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BEYOND GEVREY REGULARITY
STEVAN PILIPOVIC, NENAD TEOFANOV, AND FILIP TOMIC

ABSTRACT. We define and study classes of smooth functions which
are less regular than Gevrey functions. To that end we intro-
duce two-parameter dependent sequences which do not satisfy Ko-
matsu’s condition (M.2)’, which implies stability under differential
operators within the spaces of ultradifferentiable functions. Our
classes therefore have particular behavior under the action of differ-
entiable operators. On a more advanced level, we study microlocal
properties and prove that
WFy oo (P(D)u) € WFg oo (u) € WFq oo (P(D)u) U Char(P),

where u is a Schwartz distribution, P(D) is a partial differential
operator with constant coefficients and WF o is the wave front set
described in terms of new regularity conditions. For the analysis we
introduce particular admissibility condition for sequences of cut-off
functions, and a new technical tool called enumeration.

1. INTRODUCTION

We propose new regularity conditions for smooth functions which are
weaker than the Gevrey regularity conditions. Instead of the Gevrey
sequence {p!'},en, determined by parameter ¢ > 1, we observe two-
parameter dependent sequences of the form {p™” },en, with 7 > 0 and
o> 1. When ¢ = 1 and 7 > 1 we recapture the Gevrey regularity as
well as the analytic regularity for c =1 and 7 = 1.

Gevrey classes were initially introduced for the study of regularity
properties of the fundamental solution of the heat operator, cf. [13],
and thereafter used to describe regularities stronger than smoothness
and weaker than analyticity. In particular, it turned out that the well-
posedness of the Cauchy problem for weakly hyperbolic linear partial
differential equations (PDEs) can be characterized by the Gevrey index
t, while the same problem is ill-posed in the class of analytic functions,
cf. [3,28] and the references given there. Roughly speaking, fundamen-
tal solution ¢ may have C'*°-regularity property, which in this paper
means that it is smooth without restrictions to the growth of its deriva-
tives, &-regularity (Gevrey regularity) if 9%¢ are bounded by C**lalt,
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a € N9, for some C' > 0, t > 1, and A-regularity if 9°¢ are bounded
by C**tlal, o € N, for some C' > 0. Since there is a gap between the
Gevrey and C*°-regularity, new regularity conditions could be useful in
local analysis of the solutions of PDEs, which is one motivation for our
work. In particular, our condition describes hypoellipticity property
standing between C> hypoellipticity and Gevrey hypoellipticity.

Another motivation comes from microlocal analysis, where the no-
tion of wave-front set plays a crucial role. We recall that

WF(u) C WF,y(u) C WFA(u), > 1, (1.1)

where u is a Schwartz distribution, WF is the classical (C*°) wave front
set, WF, is the Gevrey wave front set, and WF 4 is analytic wave front
set, we refer to Subsection 1.1 for precise definitions, and to [12,15] for
details. We note that one can find examples of (ultra)distributions for
which the inclusions in (1.1) are strict, and the same holds for other
inclusions of wave front sets in this paper. Extension of (1.1) to Gevrey
type ultradistributions is given in [28] and ”"stronger” singularities re-
lated to t < 1 are recently treated in [25].

Apart from the Gevrey wave front set, different types of wave front
sets that modify the classical wave front set are introduced in the lit-
erature in connection to the equation under investigation, and we do
not intend to survey the definitions here. However, let us briefly men-
tion the Gabor wave front set, originally defined in [16] and further
developed in [29], which is based on microlocal analysis on cones taken
with respect to the whole of the phase space variables. Such approach
is recently successfully applied to the study of Schrédinger equations
in [2,4,5,26,32], see also the references therein. Note that the Gabor
wave front set of a tempered distribution is characterized in terms of
rapid decay of its Gabor coefficients on appropriate set. The idea to use
Gabor coefficients and, consequently, methods of time-frequency anal-
ysis and modulation spaces in the study of wave front sets is introduced
in [17,22,23], and extended in [6,7] to more general Banach and Fréchet
spaces. We refer to [8-11] for details on modulation spaces and their
role in time-frequency analysis. Since versions of Gabor wave front set
can be adapted to analytic and Gevrey regularity (cf. [1,30,31]) it is
natural to assume that the same holds in the framework of regularity
proposed in this paper, which will be considered by the authors in a
separate contribution.

Our approach gives a possibility to define wave-front sets which de-
tect singularities that are ”stronger” then the classical C'*° singularities
and at the same time ”weaker” than any Gevrey type singularities, and
to show that the usual properties (such as pseudo-local property), valid
for wave-front sets quoted in (1.1), hold also in the context of our new
regularity conditions. More precisely, one of the main results of the
paper is the following (see Section 3 for the definition of WEF, 51(u)).
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Theorem 1.1. Let 7 >0, 0 > 1, and uw € D'(U). Then
WF{Qo—l.r’U}(P(D)u) Q WF{Qo—l.r’U} (u)
C WF r.0) (P(D)u) U Chax(P(D)), (1.2)

where P(D) is a partial differential operator of order m with constant
coefficients and Char(P(D)) is its characteristic set.

In fact, the result of Theorem 1.1 holds true when P(D) = 3_, ., aa(z)D®,

where aq(z) € &0 (R?) (see Section 2 for the definition). This ex-
tension requires nontrivial modifications of the proof of Theorem 1.1
and will be given in another paper. In particular, to handle the ap-
proximate solution (see Section 4) one should prove and use inverse
closedness property of the corresponding algebra, cf. [18].

We refer to (1.4) for the definition of Char(P(D)) and recall that if
Char(P (D)) = () then P(D) is called hypoelliptic.

In particular, with WF oo (1) = Uy<1 ;o0 WE{r0} (1) we have:

Corollary 1.1. Let u € D'(U) and P(D) be a partial differential op-
erator of order m with constant coefficients. Then

WF oo (P(D)u) € WFy (1) € WFy oo(P(D)u) U Char(P(D)). (1.3)

For the proof of Theorem 1.1 we perform a careful analysis of se-
quences of cut-off test functions which lead to specific admissibility
condition. Moreover, we introduce a simple procedure called enumera-
tion which is quite useful for the description of asymptotic behavior in
microlocalization. In short, enumeration of a sequence ”speeds up” or
"slows down” the decay estimates of single terms while preserving the
asymptotic behavior of the whole sequence.

Different values of parameters 7 > 0 and o > 1 define different local
regularity conditions which in turn implies that in many situations we
obtain strict inclusions between the corresponding wave front sets. In
particular, WF(u) is, in general, a strict subset of the intersections of
our wave front sets, while the intersection of the Gevrey wave front
sets, Mi~1 WEF; contains the union of our wave front sets as a strict
subset, see Corollary 3.1.

We note that our wave front sets are different from W F} introduced
in [15, Chapter 8.4] with respect to CT regularity classes defined by an
increasing sequence of positive numbers such that p < L, and L, <
CL,, for some C' > 0 and for every p € N. When L, = (p+1)!, ¢t > 1,
C* is the Gevrey class. However, our defining sequence {p™’ } N gives
L,= p™ " which does not satisfy L, <CL,, p e N, for any choice
of 7 > 0, 0 > 1. Therefore our approach describes another type of
regularity than C* regularity.

The paper is organized as follows. In Section 2 we observe sequences

of the form {p™” }en, 7 > 0 and o > 1, which do not satisfy Komatsu’s
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property (M.2)’ (stability under differentiation) which is the basic one
in the theory of ultradifferentiable functions, cf. [19]. Next, we use such
sequences to define spaces of ultradifferentiable functions of regularity
weaker than the Gevrey regularity, and study their main properties. In
particular, we discuss stability under the action of ultradifferentiable
operators.

In Section 3 we review the most common local regularity conditions
and wave-front sets of (ultra)distributions. We introduce the notion of
enumeration to motivate the definition of wave-front sets with respect
to the regularity introduced in Section 2. Due to specific properties
of our defining sequences, we had to modify Hérmander’s construction
from [15] by introducing a new admissibility condition for sequences of
cut-off functions used in the microlocalization. Next, we describe local
regularity via decay estimates on the Fourier transform side (Proposi-
tions 3.1 and 3.2) and discuss singular supports of (ultra)distributions.

Finally, in Section 4 we prove Theorem 1.1. Although we follow
the general idea of the proof of [15, Theorem 8.6.1] we present here a
detailed proof since our approach brings nontrivial changes and modi-
fications into it.

We remark that some preliminary results of our investigations are
given in [24], where test function spaces for Roumieu type ultradistri-
butions were considered.

1.1. Notation. Sets of numbers are denoted in a usual way, e.g. N
(resp. Z.) denotes the set of nonnegative ( resp. positive) integers.
For z € R, the floor and the ceiling functions are denoted by |z] :=
max{m € N : m < z} and [z] := min{fm € N : = < m}. For
a multi-index o = (ay,...,aq) € N¢ we write 9 = 9 ...9% and
la] = |ag| + ... |ag|. We will often use Stirling’s formula:

0

N! = NVe Ny/2rNewr,

for some 0 < Oy < 1, N € N\ 0. By C"(K), m € N, we denote
the Banach space of m-times continuously differentiable functions on
a compact set K CC U with smooth boundary, where U C R? is
an open set, C>°(K) denotes the set of smooth functions on K, Cf¥
are smooth functions supported by K, and A(U) denotes the space
of analytic functions on U. The closure of U C R? is denoted by
U. A conic neighborhood of & € R\ 0 is an open cone r C Rd
such that £ € I'. The convolution is given by (f * g)( fRd

y)g(y)dy, whenever the integral makes sense. The Fourier transform f
of a locally integrable function f is normalized to be F(f)(§) = f(g )=
Jra f(x)e?™ " dz, ¢ € R, and the definition extends to distributions
by duality. Open ball of radius r, centered at z, € R? is denoted by

BT(I()).
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For locally convex topological spaces X and Y, X — Y means that
X is dense in Y and that the identity mapping from X to Y is contin-
uous, and we use @ and hﬂ to denote the projective and inductive
limit topologies respectively. By X’ we denote the strong dual of X
and by (-, -)x the dual pairing between X and X'.

We will observe P(D) = Zla\ <m @D partial differential operators
of order m with constant coefficients. Then P(£) = /<, @a®, £ €
R4\ {0}, is the symbol of P(D) and P,,(§) = > lal=m @&, € € R4\{0},
is its principal symbol. The characteristic set of P(D) is then given by

Char(P(D)) = {§ € R\{0} | Pn(€) = 0}. (1.4)

Let o € U and & ¢ Char(P). Then there is an compact neighborhood
K C U of xy and a conic neighborhood I of &, such that P,,(£) # 0 for
all (z,€) € K x I'. Moreover, there exist C7,Cy > 0 such that

CilE]™ < Pn(8) < Golg]™, (2,6) € K xT. (1.5)

As usual, D'(U) stands for Schwartz distributions, and &'(U) for
compactly supported distributions. We refer to [19] for the definition
and detailed study of different classes of ultradifferentiable functions
and their duals, and to Remark 2.1 for the definition of Gevrey classes
&), Dy(U), t > 1.

Let t > 1 and (79,&) € U x R¥\{0} and v € D'(U). Then the
Gevrey wave front set W Fy(u) can be defined as follows: (zg,&) €
W Fi(u) if and only if there exists an open neighborhood Q of zy, a
conic neighborhood T' of &, and a bounded sequence uy € £'(U), such
that uy = v on  and

N hN N1t
|uN(€)| SAW> N€Z+a€€1—‘> (16)

for some A, h > 0. In fact, we may take uy = ¢u for some ¢ € Dy (U)
which is equal to 1 in a neighborhood of zy. If t = 1 in (1.6), then the
corresponding wave-front set is called the analytic wave front set and
denoted by W F4(u). We refer to [12,15,28] for the classical wave-front
set.

2. REGULARITY CLASSES &,

In this section we first observe sequences M7 = p™ . p €N, where
7 > 0 and ¢ > 1, and list their basic properties in Subsection 2.1.
The flexibility obtained by introducing the two-parameter dependence
enables us to introduce and study smooth functions which are less
regular than the Gevrey functions, see Subsection 2.2. In Subsection

2.3 the action of ultradifferentiable operators on such classes is studied.
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2.1. The defining sequence ) ?. Basic properties of our defining
sequences are given in the following lemma. We refer to [24] for the
proof.

Lemma 2.1. Let 7 > 0, 0 > 1 and M}* = p™", p e Z,, My7 = 1.
Then the following properties hold:

(M.1) (M72)? < M9 M, p € Ze,

(

e~

M.2) M7 < v M2, for some C' > 1, p €N,

p+q
T,0
M,™

— < OQ.
Mp*

(M.2) M7, < CP 0 MT* 1U.MTQJ Yo pgeN, for some C > 1.
(M.3)
p=1

If o =1 then (]\/4\2/)’ and (M.2) are standard Komatsu’s conditions
(M.2)" and (M.2), respectively.
We will occasionally use Stirling’s formula

LpUJ Im/o (27.‘.)7'/(20)]97'/26—(7'/0)10”M;}’,cr’ » — 00. (21)

2.2. Classes of ultradifferentiable functions. Let 7 > 0, ¢ > 1,
h >0, and K CC U, where U is an open set in R%. A smooth function
¢ on U belongs to the space &, ,(K) if there exists A > 0 such that

o°d(x)| < AW o™ o e N4z e K.
|

It is a Banach space with the norm given by

_ |0°¢(x)|
e, i) = SUD SUD el | el * (2.2)

and 57-17017}”([() — 57-27027}”([(), 0< hl < hg, 0< < T2, 1< o < 0.
Let Dfm » be the set of functions in &, , ,(K) with support contained
in K. Then, in the topological sense, we set

5{770}( )_ L hﬂ TO']'L(K)7 (23)
KccUh—oo
Ero)(U) = lm lim &, (K), (2.4)
KCcU h—0
D{770}(U) = hgl Dg'p'} = hg (hg Dfoyh)? (25)
KccU KccU h—oo
Dioy(U) = lig DL,y = liy lmDE,,. (2.6)
KccUu KccU h—0

We will use abbreviated notation 7,0 for {r,¢} or (7,0) . It can be
proved that the spaces &;,(U), Dfa and D, ,(U) are nuclear, cf. [24].

Remark 2.1. From Lemma 2.1 it follows that the norms in (2.2) can be
replaced by

|8a¢(|x)‘ <oo, h>0. (2.7)

P = Sup sup s
HQSH(‘,’T,U,;L(K) aeﬁmez}?h‘”"”t\ oI/



If 7 >1and o = 1, then &1(U) = &.(U) are the Gevrey classes
and D, ,(U) = D,(U) are the corresponding subspaces of compactly
supported functions in £, (U). When 0 < 7 < 1 and ¢ = 1 such spaces
are contained in the corresponding spaces of quasianalytic functions.
In particular, D,(U) = {0} when 0 < 7 < 1.

By the Borel Theorem (cf. [15,21]), there exists a smooth function

f such that
fP0) =p™ ,p ey,

and from the Whitney extension theorem we may conclude that &, ,(U) #
(). However, there does not exist any sequence (M,), of the Komatsu
class so that the corresponding space of ultradifferentiable functions
contain f. Moreover, the existence of compactly supported functions
in D, ,(U) which are not in Gevrey classes D;(U) for any ¢t > 1, and
of compactly supported function ¢ € &, ,(U) such that 0 < ¢ <1 and
Jra @ dx =1 is discussed in [24].

The basic embeddings between the introduced spaces with respect
to o and 7 are given in the following proposition.

Proposition 2.1. Let o1 > 1. Then for every oo > o1 and 7 > 0

lig &,.,,(U) = lim &,,(0). (2.8)

T—00 T—=0t

Moreover, if 0 < 7 < 1o, then for every o > 1 it holds
g{Tl,U}(U) — g(rz,a)(U) — 8{7270}(U)> (29)

and

hg g{Tvo—}(U) = hgl 8(770)([])’ 1£1 g{Tvo—}(U) = 1£1 g(Tva)(U)
T—00 T—00 T—0t T—0t
Proof. For the proof of (2.8) we refer to [24, Proposition 2.1]. Since
the second embedding in (2.9) is trivial, we proceed with the proof of
the first one. Let ¢ € &, ,(K) for some k > 0. Since

ol | o ilal®
18lle., ooy < sup 1

eNd W||¢||STLU”€(K)’ h,k >0,
(0%

al? T1|a|? a
k" | |O{| | eTz;Tl(k/h)T2771

and sup , then for any given h > 0 there

s T o =
exists C' > 0 such that [|¢le,_,.x) < Cl9]le,, , ,x), and the proof is
finished. O

We denote the corresponding projective (when 7 — 0% or when
o — 17) and inductive (when 7 — oo or when o — o0) limit spaces as
follows:

E00(U) = lim &,(U), Exo(U):= lim & ,(U),
’ 7—%0+ Tﬁo
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o—1t 0—00
5071([]) = w €O7J(U), €O7OO(U) = hg 507U(U), (210)
o—1t o—00
Eoor(U) = 1 Exp(U), EnpolU) i= lim Encp(U),  (2.11)
' U%Jr 0’%:0

Then Proposition 2.1 implies the following dense embeddings:

hﬂ ET(U) — 5071(U) — goo,l(U)

T—00

= E0.00(U) = Evoo(U) = C(U). (2.12)
In fact, the first embedding lim E(U) = &a1(U) in (2.12) follows

t—o00

directly from Proposition 2.1 when o9 > 07 = 1. The embedding
E01(U) = Ex1(U) is obvious. Fix oy > 1 and let 09 > oy. Then for
some 75 > 0

57'0761([]) — 50,02([]) — gO,OO(U)a

where the first embedding follows from (2.8) and the last one is trivial.
This implies €5 1(U) < &y 0o(U). Since the embeddings

E0,00(U) = Evoo(U) — C(U)

are trivial, (2.12) is proved.

2.3. Continuity properties of ultradifferentiable operators on
E:5(U). The space & ,(U) can not be closed under the action of dif-
ferential operator 9* for any given 7 > 0 and o > 1 since then M
does not satisfy Komatsu’s condition (M.2)’. However, if we consider

Exoo(U) instead, then (M.2) provides the continuity of certain ultrad-
ifferentiable operators.

Definition 2.1. Let 7 > 0 and ¢ > 1 and let a,(x) € £ ) (U) (resp.

ao(2) € Eroy(U). Then P(x,0) = Z aq(x)0" is ultradifferentiable
|a|=0

operator of class (7,0) (resp. {7,0}) on U C R if for every K CC U

there exists constant L > 0 such that for any h > 0 there exists A > 0

(resp. for every K CC U there exists h > 0 such that for any L > 0

there exists A > 0) such that,

Ilel?

sup |07 a,(7)] < Ah‘ma\ﬁr‘ﬁ'ow,

zeK

P(z,0) is of the class 7,0 if it is of the class (7,0) or {7,0}.

o, f € N (2.13)

In particular 7,1 are ultradifferentiable operators of class * where
x = {p!"} or (p!") in Komastu’s notation, cf. [20].
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Theorem 2.1. Let there be given 7 > 0, 0 > 1 and let P(x,0) be an ul-
tradifferentiable operator of class (1,0) (resp. {r,0}). Then Eon(U)
(resp. E(o,oy(U)) is closed under the action of P(x,0). In particular,

P(x,0): &E,(U)— Ero-1,(U), (2.14)
s a continuous linear map.
Proof. Let an, ¢ € Eon(K), « € N4 h > 0. By (2.13) we have
P a@oro)] < X (7)o a @l o)
v<B

B e 1gnjo L1217 platl? I
< Allele a0 3 ()57 (=l 2" e e

v<B
Ler oo 1817 +la+17
< Al[olle, ) Wﬂawl Z h
v<B v
< All¢lle, ) (CL) " CIP g1 Gy, g, (2.15)

—_—~—

where we have used the fact that M satisfies (M.1)" and (M.2), and
put Ch,ﬁ = Z (ﬁ) hw—’Y\U—HOH-’Y\g‘ Since

v<B v

(lal” +187) < 18 =" +]a+7" <277 (la]” +18]7), +<8,

901
we have

Chp < 20zl ==t g < h <1,
and

oy < 202 el 8l > .
Put ¢, = max{hz-1,h¥ '}. Then (2.15) implies
10% (a0 (2)0°¢(x))| < Bl|8le... ) (chC L) (2¢,0) 7| g7 1A

Choosing h > 0 (resp. L > 0) such that LC'¢;, < 1/2, after summation
with respect to o € N¢, and by taking suprema with respect to 3 € N¢
and z € K it follows that there exist C’ > 0 such that

1P (2, 0)¢lle o, e, () < C'lIDle, o ni)

which completes the proof. O

It immediately follows that £ »)(U) (resp. Eiaooy(U)) is closed
o el

under the action of P(0) = > a,0% where |a,| < A————, for

lal=0 727 el

some L > 0 and A > 0 (resp. every L > 0 there exists A > 0).
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3. MICROLOCAL ANALYSIS WITH RESPECT TO &;,(U)

In this section we define wave front sets which detect singularities
that are "stronger” then classical C* singularities and ”weaker” then
Gevrey type singularities.

In the study of regularity properties (as opposed to the singularity
properties) of a function (or distribution) u we are interested in points

(0,&) in which the decrease of |$N\u(§)| ({én}nen is appropriate
sequence of cut-off functions, ¢ = 1, N € N, in a neighborhood
if 7o) is faster than || for any N € N, and, at the same time, slower
than e~l€"" for any t > 1, when || — oo and belongs to an open cone
which contains &y. In other words, u is micro-locally more regular than
being C*°—regular, but less than being Gevrey regular.

As a motivation for the definition of wave-front sets in the context
of the above mentioned regularity we observe the following conditions.

Lemma 3.1. Lett > 1 and let {uy}nyen be a sequence of functions in
C%, such that some of the following conditions hold for every N € N,
and ¢ € RN\{0}:

R RN Nt
o) < 4t (31)
R KN N1t
[un(§)] < A T (3.2)
R hNN!l/t
|UN(€)| SAW’ (3~3)

for some (different) constants A,h > 0. Then (3.1) = (3.2) = (3.3).

As mentioned in the introduction, (3.2) is related to the Gevrey
wave front WFy, ¢t > 1, and if ¢ = 1 then (3.1) - (3.3) are related to the
analytic wave front set WF 4.

The proof of Lemma 3.1 is just an application of the procedure which
we call enumeration and which consists of a change of variables in in-
dices which "speeds up” or ”"slows down” the decay estimates of single
members of the corresponding sequences, while preserving their asymp-
totic behavior when N — oo. In other words, although estimates for
terms of a sequence before and after enumeration are different, the
asymptotic behavior of the whole sequence remains unchanged.

In other words, the conditions of the form (3.1), (3.2) or (3.3) are
equivalent if one is obtained from another one after replacing N with
positive, increasing sequence ay such that ay — oo, N — oo. We call
this procedure enumeration, and write N — ay and uy instead of u,,, .

Now, for the proof of Lemma 3.1, it is enough to note that after
enumeration N — Nt ¢ > 1, (3.1) is equivalent to local analyticity,

and it immediately follows that (3.1) = (3.2). Next, after enumeration
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N — N' t > 1, (3.3) is equivalent to
hNt LNtJ!I/t
ISR

and (3.2) = (3.3) follows from (2.1).
Next we introduce new regularity condition and discuss its relation
to the conditions of Lemma 3.1.
Let 7 > 0, 0 > 1 and let {uy}nen be a sequence of compactly
supported smooth functions such that
hNN!l/o

[un(§)| < AW) N €N, ¢ e R\{0} (3.4)

[un(§)] < A N e N, ¢ e RN\{0},

for some constants A, h > 0. Note that from after enumeration N —
TN?, (2.1) implies that (3.4) is equivalent to

R hN"NTN"
‘uN(g)‘ S AW’ N S N7 5 S Rd\{o}v

and from N!° < CN™7 it follows that (3.2) = (3.4). Note that
(3.3) & (3.4) when 7 = 1, while (3.4) = (3.3) when 7 € (0, 1).

We conclude that (3.4) describes regularity weaker than (3.2) and
stronger than (3.3).

After applying Stirling’s formula and enumeration N — N/ to

R hNN!T/o
[un(§)] < AW, N eN, ¢ e R\{0} (3.5)

where A, h > 0, we obtain
hN/T(N/T)g(N/T) EN N1 /e
< -
[T = (el
for some A, B, h,k > 0, so that (3.5) is equivalent to (3.4).

This discussion motivates the use of (3.4) (or (3.5)) in the definition
of a new type of wave front sets of distributions, see Definition 3.2.

|aN(€)| < A N e N> 6 S Rd\{0}7

3.1. 7,0-admissible sequences and local regularity of Gevrey
ultradistributions. An essential tool in our study is the use of care-
fully chosen sequences of cut-off functions, defined as follows.

Definition 3.1. Let 7 > 0, 0 > 1, and Q C K CC U, such that Q
is strictly contained in K. A sequence {xn }nen of functions in Cf is
said to be T, o-admissible with respect to K if

a) xny = 1 in a neighborhood of Q, for every N € N,
b) there exists a positive sequence Cp such that

sup [D* ()| < CFTH NS o < [(NfT)'7), (36)
TEe

for every N € N and 3 € N¢,
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When 7 = 0 = 1 we recover the sequence used by Hormander in the
study of the analytic behavior of distributions.

Although the following Lemma is a consequence of [15, Theorems
1.3.5 and 1.4.2] we give its proof since it contains an important con-
struction which will be used in the sequel.

Lemma 3.2. Let there be given T > 0, 7 > 0, ¢ > 1 and o € R
There ezists T, c-admissible sequence {xn}nen with respect to Ba,.(xq)
such that xy = 1 on B.(xo), for every N € N.

: r 1/o
P’f’OOf. Fix r > 0. Let dk:W,kS L(N/T)/J,NGN
Note that
L(N/7)V ] .o
di. = — —
Z FE S

for every N € N.
Since the infimum of distances between points in Bs, 4 () and R\ By, /a(20)
is /2, from [15, Theorem 1.4.2] it follows that for every N € N there
exists a smooth function xu such that supp xy € Bz /a(%0), Xn = 1
on Bs,4(xo), and
|at|

sup | Dxn (@ |<A|O“Hdk Alel| (N /7)o Jlel < glel| N1/o |lel,

zeK
(3.7)
for |a| < [(N/7)Y7], N € N, where C' > 0 depends on 7 and o.

Next, let 6 be a non-negative function such that 6 € C§°(B,/4(0))
and [6(x)dz = 1. Then yn = 6 = xy clearly satisfies (3.6) for every
N € N, if we let § derivatives act on 6 and « derivatives act on Y.
Hence {xn}nen is a 7, 0-admissible sequence with respect to Ba,.(zo)
and the lemma is proved. O

Remark 3.1. Note that if @ = 0 in (3.6), then {xn}nyen is a bounded
sequence in C*°(U). Moreover, by standard calculations we have that

v (€)] < AR NVe jleligy=lel=IBl o) < [(N/T)Y7), (3.8

for every N € N, ¢ € R?, where (&) = (1 + |¢|?)Y/2. Therefore, if
u € D'(U), the sequence {xnyu}yen is bounded in E'(U).

Local regularity in £, 51(U) is in fact determined by (3.5) as follows.

Proposition 3.1. Let u € D'(U), and let {un}nen be a bounded se-
quence in E'(U), ux = u on Q and such that (3.5) holds for 7 > 0 and
o> 1. Then u € & ().

We omit the proof since it uses standard arguments based on the
Paley-Wiener theorem, the Fourier inversion formula and suitable de-
composition of the domain of integration in combination with the prop-

erty (M.2)". We refer to [15] and [28] for details.
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For the opposite direction, if u € £ ,}(€2) then we use ro/e=1) o
admissible sequences instead.

Proposition 3.2. Let Q C K cC U, Q strictly contained in K, u €
D'(U), and let {xn}neN be the T, o-admissible sequence with respect to
K, wheret =77/"Y 7>0,0>1. Ifue Erroy (), then {xnu}nen
is bounded in E'(U), xyu =u on €, and

=1/ /o
@) < AT NeN ceRA0)  (39)

= e
That is, after enumeration N — TN, {xnu}nen satisfies (3.5) for
some A, h > 0.

The proof is rather technical and follows the same idea as in [15,
Proposition 8.4.2]. We therefore omit it.

Note that for 7 = o = 1 Proposition 3.2 coincides with the necessity
part of [15, Proposition 8.4.2.].

3.2. Singular support and WF, , related to the classes &, ,. In
this section we introduce wave front set WF; ,3(u), and prove the
corresponding results related to singular support. We also discuss the
wave-front set WF ;) (u).

Definition 3.2. Let 7 > 0 and ¢ > 1, u € D'(U), and (z0,&) €
U x RN\{0}. Then (zo,&) &€ WF, o1 (u) (resp. WF(; ) (u)) if there
exists open neighborhood €2 C U of xg, a conic neighborhood I' of &,
and a bounded sequence {uy}yen in £'(U) such that uy = u on 2 and
(3.5) holds for some constants A,h > 0 (resp. for every h > 0 there
exists A > 0).

Remark 3.2. It follows immediately from the definition that WF . 53 (u),
u € D'(U), is closed subset of U x R4\{0}. Note that for 7 > 0 and
o>1

WFE o1 (1) € WFo(u) € WF 1y (1) = WE4(u),

where WEF,(u) is the Gevrey wave-front set. Moreover, when 0 <
7 < 1land 0 = 1 we have WF4(u) € WF13(u), and WF, ;3 (u) #
WF [ (u) for any choice of 7 > 0, ¢ > 1, where WF(u) is given in the
introduction.

Since Proposition 3.2 does not hold when 0 < 7 < 1 and o = 1, we
are not able to prove the usual relation between WFy, 13(u) and the
singular support of u, see Theorem 3.1. This suggests that the singu-
larities related to W F(; 1, should be studied by a different approach
(see [25]).

The singular support of a distribution with respect to classes &7 5y

can be defined in a usual manner.
13



Definition 3.3. Let 7 > 0, ¢ > 1, u € D'(U) and 2y € U. Then
Ty & singsuppy, 1 (u) if and only if there exists a neighborhood €2 of xg
such that u € £ ().

The following lemma is an essential result on microlocal regularity,
which will be used in the proof of Theorem 3.1.

Lemma 3.3. Let7 > 0,0 > 1,u € D'(U), K CC U, and let {xn}nen
be a 7, o-admissible sequence with respect to K with ¥ = 7°/=Y Then
{xnu}nen is a bounded sequence in E'(U), and if WF ;53 (u) N (K x
F) =10, where F is a closed cone, then there exist A, h > 0 such that

AN N1 e

IXnvu(§) < A

The main ingredient of the proof is 7, o-admissibility of {xn}nen
and carefully chosen enumeration applied to (3.5). Apart from this
technical conditions we may use the same idea as for the proof of [15,
Lemma 8.4.4.] and therefore omit the details.

As a consequence of Propositions 3.1, 3.2, and Lemma 3.3 we obtain
the following Theorem.

Theorem 3.1. Let 7 > 0, 0 > 1, u € D'(U), and let m; : R x
RAN\{0} — R be the standard projection given with my(z,&) = z. Then

SESUDD(, ) (1) = 1 (WE 7y ().

Proof. Fix xg & m1(WF ;53 (u)) and let K be its compact neighborhood
so that WF (1 (u) N (K x R\{0}) = 0. By Lemma 3.3 there exists a
bounded sequence {uy}nen in £'(U) such that uy = u on some open
set () and, after enumeration N — 7N,

hNN!T/O’

N (§)] < AW, N €N, ¢ e RN\{0}. (3.11)

holds for some A,h > 0. From Proposition 3.1 it follows that u €
E(r.0y(82), that is, zo & singsuppy, 5y (u).

Conversely, if xg ¢ singsuppy, , (u), then there exist neighborhood
Q of xy such that u € & ,3(Q2). By Proposition 3.2, there exists a

bounded sequence {un}yen in E'(U) such that uy = u on 2 and
(3.11) holds, which implies the desired equality. O

To conclude the section we discuss intersections and unions of wave-
front sets WF,,, 7 > 0, 0 > 1. It turns out that, from the microlocal
point of view, the regularity related to complements of these unions
and intersections in intimately related to the regularity properties in
the classes given by (2.10) and (2.11).

Let there be given u € D'(U). Then we put

WFo(u) = () [ WFr0(u), (3.12)

o>17>0
14



WFoo1(u) = () [ WF-(u), (3.13)

o>17>0
WFooo(u) = | [| WF-0(u), (3.14)
o>17>0
WFoo,0(1t) = () | WFro(u). (3.15)
o>171>0
Remark 3.3. Recall (cf. Proposition 2.9),
5{7,0}((]) — g(p,a)(U) — g{p,a}(U)v (316)

when 0 < 7 < p and ¢ > 1. Since the inclusions are strict, Definition
3.2 implies

WF{pJ} (u) - WF(pJ) (u) - WF{TJ} (u) , U € D/(U)

Moreover, ﬂ WFy: 1 (u) = ﬂ WEF(; ) (u) and U WFy: 1 (u) = U WEF (70 ().

7>0 >0 >0 >0
For that reason it is sufficient to consider intersections and unions of

WF{; 5y (u) in (3.12)-(3.15).
First we prove the following technical result.

Lemma 3.4. Let u € D'(U), and 05 > o1 > 1. Then

| WFro, (1) € () WFr, ().

7>0 7>0
Proof. Let (x0,&) € (),;20 WF{r,0,3(1). Then there exists 75 > 0 such
that (z0,&0) € WF s, +,}(u). Hence there exists open conic neighbor-
hood Q x IT" of (zg, &) and a bounded sequence {uy}nen in E'(U) such
that uy = w on Q such that, after enumeration N — N7 (see also
Lemma 2.1),

R hNJlNTONcl
[un ()] < ij NeN,{el, (3.17)

for some constants A, h > 0.

We need to prove that for every 7 > 0, (20,&) € WF{: 4,3 (u). This
follows easily from (3.17), noting that (see the proof of the [24, Propo-
sition 2.1.]) for every 7 > 0 and h > 0 there exists A; > 0 such that

RN NTONTE < AL RN NTNT? N e N,
and the Lemma is proved. O

As a consequence of Lemma 3.4 we obtain the following result which
relates our regularity with C'> and &;-regularity in terms of the corre-

sponding wave-front sets.
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Corollary 3.1. Letu € D'(U). Then, in the notation of (3.12)-(3.15),
we have

WF(U) Q WFOJ(U> Q WFOOJ(U)
C WFou(u) € WFoooo(u) € [(|WF-(u), (3.18)

T>1
where WE and WF, are the classical and the Gevrey wave-front sets,
respectively.

Proof. Note that the last inclusion follows from Lemma 3.4 for oy >
o1 = 1 by taking unions and intersections with respect to 7 > 1.
The only nontrivial inclusion is WF 1(u) € WFq o (u). Assume that

($Oa§0) ¢ WFO,oo(u)a that iS, ($Oa§0) ¢ ﬂ WFT,G(u)a fOI" every o > 1.

>0
Fix some ¢ = 01 > 1 and let 09 > 01. By Lemma 3.4 it follows that

(20,&0) & U,~9 WF0, (u). Hence there exists o > 1 such that for every
7> 0 (29, &) € WF, ,(u) and therefore (x¢,&)) & WFoo 1(u). O

To end the section, we relate WF( o (u) to the regularity in 1, see
(2.11). Let singsupp,,;(u) denote the singular support of v € D'(U)
related to the classe €1 (as appropriate union and intersection of
the corresponding singular supports in &, ,(U)) Recall that, for every
o > 1, the space £, is closed under the action of ultradifferentiable
operators of the class 7,0 (see Subsection2.3, Theorem 2.1). Then,
arguing in the similar way as in the proof of Theorem 3.1 one can
prove that

71 (WFo,00(u)) = singsuppe, ; (u). (3.19)
4. PROOF OF THEOREM 1.1

Note that Corollary 1.1 follows directly from Theorem 1.1 and Re-
mark 3.3. The first embedding in (1.2) immediately follows form the
next Lemma.

Lemma 4.1. Let w € D'(U), 7 > 0,0 > 1. Then
WF{TJ} (8Ju) g WF{TJ} (u),
foralll <5 <d.

Proof. Let (x9,&) ¢ WF;,(u). Then there exists a conical neighbor-
hood Q x T of (¢, &) and a bounded sequence {uy} in u € £'(U) such
that uy = w on €2, and such that after the enumeration N — N7 we
obtain

R hN"NTN"
for some A, h > 0. Then, for xq € €,
/\ hN(N 4 1)T(N+1)" RN NTN?
|8juN+1(£)‘ < A|£| |£|N+1 < Al W? (42)

16



—_—/

NeN, el jed{l,...,d}, (M.2) is used for the second inequality,
and the inclusion follows. O

Therefore it remains to prove that
WF{20717—70-} (u) - WF{TJ} (P(D)u) U Char(P(D)).

The following inequality, which holds for 7 > 0, ¢ > 1 and for some
C > 0, will be frequently used:

r /o “1/c —1/0
|_N1/UJ LN/ < NNT e /o < CNNIT Y /o (4.3)

Assume that (29, &) € WF (7,01 (P(D)u) U Char(P(D)). Then there
exists a compact set K containing zy and a closed cone I' contain-
ing & such that P, (z,£) # 0 when (z,§) € K x ' and (K xI') N
WF{TJ} (P(D)u) = @

Let 7 = 771 and let {x~n}nen, be a 7, o-admissible sequence with
respect to K.

Put uy = x2onu, N € N, so that

An(6) = / w(w)xarn(2)edz, €€ RY, N EN.

The easy part of the proof is the estimate of |uy(£)|, N € N, for
"small” values of ¢ € T, that is when |¢| < |[NY7]. In fact, since
{un}nen is bounded in £'(U), Paley-Wiener theorems (see [20]), and
the fact that e=@¢ € C°(RY), for every £ € R?, implies that |uy ()| =
[(un, e ") < C(EM, for some C, M > 0 independent of N. Hence,
from (4.3) we have

~\1/0 o ~\1/0 o~ ﬂ
|E|LNDY TN gm (6)] < [NV I aR(€)] < ACYNN ™= N,

where A, C' > 0 do not depend on N. After enumeration N — 7N we
obtain

CNNTZZN N NIE
<
e = A

[un(§)] < A

which estimates |uy(€)| when € € T, [£] < [NY?]|, N € N,

It remains to estimate |Gy ()|, when & € T, |¢| > |[NY?| and for
N € N large enough (so that N — oo implies [¢| — o).

As in the proof of [15, Theorem 8.6.1], in Subsection 4.1 we use the
technique of approximate solution (see also [27, Theorem 1, Section
1.6]) to obtain

e e (44
() +ern e ()

17
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r€ K, €T, |¢ > | N7, that is, the following representation holds:

iw(©) = [ utwente. O art [[uta) () (SR g,

_ —iT e—ix-ng (l’, 5)
= /u(:)s)eN(a:,f)e 5d9:+/P(D)u(at) (T(f)) dzr, (4.5)
where
()7 |—m al
9= N () R, 49

m o ()7 —mek

7

lal

ex(r.&) =Y (o)) 0,6), (@)
Eleo ()b g
rEK, £, ¢ > [NV, and we put & = aj + 2ag + - - - + Mayy,.
The derivation of (4.5) and the calculation of wy(x,&) and ey(z,§)
is done in Subsections 4.1 and 4.2, so we continue with the estimation
of the first term in (4.5).

Estimated number of terms in ey(z, &) given in Subsection 4.1, and
the estimates of D?(R{'...R% 4. y) given by (4.30) (Subsection 4.3)

imply
(u(z), en(z, e < A Y |D3(en(x, &)™)

la|<M

AT Y (g)|D§-Be—“€uD£eN<x,s>\

la|<M B<La

IA

z—1/c

1o = o
Ale|M|e|~ 2 (N/DMI=MON N1

IN

~—1/o0
CNNI"=—
= A—pF——x €K €T, (4.8)
|¢|L277 (V)]

for suitable constants A, C' > 0 and |¢| large enough. After enumeration
N — 72°71N, (4.8) is equivalent to

| CON N1
[(u(z), en(, £)e™ ™) <

_147‘5“1\]1/0J , re K el

which estimates the first term on the righthand side of (4.5). In fact,

we will use a slightly weaker estimate which is obtained from (4.8) after
enumeration

N = N+ [72"Y (M +d+1)7]. (4.9)

It remains to estimate the second term on the righthand side of

(4.5) for |¢| > |NY?|. This is the hardest part of the proof. By the

Lemma 3.3 there exists a bounded sequence {fy}nyen in £ (U) such
18



that fy = f = P(D)u in a neighborhood of K and there exists a cone
V such that I C V and

N N1
|F(fn)(n)] < AWu nev. (4.10)

Since {Xx20n(2) } ven is bounded in C§°(U), by the Paley-Wiener the-

orem (see also Remark 3.1) it follows that for every M > 0 there exists

C > 0 which does not depend on N so that |Yoon(n)| < C{n)=M,
N € N. From supp xy C K, N € N, it follows that

m(suppwn(z,§)) € K, N €N,

and since fy = f in a neighborhood of K, we have wyf = wy fy: in
D'(U), where we put N' = N — [2717(M + d + 1)7]. Therefore (and
since F(g1 - g2)(§) = (F(g1) * F(92))(£)))

. e_is' wy (- — L
(F()e™ wn (-, €)/ Pn(E)) NG

Foose(fav(x)wn(z,6))(6)

1
= @) Jua T INE = D Fanlon @, ) ) i = T + Lo,
where
h=poe [ FE DFes OO dy (01
CTPa(€) Jygeagg” NS T NENRE SRS .
1
L= 5 /m e F(fn) (€ = 1) Foosn(wn(@,€))(n,€) dn,  (4.12)

and 0 < ¢ < 1 is chosen so that £ —n € V when £ € ', £ > |[NV7|,
and [n] < e[¢].

Since |n| < ¢|¢| implies | —n| > (1 —¢)[¢], by using the computation
of Fyryp(wn)(n, &) from Subsection 4.4, we estimate I; as follows:

1
hl [P(9)] inl<ele] | F () (€ = | Fasn(wn)(n,§)| dn
m ni<e
hN’N/!—,-/O—
- /n|<e|§| AWVH%W)(% &)l dn
hN’N/!—,-/O—

< 4 _ / Fonon) (0, )| d
(1= )ENW™) Jin<elel !
N’ T/0
TN gyt
i+

hY N'IT/e
> 2W’

IA

/ o ()]
Rd

el ¢ > [NV, (4.13)

We used the Paley-Wiener theorem for {x2-n} and trivial inequality
|Pu(§)| > 1 when [¢] > [NV
19



It remains to estimate I,. Note that |n| > ¢|{| implies [£ — 5| <
(1+1/¢)|n|, and by Paley-Wiener type estimates we have |F(fx:)(n)] <
C{n)™ where C' > 0 does not depend on N’. Therefore

|| < [ F [ (€ = m|Femn(wn)(n, )] diy

1
[P Jpyiele

117\ /o ‘fx (wN)(nvé-”
gA/ (€ — )M ()l = Vs _Zen N d
— <77>L2 o (N'/7)Yo |+d+1

l1—0o
25 (N'/F)Y7 |+ M+d+1

< CN+1 SUP,erd <77> L

€| v | o (2, €)) (1, €)1,

when € €T, |¢| > | NV,
To finish the proof, we show that if £ € T, |£| > | N'/7] then there
exists h > 0 such that

1?% 117\1/ o o
supd<n>t2 (NYDEIEMAdE 7 (o) (n, €)] < BNFINIVO . (4.14)
neR.

Since N = N — [277 27 (M + d + 1)7], it follows that

vy = (X 7 (TM“” DIV 2 o5 (v s at e,
(4.15)
It & < [(N/7)1) — m, || = |(N/7)Y"] then
& + 8] < 2[(N/7)V7] < [2(N/7)V7], (4.16)

From (4.16), when z € K and € € T, [£] > | NY7] it follows that

(Z)7 |-m

a a1 pa Am
Dun(.€)| < (oot ) sup DR i) )
0 m

s a1,0as ... z€EK

< ( ‘CL| )|§|—606+B|+1 LNl/UJG-i-IB\

a1,ag . ..0n,

< [NV o )CG+BI+1 < /R ) N1 18]
ay,az . N
=0

Since 7 (supp wN(x, £)) C K and |B]| = [ (N/7)7], we obtain

z—1/0
o

[ N (), €)] < G N LN

(4.17)
20




where we used the first part of (4.3). Now (4.15) and (4.17) gives

177‘7 117\l / o
sup ()12 7 WM E, L (wn) (0, €)|
neR4

7)L/o /e
< SUpd<77> LN/7) J|]::c—>n(wN)(77a§)| < C"™NHINTS N’ (4.18)
neR

and (4.14) follows. Therefore

z—1/0

WNNTZ N
|12 Ay

(4.19)

|I] < A

for suitable constants A, h > 0. After enumeration given by (4.9), and
z—1/c

using (M.2)' property of the sequence N~ = ¥, we conclude that (4.19)
is equivalent to

N N1

‘]2‘ S A l1—0c b
I€[1277" /e

(4.20)

for some A, h > 0. After enumeration N — 72°"! N we finally obtain

KN N7

[un(§)] < AW7

for some A, h > 0, and the proof is finished.

4.1. Derivation of the representation of uy(§). Formally, we are
searching for v(z, ) so that

(€)= / w2 xar (2)e " da = / u(2) P"(D)o(z, €)d,

cerl, g > LNl/"J, where PT(D) = Z (—1)‘O‘|aaD°‘ is the transpose
|| <m

operator of P(D), and v(z,£) is the solution of the equation
PT(D)o(x,€) = xorn (@)™, z€ K, £ €T,[¢] > [NV7].  (4.21)

If v(x,&) is of the form wv(z,§) = %(g’f)

C>®(K), where z € K, £ € T, |¢] > | N'/?], then (4.21) becomes

, for some w(-,&) €

(I — R(&))w(z, &) = xorn(x) ze K.(eT ¢l > [NV, (422)



where R(§) = Y70 Ri(§), R;(§) = p;(§) Z a,D”, and p;(€) are ho-

lo| <5
mogeneous functions of order —j. In fact, formal calculation gives

eimﬁpT(D)(%)
( ) Do D () Doz, €)
\a|<mﬁ<a
o (=677
|az<m/;< ) bton( P (8) ) DPu(a,©)

forx € K and £ €T, [£] > LNl/oJ. Since (Pi)(g)

order |a| —|8| —m with respect to &, it follows that (4.21) would imply
(4.22).
Now, successive applications of the operator R in (4.22) give

R (&w(z, &) —R (Ew(w, €) = R (E)xern (@), « € K €T, [¢] > [NV],

for every k € {1,..., N}, so that after summing up those N equalities
we obtain

is homogeneous of

=

w(z,§) = R¥(uw(z,€) = )  RYE)xarn(@),

0

e
Il

which gives formal approximate solution

= Rfxarn(,€)

k=0

> a
=> ( la )R‘flez R e n(,€). (4.23)
la|=0 A1,QA2,...,0n

The operators R;*(§), 1 < k < m, are of order less then or equal to
kay and homogeneous of order —kay with respect to £. Since P(D)
have constant coefficients, the operators R; commute, and we used the
generalized Newton formula, cf. [28].

We proceed with the following approximation procedure. We con-
sider partial sums

W (2. €) = ( ) (RORE .. R o) (1, €),



¢el, |¢] > |[NY], and N € N is large enough, so that (4.22) takes
the form (4.4) and the error term ey is given by:

m UE)7)—mtk
lal

TR SEND DI (RN 1 1 =B (]

Pl = (%) 7 |-m+1

The precise calculation which leads to (4.4) is given in Subsection 4.2.

Note that the number of terms in (4.7) is bounded by 4-2LF)7] since
from (Z) < 2" k <n,n € N, we obtain

)

( |a'| ) < 2|a\2|a\—a1 2|a\—a1—---—am72 < 2a1+2a2+--'+mam
a1,aA9,...0ny

and therefore

m >
< |CI,| ) S E E 2a1+2a2---+mam
A1y vy Qyy

where we put G = a; + 2as + - - - + ma,,.

4.2. The calculation of the error term. For multinomial coeffi-
cients

|a| _ (lal\ (lal —a lal —a1 =+ — am—2
a1, a2, ... Gn)  \G1 ap Am—1
- |a|:a1+a2+---+am,akEN,kSm, (424)

alas! . .. ay!’

a generalization of Pascal’s triangle equality for the binomial formula

gives
ol 2 Em la] =1 o lal>1, (4.25)
A1y eney Ay Aty ..y — 1 apy, -

k=1

wherefrom for |a| > 1, and putting & = a; + 2as + - - - + ma,, we obtain

(12)7 |-m

a
( | ‘ )Rclll...R%”XchN
0 Aty .eey O

I
VS

al —1
Z ( ‘ | ))RtlllnglerN
i, ...,ap — 1, ...an

m
&=0 k=1
23



m L) |—m—k

— E ( |a| )Rtlll“'Rzk—i_l---R?nngaN
k=1 S=0 Ay eeey Ay oo Aoy
m (X)7 |—m—k a
X X R R o), 12
‘ (&1,..., m) 1 m X20N ( 6)
k=1 S=0

where for the second equality we interchange the summation and sub-
stitute a; with a; + 1.
Hence, for |a| > 0 we have

1

(157 )-m

(I-Ruwy= > < a )Ri”...R“mszaN

&=0

Q

L(X)7 |—m—k

A1y eey A

a a a
< | | )Rll...RmmXQUN

m
k=

' a a a
+ Z (al’ ‘ | )Rll...RmmX20N>

ey Gy

,_.
@
Il

=)

|al 0
1 ap+1 Am
(a )Rl RO ROy ey
1,

ey Qi

! a a a
= X2oN — Z Z ( ‘ | )Rll...RmmXchN, (427)

A1y eey Ay
= 1
k=1 6:[(%)0J—m+1

where for the second equality we used (4.26) and for the last one we
substitute a; with a; — 1.
Therefore, if we set
6N(:lj> 6) = Z

k=1

> (1 e o,

LX) |—mtk
=\(X)7 |-m+1

(&

then the computation of this subsection gives the equality (4.4), which
in turn implies the fundamental representation (4.5).

4.3. Estimates for D°(R{"...R%" x4 n). Note that for N large enough
we have

(L(N/F)Vo] + M)7 < 277Y(N/7+ M?) < 2°N/7
so that for |5| < M the following estimate holds:

&+ 8] < [(N/P)Y7] + M = giN/?)l/” +M] < [2(N/7)V°].



Thus, for v € K, £ € T, and & > |(N/7)Y?]| —m, by using (4.3) we
obtain

| D (R Ry Xae ) (2, €)|

IA

‘5‘—6A6+\ﬁ|+1 LNI/UJ S+|8|
< |§|m—L(N/f)1/"JAL(N/%)1/0J+M+1 [NV | L(N/7)Y/° |+ M

< gD : (4.28)

for some C' > 0, which is, after enumeration N — N +2°717(m + M)
bounded by

€[ L4277 Rt M)T) 7)) g N+27 7 F (e M) 41

V% (N4 2017 (mt M)7)

X (N 4277 F(m + M)°) = :

for some A > 0. Moreover,

<N+2“ Y (m + M) )1/0

F

25" (NJF)Ye + 2% (m + M))
= 21%"(N/%)1/”+m+M. (4.29)

Finally, (4.29), (M.2)' property of N =~ and Stirling’s formula give
the estimate

l-o
DPRY . Rep xar ()] < [ 7127097 (4.30)

for some C > 0.

4.4. The computation of F,_,,(wy)(n,£). From
(B Ry xoen ) (2, §) = H () Z caDX2o N ()
lo|<&
for suitable constants c,, it follows that

Foom(BY - Ry X2on) (0, €) = Hp] &) Y cnRarn ()

la|<&

~ )%J—m

- () {1 ) X are

&= la|<&

Note that the number of terms in F,_,, (wy)(n, ) is bounded by ColN/m)e ]

for some C' > 0 which does not depend on N.
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When || < ¢l¢|, € €T, |¢] > |[NY?], and N sufficiently large we

have

| Fasn(wn) (0, €)] <

L( -
(" ,am) (TLns@leeb)™) 3 ciRorn(n]

j=1 |a|<6

+|=z

)o]-m

6=0

< ACINIDY ) %00 5 ()]

for some A, C' > 0, and we used

m

[T(ps(©)llecf)™ < As® < A, ¢eT, g > [NV,

J=1

which follows from ¢ < 1 and the fact that [T, (|p;(£)[|£}7)% is homo-
geneous of order zero.

Acknowledgment. This research is supported by Ministry of Edu-
cation, Science and Technological Development of Serbia through the
Project no. 174024.

1]

[9]

REFERENCES

M. Cappiello, R. Schulz, Microlocal analysis of quasianalytic Gelfand-Shilov type
ultradistributions, preprint versoin arXiv:1309.4236v1 [math.AP], accepted for
publication in Complex Variables and Elliptic Equations.

E. Carypis, P. Wahlberg, Propagation of exponential phase space singulari-
ties for Schrdinger equations with quadratic Hamiltonians, arXiv:1510.00325v2
[math.AP] (2015)

H. Chen, L. Rodino, General theory of PDE and Gevrey classes in General the-
ory of partial differential equations and microlocal analysis. Pitman Res. Notes
Math. Ser., Longman, Harlow, 349 (1996), 6-81.

E. Cordero, F. Nicola, L. Rodino, Schridinger equations with rough Hamiltoni-
ans Discrete Contin. Dyn. Syst. 35 (10) (2015), 4805-4821.

E. Cordero, F. Nicola, L. Rodino, Propagation of the Gabor wave front set for
Schrodinger equations with non-smooth potentials, Rev. Math. Phys. 27 (1)
(2015), 33 pages

S. Coriasco, K. Johansson, J. Toft, Local Wave-front Sets of Banach and Frchet
types, and Pseudo-differential Operators, Monatsh. Math. 169 (3-4) (2013),
285-316.

S. Coriasco, K. Johansson, J. Toft, Global Wave-front Sets of Banach, Frchet
and Modulation Space Types, and Pseudo-differential Operators, J. Differential
Equations 254 (8) (2013), 3228-3258.

H. G. Feichtinger, Modulation spaces on locally compact abelian groups, Tech-
nical Report, University Vienna, 1983. and also in Wavelets and Their Appli-
cations, 99-140, Allied Publishers, 2003.

H. G. Feichtinger, K. Grochenig, Gabor frames and time-frequency analysis of
distributions J. Funct. Anal. 146 (1997), 464-495.

[10] H. G. Feichtinger, T. Strohmer, editors, Gabor Analysis and Algorithms: The-

ory and Applications Birkhauser, 1998.
26



[11] H. G. Feichtinger, T. Strohmer, editors, Advances in Gabor Analysis
Birkh&auser, 2003.

[12] G. B. Foland, Harmonic analysis in phase space. Princeton Univ. Press, 1989.

[13] M. Gevrey, Sur la nature analitique des solutions des équations aux dérivées
partielle. Ann. Ec. Norm. Sup. Paris, 35 (1918), 129 —190.

[14] K. Grochenig, Foundations of Time-frequency analysis, Birkhduser, Boston,
2001.

[15] L. Hormander, The Analysis of Linear Partial Differential Operators. Vol. I:
Distribution Theory and Fourier Analysis, Springer-Verlag, 1983.

[16] L. Hormander, Quadratic hyperbolic operators, 118-160, in Microlocal analy-
sis and applications (Montecatini Terme, 1989), Lecture Notes in Math. 1495,
Springer, 1991.

[17] K. Johansson, S. Pilipovié¢, N. Teofanov, J. Toft Discrete Wave-front sets of
Fourier Lebesgue and modulation space types, Monatshefte fur Mathematik, 166
(2) (2012), 181-199.

[18] A. Klotz, Inverse closed ultradifferential subalgebras, J. Math. Anal. Appl. 409
(2) (2014), 615-629.

[19] H. Komatsu, Ultradistributions, I: Structure theorems and a characterization.
J. Fac. Sci. Univ. Tokyo, Sect. IA Math., 20 (1) (1973), 25-105.

[20] H. Komatsu, An introduction to the theory of generalized functions. Lecture
notes, Department of Mathematics Science University of Tokyo 1999.

[21] R. Narasimhan, Analysis on real and complex manifolds, North-Holland Math-
ematical Library, 35. North-Holland Publishing Co., 1985.

[22] S. Pilipovie, N. Teofanov, J. Toft, Micro-local analysis in Fourier Lebesgue and
modulation spaces. Part I, Journal of Fourier Analysis and Applications, 17 (3)
(2011), 374-407.

[23] S. Pilipovic, N. Teofanov, J. Toft, Micro-local analysis in Fourier Lebesgue
and modulation spaces. Part II, Journal of Pseudo-Differential Operators and
Applications, 1 (3) (2010), 341-376.

[24] S. Pilipovié, N. Teofanov, and F. Tomié, On a class of ultradifferentiable func-
tions. Novi Sad Journal of Mathematics, 45 (1) (2015), 125-142.

[25] S. Pilipovié, J. Toft, Wave-front sets related to quasi-analytic Gevrey sequences.
Preprint availible online at http://arxiv.org/abs/1210.7741v3, (2015).

[26] K. Pravda-Starov, L. Rodino, P. Wahlberg, Propagation of Gabor singulari-
ties for Schrodinger equations with quadratic Hamiltonians, arXiv:1411.0251v5
[math.AP], (2015).

[27] J. Rauch, Partial Differential Equations. Springer-Verlag, 1991.

[28] L. Rodino, Linear Partial Differential Operators in Gevrey Spaces. World Sci-
entific, 1993.

[29] L. Rodino, P. Wahlberg, The Gabor wave front set, Monatsh. Math. 173 (4)
(2014), 625-655.

[30] R. Schulz, P. Wahlberg The equality of the homogeneous and the Gabor wave
front set, arXiv:1304.7608v2 [math.AP] (2013)

[31] R. Schulz, P. Wahlberg Microlocal properties of Shubin pseudodifferential and
localization operators, J. Pseudo-Differ. Oper. Appl. DOI 10.1007/s11868-015-
0143-7

[32] P. Wahlberg, Propagation of polynomial phase space singularities for
Schrdinger —equations with quadratic Hamiltonians, arXiv:1411.6518v3
[math.AP] (2015)

27



DEPARTMENT OF MATHEMATICS AND INFORMATICS, UNIVERSITY OF NOVI
SAD, NOVI SAD, SERBIA
E-mail address: stevan.pilipovic@dmi.uns.ac.rs

DEPARTMENT OF MATHEMATICS AND INFORMATICS, UNIVERSITY OF NOVI
SAD, NOVI SAD, SERBIA
E-mail address: nenad.teofanov@dmi.uns.ac.rs

FAacurLTy OF TECHNICAL SCIENCES, UNIVERSITY OF NOVI SAD, NOVI SAD,
SERBIA
E-mail address: £ilip.tomic@Quns.ac.rs

28



