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Jacobi weights, fractional integration,
and sharp Ulyanov inequalities

Polina Glazyrina and Sergey Tikhonov

ABSTRACT. We consider functions LP-integrable with Jacobi weights on [—1,1] and prove
Hardy-Littlewood type inequalities for fractional integrals. As applications, we obtain the
sharp (Lp, Lq) Ulyanov-type inequalities for the Ditzian—Totik moduli of smoothness and
the K-functionals of fractional order.

1. Introduction

The following (L, L,) inequalities of Ulyanov-type between moduli of smoothness of
functions on T play an important role in approximation theory and functional analysis (see,

e.g., [7, 13, I5]):
suo<o(f o (o)) %>/ (L1)

) <00 .
where r e N 0 <p<qg<o0,0=+-— %, and ¢q; = {q 4 . Here the r-th moduli of

1, g=00
smoothness of a function f € L,(T) is given by

w" (f,0), = sup [|AL f(2) oy, 1<p< oo,
Ih] <6

where
Wf(@) = A (Af(x)  and Apf(e) = f(z +h) = f(2).
Recently ([20] [23]) the sharp version of (I.I]) was proved in the case 1 < p < g < oc:

t q du 1/q

— 1
i, < ([ @)t ) (1.2
where w"(f,u), is the moduli of smoothness of the (fractional) order r > 0. Moreover, it
turned out that (L.2) also holds if (p,q) = (1,00); see [21]. In this case 0 = 1 and one can
work with the classical (not necessary fractional) moduli of smoothness. On the other hand,

([C2) is not true ([21]) for l =p<g<ooor 1 <p < g = 0.
In the present paper, we consider a nonperiodic case, namely L, spaces with Jacobi
weights on an interval, and obtain inequalities similar to (I.2]) for the fractional K-functionals

and Ditzian—Totik moduli of smoothness. We start with notation.
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Denote by w(®?(z) = (1 — 2)*(1 + z)®, a,b > —1, the Jacobi weight on [~1,1]. For
1 <p<oolet L,(,a’b) be the space of all functions f measurable on [—1,1] with the finite

norm
1 ) 1/p
o = ([ Wr@Pued@ac)
Ifa =b=0, wewrite L, = L;(za’b)7 Illp = IIllp,(0,0)- In the case p = oo, we set LI(,a’b) = C[—1,1]
and

£l = Il = mae [£(@)]

For an arbitrary interval [z1, z2], we set

2 1/p
HfuL,,m,W(/ \f(rc)\”dw> I —— ]

1 z€[z1,22]

For «, 8 > —1, denote by wéa,ﬁ) (x), k = 0,1, ..., the system of Jacobi polynomials
orthogonal on [—1,1] with the weight w(®®) and normalized by the condition

1 o 2
/ ‘w,g ) (az)‘ w(a’ﬁ)(az)daz =1.
1

The Jacobi polynomials are the eigenfunctions of the differential operator

-1 d d
D pled) _ @B ()1 — 22)L
2 ’LU(O“B)(.Z') d$w (‘r)( T )d3§‘7

(0% (0% 2 (0% (6%
Dy = (NEDV D, A = (ke ack 5 1)

LI(JOMB)

For a function f € , 1 < p < oo, the Fourier—Jacobi expansion is defined as follows:

f(x) ~ 3 P (@), (1.3)
k=0

where

1
i = / PP (@)@ (2)de, k=0,1,2, ...
-1

Let 0 > 0. If there exists a function g € Lga’ﬁ)

the form .
g~ Z (A]ia7ﬂ))a ﬁa75)¢]€a75)7
k=1

such that its Fourier-Jacobi expansion has

then we use the notation
g="DPf

and we call D((,—a’ﬁ ) f the fractional derivative of order o of the function f. If there exists a
function h € Lga’ﬁ ) such that its FourierJacobi expansion has the form

Q7B - Q7B 7 avﬁ O‘vﬁ
hNJ?O( )_i_Z()\é )) J?IE )wé )7
k=1
then we use the notation

h=TP f

and we call I(S‘l’ﬁ ) f the fractional integral of order ¢ of the function f. Notice that If,”"ﬁ ),
o > 0, is a bounded linear operator on Lga’ﬁ) (see, e.g., [3 Sec. 5, pp. 789-790]).



JACOBI WEIGHTS, FRACTIONAL INTEGRATION, AND SHARP ULYANOV INEQUALITIES 3

The K-functional corresponding to the differential operator D@B) and a real positive
number 7 is defined by

K (£, D, )y (a5 = 0 {If = gllpa0) + 1D gl oy s g€ Wit (14)

(see [10] (1.9)]), where W' ((a B)) {g g, D(a B)g c L;g,a’ﬁ)}.

The main result of this paper is the following

THEOREM 1. Let 1 <p<qg<oo,r>0,a>=p>-1, a>—1/2. Suppose also that

:(2a+2)<%_$>.

1
o d
/0 <U_UKT+U(f, D£+5)’ ) ,(a,ﬁ)>q _u < 00,

If f € L and

then f € L((Za’ﬁ) and

T [e% ¢ —0 rTo g du l/q
K (f7 D7(“ ’B)7t)Q7(avﬁ) g C </0 ( K * (f7 7'+0' ? )pv(avﬁ)) _> :

u

The rest of the paper is organized as follows. In Section 2 we obtain the key result to
get sharp Ulyanov inequalities — the weighted inequalities of Hardy—Littlewood and Landau
type for functions defined on the interval [—1,1]. Section 3 contains the definition of frac-
tional K-functionals with Jacobi weights and sharp Ulyanov inequalities for K-functionals
(Theorem [3). In Section 4 analogous results for the Ditzian—Totik moduli of smoothness
are obtained. Namely, we study a relationship between these moduli and the corresponding
K-functionals and prove sharp Ulyanov inequalities for the Ditzian—Totik moduli in the case
of 1 < p < ¢ < oo (Theorem ).

2. Inequalities for fractional integrals with Jacobi weights

2.1. Landau-type inequalities. We will need the following Hardy-type inequality (see,
e.g., [5] and [19, Theorem 6.2, Example 6.8]). We set % =0 for ¢ = o0

THEOREM A. Let 1 < p < q < o0, (p,q) # (00,0), a > —%, T € (0,00). Then the
inequality

/(x):pa—i-h‘

a < T
Hf(:l?)l‘ HLq[O,x} X C’(p,q,a,x) Ly[0,7]

holds for any locally absolutely continuous function f on (0,Z] with the property f(T) =0 if
and only if h <1 — (%—%).

Let us mention that the quantity C(p, ¢, a, ) is nondecreasing with respect to Z.
The following Landau-type inequality can be found in, e.g., [6, Ch. 2, Th. 5.6, p. 38].

THEOREM B. For 1l < < 00, £ = 2, there is a constant C({) such that f0r allr =0,...,¢
and any function f with f¢=1) absolutely continuous on [—5, 5] and fO [—%, %] we have

]\chmu_ [ﬁﬂ)

As a corollary of Theorem [Al and Theorem [B] we get

H £

1.

11 [-3.3]
p 272
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LEMMA 1. Suppose that 1 < p < q < o0, (p,q) # (00,0), a,b > —%, c,d > —%, risa
nonnegative integer, k is a positive integer, and

=k (3-1).
p q

Then, there exists a constant C = C(p,q,a,b,c,d,r, k) such that for any function f with
FOR=D absolutely continuous on (—1,1) and fr+yethb+h) ¢ [ we have

o] <c <H putea]| +| f(r+k)w(a+h,b+h)Hp> _ (2.1)

Inequality (2.1)) is sharp in the following sense. If a —c < r + (l — l) , then for any e > 0

P g
there exists {f,} C C*¥*"[—1,1] such that

o] (s

The analogous statement also holds with respect to the parameter b.

1
fr(Lr+k)w(a+h+€7b+h)H > — 00 as n — 0. (2.2)
p

Proor orF LEMMA [II It is enough to verify inequality (2.1)) for £ = 1. The proof in the

general case is by induction on k. Note that f() is continuous on [—%, %] by our assumption.

We take T € [—%, %] such that
r0@)| = min{ [fO0@)] 2 € [-5,4] }
Let g(z) = f*)(z) — f)(z), then

Jsowe?], < o]+ [0 2],

<foe

s

SRGI R

To estimate the first term, we apply Theorem [A] (for the interval [—1,7Z] instead of [0,T])

Withh:1—(%—%)i

Ly[—1,7) Ly[71] Lg[-1,1]

<a,b>‘ < 9lal

Lq[-1,7]

< 2\a|0‘

g (@)1 + )"+

gw 9@)(1+2)"|

Lq[-1,7]
g'(x)(l . x)a-l—h(l + x)b-l—h‘

Lq[-1,7]

g 2‘a|+‘a+hlc

Lp[-1,7]
_ glal+ath| Hf(r-I—l)w(a-i-h,b-l-h)‘

)

4 Hf(r-i-l)w(a-l—h,b-l—h)‘

< olal+athl ||

a+h,b+h) ‘

Lp[—1,1] Ly[-1,1]

A similar estimate holds for H quw'® as well.

To estimate | f ") (z)

b
Mz
, we apply Theorem [Bl

] <

14 <¢ <||f\|L1 L1y |se]

Ll[_272

< olel+ld|+|a+h|+[b+h| <wa(c,d)‘

D=

Ly [—%7

Lp[—1,1}> ’

LP[_LI]
where C' depends only on r + 1. Thus, (2.]) follows.
Let us now show (2.2]). Since for any 0 < €1 < 3 the estimate
w(a+h+€2,b+h) ($) < 262_€1w(a+h+61’b+h)(33), = [_1’ 1],

holds, we can assume
O<e<c—a+r+1/p—1/q. (2.3)
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For m > r + k, consider the sequence of functions

fal@) = ((x+1/n=1)1)", zel-1,1],  y4 =max{y,0}.
It is easy to verify that if © > 0 and v > —1/¢, then

1

X ———— as n— .
a " pptvtl/q

H((l/n -1+ x)+)”(1 - x)”H

Here A, < By, as n — oo means that B,,/C < A4,, < CB,, for some positive constant C' and
all n. Using this, we get

f w(cyd) ~ # f (a b) ~ ;
n D nm+ct+1/p’ n q nm—r+a+l/q’
(k) (athtebth) || = 1 _ 1
n P nm—r—k+a+h+e+1/p nm—r+ate+l/q’

Under assumption (2.3]) we have

‘ fow©® H ) a+h+e bth) H - 1
p

» - nm—r+ate+1l/q’

and therefore,

T(Lr)w(a,b) H
q

=n® as n— oo,

| faote ], + | £ P wteneen)|
p

concluding the proof. O

2.2. Hardy-Littlewood type inequalities. To prove Hardy—Littlewood type inequal-
(a.B)

ities for the fractional integral Z, "/, we will use the Muckenhoupt transplantation theorem
[18] Collorary 17.11], which is written in our notation as follows.

THEOREM C. If1<p<g<oo, @, 3,7, 6 >—1, @, b,¢,d> —1,

1 1
S==—=,
P q
a ¢ a-7 1/1 1 b d pf-6 1/1 1
— ==+ +slz=—=z), z==t+—F"+35{=—2=),
7 P 2 2\p ¢ 7 P 2 2\Pp ¢
the quantities A = (¢ + 1)/p — 7 and B (d+1)/p — & are not positive integers, M =

max{0, [A]}, N = max{0, [B]}, f € L_

FOY =0, 0<k<M+N-1,
h is an integer, vy has the form
J-1
_ . —s—J —s—J
ve= Y cj(k+1) +0((k+1) )
j=0
with J > @+ B + +64+2M 42N and 0 < p < 1, then
= 0) (@,
Tf(@) =Y Pufy ) (@)
k=0

converges for every x € (—1,1),

”Tpf”q,(a,l;) <C Hpr,(z,E)
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where C' is independent of p and f. Moreover, there is a function Tf in L?’b) such that

T,f converges to T'f in Lg’b) as p — 1—. If it is also assumed that @+ 1 < (@ + 1)g and
b+1< (B+1)g, then

ﬂ(aﬁ 0, 0<k<h-1
o Vg hf,(;/’h, max(0, h) < k.

The next Hardy-Littlewood inequality is a simple corollary of Theorem [Cl

COROLLARY 1. Letl<p<g<oo,—1/2=2a>2b>—-1,a>2p>—1,(a+1) < (a+1)p,

b+1) < (B+1)p, and
1 1

o= — -
P q

Let also f € Léa’b). Then there exists C' independent of f such that
lzeng| <l
q,(a,b)

In the special case («, 3) = (a,b), the Hardy—Littlewood inequality (2.4]) was studied by
Askey and Wainger [2], Sec. J] (see also [1]) and later by Bavinck and Trebels [3l Theorem
5.4], [4, Theorems 1 and 1].

) (2.4)

THEOREM D ([2,4]). Let 1 <p<g<oo,a>b>—-1,a+b>—1, and
o> (2a+2) <l—l>
p q
Iff e LY, then 7" f € L\ and
|72 1))y < OO0 @Dy

For (o, 8) # (a,b) we have the following result.

THEOREM 2. Let 1l <p<qg<oo,a>2b>-1,a>-1/2, a > > —1,

pla—B) <2(a—1b) < gla—p), (2.5)

the quantities A = (a+1)/p — a and B = (b+ 1)/p — B be not positive integers, and either
a=a,ora>aandqg>2, ora<aandp < 2. Let

1 1
c>22a+2)(-—-, 2.6
( ) (p Q> (26)
fe LI(,a’b) N Lga’ﬁ) and
7P — 0, 0< k< max{0,[A]} + max {0, [B]} — 1. (2.7)
Then there exists C' independent of f such that
Y T T 25)

PRrROOF. It is sufficient to prove this theorem for polynomials. Indeed, suppose that (2.8))
holds for polynomials. Consider a sequence of polynomials {@Q,,} convergent to f in LI(,a’b)
and Lga’ﬁ ). Then {IC(,O"B )Qm} is a Cauchy sequence in Lé“’b) and it converges to some function

g in Lé“’b). Without loss of generality we can assume that {I((Ta’ﬁ )Qm} converges to g a.e. on

8)

[—1,1]. Since the operator I(S—a’ﬁ ) is continuous in Lga’ , the sequence {I(S—a’ﬁ )Qm} converges
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to I((Ta’ﬁ)f in Lga’ﬁ). There is a subsequence {Iﬁa’ﬁ)Qmj} convergent to Ic(,a’ﬁ)f a.e. on [—1,1].

Therefore, g = Iﬁ”‘ﬂ ) f.
Let f be a polynomial, i.e.,

f = Z Ckl)[)](ga’ﬁ)7
k=0

where ¢, = féa’ﬁ) and ck =0 for k > deg(f).

Case 1. Consider a > a, ¢ > 2. More precisely, under assumption of the theorem, the
following relations are possible: a > a and ¢ > 2 or a = a and g > 2.

Now, we define a; and p;. If a > a, then we set

qo — 2a

Q)] = )

q—2
aq a op—a 1/1 1
— =—-+ +=-{-——].
PP 2 2 D1
200 +1  2a+1 2(a—a)
= +
p1 p q—2

(2a1+2)<i—1>+1—i:(2a+2)<1—3>. (2.9)

p1 q p D1 p q
Notice that condition a > @ implies that «; > max{a,«,0} and p < p; < q.
If @ = a, then we set a1 = «, p1 = p.

In this case, we have

and

We divide the rest of the proof in Case 1 into three steps.

Step 1.1. We apply Theorem [T with (7,5) = (p1,p), (@,B8) = (o1,m), (7.6) = (a,5),
(Eva):(aab), h =0, S—Ul_l_i and

p p1’

Then we have @ = aq,

b b — 1/1 1 2(a — b) — —
_:_+a1 B+_<___> :ﬂ_ (CL ) p(Oé 5)7 (210)
pL P 2 2\p m P1 2p
1 b+ 1
:a+ - a, B:L—

Therefore, under condition (2.7)) for any p € (0,1), we obtain the inequality

a1, —o1 a1,
60+ZP (Aere) T gy < Clfllp sty (2.11)
p1,(01,b)
where C' is independent of f and p. Since f is a polynomial, the sum is finite, and we can
rewrite (211 as
0417041 (a1,01) <C
co + Z Ck"lzz)k X ||f||p,(a,b)'
p1,(a1,b)
Relations (Z5]) and (ZI0) show that aj > b, and hence,
co + Z < al,&l)) c w Oél,O!l S C”f”p,(a,b)' (212)
p1,(a1,a1)
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Step 1.2. In view of (2.6) and (Z3), we have
1 1
o—o1 = (201 + 2) <———>,

b1 ¢

a1,01)

we can apply Theorem [D] for the pair of spaces L(al’al) and L(

co + i <)\I(€a1,a1)>—0 ckwl(fahal)
k=1

to get

co + Z < (a,01 > ckw,gal’al)

p1,(a1,01)

(2.13)

Step 1.3. We use Theorem [C]once again with (7,p) = (¢,q), (@, 3) = (a, B), (7,6) = (a1, a1),
(¢,d) = (a1,a1), and

q,(Oéth)

ve = (AP Ay

Then s =0, a = ~
é_ﬂ /B_al_é_Q(a_B)_2(a_b)’ (214)
g q 2 2q
and
1 1 1/1
A:B—a1+ —al—a1<——1>—|——<——<——1>—|— <1, [A]=[B]=0
q 2 \¢
We have
o+ Z <)\](€a,ﬁ)>_ Ckwlga,ﬁ) o + Z < (1,01 > w,(fl’al)
k=1 a(a, E) q,(01,00)
Relations (Z5]) and (ZI4]) show that b < b, and hence,
co + Z (A]ga’ﬂ)> & l/J(a A) < b—b co + Z ()\](;x’ﬁ)>_ ckwéa,ﬁ) (2.15)
k=1 Q7(a7b) k=1 ‘L(avg)

Finally, combining (2.12]), (2.13), and (2.15]), we obtain inequality (2.8]).

Case 2. Consider a < a, p < 2. More precisely, under assumption of the theorem, the
following relations are possible: a < a and p <2 or a = a and p < 2.
Now, we define a; and ¢1. If a < a, then we set

2a — pa
2-p

a_ap  a—o 1/1 1
—=—+ +-(——-].
9 @ 2 2\q1 ¢
201 +1  2a+1 2a—a)
= +
Q1 q 2—p

a1 =

)

In this case, we have

and
1 1 1 1 1 1
(2a1+2)<———>+———:(2a—|—2)<———>. (2.16)
P q q 9 P q
Notice that condition o < a implies that ay > max{a,a,0} and p < ¢1 < q.
If « = a, then we set a1 = o, q1 = q.

We can argue similarly to the proof in Case 1 dividing the rest of the proof into three
steps.
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Step 2.1. We are going to use Theorem [Cl with (7,p) = (p,p), (@, 8) = (a1,1), (7,9) =
(o, B), (¢,d) = (a,b), h =0, s =0, and v}, = 1. Then @ = a1,

_ B o B
b_b =B _ar 2Aa—b)—pla—ph) (2.17)
p P 2 P 2p

p p

Therefore, under condition (Z7)) for any p € (0,1), we obtain the inequality

o + Z prowp ™ < Clfllp,(a.b)s (2.18)

p7(a17l_7)
where C' does not depend on f and p. Since f is a polynomial, the sum is finite. Taking into
account (23] and (2.I7T), we conclude that o > b, and hence, and we can rewrite (ZI8]) as

o+ Z ert < N f - (2.19)

p,(a1,a1)

Step 2.2. Set 01 =0 — (— - —) In view of (2.6) and (2.16]), we have

q
1 1

0'12(20414-1) <———>.
P ¢

We can apply Theorem [D] for the pair of spaces L( 19 and L(al’al) to get

o+ Z < (a1,01 > Ckwlgal,al) co + ZC ¢(alva1

Step 2.3. We use Theorem [Clonce again with (g,p) = (¢,q1), (@, 8) = (o, 8), (7,6) = (a1, 1),
(¢,d) = (a1,0q), and

(2.20)

Q1,(0617061) p,(a1,a1)

Vg = <)\](f,ﬁ)>—(0—ol) <)\(a1,a1)/)\](€a7g))01

Hence, §=0—-01=_—,a=a,
b a1 B-a 1<1 1) b qla—pB)—2(a—0)
b_o LY (R : 2.21
¢ @ 2 2\a1 g q 2q (221)
and
1 1 1 171 1
A:B:a1+ —ap = <——1>+—<—— (——1>+—<1, [A] = [B] = 0.
@ ¢ ¢ 2\q ¢
We have
co+ Z <)\]E:a7ﬁ)>_ Ckwl(ga’ﬁ) <C co + Z <)\]E:0417041)) ! c w(al,al)
k=1 Q7(a75) k=1 q17(0ll,0ll)
Taking into account (Z.5) and (Z2I]), we see that b < b, and hence,
co + Z <)\,(f’ﬁ)>_ ck%(ga’ﬁ) <20 b co+ Z ()\,(f’ﬁ)>_ ckﬂ),(f’ﬁ) (2.22)
k=1 a,(a,b) k=1 a,(a,b)

Finally, combining (Z19)), (220, and ([2:22]), we obtain inequality (2.8]).



10 POLINA GLAZYRINA AND SERGEY TIKHONOV

3. Ulyanov-type inequalities for K-functionals

Definitions and facts, given in this section and in the next one, are based on the books
[14], 16]; see also [8], 10] and the recent survey [11].
In this section, we assume that 1 <p < o0, a,b > —1, o, 8 > —1 and

1 b+1
N T A (3.1)
p p
Then, since LI(,a’b) C Lga’ﬁ ), the Fourier-Jacobi expansion (L3]) is well-defined for any

feryt
Denote by II,, the set of all algebraic polynomials of degree at most n, II = U,>ollL,.
Let Py = Pu(f)p(ap)s Pns € Iln, be a near best polynomial approximant of a function

fe LI(,a’b), that is,
||f - Pn,pr,(a,b) < CEn(f)p,(a,b)) En(f)p,(a,b) = inf {Hf - PHp,(a,b) : Pe Hn} . (32)

The K-functional corresponding to the differential operator D@F) and a real positive
number 7 is defined by

K (£, D7, 0 0y = 0t {11 = gllpapy + € 1DVl any s g€ WS} (33)

(see [10, (1.9)]), where W;’((j’lg) = {g 2 g, D,(a’ﬁ)g € LI(,a’b)}. The following realization result

holds:
KT ( £,D(B) 1 /n)

It is a corollary of Theorem 6.2 in [10]. To apply this theorem, we have to show that the
Cesaro operator CY given by

Cu(f) =§n: (1-55) (1- sk5) -+ (1 ) Fapl?

k=0

p,(a,b) =N f = Pasllp. ) + n_r||D£a’ﬁ)Pn,f||p,(a,b)’ l<p<oo. (34)

is bounded in LI(,a’b) for some ¢. This fact is mentioned in [8] Sec. 3]. Moreover, from [18]
Theorem 1.10, p. 4] (see also [8, Theorem M]) it easily follows that the operator C% is bounded

in Léa’b) for any

€>max{‘@—a—l

)

2(b+1)
gy,

2(a+1 2(b+1
et gL L] 2 gL 20— ) — (a— )|}
Note that one can equivalently consider the boundedness of the Riesz means, see [22] Theo-
rem 3.19].
Now we formulate and prove the main result — Ulyanov type inequality for K-functionals
with Jacobi weights. Theorem [3] contains Theorem [I stated in Introduction, as a particular
case.

THEOREM 3. Let 1 < p < g < 00 and r > 0. Suppose that o, > —1, a = b > —1,
a > —1/2, inequalities B1I) hold, and either (o, 8) = (a,b), or

pla—B) < 2(a—b) < qla = p),
anda=a, ora>a,q>2, ora<a,p<2.

Suppose also that
1 1
a:@a+m<___>.
p q
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Iff e LI(,“’b) and

L, N 7 du
/ ( JKH_J(f ID7(«+£ ’ )p7(a,b)> — <,
; U

then f € L((Ia’b) and

r « ¢ — r 7 du Ha
K (10 0 < © ([ (k0D ) ) 69)

u

Theorem [] extends the results of [13, Theorem 11.2] and [24, Section 3.3.1] in two
directions. First, our estimate involves the K-functional of order r + o, i.e., we get the sharp
estimate. Second, we consider the case when (o, 8) # (a,b). We also remark that the sharp
Ulyanov inequality for functions on S~ was recently proved in [25].

ProoOF. Using monotonicity properties of the K-functional, it is enough to verify inequal-
ity (B5) for ¢t = 1/n, n € N. We have

Kr(fypf*aﬁ 1/n)q(ab (Hf P,f“q a,b) +n THD(QB nf“q ab) (3'6)

where P, 5 is given by (3.2)). To estimate the first term, we apply [13, Theorem 4.1, (4.6)’]
to get

00 1/q
If— Pn,f”q,(a,b) <C <Z qu_l”f - Pk,f”g,,(a,b)) .
k=n
In view of the realization result (3.4]), we obtain
0o 1/q
Hf_meHq,(a,b) <C (Z k1o~ 1Hf By f”p (ab)
k=n
00 1/q
c (Z R KT (£, DD 1/ k) >)
k=n
t (@.8) q du 1/q
<C (/ (u_UKT—l—cr(f, ’DH_J , )p,(a,b)) —> .
0 u

To estimate the second term in (3.6]), we use Theorem D or Theorem 2] depending on whether

(@, B) = (a,b) or (e, B) # (a,b):

PR < )

To complete the proof of ([B.5]), we have

DI P, S OnTET DD 1 )

1/n

u

1/q
neKTte —0 prr+o ¢ du
K + (f Dr+o 71/n)p (ab) X < C (/ < K * (f Dr—l—o ) ) ,(a,b)) _> .

1/2n

4. Ulyanov-type inequalities for Ditzian—Totik moduli of smoothness
The (global) weighted modulus of smoothness of order r > 1 is given by
Wi (s )p(a) = Qo (f5 Dp,(ad) +Pelﬁf,1 |(f—P wHLp[—l,—1+4k2t2}

+ b (= Plwllr, p-aze, v,



12 POLINA GLAZYRINA AND SERGEY TIKHONOV

where w = (w(“’b))l/p

QG (ft)p,(ab) —OSUPtHAhgowaL,,[ 144k262, 1—4K212)
<

\

and
T

T ifT r—21
ol @) =310 (])f (a4 52 o(w)
=0
Note that (see [16], (2.5.7)]) this definition is equivalent to the one given in [14, Chapter 6,
Appendix B].

Let K (f, t)p,(ap)> T €N, be the K-functional for the pair of spaces <L§,a’b),W£(a b)),

where W; (a.b) consists of functions g € LI(,a’b) such that ¢("=1) € ACy,. and ¢"¢g(") € LI(,a’b)
(see [14], (6.1.1))):

K3 Ontaty = 08 {17 = gl + 11670 ey * 9. € Wiy b (4.1)

It is known that K7 (f, 1), (a5) < Wi(ft)p,(ap) for a,b > 0; see [14] Theorem 6.1.1]. Moreover,
we have the following realization result

W (F pan) < NF = Pasllpary + 16" P ey, [/ =m0 (4.2)

The proof of this equivalence (cf. [12]) is based on the Jackson-type inequality and the
estimate of t’"||g0’"1[)(’")||p,(a,b) via Wi (f,t)p,ap) (the Nikolskii-Stechkin type inequality). The
Jackson-type inequality was obtained in [14], Theorem 7.2.1] for the unweighted case and in
[16, Sec. 2.5.2, (2.5.17)] for the weighted case. The unweighted version of the Nikolskii—
Stechkin type inequality was proved in [14], Theorem 7.3.1]. This argument can be used to
show the weighted version.

The relation between K-functionals (A1) and ([B.3)) in the case when r is positive integer
follows from Corollary 2 below. Note that the case («, 3) = (a,b) is due to Dai and Ditzian
[8, Theorem 7.1] and is based on the Muckenhoupt transplantation theorem. We follow the
idea of their proof and first obtain the following result.

THEOREM 4. Let 1 < p < oo, 1 be a positive integer, and a, b, a, 5 > —1 be such that
@BI) holds. Then there exists a constant C such that for any Q € II, we have

@l

o (0= 5200)] <€

CHD " QH (a,b) (43)

Q")

, 4.4
p,(a,b) (4.4

where S,(ﬁ’f)Q is the (r — 1)-th partial sum of the Fourier—Jacobi expansion of @Q, i.e.,
r—1
(_f)@ _ Z Ql(gaﬂ)w( B)
k=0

PROOF. The proof of ([@3]) and (4 is based on Theorem [Cl Since @,(f’ﬁ ) =0 starting
from certain k, we obtain

DN = 3 (W) A uet = 30 (e) 2y
k=1 =1-

k=1-—r

Q(r Z A Q(aﬁ a+r B+7) Z )\k+rQ1(3,_f (a+r,B+T) ’
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where
M = Ala, Byr) = A& p et L),

To prove inequality ([&3)), we apply Theorem [C with (7,7) = (p,p), (@, B) = (a + 7,8 +7),
#,6) = (a, B), (¢,d) = (a,b), h = —r, and

ve =M/ (M)
Then s = 0, (a,b) = (a +pr/2,b+pr/2), A=(a+1)/p—a, and B= (b+1)/p— 3. On

account of ([B1]), we conclude that A < 1, B < 1, and therefore, all conditions of Theorem
are satisfied. Hence, we get

( e Q™

Let us now obtain (£4]). We remark that g = D) (Q — (a’ﬁ )Q> is a polynomial and

= HQ(r)

<l

p,(a,b) p,(a+pr/2,b+pr/2)

its Fourier—Jacobi coefficients satisfy g,(ga B = 0 for 0 < k <r—1. We apply Theorem [C] with
#,9) = (p.p), (@,B) = (@, B), (7,0) = (a+r,+7), (¢,d) = (a+pr/2,b+pr/2), h =7, and

Vi = (A,ia’g))r [ Ak

Then s =0, (@,b) = (a,b), A=(a+1)/p—a—r/2<1l,and B=(b+1)/p—B—1/2 <1
Therefore, all conditions of Theorem [C] are satisfied, and we arrive at

HtDﬁa’ﬁ) (Q N Sﬁi’f)Q) pr(a»b) s¢ HQ(T) p,(a+pr/2,b+pr/2) =¢ ‘ (’DTQ(T)

p.(ab)
O

COROLLARY 2. Under assumptions of Theorem[d], there exists a constant C such that for
(a,b)
and t € (0,ty) we have

any f € Ly
K5 (£ o) < CK (£, D, ), 0y (4.5)
and
Kr(szDﬁa,ﬁ )p (ab) (Kr(f t)p (a,b) +tTHpr (ab)
PRrROOF. First, (£3]) and the realization result (£2) yield that
KL (f. () < IF = Pagllpasy + 16" P H )
C (IF = Pusllpan + 1P Pogllpan ) < CK (£ DD, ), (0,

which is (4.5).
Second, under condition (B.I), the operator A : II — II,_; given by

4@ =D05,20Q
is bounded in LI(,a’b), ie.,
1D S D Q) < C0a, b, B,7)Qllp (ap)- (4.6)

Using this, we obtain

Kr(fa Dﬁa’ﬁ)vt)p,(a,b) < Hf - Pn,f”p,(a,b) + tTH,DSQ’ﬁ)Pn,f”p,(a,b)
<F = Paglipap) + 1D (Po g = S0 Po )llp ey + 7 I1IDSD S D Byt -
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Finally, (£4)) and (£8]) imply

K"(f,Dl*P) ¢ pab) < C(”f_PThf”p,(a,b)+t_TH90T r(:])””p,(a,b)+tTHPn,pr,(a,b)>

< C(EL(tp ) T 1 f )
O

It is proved in [13, Theorem 11.2] that for f € L,, 0 < p < ¢ < 0o, and integer r > 1 the
following Ulyanov-type inequality holds:

i, <c|f (o (f )

< o0
where q; = {q, a , 0=2 <l — —) The next theorem refines this result.

@ d_’LL:| /q1

1, g=o0 P

THEOREM 5. Let 1 <p<qg<oo,a=b20,r be a positive integer, and

1 1
=(2a+2)(---).
( ) <p Q>
Suppose that f € L,(,a’b) and

1
o, r+[o] a d_u
/0 (u We (f7 ) ,(a,b) ) U < 0.

Then f € L((Ia’b) and

t, a dult®
w; (f7 t)q,(a,b) <C |:/0 <’LL Uwr—i_ (fa ) ) ;:| + CtrEr—l(f)p,(a,b)v (47)

where

{q, q < o9,
q =
1, q=o0.

REMARK. (A). In particular, (7)) implies

t d /¢
sty <o| [ )™ 2] v org ),

When%—%>%,1gp<q<oo,and

/ 2t fu)ld——l—Ctr E.—1(f)h-

(B). Corollary 2l shows that for 1 < p < ¢ < co and positive integer o Theorem [ follows
from Theorem [3

PrOOF. The proof is similar to the proof of Theorem [Bl The only substantial difference
is that we use Lemma [I] instead of Theorem D and Theorem [2

Using monotonicity properties of the moduli of smoothness, it is enough to verify inequal-
ity (£1) for t = 1/n, Where n is a positive integer. Let P, ; be defined by (3.2]). Taking into
account that wy(f, t) K7 (ft)q,(ab), We obtain

W (f, t>q<ab C (IF = Puslaaty + 716 P g o) - (4.8)
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To estimate the first term, we apply Theorem 4.1 from [13]. Assumption (4.3) of this
theorem is exactly the Nikol’skii inequality
+2)(L-1
”Pan,(a,b) < Cn( ¢ ( )HP ”p a,b)» Pn S Hna

where C' = C(p, q,a,b), proved in [9, Theorem 4] (see also [17, Ch. 6, Theorem 1.8.4, 1.8.5]).
Therefore, we have

/q1
1f = Po,fllq,ad) <qulg f - Pkaqlab) -

k=n
Applying ([£2]) and replacing the sum by the integral, we get

1/q1
Hf Panq(ab (quuj 1||f Pkaqlab)

k=n

1/q1
<C (Z Eno—1 T’+[0](f, 1/1€)p (@) )

k=n

t /¢
o, r+lo] @ du
<C</0 (U We (f7 )p(ab) u> .

To estimate the second term in (L8)), we use Lemma [Tt

rpln) _ H "(P, — P._ (r)H <P, — P._ n H r+2lo]=o p(r-+[o) ‘ ‘
le 2. oy =l W I @) + || .
Further we need the following two-weight inequality proved in [9, Theorem 4]:
r+2[o]—o p(r+[a]) < O nolol||prtlel plr+lol) )

‘ v m p,(a,b) ¢ " p,(a,b)

Therefore, using monotonicity properties of moduli of smoothness, we get
n" QDT+2[U]_0P7(LT+[0D o < C now;—l-[cr] (f, 1/n)p,(a b
1/Q1
1/n
< C / <u w el f, Wp,( )ql du .
1/2n u

To complete the proof we note that [P, — Pr—1llp,(ap) < 2Er—1(f)p,(a,0)- O
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