambe space is a composite Hilbert space spanned by the basis {|γ, n〉, n ∈ Z; 〈t|n〉 =
exp(inωlt)}. Thus, the time-dependent Eq. (3) is now converted into a time-independent equation (69), which is an

eigenvalue problem: HF |u
(α)〉 = εα|u

(α)〉 where |u(α)〉 =
∑

n,γ u
(α)
γn |γ, n〉. For the biharmonically driven TLS, we

readily obtain the matrix form of Floquet Hamiltonian as follows:

HF =




. . . |−,−1〉 |+,−1〉 |−, 0〉 |+, 0〉 |−, 1〉 |+, 1〉

|−,−1〉 −ω0

2 − ωl 0 0 A
4 0 rA

4 e
iφ

|+,−1〉 0 ω0

2 − ωl
A
4 0 rA

4 e
iφ 0

|−, 0〉 0 A
4 −ω0

2 0 0 A
4

|+, 0〉 A
4 0 0 ω0

2
A
4 0

|−, 1〉 0 rA
4 e

−iφ 0 A
4 −ω0

2 + ωl 0

|+, 1〉 rA
4 e

−iφ 0 A
4 0 0 ω0

2 + ωl

. . .




. (70)

By introducing an appropriate truncation to the matrix, we can numerically diagonalize HF and simultaneously
obtain its eigenvalues and eigenstates |u(α)〉. The eigenvalue is actually the quasienergy. The eigenstate leads to the
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Floquet state by the relations |uα(t)〉 = 〈t|u(α)〉 and 〈t|n〉 = exp(inωlt). After obtaining the quasienergies and Floquet

states, we can determine the required quantity X
(j)
αβ,n of fluorescence spectrum (34). In principle, the quantity can be

formally evaluated as follows:

X
(j)
αβ,n =

ωl

2π

∫ 2π/ωl

0

〈uα(t)|X̂
(j)|uβ(t)〉e

−inωltdt

=
ωl

2π

∫ 2π/ωl

0

〈uαn(t)|X̂
(j)|uβ(t)〉dt

=
∑

l,γ,δ

[
u
(α)
γl−n

]∗
u
(β)
δl 〈γ|X̂(j)|δ〉. (71)

Then, we can calculate the steady Floquet-states populations, relaxation and dephasing rates by using the same
procedure as the former section, which completely determines the fluorescence spectrum. It is evident that the key
task is to diagonalize the Floquet Hamiltonian numerically and obtain the Floquet states and quasienergies. In
contrast, the Floquet states and quasienergies of harmonic driving case in the former section are analytically derived
based on the unitary transformation.

We now illustrate how the second component of the biharmonic field modify the spectrum. In Fig. 8(a), we show
the fluorescence spectra for the different relative amplitudes in the case ωl = ω0. The spectra with r 6= 0 show more
intensities of higher-order Mollow triplets centered at both even and odd multiples of the driving frequency, which
qualitatively differs from the the spectrum with r = 0. Note that the harmonic driving of frequency 2ω0 induces the
triplets centered at 2nω0 with n = 1, 3, 5, · · ·, which means that the second component (2ωl) of the biharmonic field is
responsible for the generation of the triplets centered at 2ω0, 6ω0, 10ω0,· · ·. However, we find that in the plot there is
an additional triplet centered at 4ω0. It indicates that the higher-order triplets are not a simple superposition of the
independent spectra of each harmonic driving mode ωl and 2ωl. It is because that some forbidden transition channels
of Floquet states for single harmonic driving case are permitted in the presence of biharmonic field. In Fig. 8(b), we
show the behaviors of X+−,n for n = 1, 2, 3, 4 as a function of r, shown. It is clear that |X+−,n| for n = 2, 4 increases
from zero with the increase of r. It means that the transition channels forbidden in the harmonic case are turned
on in the biharmonic case. Moreover, the coefficients X+−,n with n = 2, 3, 4 are enhanced with the increase of r. It
leads to the enhanced transition-related factor and hence we see more intense higher-order triplets centered at odd
and even multiples of driving frequency for the biharmonic driving.

We demonstrate the effect of relative phase φ on the spectra. In Fig. 9(a), we show the spectra for various relative
phases. The results indicate that the relative phase just influences the line shapes of certain higher-order triplets [see
the inset of Fig. 9(a)]. To examine the effect of the phase, in reality, we could numerically calculate the population
ρssαα and the coefficient X+

αβ,n as a function of the relative phase φ. One can verify that the steady Floquet-state

populations are almost independent of the phase but some X+
αβ,n are sensitively dependent on the phase. In Fig. 9(b),

we show the behavior of |X+
+−,n| for n = 1, 2, 3, 4 with the variation of φ when ωl = ω0. The coefficients |X+

+−,n| for
n = 1, 2, and 4 do not change with the increase of phase. However, the coefficients |X+−,n| for n = 3 does vary with
the phase. In particular, it is the phase dependence of |X+

αβ,3| that leads to the phase-dependent triplet centered at
3ω0 in contrast to the phase-independent Mollow triplets centered at ω0 and 2ω0.

The present formalism can also be applied to explore the multiple resonance induced fluorescence of the biharmon-
ically driven TLS, which also shows the advantage of the present formalism. First, we need to evaluate the positions
where multiple resonance occurs. The evaluation can be carried out easily with Floquet theory by calculating the
time-averaged transition probability similar to Shirley’s origin work [23]. The mean transition probability from |−〉
to |+〉 is given by [23]

P̄ =
1

2
(1− 4|Xz

++,0|
2). (72)

The maximum of P̄ indicates the emergence of the resonance. In Fig. 10, we show the P̄ as a function of ωl for the
fixed driving strength A = 0.5ω0 and φ = 0. When r = 1, it is evident that a series of peaks emerge, indicating
a series of resonance, which correspond to ωl/ω0 = 0.9933, 0.5572, 0.3844, 0.2834, · · ·. The first two frequencies
ωl/ω0 = 0.9933, and 0.5572 corresponds to the main resonance frequencies of the two modes of the biharmonic field.
The other frequencies are the multiple resonance frequencies. When r = 0, we find two resonance peaks in the
considered frequency range. In particular, the width of multiple resonance for harmonic driving is much narrower
than those of the biharmonic driving.

We discuss the difference between non-RWA and RWA theory in the biharmonic driving case. In Fig. 10, we also
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provide the results of P̄ calculated from the RWA Hamiltonian

HRWA(t) =
1

2
ω0σz +

A

4

[
(eiωlt + rei2ωlt)σ− + h.c.

]
. (73)

The RWA has been used by Ficek and Freedhoff to study the biharmonic driving with two incommensurate fre-
quencies [20]. By comparison of non-RWA and RWA results, we find the Bloch-Siegert shift which is the non-RWA
resonance peaks shift from the RWA ones. Moreover, the RWA generally leads to the unfaithful width of resonance.
This is apparent in the multiple resonance.

Figure 11 shows the resonance fluorescence of the biharmonically driven TLS under the resonance conditions. It
is evident that the most intense fluorescence occurs around nωl (n = 1, 2, 3, 4, · · ·) for each resonance. We first
concentrate on the features of non-RWA spectra. For the first main resonance (ωl = 0.9933ω0), we find that the
spectrum is similar to that of the harmonic driving case. For the second main resonance (ωl = 0.5572ω0), the
spectrum has two observable triplets induced by the two modes of the biharmonic field. For multiple resonance
[Figs. 11(c) and 11(d)], the spectra generally has multi-peak structure. Besides, the splitting of the triplet decreases
because the resonance width decreases rapidly for multiple resonance. By comparison, it is obvious that the structure
of the non-RWA spectra can be significantly different from the RWA one, in particular, for the multiple resonance.
Therefore, it turns out that the RWA is invalid for exploring the multiple resonance under the strong biharmonic
driving.

We further consider the effect of the phase under the multiple resonance condition. Figure 12(a) shows the influence
of the phase on the multiple resonance induced fluorescence. In contrast to Fig. 9(a) with ωl = ω0, it is clear to see
that all the three triplets are varied as the change of phase. In Fig. 12(b), we show the behavior of |X+

+−,n| with

n = 1, 2, 3, 4 when ωl = 0.3844ω0 and A = 0.5ω0. It is obvious to see that X+
+−,n with n = 1, 2, 3, 4 is modulated

by the phase. This indicates that the line shape of fluorescence could be modulated by the phase under multiple
resonance condition.

From the analysis above, we find that even though the analytical expressions for the Floquet states and quasienergies
are not available in the complicated driving case, one can still easily calculate the fluorescence spectrum and analyze
the spectral features according to Eq. (34). The difference of the spectral features between the biharmonic and
harmonic driving cases can be mainly attributed to the quantity X+

αβ,n, which is corresponding to the transition of
the Floquet states and is uniquely determined by the properties of the driving field. In addition, the present formalism
also allows us to study the multiple resonance induced spectrum.

V. APPLICATION TO THE MULTIHARMONIC DRIVING

After applying the present formalism to the harmonic and biharmonic driving signals, we will show the advantage
of the formalism in dealing with complicated driving signal, such as multiharmonically periodic driving, with the aid
of the numerical method. We consider that the TLS is driven by the square-wave (SW) like driving:

HS(t) =
1

2
ω0σz +

A

2
σx

N∑

l=1

sin[(2l− 1)ωlt]

2l− 1
. (74)

Here N is set for 100. Using numerical treatment of the Floquet Hamiltonian, we obtain the numerically exact
Floquet states and quasienergies for the multiharmonically driven TLS. Once again it is straightforward to calculate
the spectrum according to Eq. (34). We state that the procedure of calculating the spectrum is the same as the
former case. The spectra for the SW-like driving are shown in Fig. 13. Surprisingly, we can hardly distinguish the
first-order triplet centered at ωl of harmonic driving from that of SW-like driving. In the comparison with the spectra
of the harmonic driving, the higher-order triplets under the SW-like driving have stronger intensity. It turns out that
a driving signal consisting of odd multiple of frequency ωl can just induce the triplets centered at nωl with n being
odd integer. In principle, with Eq. (34) at hand, we can understand the spectral features by the similar analysis as
we have done in the former sections.

VI. CONCLUSION

In summary, we have presented the formalism for fluorescence spectrum of a periodically driven TLS based on
Floquet-Born-Markov master equation which can be generally extended to treat the case with arbitrarily periodic
driving and weak-coupling multiple reservoirs. We show that in the our formalism the driving can be treated exactly
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according to the Floquet theory while the versatile TLS-reservoir couplings are taken into account up to the second
order by the Born-Markov approximation. In the secular limit, we have given an analytical result of fluorescence
spectrum with clear physical significance. When the combined Hamiltonian of the TLS and periodic driving is
analytically solved, the spectrum is calculated directly. While the Hamiltonian is complex and difficult to be solved
analytically, the numerical method are employed to calculate the spectrum.

We have applied the formalism to calculate the fluorescence spectrum of many significant cases and comprehensively
explore the spectral features.

(i) We study the fluorescence emitting from the harmonically driven TLS weakly coupled to a radiative reservoir
and a dephasing reservoir. By the unitary transformation, we derived analytically the Floquet states and quasienergies
for the harmonically driven TLS, which is nearly the same as the numerically exact results over a wide range of the
driving parameter space and provide the basis for understanding the spectral features. First, without the dephasing
coupling, the general formalism recovers the symmetrical Mollow triplet provided that the RWA of the harmonic
driving is introduced. The symmetry of the spectrum is explained by the detailed balance condition. Without the
RWA of the driving, the prominent asymmetry of the spectrum can be clarified by the violation of the condition.
Second, we studied the effect of the dephasing coupling on the spectrum. The dephasing coupling results in the
asymmetric Mollow triplet with the enhancement of the red sideband and the suppression of the blue sideband, which
is qualitatively consistent with the experiment observations. This dephasing-induced asymmetry can be attributed to
the change of the steady Floquet-state population resulting from the dephasing coupling. Moreover, We demonstrate
that the interplay between the harmonic driving and dephasing coupling results in different spectral line shapes.

(ii) Apart from the harmonic driving, we applied the formalism to the biharmonic driving case. The biharmonic
driving leads to the higher-order Mollow triplets centered at both even and odd multiples of the driving frequency,
which is qualitatively different from the spectra of harmonic driving. Besides, it was found that the relative phase
of the driving signals can change the certain higher-order triplet depending on the driving frequency. We also apply
the formalism to study the multiple resonance induced resonance fluorescence. We find that the non-RWA and RWA
spectra significantly differ from each other under the multiple resonance conditions.

(iii) We applied the formalism to the multiharmonic driving similar to the square-wave signal based on the numerical
method. For the moderately intense driving strength, the first-order Mollow triplet under the SW-like driving is almost
the same as that of the harmonic driving but the higher-order triplets are more intense than those of the harmonic
driving.

All in all, the present formalism provides a unified description for the fluorescence spectrum and is applicable to
the situation with complicated periodic driving signals and weak-coupling multiple reservoirs.
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Appendix A: The derivation of coefficient X
(j)
αβ,n for the harmonically driven TLS

By making use of Eqs. (8) and (51), we can rewrite the expression for X
(j)
αβ,n as follows:

X
(j)
αβ,n =

ωl

2π

∫ 2π/ωl

0

〈uα(t)|X̂
(j)|uβ(t)〉e

−inωltdt

=
ωl

2π

∫ 2π/ωl

0

〈α̃|R(t)eS(t)X̂(j)e−S(t)R†(t)|β̃〉e−inωltdt. (A1)

Since X̂(j) may be Pauli matrices and their combination, we have the formal decomposition

R(t)eS(t)X̂(j)e−S(t)R†(t) =
1

2
Cz

j (t)σz + C+
j (t)σ− + C−

j (t)σ+, (A2)

where the time-dependent coefficient Cλ
j (t) (λ = z,±) is simply given by

Cλ
j (t) = Tr[σλR(t)e

S(t)X̂(j)e−S(t)R†(t)]. (A3)
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By substituting Eq. (A2) into Eq. (A1), we arrive at

X
(j)
αβ,n = 〈α̃|σz |β̃〉

ωl

2π

∫ 2π/ωl

0

1

2
Cz

j (t)e
−inωltdt

+〈α̃|σ−|β̃〉
ωl

2π

∫ 2π/ωl

0

C+
j (t)e−inωltdt

+〈α̃|σ+|β̃〉
ωl

2π

∫ 2π/ωl

0

C−
j (t)e−inωltdt. (A4)

where 〈α̃|σz|β̃〉 ≡ cαβ and 〈α̃|σ−|β̃〉 ≡ dαβ can be easily derived. Therefore, the remaining task is to determine the

explicit form for Cλ
j (t) according to the operator X̂(j) and integrals in Eq. (A4).

When X̂(j) = σz/2, C
λ
j (t) can be determined as follows:

Cz
z (t) =

1

2
Tr[σze

S(t)σze
−S(t)] = cos

[
Aξ

ωl
sin(ωlt)

]
, (A5)

C+
z (t) =

1

2
Tr[R†(t)σ+R(t)e

S(t)σze
−S(t)]

=
1

2
Tr[e−iωltσ+e

S(t)σze
−S(t)] =

1

2
ie−iωlt sin

[
Aξ

ωl
sin(ωlt)

]
, (A6)

C−
z (t) =

1

2
Tr[eiωltσ−e

S(t)σze
−S(t)] = −

1

2
ieiωlt sin

[
Aξ

ωl
sin(ωlt)

]
. (A7)

By using the following identities:

ωl

2π

∫ 2π/ωl

0

cos

[
Aξ

ωl
sin(ωlt)

]
e−inωltdt = J0

(
Aξ

ωl

)
δn,0

+
∞∑

k=1

J2k

(
Aξ

ωl

)
(δn,2k + δn,−2k), (A8)

ωl

2π

∫ 2π/ωl

0

i sin

[
Aξ

ωl
sin(ωlt)

]
e−inωltdt =

∞∑

k=1

J2k−1

(
Aξ

ωl

)
(δn,2k−1 − δn,−2k+1), (A9)

we obtain the explicit form for Xz
αβ,n.
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Figure 2: (Color online) The coefficient |Xz
++,0| as a function of the ratio A/ωl for various driving frequencies: (a) ωl = 0.5ω0,

(b) ωl = ω0, (c) ωl = 1.5ω0, and (d) ωl = 5ω0.
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Figure 3: (Color online) The coefficient |Xz
++,2| as a function of the ratio A/ωl for various driving frequencies: (a) ωl = 0.5ω0,

(b) ωl = ω0, (c) ωl = 1.5ω0, and (d) ωl = 5ω0.
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Figure 4: (Color online) (a) The weights of the sidebands in the first-order triplet as a function of A for ωl = ω0. (b) The
weights of the sidebands in the first-order triplet as a function of ωl for A = 0.3ω0. The radiative decay rate is κ = 0.02ω0.
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Figure 5: (Color online) The spectrum I(ω) of the resonance and nonresonance fluorescence for A = 0.3ω0 and κ = 0.02ω0.
The driving frequencies are set as ωl = ω0 for (a) and (b); ωl = 1.1ω0 for (c) and (d).
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Figure 6: (Color online) (a) The weights of the sidebands in the first-order triplet as a function of ωl for A = 0.3ω0 and
κ = 0.02ω0. (b) The spectrum I(ω) for ωl = 0.97ω0. The other parameters are the same as (a).
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Figure 7: (Color online) (a) The steady Floquet-state population ρss++ as a function of ωl. (b) The steady Floquet-state
population ρss++ as a function of A. The radiative decay rate is κ = 0.02ω0.
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Figure 8: (Color online) (a) The fluorescence spectrum I(ω) of the biharmonically driven TLS for ωl = ω0, A = 0.5ω0,
κ = 0.02ω0, and α = 0. (b) |X+

+−,n| for n = 1, 2, 3, 4 as a function of relative phase r. The other parameters are the same as
(a).
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Figure 9: (Color online) (a) The fluorescence spectrum I(ω) of the biharmonically driven TLS for ωl = ω0, A = 0.5ω0,
κ = 0.02ω0, and α = 0. (b) |X+

+−,n| for n = 1, 2, 3, 4 as a function of relative phase φ for r = 1. The other parameters are the
same as (a).
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Figure 10: (Color online) The time-averaged transition probability of the biharmonically driven TLS as a function of driving
frequency ωl for A = 0.5ω0 and φ = 0. The case of r = 0 corresponds to the harmonic driving.
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Figure 11: (Color online) The resonance fluorescence spectrum as a function of ω under various resonance conditions of the
biharmonically driven TLS for κ = 0.02ω0 and α = 0. The resonance frequencies are given by (a) ωl = 0.9933ω0 , (b)
ωl = 0.5572ω0 , (c) ωl = 0.3844, and (d) ωl = 0.2834 for A = 0.5ω0, r = 1, and φ = 0.
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Figure 12: (Color online) (a) The resonance fluorescence spectrum as a function of ω for φ = 0 and φ = π/2. The other
parameters are given as Fig. 11(c). (b) X+

+−,n with n = 1, 2, 3, 4 as a function of φ for r = 1. The other parameters are the
same as (a).
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Figure 13: (Color online) The fluorescence spectrum I(ω) of the multiharmonically driven TLS for ωl = ω0, κ = 0.02ω0, and
α = 0. The driving strength is set: (a) A = 0.5ω0 and (b) A = ω0. The inset of left panel is the comparison of driving signals.
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