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CHOQUET-MONGE-AMPERE CLASSES

VINCENT GUEDJ*, SIBEL SAHIN** AND AHMED ZERIAHT*

ABSTRACT. We introduce and study Choquet-Monge-Ampere classes
on compact Kahler manifolds. They consist of quasi-plurisubharmonic
functions whose sublevel sets have small enough asymptotic Monge-
Ampere capacity. We compare them with finite energy classes, which
have recently played an important role in Kéhler Geometry.

INTRODUCTION

Let (X,w) be a compact Kahler manifold of complex dimension n > 1.
Recall that a quasi-plurisubharmonic function (qpsh for short) on X is an
upper semi-continuous function ¢ : X — RU{—o0} which is locally the sum
of a plurisubharmonic and a smooth function. We write ¢ € PSH(X,w) if
@ is gpsh and w, := w + dd°p is a positive current. Here d = 0 + 0 and
d° = ﬁ(a — 9) are both real operators, so that dd° = %85.

There are various ways to measure the singularities of such functions. We
can measure the asymptotic size of the sublevel sets (p < —t) as t — 400
through the Monge-Ampere capacity, which is defined by

Cap,(K) = sup{/ MA(u);u € PSH(X,w),—1 <u< 0} .
K

where M A(u) = w}}/ [y w™ is a well-defined probability measure [BT82].
We can also consider the non-pluripolar measure

MA(p) := jl}g{loo 15— jy M A(max(p, —7)).

Following [GZ07] we say that ¢ € £(X,w) if M A(yp) is a probability measure
and set

(X, w) = {p e l(X,w)|p e LP(MA(p))}.

The finite energy classes EP(X,w) have played an important role in re-
cent applications of pluripotential theory to Kéahler geometry (see for ex.
[EGZ08, EGZ09, BBGZ13, BEG13]). While their local analogues can be
well understood by measuring the size of the sublevel sets, this is not the
case in the compact setting (see [BGZ08, BGZ09)).

In this article we introduce and initiate the study of the Choquet-Monge-
Ampere classes

ChP(X,w) := {90 € PSH(X,w) | /0+OO PO, ({p < —th)dt < +oo} .
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We show in Theorem 2.7 that an w-psh function ¢ belongs to Ch?(X,w)
if and only if it has finite Choquet energy

Chyp () == /X (—0)P [(~)w + w,]" < +oo.

We establish in Corollary 2.8 that Choquet classes compare to finite en-
ergy classes as follows,

EPT (X w) C ChP(X,w) C EP(X,w).

These classes therefore coincide in dimension n = 1, but the inclusions
are strict in general when n > 2: the first inclusion is sharp for functions
with divisorial singularities (Proposition 3.11), while the second inclusion is
sharp for functions with compact singularities (Proposition 3.8).

We briefly describe the range of the complex Monge-Ampere operator
acting on Choquet classes in Proposition 3.3 and Proposition 3.6. This de-
scription is not as complete as the corresponding one for finite energy classe
in [GZ07]; Choquet classes are rather meant to become a useful intermediate
tool in the analysis of the complex Monge-Ampeére operator.

1. CHOQUET CLASSES
1.1. Choquet capacity.

1.1.1. Generalized capacities. Let € be a Hausdorff locally compact topo-
logical space which we assume is o-compact. We denote by 2% the set of all

subsets of Q. A set function ¢ : 2 — R* := [0, +00] is called a capacity
on € if it satisfies the following four properties:
(i) c(0) = 0;

(79) ¢ is monotone, i.e. AC B C Q= 0<c(A) < ¢(B);
(741) if (Ap)nen is a non-decreasing sequence of subsets of 2, then

c(UpAy) = limy—100c(Ay) = supc(Ay);

(iv) if (K,) is a non-increasing sequence of compact subsets of €2,
(N Ky) = limye(K,) = inf ¢(Ky,).
n
A capacity c is said to be a Choquet capacity if it is subadditive, i.e. if it

satisfies the following extra condition
(v) if (Ap)nen is any sequence of subsets of 2, then

c(Undn) <> c(4n),
n
Capacities are usually first defined for Borel subsets and then extended
to all sets by building the appropriate outer set function.

Example 1.1. Let M be a family of Borel measures on ). The set function
defined on any Borel subsets A C Q by the formula

cm(A) = sup{u(A); p € M}

is a precapacity on §2. It is called the upper envelope of M. Observe that
this precapacity need not be additive. The precapacity caq need not be outer
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reqular either unless M is a finite set. However if M is a compact set for
the weak"-topology then cj, is a Choquet capacity.

If ¢ is a Choquet capacity on 2, every Borel subset B C 2 satisfies
¢(B) = sup{c(K); K compact K C B}.
This is a special case of Choquet’s capacitability theorem.

1.1.2. Monge-Ampére capacities. Let (X,w) be a compact Kahler manifold
of dimension n. We let LP(X) = LP(X,R,dV) denote the Lebesgue space
of real valued measurable functions which are LP-integrable with respect to
a fixed volume form dV'.

We denote by PSH (X, w) the set of w-plurisubharmonic functions: these
are functions ¢ : X — R U {—o00} which are locally the sum of a plurisub-
harmonic and a smooth function, and such that w, := w + dd°¢ > 0 in the
sense of currents. Recall that for all p > 1,

PSH(X,w) C LP(X).
The Monge-Ampere capacity C,, is defined for Borel sets K C X by

CL(K) = sup {/K MA(u);u € PSH(X,w),—1 <u < 0} .

where M A(u) = w}}/ [y w™ is a well-defined probability measure [BT82].
It follows from the work of Bedford-Taylor [BT82] that C,, is a Choquet
capacity. We refer the reader to [GZ05] for basics on PSH(X,w) and C,,.

1.2. The Choquet integral. Let C be a Choquet capacity on X, a com-
pact topological space.

Definition 1.2. The Choquet’s integral of a non negative Borel function
f: X —R"is

/dec - /0+°° C{f > t))dt.

A change of variables shows that for any exponent p > 1,

+00
/ fPdc ::p/ PO f > t})dt.
X 0
Observe that if K C X is a Borel set then
/ 15dC = C(K).
X
Definition 1.3. We set, forp > 1,

LP(X,C) :={f € BIX,R); | fllr(x,c) < +00},
where B(X,R) is the space of real-valued Borel functions in X and

1/p
1 fllzr(x,0) = (/x \f\pdC> .

Lemma 1.4. Let f,g € LP(X,C) and A € R. Then
1. If0 < f < g then [y fdC < [ gdC.
2. M flleex,0) = A llrx,c)-
S+ 9llrx.o) < 201 fllex,0) + l9llrx,0))s
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In particular £P(X,C) is a vector space. The above quasi-triangle in-
equality defines a uniform structure, which is furthermore metrizable for
general reasons [BOUR], i.e. we can equip £P(X,C) with an invariant met-
ric p such that a sequence (f;) converges to f for the metric p if and only if

i yo0 | = fllzrx.c) = 0.

Proof. The first two items are obvious. The third one follows from the
subaddivity of the capacity and the inclusion

(F+gztc{f25 uie= 3}
0

Lemma 1.5. Let (f;) be a sequence of non-negative Borel functions on X.
1. If (f;) is non-decreasing and f := sup; f;, then

/de:.lim /fij:sup/ f;dcC.
X Jotoo Jx i Jx

2. If (f;) is a decreasing sequence of positive upper semi-continuous func-
tions and f = inf; f;, then

/de:'lim /fij:inf/ f;dC.
X Jotoo Jx J Jx

This lemma follows from continuity properties of the Choquet capacity;
the proof is left to the reader.

1.3. Choquet-Monge-Ampeére classes. Let (X,w) be a compact Kéhler
manifold of dimension n.

Definition 1.6. The Choquet-Monge-Ampére class is
Ch?(X,w) := PSH(X,w)N LPT(X,C,).
Observe that when ¢ € ChP(X,w) and ¢ < 0 then

+00
/ (—)PTdC, = (p +n) / P10, ({p < —t})dt,
X 0
and

Collo < —t}) <tr ™ /X (—p)P*ndC,.

Proposition 1.7. The class Ch?(X,w) is convex.
If () € ChP(X,w)N converges in L*(X) to p € PSH(X,w) and satisfies
sup; [y (—p;)PT"dC,, < 400, then ¢ € ChP(X,w) and

/ (—p)P*T"dC,, < liminf / (—p;)PtdC,,.
X X

j—+oo

o = <Sup(pg> .
>3

Proof. Set
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Then (¢;) is a non-increasing sequence of PSH (X,w) which converges to ¢
pointwise. Since ¢; < @; < 0 for all j, we infer that ¢; € Ch?(X,w) and

/ (=g, mdC,, < / (—))PH1dCyy < M = sup / (=)™ dC,.
X X i Jx
By Lemma 1.5 we conclude that

[ cormac, = iim [ gy,

X i Jx

lim.inf/ (—pj)PTdC, < M.
J X

IN

Hence ¢ € Ch?(X,w) and the required inequality follows. O

2. ENERGY ESTIMATES

We now compare the Choquet-Monge-Ampére classes with the finite en-
ergy classes £9(X,w) introduced in [GZ07].

2.1. Finite energy classes. Given ¢ € PSH(X,w), we consider its canon-
ical approximants

@; = max(p,—j) € PSH(X,w)NL>(X).

It follows from the Bedford-Taylor theory that the measures MA(yp;) are
well defined probability measures. Since the ¢;’s are decreasing, it is natural
to expect that these measures converge (in the weak sense). The following
strong monotonicity property holds:

Lemma 2.1. The sequence pij = 1i,~_;3M A(p;) is an increasing sequence
of Borel measures.

The proof is an elementary consequence of the maximum principle (see
[GZ07, p.445]). Since the p;’s all have total mass bounded from above by 1
(the total mass of the measure M A(y;)), we can consider

= lim p;
,ugo j—>+oo M]7

which is a positive Borel measure on X, with total mass < 1.

Definition 2.2. We set
For ¢ € £(X,w), we set MA(p) := pug.

The notation is justified by the following important fact: the complex
Monge-Ampere operator ¢ — M A(p) is well defined on the class £(X,w),
i.e. for every decreasing sequence of bounded (in particular smooth) w-psh
functions ¢;, the probability measures M A(p;) weakly converge towards
py, if p € E(X,w).

Every bounded w-psh function clearly belongs to £(X,w) since in this
case {¢ > —j} = X for j large enough, hence

fe = pj = MA(p;) = MA(p).
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The class £(X,w) also contains many w-psh functions which are unbounded.
When X is a compact Riemann surface (n = dime¢ X = 1), the set £(X,w)
is the set of w-sh functions whose Laplacian does not charge polar sets.

Remark 2.3. If ¢ € PSH(X,w) is normalized so that ¢ < —1, then
—(—)® belongs to E(X,w) whenever 0 < e < 1. The functions which be-
long to the class £(X,w), although usually unbounded, have relatively mild
singularities. In particular they have zero Lelong numbers.

It is shown in [GZO07] that the comparison principle holds in £(X,w):
Proposition 2.4. Fiz u,v € £(X,w). Then

/{ PRCEDE /{ e

The class £(X,w) is the largest class for which the complex Monge-
Ampere is well defined and the maximum principle holds.

Definition 2.5. We let EP(X,w) denote the set of w-psh functions with
finite p-energy, i.e.
E(X,w) = {p € E(X,w) / (lo]) € L (MA(¢))} .
Here follows a few important properties of these classes (see [GZ07]):
e when p > 1, any ¢ € EP(X,w) is such that V¢ € L?(w");
e v € EP(X,w) if and only if for any (resp. one) sequence of bounded
w-functions decreasing to ¢, sup, Jx (—@)PMA(p;) < +00;
e the class EP(X,w) is convex.

2.2. Choquet energy. For p € PSH™ (X,w) and p > 1, we set

Chy() = 3 /X (—pPHuE I A = / (—o)P [~ + w,I"
=0

X

Here and in the sequel we use the french notation CJ = < ZL )

We recall the following useful result:
Lemma 2.6. Fiz ¢,¢ € £(X,w). Then for allt <0 and 0 < § <1,

Culfp — 1 < —t —5}) < /{ ey MA)

In particular

FCule<—t-0)< [ MAG)
{p<~t}
Proof. If u is a w-psh function such that 0 < u < 1, then

{p<—t—=6} C{o<du—t—0} C{p<—t}.

Since 0"MA (u) < MA(du) and ¢ € E(X,w) it follows from the comparison
principle that

o / MA (1) < / MA (6u)
{o<—t—6} {p<du—t—5}

< / MA(p) < / MA(p).
{p<béu—t—6} {p<—t}
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This proves the last inequality. The first one is a refinement of the first,

we refer the reader to [EGZ09] for a proof. O
Theorem 2.7. For allp>1 and 0> ¢ € PSH(X,w) N L>®(X),

(2.1) /X(—gp)”“’de < 2"+7’Chp(gp),
and

(2.2) Chy() < Vu(X) + (0 + 1)2" / (—)"+PdC,.
X

In particular
Ch?(X,w) ={p € PSH(X,w);Chy(p) < o0},
and the inequalities (2.1) and (2.2) hold for all ¢ € ChP(X,w).

Proof. By Lemma 1.5 and the continuity properties for the Monge-Ampere
operators, it suffices to prove the estimates (2.1) and (2.2) when 0 > ¢ €
PSH(X,w)NL>®(X). Now

—+00
[ orrac, =) [ e <
X 0
Fix t > 1 and v € PSH(X,w) such that —1 < u < 0. Observe that
o/t € PSH™ (X, w) N L*(X) and
{p < =2t} C{p/t <u—1} C {p < —t}.

Set 1y := ¢/t. This is a bounded w-psh function in X such that w +
dd“py < t~'w, +w. The comparison principle (Proposition 2.4) yields

/ wy < / wy < / (t rw, + w)™
{o<—2t} {¢r<u—1} {o<-t}

Since (t™ 1w, +w)" =1, Cit Wl A Wi, we infer, for all t > 1,

PO ({p < —2t}) < Y 0t / WA
§=0 {p<~t}

It follows on the other hand from Lemma 2.6 that for 0 < ¢ <1,

t"Cp({p < —2t}) < / Wiy-

{p<~t}
Thus for all £ > 0

n
(e < ) <2 Clp+ e [
§=0 {p<—t}

hence
/X (—)"PdC,y < (n+ 1)27+7+ Chy ().

Conversely fix ¢ € PSH(X,w) N L*°(X). Then for j =0,--- ,n

/X (—@)P P AW = Vo(X) + (p+ ) / PG A W ({p < —t)).
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Observe that if we set ¢, := sup{¢, —t}, then

n—j J n—j J
/ W, N w! = / Wo, A w’.
{p<—t} {p<—t}

Since for t > 1, t 71wy, < wy,, where ¢ := sup{p/t, —1} , we infer
/ W AW < t"_j/ WA W
¥ - pt :
{w<-t} {p<—t}

Clwl Awd < (wy, +w)" = 2(w + dd*(1/2)"
and —1 < ¢y <0, therefore

Now

n . +m . . .
S o / I < V() + 02" / (=) Pdcy,
= Jo X

hence

3G [ (e ned < 2VL(X) 402 [ (e rC
=0 X *
Corollary 2.8.
EPTH X w) C ChP(X,w) C EP(X,w).

Proof. The second inclusion follows from the fact that

/X (—p)Pult < Chy(p).

To prove the first inclusion we can assume that p < —1. Observe that
when ¢ € EPT"1( X, w) so does /2 and for j =1,--- ,n —1

/X(_@)pﬂ'wz—j A w! <on /X(_(p)pﬂ'wg/z

and for j = 0, we always have fX(—gp)pr < +00. O

3. RANGE OF THE MONGE-AMPERE OPERATOR
In this section X is a compact Kéahler manifold equipped with a semi-

positive form w such that fX w™ =1, where n = dim¢ X.

3.1. The Monge-Ampeére operator on Ch?(X,w).

Lemma 3.1. Fiz 0> p,¢ € Ch?(X,w) and 0 < j < n. Then
/X (— )Pl il < 27+ /X (— )Pl N 2P /X (—p)P I

Proof. Set x(t) = —(—t)P*J. The proof is slightly different if j = 0 and
O<p<lorifp+j>1(xisconvex or concave). We only treat the second



FINITE ENERGY CLASSES 9

case and leave the modifications to the reader. Observe that 0 < X' (2t) =
My (t), with M = 2PT7=1 hence

. . 0 . .
/ (—x)opwy ' Aw! = / X (Hwy 7 A (p < t)dt
X —00
0 o
< oM / Nl A (i < 20)dt.
—0o0

Now (p < 2t) C (¢ < ¢ +1t)U (¢ < t), hence 0 < x'(2t) = MX'(t), with
M = 2Pti=1 hence

/X(—X) opwy t AW < 2M/ X (Hwy 7 Aw (o <1+ t)dt
+ 2M/ (—w)pﬂwz_j Aw.
X
The comparison principle yields wz_j Al (@ < 1h+t) < Wl Awi(p < 1h+t).
The desired inequality follows by observing that (¢ < ¥ +t) C (p <t). O
Lemma 3.2. Let p be a probability measure. Then ChP(X,w) C LY(u) if and

only if there exists C,, > 0 such that Vo € Ch?(X,w) with supy ¢ = —1,

[ (e)tdn < CulCyle)] 7.
X

Proof. One implication is obvious. Assume that Ch?(X,w) C L%(u), we
want to establish the quantitative integrability property. Assume on the
contrary that there exists a sequence ¢; € Ch?(X,w) with supy ¢; = —1
and

/X (—;)7 dp > 499Chy ;)75

Assume first that M; := Chy(¢j) is uniformly bounded. Note that M; > 1
since p; < —1. It follows from Proposition 1.7 that ¢ =) i>1 277 ¢; belongs
to Ch?(X,w). Now for all k > 1,

/ (=) dp = 2"‘“’/ (—n)"dp > 2M,
X X

hence [, (—¢)?du = 400, a contradiction.
Extracting and relabelling we can thus assume M; := Chy(¢j) — +o0.
1 .
Set 1; = €p; with ; = Mj " and Y = 2]21 2774p;. We note again that
for all £ > 1,

/X (=) dp > 27 /X (—tp)? dp > 28 M = 2k,

hence ¢ ¢ L(p). We now show that ¢ € ChP?(X,w) to get a contradiction.
It suffices to show that Chy (1)) is uniformly bounded from above. Observe
that wy, = gjw,; + (1 —€j)w < €jw,; +w. We need to control each term

—k i
Ep-l—n (_(p_)p—l—fwn. {—k /\wf—i-k’
J b J ®j
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where 0 < ¢ <n and 0 < k <n — £. Holder inequality yields

p+L
FERARZ
\p+l, n—l—k O+k Ap+Hl+k, n—l—k o+k\7*
/X(_%) W Aw™ < X(_%) W Aw ,

therefore
Y. kK
Chy,(¢j) < Cmax <5P+n_ M.‘””k) = Cmax (M (pHH)(nﬂ’)) <,
£k J J £k J
1

since €; = Mj e O

The range of the complex Monge-Ampere operator acting on finite energy
classes has been characterized in [GZ07]. The situation is more subtle for
Choquet-Monge-Ampere classes.

We now connect the way a non pluripolar measure is dominated by the
Monge-Ampere capacity to integrability properties with respect to Choquet-
Monge-Ampere classes:

Proposition 3.3. Let p be a probability measure on X. If u < ACS with
0<Aand q/(p+n)<a<l, then

ChP(X,w) C Lp).

Proof. Let ¢ € ChP(X,w) with supy ¢ = —1. It follows from Hoélder in-
equality that

—+00
0< / (—=p)?dp =1+ q/ 1 (e < —t)dt
X 1

“+oo
< 1+ qA/ t7 ! [Capy(p < —1)]* dt
1

+oo
1+ qA U tiq?(p;n)ldt]
1

The first integral in the last line converges when ¢/(p + n) < « since
g—a(p+n) < 0. The last one is bounded from above by definition. Therefore
ChP(X,w) C Li(u). O

-« [eY

IN

+oo
. [/ t" P Capy, (@ < —t)dt
1

We now investigate conditions under which the converse of this result
holds. We start by considering the problem for the finite energy classes
EP(X,w) :

Proposition 3.4. If " (X,w) C LP(u) for p > 1, then there exists an A > 0
such that p < AC% where oo = (1 —1/p)™.

Proof. Suppose that £ (X,w) C LP(u) then by [GZ07] p = wy, for some

Y € £'(X,w) such that supy ¢ = —1. Let ¢ € PSH(X,w) with =1 < ¢ <0
then

Jeoray = [ copwonuy
— [ cocdaeem nap e [ oranet

X
Now

—dd*(— )" = —p(p — 1)(=9)P 2dp A d°p + p(—p)P~ldd°p < p(—¢)P " dd
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and (—¢)? < (—p)P~1 since 0 < —p < 1, hence
[eray < b [ CoEortarend T+ [ oo nw
X X X
< p [ ooty + [ oo
X X

= » [ O, nwy
Hoélder inequality thus yields

/X(_(p)pwz =7 (L“W’%W‘l); </X(—¢)p% Awg—1>1_’l’
p( /X (—w)pw@’l’ ( /X (o), %_1>1—p'

Repeating the same argument n times we end up with

/X(—cp)pwfz <A ( /X HD)%;) (1-1/p)"

Fix F C X a compact set. The conclusion follows by applying this in-
equality to the extremal function ¢ = h;, g, observing that

WB) < [ (1
while Cy(E) = [ (—h, &) wh* , as shown in [GZ05]. O

IN

Lemma 3.5. Let p1 be a probabzlzty measure. Then EP(X,w) C LY(p) if and
only if there exists a constant C' > 0 such that for all v € PSH(X,w) N
L>(X) with supy ¢ = —1

(3.1 o< [Copanso(f <—w>%z;)”%

Proof. One implication is clear so suppose that EP(X,w) C Li(u) and as-
sume for a contradiction that there exists ¢; € PSH(X,w) N L>®(X) with
supy ©; = —1 such that

q
[ oy = w0

where M; = fX —1;)P w%
If Mj is uniformly bounded then ¢ = 7., 2771); belongs to EP(X,w).
Now -

/(—w)quZ/ = %) du >214MP+1 > 9i4
X X

since ¢; < —1, M; > 1. So fX — qdu — 00, a contradiction.

We obtain the same contradiction if {;} admits a bounded subsequence
1
so we can assume M; — oo and M; > 1. Set ¢; = €;1; where ¢; = M 1+p

. j
and ¢ = ijl 277¢; then,

) ) ,
/X(—w)qduz /X( 2(5;) du:2_’qag/x(—wj)qd,u2 271 — oo




12 VINCENT GUEDJ*, SIBEL SAHIN** AND AHMED ZERIAHT*

so ¢ ¢ L(p).
We now check that ¢; € £P(X,w) to derive a contradiction. Since w,,; <
Ejwy,; +w, we get

| o, = & [ ura
([ opars e [ upar, ) = o)

IN

because

/X(_%)pwzj_ :/)((—¢j)prwZ;l+/Xp(—7/)j)p_1d¢j/\ dspy Ny

z/X(—wj)”wszz;l 2.../)((—wj)pkawZ;k

foralll1 <k <n-—1and fX(—¢j)pw" is bounded since 1; € PSH(X,w) N
L*>*(X) and supy ¢; = —1. O

We are now ready to give necessary conditions for a non-pluripolar mea-
sure to be dominated by the Monge-Ampere capacity, in terms of its integra-
bility condition properties with respect to Choquet-Monge-Ampere classes:

Proposition 3.6. Let p be a non-pluripolar probability measure such that
p
w= MA() where p € Ch?(X,w), then u < (Cap,,)?r+=

Proof. From [GZ07] we already know that p = Wy for some function i €
E(X,w) such that supy v = —1. Now suppose also that ¢» € Ch?(X,w).
For ¢ € PSH(X,w) with —1 < ¢ < 0 Holder inequality and integration by
parts yields

/X“"”)p*"wz’z <ptn) /X<—<,o>p+"—1<—w>w¢ Ay

1 _b_
+1 (p+n)(p+n—1) +1
< (p+n) ( / <—w>p+1www:z—1>” < [ o™ www:;—l)”
X X

To handle the second term observe that

(ptn)(ptn—1) _
/(—90) P we A wy, !
X
pt1

1
1 5 B ptl
12 2 n—9 p+2 (p+2)(p“+(p+1)(n—1)) 9 n—9 p+
<cpn (/X(—w)p wy AWy ) X(—(p) p(p+1) wy A wy,

As it can be observed, at each step the power of (—¢) is obtained by reducing
the previous power by 1 first and then multiplying by pf—j;v,rﬁl where m is the
number of the corresponding step. Hence the power of (—¢) at the m’th

step, om, is given by induction by

p+m

prm—1m~ Y

Om+1 =

Therefore we have to justify that o, is bigger than p + n — m and we can
continue the procedure n-times. We will show this by induction:
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For m =1, 01:’%1(10—1—71—1) >p+n—1 since pTJfl > 1 and assume that

Om > p+n—m then

p+m p+m
S LR | SO i —m—1) > - 1
Om+1 p+m—1(am ) p+m_1(p+n m—1)>p+n—(m+1)
. +
since pim’ﬁl > 1.

Now at the n’th step we have,

n p

/X(—go)pﬂwg < cpm <H (/X(_w)p—i-iw; AWZ_Z) P}H) (/){(—@)“”wﬁ) pn

i=1

and since 0 < (—¢) < 1 and o, > p we have

<o ({l(forna) ) (o)™

Each term in the product is bounded since 1) € Ch?(X,w) so we have

[cormagzal [ coma)™

and the conclusion follows by applying this inequality to the extremal func-
tion ¢ = hy, p, where E2 C X is an arbitrary compact set. O

Remark 3.7. In the case where ChP?(X,w) C Li(u) and ¢ > p+n — 1,
p > 1 as an immediate consequence of Corollary 2.8 and Proposition 3.4 we

obtain that there exists A > 0 such that p < ACap? where o = (1 — %)"

3.2. Examples. It follows from Corollary 2.8 that the classes Ch?(X,w)
and EP(X,w) coincide when n = 1. We describe in this section the finite
Choquet energy classes in special cases.

3.2.1. Compact singularities. The class ChP(X,w) is similar to EP(X,w) for
functions with ”compact singularities”:

Proposition 3.8. let D be an ample Q-divisor. Let ¢ be a w-psh function
which is bounded in a neighborhood of D. Then

p e ChP(X,w) <= p € EP(X,w).

The inclusions EPT (X, w) C ChP(X,w) C EP(X,w) are strict in general
when n > 2, as we show in Example 3.9 below .

Proof. Let V' be a neighborhood of D where ¢ is bounded. For simplicity
we assume that ¢1(D) = {w}. Let &’ be a smooth semi-positive closed form
cohomologous to w, such that w’ = 0 outside V. Let p be a smooth w-psh
function such that w’ = w + dd°p. Shifting by a constant, we can assume
that 0 < p < M. Observe that

—dd(—p)" = —(p+i)p+i—1)(=p)" 2o Ado+ (p+ ) (=) w,
(p+ 5) (=) w,.

IN
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Therefore
/ (oW NG = / (—)P Wl AWl T AW
= Oo(1)+ /Pddc[ (—)PH) AWl AW
< o) p+yM/ )P LI i1,

We denote here by O(1) the first term [(—¢) pﬂwg_J A W=t AW which
is bounded, since ¢ is bounded on the support of w’.

By induction we obtain that each term [(—¢)P*/ wg_j A w’ is controlled

by [(—¢)Pwl. Thus Chy(yp) is finite if and only if so is [(—¢)Pw. O

This proposition allows us to cook up examples of w-psh functions ¢ such
that ¢ € ChP(X,w) but ¢ ¢ EPT"1(X,w). The next example shows how to
cook up examples such that ¢ € EP(X,w) but ¢ ¢ Ch?(X,w):

Example 3.9. Assume X = CP"~! x CP! and w(z,y) = a(z) + B(y),
where « is the Fubini-Study form on CP"! and 8 is the Fubini-Study form
on CP'. Fizu e PSH(CP" !, a)NC>®(CP" ) and v € E(CP!, ).

The function ¢ defined by p(z,y) = u(z) + v(y) for (z,y) € X belongs
to E(X,w). Moreover wy, = ou, + B, and for any 1 <€ < n, we have

Wi =ay T+ (= fay T A B,

and
wg_j A =a" I ANdd + 50?7 AT AB A (n—j)ad AT B,
Thus for j <n —1,
€ Lp+j(wg_j Awl) <= v e LPY(B,)
hence
¢ € ChP(X,w) <= v € EFTL(CP!, B)
while
@ € EP(X,w) <= v € EP(CP, ).
Choosing v € LP(3,) \ LPT"Y(B,), we obtain an example of a w-psh
function ¢ such that ¢ € EP(X,w) but ¢ ¢ ChP (X, w).

Remark 3.10. In the above examples, we can choose u and v toric, hence
both inclusions in Corollary 2.8 are sharp in the toric setting as well. For
details on toric singularities, we refer the reader to [G14, DN15].

3.2.2. Divisorial singularities. Let D be an ample Q-divisor, s a holomor-
phic defining section of Lp and h a smooth positive metric of L. We assume
for simplicity that the curvature of h is w, so that the Poincaré-Lelong for-
mula can be written

dd og |s|s = [D] - w,

where [D] denotes the current of integration along D.
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Let x be a smooth convex increasing function and set ¢ = xolog |s|,. We
normalize h so that x’ olog |s|, < 1/2. It follows that ¢ is strictly w-psh,
since

dd°¢o =x"oLdL Nd°L+ X' o Ldd°L > —x'o Lw > —w/2,
where L := log |s|.
Proposition 3.11. Set ¢ = x olog|s|, € PSH(X,w). Then
@ € ChP(X,w) <= ¢ € EP (X, w).
Proof. Set L =log|s|,. Observe that
w+dde=x"oLdLANd°L+ X" oL[D]+ (1—-x oL)w.

A necessary condition for ¢ to belong to a finite energy class is that w,,
does not charge pluripolar sets, hence x/(—oc) = 0 and

w+ddp=x"oLdLAd°L+ (1 —x oL)w.
Since % <1-x'oL <1, we infer
wg_j Aw! ~x" o LdL ANd°L Aw™ ™ + W™,
for 0 < j <m—1. We write here 1 ~ p’ if the positive Radon measures p, p1/

are uniformly comparable, i.e. C~'u < p/ < Cp for some constant C' > 0.
Thus

©eChP(X,w) <= @e P (" oLdLAd°L Aw"™Y)
= pe MM W] = pe (X w).

Example 3.12. For x(t) = —(—t)*, 0 < a < 1, we obtain
1
= —(—log|s|p)® € EP(X,w) iff a < ——
p = —(—log|s[n) (X, w) iff o
and
o =—(—log|s|p)* € CAP(X,w) iff a <

p+n

We refer the reader to [DN15] for more information on Monge-Ampere
measures with divisorial singularities.
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