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Abstract

The Korteweg-de Vries equation (KdV) and various generalized, most often semi-
linear versions have been studied for about 50 years. Here, the focus is made on a
quasi-linear generalization of the KdV equation, which has a fairly general Hamil-
tonian structure. This paper presents a local in time well-posedness result, that is
existence and uniqueness of a solution and its continuity with respect to the initial
data. The proof is based on the derivation of energy estimates, the major inter-
est being the method used to get them. The goal is to make use of the structural
properties of the equation, namely the skew-symmetry of the leading order term,
and then to control subprincipal terms using suitable gauges as introduced by Lim
& Ponce (SIAM J. Math. Anal., 2002) and developed later by Kenig, Ponce &
Vega (Invent. Math., 2004) and S. Benzoni-Gavage, R. Danchin & S. Descombes
(Electron. J. Diff. Eq., 2006). The existence of a solution is obtained as a limit
from regularized parabolic problems. Uniqueness and continuity with respect to the
initial data are proven using a Bona-Smith regularization technique.

Keywords: quasilinear dispersive equation, energy estimates, gauging technique, parabolic
regularization, Bona-Smith technique
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1 Introduction and main result

More than a century ago, D.J. Korteweg and G. de Vries proposed a model for unidi-
rectional long water waves propagating in a channel. The so-called Korteweg-de Vries
equation

(KAV) v 4+ vy + Vg = 0,

in fact derived earlier by Boussinesq, drew a lot of attention in the 1960’s, when it turned
out that it was completely integrable, see e.g. one of the seminal papers by Gardner,
Green, Kruskal & Miura [I1] [12] or the book by Ablowitz [I] for a modern overview.

It was soon considered in generalized forms

(eKdV) v+ p(v)s + Vgze = 0.
In particular, the modified KAV equation
(mKAV) v, + 020, + Vgae = 0.

is also completely integrable. This is not the case for more general nonlinearities. Never-
theless, (KdV) and (gKdV) have been studied by analysts for about 50 years. The state
of the art regarding (KdV) is mainly due to Bona & Smith [6], Kato [13], Kenig, Ponce
& Vega [14] [16] and Christ, Colliander & Tao [7]. For (gKdV), it is due mainly to Kenig,
Ponce & Vega [15] and Colliander, Keel, Staffilani, Takaoka & Tao [§].

In this article, we consider a quasi-linear version of the Korteweg-de Vries equation,
in which the dispersive term is not reduced to v,,,. This equation is the most natural
generalization of the abstract, Hamiltonian form of (gKdV), which reads

(1) v = (6v]),
with
Ly
2 A = 302+ (),
and f'(v) = —p(v). Our motivation for considering this generalization comes from the

so-called Euler-Korteweg system, which involves an energy of the form (2] where & is not
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necessarily a constant. The link with the Euler-Korteweg system is that their travelling
waves share the same governing ODE, with additional connections in the stability of their
periodic waves, see [5].

Our qKdV equation (1) ([2)) reads in a more explicit form

(3) B + B, (p (Fa Fav):o.

Up to our knowledge, the Cauchy problem regarding this quasilinear equation has never
been investigated. An apparently more general nonlinear KdV equation

vy + f(vmcaca Uz, Vx, U) = 07

was studied by Craig, Kappeler, & Strauss in [9] and more recently by Linares, Ponce,
& Smith in [19]. However, they use a monotonicity assumption on the nonlinearity,
Ovpr | (Vzzzs Vg, Uz, v) < 0, which reads d,x(v) < 0 for ([B). Unless s is constant, their
results are thus hardly applicable to ([B)). Our approach is to use the structure of the
equation instead of a monotonicity argument.

Of course, Eq. (@), includes the semi-linear generalized KdV equations, where x(v) = 1
and the nonlinearity p is polynomial. In particular p(v) = 11} corresponds to the classical
KdV equation and p(v) = 1v* to the modified KdV equatlon As said before, these two
cases are known to fall into the class of integrable equations. Remarkably enough, there is
a non constant  for which (quV) is completely integrable, namely x(v) = %(v +a)73,
with a € R, £ > 0 and p(v) = 2, see [10].

We focus on the local—in—tlme well-posedness of (qKdV) in Sobolev spaces, that is exis-
tence and uniqueness of a smooth solution v given smooth initial data vy, with continuity
of the mapping vy — v. The most important part of the work is based on obtaining a
priori estimates, using the skew-symmetric form of the leading order term and gauging
techniques to control subprincipal remainders. The idea of using gauges for dispersive
PDEs, introduced by Lim & Ponce in [18] and developed by Kenig, Ponce & Vega in [17]
and later by S. Benzoni-Gavage, R. Danchin & S. Descombes in [3| 4], is a fairly general
method to deal with subprincipal terms.

In what follows, we consider an interval I C R, and solutions of (3)) are sought with
values in a compact subset J of I. The functions x : I — R™ and p : I — R are supposed
to be smooth. We consider an integer k and denote by H*(RR) the classical Sobolev space
constructed on L?(R) as

H*(R) = {v € L*(R), d.v € L*(R) for all |I| < k}.

The inner product in L*(R) will be denoted for all u and v by (u|v). Our main result
is the following.

Theorem 1. Assume thatk > 4. If p=—f': I CR =R is€*" and k : I — R** is
€*+2, then for all vy € H®(R), the image of vy being in J CC I, there exists a time T > 0
and a unique v € €(0,T; H*(R)) NE*(0,T; H*3(R)) solution to [B) with initial data vy.
Moreover, vy — v maps continuously H*(R) into €(0,T; H*(R)) N €*(0, T; H*3(R)).
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Remark 1. From the above statement, by standard arguments one may then build maxi-
mal solutions and a close inspection of our estimates shows that the maximal lifespan is
finite if and only if the H* norm of the solution blows up at the final time.

The proof of this theorem is based on the derivation of a priori estimates for a regu-
larized parabolic problem. We establish these a priori estimates on smooth solutions by
taking advantage of the structure of Eq. (B]). More precisely, we use the skew-symmetry of
its leading order term and then gauging techniques to deal with subprincipal remainders.
Regarding the existence of solutions, we shall use a fourth order parabolic regularization
of (qKdV) and pass to the limit. Uniqueness and continuity of the mapping vy — v are
proved by means of a priori estimates and a technique adapted from Bona & Smith [6].

We introduce the notations a = p’ = —f” and a = /k. For convenience, we use
the same notation for both functions v — «(v) and (¢, z) — (@ ov)(t,z). In particular,
o/ stands for the derivative of a(v) with respect to v and J,a and J,a for the time
and space derivatives of o o v. We use the same convention for the function a and
all nonlinear functions of the dependent variable v, unless otherwise specified. To keep
notations compact, and hopefully easier to read, we also omit all parentheses in operators.
For example, the expression

Oy (O‘(U)ax(a(v)axv)) )

will just be denoted by
0,000,004V .

With these conventions, Eq. (B becomes
(4) v + avy + 00,00, = 0,

as far as smooth solutions are concerned.

2 A priori energy estimates in Sobolev spaces

In this section, we investigate a priori bounds in H*(R) for smooth solutions of (@) with
k > 4. Following ideas from [I8], 3], 4], we shall make use of the structure of the equation
and of gauges, in order to cancel out bad commutators. An ideal structure that would
allow a direct computation of energy estimates is

v, = skew-symmetric terms + zero™ order terms.

Taking the inner product of this kind of equation with v, we see that the skew-symmetric
terms cancel out and we readily find

d
vl S llvllze.

Even if Eq. (@) has not exactly this ideal structure, the presence of first order terms
can also be handled, up to an integration by parts, not directly in L?(R) but in higher
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order Sobolev spaces. If we intend to get energy estimates in higher order Sobolev spaces
than L?*(R), we had better be sure that this structure is preserved when differentiating
the equation to avoid derivatives loss. In what follows, we adapt a method from Lim &
Ponce [1§], and use weighted Sobolev spaces, with weights also called gauges, to transform
our equation into a convenient structure and derive a priori estimates without loss of
derivatives.

2.1 Conservation of the skew-symmetric structure

Let us first focus on the leading order term in (). When looking for an a priori estimate
in L?(R), we compute the time derivative of ||v|z2 by taking the inner product of the
equation with v. On the skew-symmetric leading order term, an integration by parts
yields

(0,0, a0, v|v) = — (0, (a0,v) |a0dv) = 0.

If we apply the differential operator 0, to Eq. (4), we lose the skew-symmetry property
and the corresponding cancellation. Our aim is to preserve this cancellation throughout
the entire differentiation process. For this purpose, we consider the weighted quantity

(5) VE>0, v =(a()d,) v,

instead of 9%v. This quantity is well defined if v is smooth enough. If we apply the formal
operator (9,(cv - )" to Eq. (@), we see that the higher order terms have the same form as
in the original equation. They read 0,a0,a0,v;, and thus cancel out in the inner product
with V.

Following a definition in [23] (§3.6), we call weight the total number of space derivatives
in a monomial expression involving a function and its own derivatives. As we will see,
when we compute derivatives by applying repeatedly the operator d,(a-) to Eq. (4), the
coefficients of the remainders we will have to deal with will be products of polynomial
functions of v and its derivatives with functions of a(v) or a(v) and their derivatives. As
a result, they are polynomials in the variables v, with terms multiplied by functions of
v but we extend the definition of weight to this kind of non-polynomial functions. The
weight is merely the total number of derivatives.

Proposition 1. For a smooth solution of Eq. (@), if we denote vy = (a(v)8,)" v, then
the equation satisfied by vy is of the form

(6) O + aOpv + 0,00, 0, = [10%k + grOpvr + his
where

o fi = fr(v,v1) is of (homogeneous) weight 1.

e g = gr(v,v1,v9) is of (homogeneous) weight 2.

o hi = hi(v,v1,--- ,vx) consists of two terms, one of (homogeneous) weight k+1 and
another of (homogeneous) weight k + 3.
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In Eq. (@), we kept a skew-symmetric leading order term in the left hand side on
purpose and we gathered commutator terms in the right hand side. These are subprincipal
terms because commutator terms between two differential operators of order respectively
p1 and po are of order p; + py — 1.

Proof. Eq. (@) is obtained by repeatedly applying the differential operator d,(a-), which
preserves the form of the higher order terms. Indeed,

0,00, 0, 0,V = 0 0,0y Ug 11

where the parentheses are omitted. We apply the differential operator 0, («-) and find the
equation satisfied by v; = ad,v. We have

Op(adw) = Oy,  Op(adyv) = adyvy + d'a (8901))2 ,

so that the equation satisfied by vy is

/

a
001 + a0,V + Opx0,0 01 = ——v% ,
@)

hence fi =0, g =0 and h; = —C;:((;’)) vi. For k = 2, we use the equation on v; and apply
again the operator 0,(a-). Then, we find

! 2 ! " /
« « aa  a 3a
/ 2 2 3
8tv2+a8mvg+8moz8ma8mv2 = — ’018961)24— <_Oé Vg — —a2 Ul) 8901)2—'— <—Oé — —a ) (% ——a V1V2 ,

/ 12
hence f, = @'vy, go = vy — %507 and
a/a/ a// 3 3a/
h,g: - — |V — —U1U2.
a

More generally, fx, gi, hr are computed by induction for £ > 2. We have

O (Oyvy,) = Opvps1 — & [0,0,05 — v (Vk)e]

where we can use Eq. () and (@) to write

a o Tk o g
2
Qv = —— Vg1 — @0vk41 — —V10,Vk11 + OV — —5 frU1V41 + Uk + g
Y a a a !
and a
Vg = —— U1 — 8w1)2 .
«
Using that

/
a
0, (adyvy,) = a0vp 41 + a' @dpvdvy = adyvpyy + U



and

fx02vk 11 ,
(9 + Oufrc — %f}ﬂh) Dr V41
(Ougr — O (22.frv1)) Vg1 + On(ahy) .

Oy (o [fkO2vr, + gxOuvr, + hy))

+ + |

we find that
O Vit1 + a0, V41 + Op 0Oy V11 = fk+13§7)k+1 + 91100V 11 + Py

with

fer1r = fi+au

Gkr1 = Gu+0ufr — 2% froy + G0l

hipr = aOphy + (Ougr — 0y (S frv1)) Vit

— L0101 + Lops (S frod — Loy — Opu.)

Note that these induction rela:cions are valid for k£ > 2. Indeed, the last term in ([T
in the formula for hj, namely —%Uk+1ax'l}2 involves three derivatives on v at least. For
k = 1, this term should be gathered with the ones which define gy,1 = go. This is the

reason why we detailed the cases Kk = 1 and £ = 2 in the beginning of the proof. From
the first induction, we deduce that for all & > 1

(8) fr=(k—1)ad'v; = (k—1)ad,a.

This explicit expression will be useful in what follows and justifies that the coefficient
fr depends only on v and v; and is a polynomial in v; with weight one multiplied by
a bounded function of v, namely v — (k — 1)a/(v). We do not actually need the exact
expression for g, and h. Instead, we analyse the number of derivatives they contain, that
is their weight, and their general form in terms of the variables v, vy, -+, vg.

For k = 2, we have the explicit expression of g which is of weight 2. For k > 2 if g,
is of weight 2 then so is g1 because

! 2
Grr1 — Gr = Oufi — 20%ka1 + 2—27)%

is of weight 2, since f} is of weight 1.

Finally, we shall prove by induction that h; has the general form

k
(9) hi(v,00, -+ o) = Y Bilw) [] 0w,
i j=1

where the f3; involves derivatives of both functions v — «a(v) and v +— a(v) and for all j,
v; < k and the weight of each of the terms, namely ) ;7 is either £ +1 or £+ 3. Note
that in the general form (), the 7; are not necessarily distinct. For & = 2 we have

oa ad"\ 5 3d
hy = — — v} = v,
«

o o



which is of weight 3. It is compatible with the general form (). For k > 2, we have from

Eq. (@)

/

a
hi+1 = aOzhy, — — V1Uk+1 + 7k,

where 1, gathers terms of weight k + 4, as ¢, is of weight 2 and f; is of weight 1. The
term _%/'Ulvk_i_l is of weight k + 2. Now, from the form () and using the chain rule and
the product rule, we write

k

adzhy, = a(v)0, (Z Bi(v) H a;m) = Z Bi(v) H v,

j=1

where the f3; also involve derivatives of both functions v — a(v) and v — a(v) and for all
J, ¥j < k+1 and the weight of each of the terms, namely Zj 7; is either k 4+ 2 or k + 4.
We see that the term a0, hy has the same general form as hy, but with terms of weight
k+ 2 or k+ 4. Then, if hy has the general form (@), so it is for hyyq1, with weight raised
by one. O

Remark 2. Another way to see that hy has the general form (Q)) is to see that it is made
of terms of the form

(a0)d,)" (fov),

the function f being a combination of the functions o or a and their derivatives. Com-
bining the Faa di Bruno formula, which generalizes the chain rule, and the product rule,
we see that the term hy consists of a polynomial expression on v and its derivatives up to
vk, each term of the polynomial being multiplied by a bounded function of v.

The structure of Eq. (@) is
Oyuy, = skew-symmetric terms + terms of order at most 2.

In what follows, we will show how we can use gauges to reduce the order of these remain-
ders. We shall start with the control of the zero order term. Then we will find an estimate
for the first order term, without gauge fortunately. Finally, we will show how we can use
a suitable gauge to control the second order term.

Remark 3. We will have to prove a norm equivalence between the Sobolev norm ||v|| g«
and the weighted norm ||vg||z2. This property will be checked at the end of this section.

Remark 4. To obtain Theorem 1 with k = 4, one may think about a slightly different
strategy. It is based on estimating not (aovd, ) v — which we do by introducing some gauge
— but (a0 vd,)0w. Since ||(a o vdy,)0wl|3s is the leading order part of (O, 6*7[v]dyw,
the subprincipal terms appearing in the latter computation may dealt with in a gaugeless
way. See Remark[H for a continuation of this comparison.



2.2 Gauge estimates for subprincipal remainders

Let us first focus on the zero order term h;. We first prove the following lemma, which is
an extension of Lemma 3.6.2 in [23] to expression of order higher than one and adapted to
our particular functions, that is polynomial functions with terms multiplied by bounded
functions of v.

Lemma 1. Let Q(0,v,---,0%) be an homogeneous polynomial of weight q € [k,2k).
There exists a smooth function Cyy such that, for all v € H*(R),

1Q@v, -+, 0gv)lzz < Coullldzvllroe, -+, 109 0] oe) 0] 116
Proof. The proof is based on the Gagliardo-Nirenberg inequality. First, note that if

v € H¥R) and ¢ < 2k, then for all p < ¢ —k < k, v € H(R) — L*(R). By
the triangular inequality, it is sufficient to focus on a monomial expression of the form

k
Q(a’cva o >a§U) = H a;jva
j=1

with for all 1 < j <k, v; <k satisty Zle 7; = q. If there are some j such that v; < ¢—k,
then we can estimate the corresponding factors in L>°(R). Now, if all the remaining factors
satisfy ¢ — k < v; < k, we can conclude by using the Gagliardo-Nirenberg inequality. We
choose a particular [ and write, for j # [

v — (@ — k)
F— =k =12

l670 ] S 1105072 l10% v, where 6; =

and for j =1
n—(g—k)—1/2

107 0]lze S 057109 o] 1", where 6, =

k—(qg—Fk)—1/2 "
With these relations, we have
k
Z ;<1
=1
<v;<k
and then we are able to write
IR0y, - -+, 50) ||z < Conl(|sv]| oo, - -+, |00 o) D501 221050 | 12

Finally, if there exists jo such that v;, = k, the corresponding factor belongs to L*(R) and
all other j satisfies 7; < ¢ — k. Then, for all j # jo, we have 9;’v € L*(R). Combining
all previous cases, and using the Sobolev embedding H'(R) < L*>°(R), we can write

1Q(0w, -+, 0v)llze < Cou(I0svllme, -, 1O vl Loe) 0] v



Recall that h; contains two terms of weight ¢ = k 4+ 1 and ¢ = k£ 4+ 3. We deduced in
Proposition [I] the general form

k
hk(U,’Ul, e 7Uk) = Zﬁl(v> Ha;jv7
7 7=1

where the (; are bounded functions of v on J. Then, Lemma [I] gives us the following
estimate
(o, 01, o)z < Crlllvllpe, -+, 1050l <) 0] arx -

Let us now focus on the first order terms ¢y0,v,. This term brings no trouble at all
as we can regroup it with the first order term in Eq. (@)

[a(v) — gk (v, v1,v2)] Opvy
When taking the inner product with v, we can estimate

((a = gr) Ovrlvr) < (|02 (@ — gi) || ool|vill72

< Crlllvllzee, oallze, lvzllzoe, llosllze)lox 72

This leaves us with the only one remaining term f,0?v;. This one cannot be estimated
as the previous ones because it contains too many derivatives. The method we present
here consists in using gauges in the equation, following ideas from [18].

Formally and in all generality, what we call a gauge is a general differential operator
with unknown variable coefficients that cancels out ‘bad’ commutator terms when applied
to the equation. The key property is that the commutator of two differential operators of
order respectively p; and ps is of order p; + ps — 1. In our case, the equation is of leading
order three, with a priori two subprincipal terms we wish to reduce to order zero. We
could define a gauge of the type

¢ = zero™ term + order (—1) term

and apply it to our equation. Doing so, the two commutators with the leading order
term would be of second and first order. These two new terms can be gathered with the
existing ones, and, in practice, one can choose the coefficients of the gauge as solutions of
ODEs, to cancel (or at least control) the subprincipal terms.

In our situation, we have already shown that the first order term can be controlled
without this technique. Using this fact, we will define a particular gauge as a function

(10) Gr (v, o) = (v, vE)

to cancel the second order term fy0%v;. As we will see in the computation though, we
will have to check that the arising first order term can be bounded.
Now, we multiply Eq. (@) by ¢2

Or0:(Drvr) + Ora0, (Grvr) + Opdr 0y dpaByvy, + Ry = ¢rp frO2vk + OrdrgrOpvi + ordrhy, |
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where the four remaining terms are gathered in

Ry, = ¢ra [dr, Oz) vie + @k [On, O] Vi + [0k, On ()] Op 0301, + Opx @y, (D1, O] aOp vy,

We expect the first two terms to be bounded in L?*(R) because they are of order zero.
This will be checked when we find bounds on the function ¢,. First, we compute the
commutators

(6%, Ou(a)] = =200, ¢
[¢k7 8t] = _8t¢k .

With these relations we are able to compute the last two terms in Ry,

[¢Z¢k> 895(@)] a:caaka = _2a2¢k(ax¢k)agvk - 2a(8xa)¢k(8x¢k)aka )
8xa¢z [¢ka a:c] aaﬂcvk = _a2¢k(8x¢k)8gvk - 896 (a2¢k(0x¢k)) a:c'Uk .

As expected, these terms coming from the commutators are also subprincipal terms. We
gather the coefficients of the second order terms and find an ODE on the function ¢y.

(12) 3% (D, x) + Grfr = 0.

Remark 5. To proceed with the comment of Remark [f, we observe that |¢4 o v(a o
00,) |12 = ||0.(c 0 ©0,)3v|| 2 which differs from ||(c 0 vO,)Ow||2 — that is essentially
| 0 02 (v 0 vD,)*v||L2 — only in some immaterial way. The advantage of using the

gauge strateqy to determine a correct functional — instead of deducing it directly from the
Hamiltonian structure — s that it naturally generalizes to differentiation by any number
of derivative, as we have just shown.

We recall that this process added some commutator terms of first order terms we have
to control a posteriori. If we can prove the existence of ¢, satisfying the previous ODE
and belonging to a suitable space, here say W3°°(R) for example, then we can get our
a priori energy estimate by the same argument on first order terms as the one presented
above.

Remark 6. We also need to prove a norm equivalence between the usual L? norm and
some L? norm involving ¢y,. This will be done at the end of this section.

From Eq. B we come back to the ODE (I2)) and easily find

(13) or(v) = a(v) 5"

Now, with the regularity properties of the function v +— «(v), we directly get that ¢
is bounded from above and away from zero. Moreover, for all 0 < [ < 3, there exists a
constant C), such that

10565 (V)] < Cilllvllwase)
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and
[0:0k(0) || Lo < Cr([Jv][waes) -

Coming back to the first order terms, we check that

19, [a(v) — gi — 20(9,0)(D266) — D, (0264(0:60)] = < Crlllo]lwone)

Let us sum up formally what we obtained until now. At order k > 0, v satisfies Eq.
([@). We define a gauge

on(v) = a(v) "5,

and multiply Eq. (6) by ¢7. This operation yields the equation satisfied by the quantity
Pk vk, N
Dk0 (Prvr) + Oy PrOpvi = Gi Ry (V)

where the function Ek gathers all the subprincipal terms we are now able to estimate

6Bk (0) 122 < Crll[vllws.)ldrville

This is a formal computation and we do not really get this ideal last estimate. In practice,
it is not the norm ||¢gvk|| 2 that appears but a combination of it and some norms ||v|| g»
with or without the gauge ¢,. We need to prove norm equivalences between the weighted
norms we introduced up to this point.

2.3 Weighted norms equivalences

As mentioned before, the final energy estimate cannot be obtained if we do not have some
norm equivalence on the quantities we are working with. More precisely, we prove the
following lemma

Lemma 2. Consider an integer k > 1, let J be a compact subset of I C R. Let ¢ =
a~® =3 with o+ T — R of class €2, On the one hand, there exists a constant
cx depending only J such that, for all function v € H¥(R) satisfying v(t,z) € J for all
(t,z) € RT x R, then

1
(14) EHUHB < [lgu(v)ollze < cillvllr2 -

On the other hand, if we denote vy = (a(v)0,)*v, there ewist constants ¢, and Cj_,
depending only on a constant p > 0 and J, such that for all function v € H*(R) with
v(t,x) € J forall (t,z) € RT x R and ||v||w1r~ < p, then

1
(15) C—,||?f||§{k < Craflollfpm + lowvellze < cillvlle -
k
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Proof. The first inequalities are a direct consequence of the fact that the function « is
bounded from above and below as J is compact. Regarding the second norm equivalence,
we use the same scheme of proof as in Lemma [[l with a weight ¢ = k. Using the definition
of v, we can write

k
v — af()okv =" i) [[ v,
i j=1

where the f; are bounded functions on J, Z?;{Yj = k and for all j, 7 < k —1. The
leading order term in v satisfies

1
—[|0fvlz2 < [la®(v)5vllre < exllgollre -
Ck

By Lemma [I], the remaining terms are bounded by

Jor — a* 80| 7, < 2qCk_1(|ollwroe) [[0]| 20— -

Then, we get

1
T195vllZe = Comallollfas < llvillze < GllOFvllze + CoarllolF
k

rearranged as

1
Tl < Challolfgns + lollze < llvllzn
k

Using the inequality (I4]) and without renaming the constants already written for conve-
nience, we finally obtain

1

C—,HUH?{k < Crallvllzems + lowvellze < cillvlle -

k

O

Then for all v € H¥(R), we consider the weighted norm | - |5, defined recursively by

(16) { vl = [rvkllFs + Ch_ylvli_y, for k> 1,

[oly = [lvllz=
where the constant C},_; is determined by induction. This definition leads to the following

proposition.

Proposition 2. For all integer s > 1, the weighted norm |-|, defined by ([L6) is equivalent
to the H® norm. More precisely, there exists a constant cs depending only on p > 0 and
J such that for all v € H*(R) with, for all (t,z) € R* xR, v(t,z) € J and ||v||yi~ < p,
then

2
Hs -

1 2
—llollz < vly < el
S

13



Proof. The proof is done by induction. For s = 1, the result is given by the relation (I5))
from Lemma 2 For any s > 1, we have from (&) and the definition of ||,

fre < Cotlollfems = Ciy ols_y + [0l < ¢lvl

2
Hs -

C—,Sllvl

Then, we get using the induction property (I0)

1 -
b+ (522 i) o

S s—1

o < oL < illollfs + (Cladiy = Coma) ol

Finally, choosing the constant C_; such that (C._,/¢,_; — Cs_1) > 0, we obtain with
new constants

1 2
—[ollfs < ol < cllv]
S

2
Hs -

We are now able to give an a priori bound on a smooth solution of (qKdV).

Proposition 3. For any integer s > 4, a smooth solution v of (¢gKdV) associated with
the initial condition vy € H*(R) satisfies

(17) o]

ws < Cs([[vllwae)[vol

HS

Proof. Let us come back to the equation satisfied by ¢pvi. Using what we have done
previously, the second order terms cancel out and we can rearrange the remaining terms
in the following way

G0 (Br0) + Dy dradyvy, = PERy(v),
where the function Ry gathers all the subprincipal terms we are now able to estimate

[R(W)l[z2 < Cr(llvllwsee) (lorvrllr2 + vl me) -

Taking the inner product with v, we obtain
1d
2 dt

and then, using Lemma 2 we find some constant C} such that

I woellze = (onRElénoe) |

d
@Hﬁbkvkﬂiz < Cr(llvllwse) (l[@xvel 2 + vl m+) | @xvrl L2 -

Now, from the Proposition 2 without renaming the constants for convenience and by
summing the last inequalities for s > k£ > 1, each one being multiplied by the suitable
constant, we get

(18)

2
Hs

7 [ol; < max {Cy([[v]lwae) o]

14



Integrating and calling the maximal constant C', we get

2edT .

[o(t, ) < lwol; +/0 Cllo(r, lwse)lv(T, )l

Finally, using Proposition 2 we write

lot, )7 < e <|v0|§+/0 C(HU(T,-)||W3,w>y|v(7,-)||§ﬁd7) .

We finish the proof by Gronwall’s lemma. 0J

3 Existence of a smooth solution

This section is devoted to the proof of local well-posedness for (qKdV). We first state
the existence and uniqueness of a smooth solution to a parabolic regularized equation
with regularized initial data. Then, using uniform a priori bounds in large norms on this
smooth solution, we take a limit to prove the existence of solutions to (qKdV). Here, we
shall adapt a method by Bona & Smith [6] and prove directly that the convergence occurs
in the very space € (0,7; H*(R)) and check uniqueness and continuity of the solution map
with respect to the initial data.

3.1 Study of a regularized equation

Let us introduce a small parameter € > 0. For now, we consider the regularized parabolic
equation

(19) vy + vy + 0p0,0pv + 0w = 0.

Let x be a function of class € such that its Fourier transform is compactly supported
and equals 1 in a neighborhood of the origin and n € €*°(R’ ) a non decreasing function
with limit 0 at 0 that will be specified later in the proof. Denote

1 .
Xe=—x|=—=) -
n(e) (77(8))
Given vy € H*(R), we define a regularized initial data by
(20) Vo,e = Xe * Vo -

Regarding the existence of a unique solution to (I9) with initial data v, ., we refer to results
on analytic semigroups of semi-linear PDEs in [20] (§7.3.2) and [21] (§8.4) combined with
semigroup techniques in [3,4]. More precisely, in their work on the Euler-Korteweg system,
S. Benzoni-Gavage, R. Danchin, S. Descombes used a similar fourth order regularization
to prove the local existence of solutions of linear problems with variable coefficients with

15



a time of existence independent of €. They use properties of the analytic semigroup
generated by 9% and the Duhamel formula to prove the existence and uniqueness by a
fixed point method. Their technique can be directly applied to our semi-linear regularized
problem (I9). Thus Eq. (I9) has a unique solution belonging to %(0,7; H*(R)), with a
time of existence T' > 0 depending on the initial data vy and ¢.

Then, we consider a sequence of smooth solutions (v.).~o. To take a limit when ¢ tends
to zero, we have to justify that the time of existence of the solution may be bounded from
below independently of €. We look for uniform a priori bounds on the solution v. using
the techniques presented in the above section. We differentiate Eq. ([I9) by respecting
the skew-symmetry of the third order term and use a gauge to cancel remainders. After
those two operations, we get that, for all £ > 0

(21) kO (Orvr) + O drDpdradyvy, + i (drve) = G2 Ry + G2 R.

where the term ék contains all previous zero order remainders and the term R, is a
commutator term arising from the fourth order regularization. To deal with this new
commutator term, we first prove the following lemma

Lemma 3. Let Q(v,0,v,--- ,0%2Pv) be an homogeneous polynomial of weight k + 2p €
[k, 2k) with terms multiplied by bounded functions of v. There exists a constant p > 0
such that for all v € H*(R) and for all small e > 0,

e (Qv,0pv, -+, 0 0)|05v) < Cullvllfge + e pll O vl[7: .

Proof. The proof uses that of Lemma[ll A general form of Q is

k

Qv, 0y, -+, 0"y = Zﬁi(v) H@;jv ,

Jj=1

where the 3; are bounded on J and for all 1 < j < k, ; < k+2p satisfy Z?Zl v; = k+2p.
First, we take the inner product with 9%v and use an integration by parts to get an
expression of the form

<P(v, v, - - - ,0§+pv)|8§+pv>

Now, thanks to the triangular inequality, it is sufficient to work on a monomial expression.
Without changing notations for convenience, we consider

k
P(v, 0,0, -+, 0%t Py) = H@;jv.
=1

where for all 1 < j <k, v; <k + p satisfy Z?:l v; =k +p.
If for all j, v; < k, we proceed exactly as in Lemma [Il to get

(P10 Pv) < Nloll e 105770l 2 -

16



Now, if there is a factor with & < v < k 4 p, we use the again Gagliardo-Nirenberg

inequality. We know there could be only one because p < k/2.

M=k
p

1020l 22 < 1105 P0llza 1|07 v]l72" , where 6 = <1.

Finally, combining with previous terms, we have by Young’s inequality
1P(v, 8zv, -+, 05 P0) |2 S ol 105 P2 S Cullvllme + pll 05 Pl e -
Now, returning to our first polynomial expression
(P(0,0,0, -, 0520)|0k0) < (Cullole + plOE 0] 12) [9547v]) 2.
Using another time Young’s inequality, we find new constants p/ and C), such that
(P(0, 070, -, 9270)[50) < Collol + 4104701

To conclude the proof, we multiply by the bounded factor €% and find the constant i to
be the maximum of the p’ obtained for the various monomials P. O

Let us now come back to the regularized equation ([I9), and prove the following propo-
sition.

Proposition 4. Let vy € HY(R) with ¢ > 4. For s > q, the unique solution of (I9) with
reqularized initial data vy . defined in (20)) satisfies

e < |vol| £ra
~on(e)sme

lo(#,-)]

Proof. We follow the steps of proof of Proposition Bl We first take the inner product of
[23)) with vg to obtain
1d 2 292 2 D 4
Sallownls + €202 ()l = (SuRlswon )+ (@rRel ouon)

Using the techniques of the previous section and the result of lemma B, we obtain by
choosing the Young’s inequality constant such that p < 1/2,

1d

1
5 77 19k0rllZz + 5170 (brvr)lze < Coclidwvnllze + Crlllvllze, l[on o) 10l Srvill 2

Now, summing on 1 < k < s and multiplying by the suitable constants Cj at each step,

d S
7 [l + ¢ €20 (@rvn) 72 < max O [|ol|7- -
k=1

17



By integration with respect to time

2edr

t S t
o+ [ oY I dr < Jwlt+ [ Cl
0 1 0

Finally,

[o(t, )]

t S t
o [ X leownlidr < e (ol + [ Cll
0 k=1 0

%{sdT) .

This last estimate and the norm equivalence give in particular

t
o + / Cllol
0

A classical mollifier property from appendix C in [4] gives us

2rs S lvol redT

[o(t, )]

[[vol| ma
n(e)*=a
We finish the proof by Gronwall’s lemma. O

[vol[ s < €

In particular, for initial data vy € H*(R), we get a uniform bound of the solution in
H*(R) for any s > 4, that is independent of . In the proof by S. Benzoni-Gavage, R.
Danchin, S. Descombes in [3], this uniform estimate is actually used directly in the fixed
point argument to justify that the time of existence of the solution v, is independent of
the regularization parameter . Here we obtain this uniformity a posteriori. From now
on, we denote by T" > 0 the minimal common time of existence of all the solutions in the
sequence (v)c~o depending only on vy.

3.2 Convergence to a solution of (gKdV)

From our regularized equations, we have a sequence of solutions (v.).~o belonging to
€ (0,T; H*(R)) for some 7" > 0 given the same initial data vy, regularized from vy €
H1(R), g > 4 for all the sequence. We shall prove that this sequence is a Cauchy sequence
in €(0,7; H*(R)) for any s > g > 4.

For 0 < 0 < &, we denote by v, and vs the two corresponding solutions of (I9) and we
look for estimates on z = v, — vs. Then, our goal is to prove that ||z||ze (0.1 ®)) goes to
zero when € and 0 go to zero. We compute the difference between the two equations on
v, and v to find

2 + a(vs)ze + 0pr(vs)0par(v5)0pz + 02012 = (e — §%) Do
+ (a(vs) — a(v.)) Opve
+  Opa(vs)0pa(vs)Opve
—  O0pa(v:)0pa(ve)Opve

18



We rewrite it in a more compact way
~ 1
@) kg + 0 (302) sur + Oucducdys + 005 = (2= 67) O + Flals).

with obvious notations. Fy s is a linear function with respect to z of homogeneous weight
3 and

~ ~ 2 2

Ae5 = as,é(”e; amvsa 8957]57 Vs, am’U(;, amvci) .

In this last formulation, we gathered all the subprincipal terms. Again, the first order one
can be estimated by a direct computation since 0,a. s € L>(R) according to the estimate
on the solutions v, and vs. Moreover, to take the limit, we will need estimates on low
derivatives of the difference z to compensate the loss involved by the high derivatives in
v.. More precisely, the arising of terms with too many derivatives on the coefficients v,
forces us to use estimates given by Proposition @] and then concede an inverse factor of e.
To recover this factor we shall prove that a low number of derivatives on the difference
z = v, — v5 can compensate this loss in €. Then, we shall prove the following lemma

Lemma 4. For 0 < 6 < ¢, let v. (respectively vs) denote the smooth solutions of ([19)
with parameter € (respectively §) and reqularized initial data vy . (respectively vos) with
vo € HI(R), ¢ > 4. Then, for all0 <p <g,

107 (ve — vs) || L o,r322(R)) = 0(n(£)"7)
when ¢ goes to zero.

Proof. To get these new estimates, we start by looking for an estimate in L?(R) and then
in HY(R). The structure of Eq. (22)) is obviously different from the one we have worked
with previously. In fact, it is principally the arising of the second order term 0, ( %ag) Zox
which causes troubles. Again, we use a gauge ¢. s to deal with this term and multiply the

equation by gbg, s- Exactly as before, by computing commutators we find

¢6,58t(¢6,52) + ¢€,5a€,5a{£(¢6,52) + ama5¢e,68xa6¢s,éamz+54¢€,58§ (¢€,5Z>

23 ~
29) = (bg,é (54 - 54) 8?;115 + ¢§76F€,5(2) + 54(?5,5[@,57 8§]z.

In the previous expression, we have already used the cancellation due to our gauge and
the remainders of order zero are gathered in the term F; 5. As before, the ODE the gauge
has to satisfy is

1
3a§¢€,58m¢5,5 = _¢§758m (5043) .
To solve this last equation, we rewrite it as

&Eqbe,(; . _lamag 8m(oz§) ( 1 1 )

2 2
ag Qg

24 —
( ) ¢a,6 3 (6% 6
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The first part of the right hand side is directly integrable and causes no trouble and the
second part belongs to L'(R). This yields that ¢. s exists and belongs to L*°(R) and thus,
from Eq. (24)), we can ensure that for 0 <1 <3

O o5 € L°(R).

Moreover, using the equations satisfied by v. and vs and the estimates we have for both
of them, we find by a Gagliardo-Nirenberg inequality

10eesll~ S C+ (4||55va||Loo+54||5506||L°o),
C+
C,

)3/2 + ( )3/2 ’

IN N 2

for a well chosen function 7. Those properties justify that all the remainders from com-
mutators gathered in F. 5 are bounded in L?(R) as the gauge and all its derivatives arising
in the computation are bounded in L*(R). So the adding of this gauge does not change
anything from what was done in the previous section, especially regarding the norm equiv-
alences.

There are two terms left to control. The first one

54¢E,6[¢8,6? ai]z

is treated using the same scheme of proof as in Lemma Bl By the Gagliardo-Nirenberg
inequality and the estimates on (v.).>o, we get constants x> 0 and C), such that

0 (Pesldes, Op)zlz) < O Cullv™ (|72 + 6 pll 02122

For the second one, we write

54

(s (€' = 6%) Opveldesz) S e 0pvelliel@eszlle S Wl@o”mll%ﬂllw :

Finally, choosing Young’s inequality constant such that ;1 < 1/2; the estimate we get by
taking the inner product of eq. ([23) with z is

1d gt
500zl + 5 ||82(¢E5Z)||L2 < Ol ezl + T —— i lvollmalloe 52|22 -

An integration in time and Gronwall’s lemma yield

4
€
[fe.52(t) |2 < [[@,62(0)[ > + WHUOHH%

A classical property on mollifiers, again from appendix C of [4], and norm equivalences

finally give

84

12l oo 0,732 () = o(n(e)?) + nE) o(n(e)?),
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for a suitable choice of 1, namely

with g < 1.

This last relation yields the desired estimate in L?*(R). Let us now focus on the
property in H4(R) To do this, we need to differentiate the equation ¢ times using again
our differential operator a(vs)d, and the corresponding gauge ¢,(vs) from the previous
section. We recall that z satisfies

_ 1
2t + e 525 + Oy <§a§> Zog + 0,050,050, 2 — 62052 = (% — 6%) Opv. + Fr5(2)

The total gauge we will use is ®, = ¢,(vs)p. 5. Then, exactly as before, differentiating ¢
times, multiplying by <I>g and computing commutators
D0 Dyzy) + Dyac50:(Pyzy) + 0pasPy0pasP 0,2, + 0 PLOED, 2,
(25) = q)gﬁa,é(z’ T Zq) + 54(I)Q[(I)q’ Q%]Zq + 54((13,1)2[(895(0(5-))[1 ) aﬁ]z
+ @g (et — ) (0, (as)) D, .

In this last expression, we have already used cancellations from the gauges and the term
F. 5 contains all the remainders of commutators we have encountered before. This term
involves up to ¢ 4+ 3 derivatives on v. and up to ¢ derivatives on vy and will have to be
estimated again to make sure it remains bounded uniformly in €. In the following we deal
with the four terms in the right hand side.

Let us deal first with the second one. This term is the same as in the L? case treated
previously and we will later set Young’s inequality constant to control it.

For the third one, we use directly the lemma [3 with £ = 4 and p = 2 to get that there
exists constants ¢ > 0 and C), such that

& <[(8x(a6'))q ) 0§]Z|2q> S CMHZH%{Q + 54#”@%%”%2 .
We rewrite the last term as
<I>§ (54 — 54) (0:((as — a)))? 8;11)5 + <I>§ (54 - 54) (0p(e-))? 8;1@5 .

In the first part, it appears at most order ¢ derivatives of z and order ¢q + 4 derivatives of
v.. We rewrite it as a sum of terms of the general form

(84 — 54) 91z 91y,
with 0 <1 < ¢q. Using a bootstrap argument, we get the estimate

oy
1(e)a-D/2+6-072 — o(1).

(" = 0%) 1952 O vellze < €082 2|05 vel| e =

For the second part of this last term, the term which has the worst possible loss of
derivative is

(64 — 54) v, 07,
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In this case, we estimate as before

(e* = ") [lve 07 |2 S

with our definition of the function 7. This final estimate proves that the last term in eq.
[23)) goes to zero when € goes to zero.
We are left with F 5, which we rewrite in general form

Z/Bi(vt‘:?,l}é? Z) H a;jan;lvga;mZ’
i jlm
where for all j, l and m, 7; < ¢+3, % < ¢, Y < ¢ and
27j+71+7m =q+3.
7lm

If v; < g then the Gagliardo-Nirenberg inequality gives us our estimate as 3 < 7,,, < g and
there is no loss in 1/n(e) involved. The issue occurs when there is more than ¢ derivatives
on either v.. In this case, v, < 3 and the corresponding factors are bounded in L*°. Then,
we write for 1 <[ < 3

_ o(n(e)i™
||8g+3 lUEHLooHai,ZHLZ = # = O(].) .

Finally, let us gather all we have done before. We take the inner product of Eq. (23])
by z, and, gathering all Young’s inequalities constants such that their sum is less than
1/2, we can write

1d

54
§£||®qquliz + 5II8§(<I>qzq)II%z S 1Pg2qll72 + F ()| Pg2q 22

where we gathered in F'(¢) = o(1) all the previously treated terms. Gronwall’s lemma
yields

(26) [Pg2q(t, )2 S [ 9q24(0,-)llz2 + F(e),
and with mollifiers properties
g2l oo (0, L2(R)) = 0(1) .

Together with ||¢e,6z||%oo(o,T;L2(R)) = o(n(g)9), we complete the proof by interpolation and
norm equivalences. ]

Corollary 1. The sequence (v:)eso is a Cauchy sequence in €(0,T; H*(R)) for any s >
3+ 1/2. Then, its limit v € €(0,T; H*(R)) N € (0,T; H*~3(R)) is a solution to (qKdV)
with initial data vy.
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4 Uniqueness and continuity with respect to the data

As announced, here we adapt a technique originally introduced by Bona & Smith in [6]
and later exploited in many papers, see [2, I3, 4] for example. We prove the following
theorem

Theorem 2. For an integer s > 4, let K be a strictly positive constant. For allvy € H*(R)
of norm not greater than K, the mapping

H*(R) — %(0,T;H*(R))N& (0, T, H3(R))
vy — v, solution of (¢KdV) with initial data v,

18 continuous.

Proof. We aim at proving that for any sequence of initial conditions (v{),>o going to vy
in H*(R), then the corresponding sequence of solutions (v"),>o goes to v, the solution
corresponding to the initial data vy. We start by writing

[0 = vl < [lo" = v2lms + 02 = vellms + [Jve = vllms -

We first focus on the first and third terms. Let us rewrite what we obtained in (26]). For
e > 0 > 0, using norm equivalences and taking the limit 6 — 0, we get

(27) [oe(t,-) = v(t, )l < Cre (lv0 = volls + F(e))

where F(g) goes to zero when € goes to zero. This kind of estimate is also true for the
difference between the solutions v” and v"

(28) [02(t, ) = v"(t, s < Cx (2o — w5l + F(€)) -
Moreover, we have

[02o = vglls < llv2o = veollus + llveo = volls + [lvo = vg s

(29)

< 2|vg = vollms + [[v=0 — vo

HS.

Now for the second term, we have to revisit the proof of Proposition [ and more precisely
the way we obtained estimate (26). Here, we have to estimate the difference between two
solutions with same regularization parameter ¢, but which satisfy the same regularized
equation with different initial data. We proceed exactly the same way with some cancel-
lations due to the fact that we actually take 0 = € in the computation. The only point
where we cannot follow the proof concerns the terms evaluated by

107770 ||z 10 (02 = ve)ll e

for 0 < ¢ < 3. Indeed, we have balanced the coefficients involving ¢ to actually get
uniform estimates with respect to this parameter (it was the purpose of Lemma M) but
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here, we cannot do the same. In fact we cannot hope to have a uniform estimate in € but,
by a Gagliardo-Nirenberg inequality we find

105727 0 o< |03 (02 — ve) |2 < WHU? — Vel -

Finally, we obtain the following estimate

(30) [0 = vel| oo s < Ccljvg — wo

Hs
with the constant C. going to +00 when ¢ goes to zero. Now, using all previous estimates

o+ F(e)) ,

me + F(e)) + Cellvg — o

|v" — vl peors < CK(||UZO—216‘| i+ Cr (||ve0 — vo
which finally yields
[0" = vl ens < 2Ck ([[vep — vollas + F(€)) + (2Ck + C:)llvg — vol| = -

Now we find that

limsup [[v" = ]| s < 2Ck (=0 = volls + F(e)) -

n—-+0o0o
This finishes the proof as the right hand side of the last inequality goes to zero when e
goes to zero for any initial condition vy. O

The proof of uniqueness is a straightforward corollary of the previous one. Instead
of considering the difference between v™ and v, we consider the difference between two
different solutions v and v but with the same initial data ug = vy. Following the exact
same steps of the previous proof, with v, o = u. o, we deduce

||U—’U||LooHs S 20}((”'[1570 — U0| Hs ‘l‘F(E)) .

Then, we get uniqueness when taking the limit € goes to zero.

5 Concluding remarks

The present well-posedness result is set on the real line x € R. Nevertheless, as the proof
use only the structure of the gKdV equation and does not uses any dispersion estimate,
nothing prevents us from considering the same problem set on the torus R/Z7Z for any
period = > 0. Then, we are able to give a similar well-posedness result on a unidimensional
torus.

Theorem 3. Assume thatk > 4. If p=—f': I CR =R is€*" and k : I — R is
E*+2, then for all 2 > 0, vg € H¥(R/ZZ), there exists a time T > 0 and a unique v €
€(0,T; HHYR/ZZ))NE1(0,T; H*=3(R/ZZ)) solution to @) with initial data vy. Moreover,
v + v maps continuously H*(R/=ZZ) into €(0,T; H*(R/ZZ)) N €*(0,T; H*3(R/ZZ)).
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Though we have not carried out such task here, it is likely that one may adapt the
strategy expounded here to deal with non integer indices of regularity and relax the
constraint k >4 to k > 3+ 1/2.

At first, we were aiming at a well-posedness result compatible with the study of the
non-linear stability of a known solution. More precisely, we were initially looking for a
solution of the equation as a perturbation around a bounded and infinitely differentiable
given solution of (qQKdV). Nevertheless, it appears that the gauge technique does not work
well in this case. The functions defining the gauge are harder to construct when coefficients
depend not only the unknown solution but also on the known profile, especially when both
parts have different localization properties. A perspective we did not investigate here
would be the study of a perturbations around a periodic state. The periodicity property,
used similarly as in [22], should enable us to overcome the previous difficulty and should
give us the suitable gauge estimates.
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