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Abstract

The so-callled Jackiw-Pi (JP) model for massive vector fields is a three dimensional,
gauge invariant and parity preserving model which was discussed in several contexts. In
this paper we have discussed its quantum aspects through the introduction of Planck
scale objects, i.e., via noncommutativity and the well known BV quantization. Namely,
we have constructed the JP noncommutative space-time version and we have provided
the BV quantization of the commutative JP model and we have discussed its features.
The noncommutativity has introduced interesting new objects in JP’s Planck scale frame-
work. The anomaly issue was discussed.
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1 Introduction

Three dimensional gauge theories attract many physicist for various reasons especially because
they describe the dynamical processes that are confined to a plane in the presence of external
sources (such as magnetic fields, cosmic strings) perpendicular to the plane, and also because
they produce the static properties of four-dimensional systems in equilibrium with a high
temperature heat source. In the condensed matter physics, they describe the topological
order in fractional quantum Hall effect states. An important point is whether the apparently
massless gauge theory possesses a real mass gap. With a careful analysis one can see that the
gauge coupling constant squared carries dimension of mass, thereby providing a natural mass-
scale (similar to the two-dimensional Schwinger model) [1]. Also, without a mass gap, the
perturbative expansion is IR divergent, so if the theory must have a perturbative definition,
IR divergences have to be screened, thereby providing evidence for magnetic screening in the
(341)-dimensional gauge theory at high temperature.

The Chern-Simons term is a topological theory of Schwarz type and when is added to
the three-dimensional Yang-Mills action, renders the fields massive, while preserving gauge
invariance. However, the drawback of the Chern-Simons topological mass term is the violation
of parity-invariance, due to the presence of the e**?-tensor. A trivial way of keeping parity
with this mass generation mechanism is through the doublet mechanism. Consider a pair of
identical Yang-Mills actions, each supplemented with their own Chern-Simons term, which
enters with opposite signs. The parity transformation is defined to include field exchange
together with the coordinate reflection, and this is a symmetry of the doubled theory. Using
this method Jackiw and Pi in a seminal paper [1] have suggested a theory for massive vector
fields, which is gauge invariant and parity preserving in the same time. This theory is gauge
invariant, but has non-Yang-Mills dynamics. Although formal quantization of the model can
be carried out, developing a perturbative calculational method encounters some difficulties.

The consistency of physical states of different types of Jackiw - Pi model was studied using
the Hamiltonian formalism for the constrained systems [2], and classical symmetries using the
algebraic non-perturbative method were obtained in the BRST formulation [3]. Moreover,
the (anti)BRST-symmetry of JP-model was analyzed in [5] by means of the Bonora-Tonin
superfield formalism [4]. The classical characteristics of the model, such as BRST invariance,
gauge-fixing, and Slavnov-Taylor identity were studied in [6]. In the Hamiltonian analysis
of the 3D Schouten-ghost-free gravity, Deser, Ertl and Grumiller [7] have demonstrated the
presence of bifurcation effect, namely, a conflict between two local gauge invariances. It is
conjectured that such a bifurcation effect would appear in the JP model, since it conforms
two local invariances. The importance of JP-model also can be found in a different context.
It is conjectured that the superalgebra OSp(32|1) is the full symmetry group of M-theory
[8]. It was showed in [9] that Chern - Simons theory for the superalgebra OSp(32|1) contains
the so-called M-theory matrix models. Therefore the mentioned advantage of JP-model over
Chern-Simons theory mandates construction a supersymmetric generalization of the original
JP-model [10]. An extension of the JP model with the inclusion of a new kinetic term was
studied in [10].

As the JP model is non-Abelian, we can not construct its noncommutative (NC) coun-
terpart by simply substituting the dot product by the star one and using the Seiberg-Witten
(SW) map. Generally in the common method one assumes U(1) as the gauge group [11].



Although it must be mentioned that U(N) is a non-Abelian group but we can analyze it by
the standard method. But for an arbitrary gauge group the commutation of two gauge trans-
formations is not another gauge transformation of the same group [12]. It will be closed in
only the enveloping algebra of the original algebra.

Here we try to construct the NC counterpart of the model proposed by Jackiw and Pi for an
arbitrary gauge group using the enveloping algebra of the original algebra. For this reason we
have used a method elaborated by J. Wess et al. [12]. The generalization of this method to
higher order term of NC parameter can be found in a work done by Ulker et al. [13]. In this
work we have just proceeded up to the first order term in our calculations.

The Batalin-Vilkovisky (BV) or field-antifield formalism [14] is until now the most complete
method to deal with quantum gauge field theory. In fact, it is a generalization of the BRST
formalism [15, 16] that includes the antifields sources into the action. In fact, when sources of
the BRST transformations are introduced into the configuration space, the BRST approach
resembles the field-antifield one [17]. Antifields then, have a simple interpretation: they are
the sources for BRST transformations. In this sense, the field-antifield formalism is a general
method for dealing with gauge theories within the context of standard field theory. One of
the reasons that the theoretical physicists are interested in a BRST invariant action is that it
leads to Slavnov-Taylor identities from which one may study unitarity and renormalizability.
Among the different BRST approaches, the BV formalism has the advantage of treating all
quantum systems (with/without open algebras, with/without ghosts for ghosts) in a unified
procedure. This demonstrates the essential features more clearly, and that, in turn, might be
helpful in quantizing complicated systems, such as the heterotic string or closed-string field
theory.

The general structure of the field-antifield formalism can be resumed as follows. Firstly, one
introduces an antifield for each field and ghost, thereby doubling the total number of original
fields. After that the antibracket ( , ) is defined in such a way that is an odd non-degenerate
symplectic form on the doubled space of fields and antifields. The original classical action S
is extended to a new (classical) action S, in a completely unique way, to arrive at a theory
with manifest BRST symmetry. One expression, the master equation (.5,.5) = 0, reproduces
in a compact way the gauge structure of the original theory described by Sy. Although the
master equation resembles the Zinn-Justin equation, the content of both theories is different
since S is a functional of quantum fields and antifields but the Zinn-Justin equation (I') is a
functional of just classical fields.

In this work after studying carefully the gauge structure of Jackiw-Pi (JP) model, we will
construct the corresponding BV action for the U (1)« U(1) x U(1) x SU(N) gauge group. It is
obvious that the quantization of this gauge group is possible via BRST approach but we have
hired the BV formalism for having better understanding of its symmetries. Also gauge fixing
is simpler in this formalism and moreover the BV action is ready for quantization and study
of anomalies.

The issues dealt in this paper follows the sequence such that in section 2 we have discussed
the JP model and its NC version was constructed in section 3. Concerning quantization, we
have carried out the field-antifield of the extended JP model in section 4. The conclusions
are depicted in section 5. In order to try to keep the paper self-contained, we have added two
Appendices with brief reviews of the SW mapping and the basics of the BV quantization.



2 The Jackiw-Pi Theory

The JP model is a non-Abelian gauge invariant, massive, parity preserving theory governed
by the Lagrangian [1]

1 1
S=1Tr / dPx <§F‘“’FW + 5 GG meﬂ”pFWasp) (1)

where A, and ¢, are vector bosonic fields and m is a mass parameter. The 2-form curvature
F® = gA® (A(l) /\A(l)) = o (da# N dx¥) F,y,, T defines the curvature tensor Fj, =
Ay — i[A,, A for the non-Abelian 1-form AW = dz,A* T* gauge field 4, = A,,T°
where d = dz"0, is the exterior derivative (with d?> = 0). Similarly, another 2-form G* =
dpM) — i (A(l) A gb(l)) —1 (gb(l) A A(l)) = 5 (da# AN da") Gopy T defines the curvature tensor
G = D¢, — D¢, corresponding to 1-form ¢! = date,, T* vector field ¢, = ¢4, 7. In the
above, the vector fields A, and ¢, have opposite parity, thus the JP model becomes parity
invariant. In the this classical theory in commutative spacetime the fields are Lie algebra-
valued U = U*T* but in the NC spacetime for an arbitrary gauge group, as it was mentioned
before, this property will be lost.
This theory is invariant under the non-Abelian transformation

S9A, = D0 (2)
59¢u - _i[QSua 9] (3)

The Lie algebra of the generators for the symmetry group of A, is given by
Q.Q" =i (4)

where the vector potential A,, is the connection associated with this group. The gauge group
of ¢, is Abelian and its generators are symmetric matrices with the same number of generators
as A, and they obey the following commutation relationship

[P, P =o0. (5)
Also, it is assumed that the generators of these two algebra satisfy the following relation
[Cga7 Pb} — Z»fabcpc' (6)

In the case of su(n), the generators of the Lie algebra are traceless and Hermitian matrices.
Also we will assume that the generators P® are symmetric matrices.
By turning the coupling to,

S, = S(coupling constant=0) (7)

the action in Eq. (1) reduces to an action which is invariant under two different Abelian
transformations

SpA, = 00 ; S, =0
6‘12AH = 0 3 5q2¢u:8H£. (8)
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For the Green functions generating functional (or in partition function) we just need the
gauge fixing terms for its gauge symmetries of the Eq. (2). However, the propagators will be
calculated in terms of a quadratic action Eq. (7) which still possesses the gauge symmetry of
the Eq. (8), i.e., the gauge fixing of the non-Abelian action will not be enough to eliminate
the superficial fields in Eq. (7) which are essential to define finite propagators.

A general quantization procedure of the theories whose gauge symmetries are in the
quadratic and the full cases are not consistent, is not available yet [2]. Jackiw and Pi proposed
to enlarge the configuration space by introducing the new fields p and to deal with the action
(Extended JP model)

1 1
St = Tr [ P (SF™ By 5 (G = [, p]) (Goos = 1 [Fuws ) = me " Fruidy ) (9)

which is invariant under two different type of non-Abelian transformations

5gA, = D,0
Yang-Mills ¢ dp¢,, = —i[¢,, 0] (10)
dpp = —ilp, 0]
and
0A,=0
Non-Yang-Mills ¢ 0,0, = D,x (11)
oxp = —X

The additional scalar field p transforms under the first gauge transformation as an adjoint
vector while the second one applies a shift.

In this work we have just discussed the NC version of JP model. The analysis of the
JP-extended is in the progress and will be reported in a future work.

3 Noncommutative Jackiw-Pi model

The NC version of original JP model will be written as
~ 1~ ~ 14 ~ ~ ~

In similarity with commutative spacetime, the following definitions in the NC space-time are
claimed as

E,=0,A, —0,A, —i[A, A), (13)
é;w = f)quu - f)uéu (14)
ﬁquu = quu - i[leua (ﬁu]* (15)

where [A, B], = Ax B — B A as before. By using the definition of MW star product, up to
the first order, we have

4, B, = [A, B] + %eij{aiA, 9,B). (16)
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It is worthy to mention again that in a general NC space-time the objects inside the above
anticommutator take value in the universal enveloping algebra, U (su(n)).

According to the SW map the gauge transformations are form-invariant, just the fields and
operators must be reformulated in NC spacetime. In the other words

(4= D=0 4.0 -
56¢u = _i[¢u> 9]*
and
5 A, =0
. L) e 18
{ OxOu = DuX = 0,X — i[Au, Xs (18)

The action has three parts that must be mapped to commutative spacetime. The Yang-
Mills term, dynamical/interaction term of ¢, and the third one is a Chern-Simons like term.
As we saw earlier, the SW map gives us a way to express the variables of NC spacetime in
terms of commutative ones up to some freedom. Mapping of the Yang-Mills, term up to the
first order, is driven by integration of relation (75) and the result is [12]

1 A A 1 A A
STr [ B s Bud'e = ST [ BB (19)
1 1
= ST / d’x (F“”FW — §9k’FleWF’“’ - QMFMFWF’“’> :

The vector field ¢, transforms in adjoint representation of the gauge group. So the SW
map tells us that, up to the first order, this field can be expressed as

A~

b = Ou— iepa{Am 0o + Dot}
O + 00, (20)

where D, o =0, e —i[A,, e|.
The second term of action (12) is more complicated and needs more attention. Using the
SW map this term can be written as

%Tr/d?’:c G *CA?W = %Tr/dsx(ﬁ“gf;” - ﬁycf;“) * (ﬁmf;u - ﬁuéu) (21)
= %TT / d*x(D'¢” + D¢ — D¢t — D¢')
#(Dydy + Do), — Dyt — Dy, ).
The covariant derivative in the above expression is given by

RS

Du¢u = D,u¢1/ - Z[A;lu (bu} + 7{8QAW 8ﬁ¢v} (22)



where AL is the first term of the expansion of NC field flu in terms of commutative fields, as
we saw in Eq. (73). By plugging in the expanded covariant derivative in Eq. (21) we obtain

1 N
§Tr/}ﬁxuﬁﬂ)*(am) (23)
1 b
= T / d*x(D"¢" Dy, — iD'¢" [ A}, 6] + TD%”{@QAH, sy | + D'¢" Dy,
- 1% eaﬁ 1% 1%
— D'¢'Dyy —iD"O" | A} 8] + - D' {0uy 050, } — D"9" Dy,
+ D'¢ Dy, — D'¢" Dy, — i A%, 8| Dui, +i| A, 6" | D,
gos gos
5 10aA", 050" } Dy, — =5-{ 0. A", 056" } D, 0,
. 6P
— D'¢"Dyd, +iD 0" (A, 6] — =D 0uAy 030, | — D¢ D,
. s
+ D'¢"Dyg, +iD"¢"[A}, du] — TD”qb“{ﬁaA,,, sy} + D'¢" Dy,
After doing some algebra the above expression can be simplified as
1 A v A
ST / P (G % (G) = (24)
1 3 g 1 n v . p v eaﬁ %
ST [ (G G + 3G, DI — G [A, 6] + =G {8QAH,85¢,,})

where G}, = D,¢,, — D,¢,,. The above expression can be rewritten solely in terms of ordinary
fields of commutative theory,

%TT [ G x ()
_ %TT [ & {GWGW g (DMA,, (0 + D) by — %aaAuaﬁqsy)} (25)
According to the SW map, the Chern-Simons like term can be transformed as
mTr/d% PE, *d, = mTr/d% PR L0, (26)
= mTre"? / d*x (FH,, + Fﬁ,}) (qﬁ,) + qﬁ}))
= mTre™ [ Az (Fud, + Flyop + Fudh).
This expression can also be rewritten just in terms of variables of the original theory
mTT/dgz e””pﬁ’w,*gzgp = mTre“"p/d?’x (F,ngp (27)

+ 67 (FuaFuﬁ¢p T iFﬂ”{(b’” (05 + Dﬁ)AaD)'



The NC JP theory is given by adding up Eqs.(19), (25) and (27)
S = Tr / d*x {%F‘“’ N %@”V * Gy — mePE,, x ngSp} (28)
- S5+ %Tr / d3x< - %HaﬁFagFWF‘“’ 0P F, By s
— 3prGe (DMAP (0 + D) 6, — %(%Au(‘)@gby)
+ 0% (FuaFupd, + iFW{cbp, (95 + DB)AQ}))

where S is the standard JP model form 8 = 0, i.e., S( = 0) = S.

This complete O (8') noncommutative JP theory contains vertices, with a higher number
of gauge bosons, that are absent in the original theory and from the phenomenological point of
view these two Lagrangian produce different interactions. We have not included explicitly the
structure constants in our analysis so one can not discuss the perturbation expansion of the NC
theory. For a future work, we are going to add fermionic matter field in the theory with explicit
structure constants and we will analyze its perturbative expansion and the phenomenological
aspects of both theories.

4 Field-antifield treatment of extended Jackiw-Pi model

According to gauge transformations, Eqs. (10) and (11) the gauge structure of extended JP
model can be expressed in a compact form W' = R’ &® or

0A, D, 0 0
0Py = [¢u>o] D, < Y ) . (29)
5p [pv O] —1

The dynamical variables of the model, i.e., A,, ¢, and p are bosonic fields so their Grass-
mann parity is ¢, = 0. The gauge parameters 6 and y also are bosonic variables hence their
Grassmann parity is €, = 0.

For the first step we have to calculate the commutation of two gauge transformations. For
the gauge field A, we have

(61, 02 A} = 907, + [ AT, = Dyt (30)

where 0, = f°*0505. For the vector field ¢, one finds

(01, 8] 6 = fo s (f0505) + Dyt (F* 05 + f05x3) (31)
Additionally for the scalar field p, we yield
(61, 80] p" = 0" (free0505) — (X305 + FO5xS) (32)

As we can see from the commutations of fields, the gauge algebra of the extended JP model
is closed and all of E/; are equal to zero. In other words, there is not any term dependent
on the equation of motion. The next step would be to determine the structure constants of
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the gauge algebra according to Eq. (84). As an interesting result we find that the non-zero
structure constant of all the above commutations are the same and are equal to T, = fabe.

Now we have the enough ingredients to construct the field-antifield action for the theory
at hand as

SBV _ SO +A;aDuab§b + QSZCL (fabc¢ub€c + Duabnb) _l_p*a (fabcpbgc . na) (33)
+ n*afabcgcgb + g*afabcncgb (34)
where £ and 7 are ghost fields related to the gauge parameters 6 and y, respectively. The

Grassmann parity of these ghosts is € (£) = €(n) = 1. The ghost numbers of the variables of
action Spy are

gh[A4,] =gh[¢,] =gh[p] =0, ghl¢] =gh[n] =1,
gh [Ar] = gh [¢}] = gh[p"] = —1, gh[¢] = gh[n"] = —2. (35)

Before quantization we have to fix the gauge degrees of freedom. To realize this we go to a
gauge-fixed basis by introducing a fermionic function with the ghost number equal to gh [©] =

—1 and Grassmann parity € (0) = —1, as mentioned before. Without lost of generality we
suggest the fermionic function
_ 3,. ¢ca m a —a W a
0= [dg (—ZJF&“ALL) +i] <—2—7,+aﬂ¢“> (36)

where £% and 7* are Faddeev-Popov antighost fields related to the ghosts ¢* and n® with
statistics and ghost number equal to

€(§) =em) =1, gh[¢"] = gh[7] = —1. (37)

It should be mentioned that the final result of a quantization process is independent of
gauge fixing. Together with the Faddeev-Popov antighost, we have introduced the Nakanishi-
Lautrup fields (7% &%) to our minimal set to eliminate antighost fields with the following
properties

e(w*) =e(m) =0, gh (0] = gh[7%] = 0. (38)

It is necessary to include the antifields associated to these new auxiliary fields with the fol-
lowing properties

e(€7) =)
€ (—*a) € (7—1_*01)

The minimal set together with these new auxiliary fields constitute the so-called non-minimal
set. The non-minimal extension of BV action reads

0, gh [¢*] = gh[7] =0,
1, gh [0*] = gh [7™] = —1. (39)

S

SBV—nm = SBV + g*a,]—_ra + ﬁ*aa}a (40)
By employing the Gaussian-averaging gauge-fixing procedure we have

. 00

A= Fga (41)
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With this choice we can eliminate the antifields via Eqgs. (36) and (41)

T a

w

Al = —a1e", N = —2—7, + 0"y,

o =—0"", =0,

C*a T a *Q

5 = _a + auA;u no= 07

e =0, (42)

Finally we obtain the gauge-fixed quantized-ready action for extended JP model

S@ :SO - /d?’x (aﬂéaD,uabé-b - 8,u77a (fabc¢ub£c 4 Duabnb)

—a ﬁa a —Q (Da a
+7 <_5 + 8“AM> +w <—2—7/ + 8“%) ) (43)

The Gaussian integration over auxiliary fields 7 and @ can be performed for Eq. (43) to give

]' 1 apy a 1 apv - v a a - a 1 a Ja
S®—>_Z/d3x<§Fquu+§(Gu —Z[F'u,p] )(G“V_Z[F,ullvp] )_meupr ¢p

_ /
+ 0, DI — 0" (F W + D) + 20" AR AL + %aw;a%g) (44)

which is very similar to the Yang-Mills action fixed in the R, gauge. The case v =" = 11is
the Feynman gauge. When ~,~7" — oo, the 7 and @ dependence in © of Eq. (36) disappears
and the Landau gauge "¢y = 0" A}, = 0 is imposed as a delta-function condition.

The gauge-fixed BRST transformations are

Spe AL = D¥E, Ope ) = [ 08°+ Dy,

Opep” = fabcpbfc -, 0Be&” = fabcgb .

6B@na — fabcgb c’ 63(_)5@ — 7}@’

Spei® = & Opem* =0,

dpew® = 0. (45)

The nilpotency of dp, holds off-shell because the original gauge algebra is closed.

The next step would be to discuss the anomalies of this theory and also to calculate
its perturbative expansion and anomalies using the above action. Using this result, we can
compare the anomaly given by the NC JP action through the computation made in [11]. It is
an ongoing research.

5 Conclusions and perspectives

In this work we have discussed the behavior of the JP model under the introduction of Planck
scale elements through two different formalism, the NC one and the BV quantization method.
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The BV action, the gauge fixed action and the BRST transformations were computed. The
Nakanishi-Lautrup field was introduced.

Concerning NCy, the non-Abelian JP model shows that the MW product and the SW
map can be introduced and the final NC version was obtained. As a further step, we can
compute the anomaly of both NC and commutative actions and compare the results with the
mapping for NC anomalies developed in [11]. This is an ongoing research and will be published
elsewhere.
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A Noncommutative gauge theory

Gauge theories are crucially important when they can build a realistic physical model and are
the main ingredients of standard model of particle physics. So, in order to obtain any real
results out of the NC field theory, the notion of gauge symmetry had to be generalized to the
NC setting. Since gauge symmetries are essentially local, generalizing them to the nonlocal
NC spacetime is highly nontrivial.

There are two methods to construct gauge field theories in NC spacetime. The first one
uses the SW map, obtained from string theory [18], which maps a NC gauge theory into a
commutative gauge theory. The second one uses a NC generalization of a gauge group and
the x-product to construct a gauge theory in the framework of NC field theory. Both meth-
ods have been further developed and they offer some flexibility in their approaches. In this
chapter we shall study just the SW method briefly in the case of the constant § and then we
will construct a NC version of a non-Yang-Mills gauge theory with SU(N) gauge group. The
reader with an interest in field theoretical approach can refer to [19, 20, 21, 22, 23|.

Until now we have discussed Lorentz-invariant NC spacetime where the NC parameter is
an operator valued object, but now we will take a look at the cases where the NC space-time
is considered to be the canonical one, i.e. the NC parameter is a real valued constant matrix.
In this type of noncommutativity (NCy) the Lorentz invariance is violated.

For the future use the Moyal-Weyl (MW) x-product and the Moyal bracket® are natu-
rally generalized for the algebra of matrix-valued functions M, «, ® Ay, i.e., for two arbitrary
functions f(z) and g(y) we have

(f (@) *g9()i; = F()ir* g(Y)rs- (46)

The Hermitian conjugation for the algebra M,,y,, ® Ag can be defined by the usual Hermitian
conjugation of matrices ( f (x)T) = ( f (x);l) and by the definition that the x-product behaves
ij

under the operation
(f(x) *g(x))" = g(z)" % f(2)". (47)

in the next section we will talk more about the MW product and it we will show it explicitly.

A.1 The Seiberg-Witten map and universal enveloping algebra

After a quantization process, the open string theory in a constant antisymmetric background
field, with string end points constrained on D-branes, by using the Pauli-Villars and the point-
splitting regularization, one obtains a commutative or NC gauge theory, respectively. The SW
map provides a correspondence between these two gauge theories, which should be equivalent,
since a well-defined quantum theory does not depend on the regularization technique.

The SW map, as originally proposed, is a map between the NC U,(NN) gauge theory,
described by A and A as gauge field and the gauge transformations, respectively and the
corresponding ordinary commutative u(/N)-matrix valued functions A and A. In this approach

3For a review of MW product refer to [31, 32]
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it is argued that, because most of the gauge theories on NC spaces cannot be constructed with
Lie algebra valued infinitesimal gauge transformations, the infinitesimal gauge transformations
should instead, be taken to be enveloping algebra valued. The idea is to bypass the difficulties
in constructing NC gauge groups by letting the generators of the gauge transformations and the
gauge fields to take values in the universal enveloping of the corresponding gauge algebra. The
main problem with this approach is that enveloping algebras are infinite dimensional, which
means that simply the numbers of both gauge transformation parameters and the gauge fields
are infinite.

The gauge transformation parameters and the gauge fields can, however, be defined to be
functions of the corresponding Lie algebra valued objects, i.e., the functions being obtained
through the SW maps, so that their numbers are the same as in the corresponding commutative
gauge theories.

Let us consider the NC version of a gauge theory of a generic non-Abelian gauge algebra,
say the algebra su(n), with the matter fields ¥ and the gauge fields /Alu. The infinitesimal
local gauge transformations are

030 = ipp(A(2)) x 9 (48)
03 A = Ouhw) +i[Aw), A, (49)

where the NC infinitesimal gauge transformation parameter A is valued in a universal envelop-
ing of the gauge algebra U (su(n)) and py is the matter representation of U (su(n)). It should
be noted that there is no gauge symmetry group, since this gauge symmetry is only defined for
infinitesimal gauge transformations?. Generally speaking, the gauge transformation parameter
A cannot be Lie algebra valued, because the commutator of two Lie algebra valued parameters
A= /A\ZTZ and 3 = i]ZTZ does not close in the Lie algebra with the gauge transformations

A A 1 -« ~ 1ra N
AL 8] =5l SN T T+ [A 5] AT T} (50)
* 2 —_ 2 *
ifijkTh 20

Therefore, we have to use the fields and gauge transformations that are U(su(n))-valued.
The gauge fields A, have to be in the adjoint representation of U (su(n)). The gauge covariant
derivative and the field strength are given by

with the gauge transformations

63D = iA(x) x Dy (53)
05w = i |A@), Ful . (54)

4For a U(L) there is nothing like the exponential map that maps a Lie algebra L to a Lie group.
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The gauge invariant action for the gauge sector is defined by
A A 1 A A
§[4.04] = — / dPs Tx (F ) (55)

and the action for the matter/interaction sector is constructed by using the covariant deriva-
tive. For example, the action of a NC fermion is written as

S [&,a&,fx} = /dd:ci*(y“ﬁu —m). (56)

These definitions are similar to the corresponding commutative su(n) gauge theory, the differ-
ences being the ordinary point-wise product and the Lie algebra valued fields and the gauge
transformations parameters. Here we denote the commutative concepts without the hats:
¥, A, A etc. In order to fix the notation we mention that in the commutative space, the fields
transform under gauge transformations with Lie algebra-valued infinitesimal parameters

ap(z) =iNx)(z) 5 Alx) = AT° (57)
The commutator of two gauge transformations gives us
(0a0x = 0n0) ¥ (2) = iAa(2) B0 (2) fare TP(x) = Orxxt) (@), (58)
where
AX Y =ANYpfacT. = —i [N, X]. (59)
For the Lie algebra-valued gauge potential A,,(z) we define the following transformation
InNAap = 0uhg — farcNp()Acp(z) 5 Ay = Agu(x)Th,. (60)

Since the gauge invariance of the commutative gauge theory should be maintained in the NC
space, the gauge transformations in the latter theory are induced by the transformations of
the former theory

ALJA + 05 g AulA] = A,[A+6,4A], (61)

D, Al + O g, Al = D +6a, A+ SrA]L (62)

These relations are called SW map. They say that, if the commutative fields A, and 1 are

related to the fields Ag and Y through the gauge transformation U = exp(iA) generated by

A, then the NC fields A,[A] and ¢[t), A] are related to the fields A,[AY] and ¢)[¢/¥, AV] through

the gauge transformation U = exp(iA[A, A]), generated by A[A, A]. These gauge equivalence

relations can be solved pertubatively in 6 in order to obtain the SW maps explicitly. For the

gauge theories with U(N) as the gauge group, the SW map for the leading order in 6 can be
written as

AuA] = At 0704, 0,4+ Fu) +0 () (63)
DAl = 6+ 20pu (A0 + 0 [pu(A) p(AN+O(F)  (6)
AAA] = At 307(A,, ) +0(6?). (65)
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As we have mentioned above, the gauge parameters of a general gauge theory, for example,
with SU(N) as the gauge group, in the NC space can not be Lie algebra-valued, because the
commutation relation is not always closed, they have to take values in enveloping algebra’.

Az) = A(2)T* + AL (x) - ToT: + ...
+ AL ()T T

ajaz...an

The dots mean that we must sum over a basis of the vector space spanned by homogeneous
polynomials of generators of the Lie algebra. Completely symmetrized products form such the
following basis

T =T
LTOTY = %{Tﬂ,Tb}:%(T“THTbTG)
(T T = l' > T T,
n.

TeSh

The x-commutator of two enveloping algebra-valued transformations always will remain en-
veloping algebra-valued. The bad point is that we will deal with a series of infinite parameters,
however it is possible to define a gauge transformation where all these infinitely parameters
depend on the usual gauge parameter A(z), the gauge potential A, (x) and their derivatives
[12]. Transformations of this type will be denoted as A [A] and their z-dependence is purely
via this finite set of parameters and gauge potentials A [A] = A [A(z)] (for constant 6).

Now the gauge transformation (48) will take the following form

5i(x) = iA [A] % o (x). (66)

Each finite set of parameters A%(x) defines a tower Ao [AY] in the enveloping algebra that
is completely determined by the Lie algebra-valued part. To define and construct this tower
we demand a similarity with Lie algebra [24]

(0305 — 003) V() = 04, (). (67)
More explicitly we have
103 [A] — i0sA [A] + A [A] % 32 [A] — S[A] x A [A] = i ¢ [A]. (68)

Now we can use the expansion of the *-product (the MW product, as we have mentioned
before) to solve Eq. (68) in its NC part.

T @) = o (§n ) K@)

= ()g(e) + L6900+

®As mentioned above just as in the case of U(NN) gauge group, one can find that the commutation is closed
and the parameters are Lie algebra-valued.
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We will assume that always the following expansion is possible

A[A] = A+ A [A] + A2 [A] + - (69)

This expansion is the main ingredient for the construction of non-Abelian NC gauge theories.
If we substitute the above relation in (68) to zeroth order, we yield the Eq. (58) which is the
commutator of two Lie algebra-valued objects. Concerning the first order, by means of an
ansatz, we have that

1
AWM:iwq@m&}:fW@mm,TW%. (70)

Also we can expand the fields and gauge potential in NC space in terms of the original space
ones as follows

=0+t + (71)
and A
A=A+ A+ ... (72)

By the same treatment as the gauge parameter for the gauge potential and field strength at
the first order terms one finds [12] that

1 ..
A,lC = —19” {AZ, 8jAk -+ F’]k} , (73)

1 1
F = §9M {Fir, Fu}t — ngl {Ar, (O + Dy) Fij} (74)
Hence the ordinary Yang-Mills term F;F”/ in the NC spacetime takes the following form
~ a . ) . 1 -
Eﬁﬂ’:ﬂﬁméwm%ﬂw+fWHm&hW}
1 - i -
—f%%ﬂﬂ%jWMMM%Wﬂ. (75)
For the matter field in the fundamental representation we have that
1 ..
w%qumx@+ppwxmmeDw:@¢—Mw (76)
and in the adjoint representation [13]

Y= 109 (A, (0,4 D)} where D=0 —i[A, ] (77

We must take care that these variables do not take value in a Lie algebra but in an enveloping
algebra. So {e, e} is not the anticommutator of a Lie algebra-valued matrices and the result
is more complicated such as the one one in Eq. (70).

The higher order of expansions are obtained analogously. In [12] the action of a NC gauge
theory with fermionic matter has been constructed to the second order of NCy parameter 6.
The result can be written solely in terms of the usual gauge covariant derivatives and field
strengths, which exhibits beautifully the usual gauge invariance of the expansion.
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A.2 The no-go theorem

In a realistic physical model we need to consider gauge groups with several simple factors. Let
G1 and G4 be two local gauge groups. The gauge group G = GG X G5 is defined by

g=g1xXg2 ; h=hxhy ; gheG ; g,h €G,
g-h = (g1 X g2) . (h1 X ha) = (g1.h1) ¥ (g2.h2) - (78)

where “At” is the corresponding group multiplication for each group. If we now take the
groups to be the NC ones, G; = U, (n) and Gy = U, (m), we can see that, because of the
*-product we cannot re-arrange the elements of the subgroups as in (78). Therefore the matter
fields cannot be in the fundamental representation of both U, (n) and U, (m). However, there
is one possibility left. The matter field ¥ can be in the fundamental representation of one
group, say U, (n), and in the anti-fundamental representation of the other group

UV— VUV =UxUxV"1 UeU(n),VeU, (m). (79)

In the general case the gauge group consists of N factors G = [TV, U, (n;). The matter fields
can at most be charged under two of the U, (n;) factors and they have to be singlets under
the rest of them. This is a strong constraint on the possible models specially the extension of
the standard model of particle physics on NC spacetimes.

B A Fast Review of Field-Antifield (or Batalin-Vilkovisky)

Formalism

The basic idea of the so-called Field-Antifield formalism is to generalize the BRST invariance to
theories with arbitrary gauge structure. The ingredients are the ordinary fields ®#, the ghosts,
the auxiliary fields and their canonically conjugated antifields ®*. With all these elements we
can construct the well-known field-antifield or Batalin-Vilkovisky (BV) action. At the classical
level, the BV action becomes the ordinary classical action when all the antifields are zeroed.
A gauge-fixed action can be obtained by a canonical transformation. At this time we can say
that the action is in a gauge-fixed basis. The other way to fix the gauge is through the choice
of a gauge fermion and to make the antifields to be equal to the functional derivative of this
fermionic function.

This method can be applied to gauge theories which have an open algebra (the algebra
of gauge transformations closes only on shell), to closed algebras, to gauge theories that have
structure functions rather than constants (soft algebras), and to the case where the gauge
transformations may or may not be independent, reducible or irreducible algebras respectively.
Zinn-Justin introduced the concept of sources of BRST-transformations [25]. These sources
are the antifields in the BV formalism. It was shown also that the geometry of the antifields
have a natural origin [26].

At the quantum level, the FA formalism also works at one-loop anomalies [27, 28]. Here,
with the addition of extra degrees of freedom, which leads to an extension of the original
configuration space, we have a solution for the regularized quantum master equation (QME)
at one-loop that has been obtained as an independent part of the antifields inside the anomaly.
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B.1 Gauge structure

In a gauge theory the action is invariant under a set of gauge transformations with infinitesimal
form

0 () = (Rpe®)(x) . (80)

where ¢ = 1,2,---n is the number of fields, o = 1,2,---m < n is the number of sets of
gauge transformations and R/, are the generators of the gauge transformations. The * are
the infinitesimal gauge parameters and R, the generators of the gauge transformations. When
€ = €(£%) = 0 we have an ordinary symmetry, when ¢, = 1 the equation is characteristic of a
supersymmetry. The Grassmann parity of generators of the gauge transformations is defined
as € (R!) = €, + €. Also we have ¢; = € (¢') that defines the Grassmann parity of the fields.
Fields with ¢; = 0 are called bosonic and with ¢; = 1 are fermionic. The relation (80) is written
in the DeWitt compact notation and its original form is

oW (a) = Y [ dy R, ) () (81)

The graded commutation rule is defined as

¢ (x) ¢ (y) = (1) ¢/ (y) ¢' (x) . (82)
Let S (¢, z) denote the variation of the action with respect to ¢(z):

87150 [Qﬂ
0¢' ()

where the subscript ¢ denotes the right derivative with respect to the corresponding field,
that is, the field is to be commutated to the far right and then dropped. When using right
derivatives, the variation §Sy, or of any other object, is given by 85y = Sy ;0¢". If one were to
use left derivatives, the variation of Sy would be read §Sy = d¢° %5?.

The commutation rule for the gauge transformations in the most general form obeys the
following relationship

S(]’Z' =

(83)

[61,05) &' = (RITT, — So By ) €8 (84)

where the tensors T, are called the structure constants of the gauge algebra, although they

depend, in general, on the fields of the theory. When Ef)fﬁ = 0, the gauge algebra is said to be
closed, otherwise it is open. Equation (84) defines a Lie algebra if the algebra is closed and
the T,/5 are independent of the fields. We will see that the Jackiw-Pi model has a closed and
Lie algebraic gauge structure.

When we say that the action is invariant under the gauge transformation in Eq.(80) means
that the Noether identities

[ v Y Soul@) By () = 0 (85)
i=1
hold, or equivalently, in compact notation

So.iRe, = 0. (86)
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Hence the field equations may be written as
S()J' = 0 (87)

As in the familiar Faddeev-Popov procedure, it is useful to introduce ghost fields C' with
opposite Grassmann parities to the gauge parameters €*

e(CY) =€y +1(mod 2) (88)

and to replace the gauge parameters by ghost fields.

B.2 Irreducible and reducible gauge theories

It is important to know any dependences among the gauge generators. After analyzing these
relations it is possible to determine the independent degrees of freedom. The simplest gauge
theories, for which all gauge transformations are independent, are called irreducible. When
dependences exist, the theory is reducible. In reducible gauge theories, there is a “kind of gauge
invariance for gauge transformations” or what one might call “level-one” gauge invariances.
If the level-one gauge transformations are independent, then the theory is called first-stage
reducible. This may not happen. Then, there are “level-two” gauge invariances, i.e., gauge
invariances for the level-one gauge invariances and so on. This leads to the concept of an L-th
stage reducible theory. In what follows we let “m” denote the number of gauge generators at
the s-th stage regardless of whether they are independent.

In this brief review we will consider only theories with irreducible gauge structure. For
more detailed discussion of the full formalism the interested reader is encouraged to see [29, 30].

B.3 Introducing the antifields

We incorporate the ghost fields into the field set U4 = {¢! C*} , where i = 1,...,n and
a=1,..m. We call it a minimal set. Clearly A =1,..., N, where N = n + m. One then
further increases the set by introducing an antifield W% for each field ¥4, The Grassmann
parity of the antifields is € (V%) = € (¥*) + 1 (mod 2).

We assign a new number to each field, the ghost number gh, which is defined as follow

gh o] = 0
ghlc®] = 1
gh[Vi] = —gh[¥a] -1

In this generalized space, the antibracket is defined by

0,X 9Y 9,X gy
OUA U, 00, OUA

(X,)Y) = (89)

where 0, denotes the right derivative and 0, the left derivative. The antibracket is graded
antisymmetric

(X,Y) = — (-1 Dy x). (90)
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If one groups the fields and the antifields together into the set

2 = { ;,@A} a=1,2,.,2N (91)
then the antibracket is seen to define a symplectic structure on the space of fields and antifields
o.X _,0Y

X,Y)= wh 92

(X,Y) = S (92)
with N
ab __ 0 5B

The antifield can be thought of as a kind of conjugate variable to the field, since
(w4, w3) = o3. (94)

As it can be seen the antibracket is, in some sense, very similar to the Poisson bracket in the

phase-space. In fact, by introducing the antifields and defining the antibracket we have an

odd(even) symplectic structure inside the Lagrangian formalism. In this way, we can enjoy

the clarity and power of Hamiltonian formalism right inside the extended configuration space.
The antibracket of two fermionic fields is

(F,F)=0, (95)
for two bosonic fields is 5B 9B
B, B)=2——
and for any field X, the triple commutation gives
(X, (X, X)) = 0. (97)

B.4 The classical master equation

Let S [\IIA, \II*B} be a functional of the fields and antifields with the dimension of an action,
vanishing ghost number and even Grassmann parity. The equation

s oS
S,8)=2—— =0 98
(5, 5) ovA OU* (98)
is the classical master equation. The solutions of the classical master equation with suitable
boundary conditions turn out to be generating functionals for the gauge structure of the theory.
S is also the starting point for the quantization.
Finally, the action § [\IIA, \If’jg} can be expanded in a series in the antifields, while main-

taining vanishing ghost number and even Grassmann parity

* * « * 1 « €
Spy = S|4, W5 = Sy + ¢fRLCO + Cag T8, (=1 c e’
* % € 1 i €a a
+0je; (1) Eu (-1 CrC
When this expression is inserted into the classical master equation, one finds that this
equation implies the gauge structure of the classical theory. In fact, this form is not unique
but is the brief one for Sgy. One can turn back to the classical action Sy when the antifields

go to zero
Spv [V, ¥, = Sol¢]. (99)
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B.5 Gauge Fixing and Quantization

Although ghost fields have been incorporated into the theory, the solutions of classical master
equation (98) have a set of invariances

oS

a __ 1
o =0, (100)
with 5,9.5
a __  .ac 1Yy
Ry = w0 (101)

Due to these gauge freedoms the action (99), as a solution of classical master equation is not
suitable for quantization via path integral and a gauge-fixing procedure is needed. The theory
also contains many antifields that usually one wants to eliminate before computing amplitudes
and S-matrix elements. One cannot simply set the antifields to zero because the action would
reduce to the original classical action Sy , which is not appropriate for starting perturbation
theory due to gauge invariances. In the Batalin-Vilkovisky approach the gauge is fixed using

a fermionic function which has Grassmann parity €(©)=1, gh[®] = —1 and is functional of
fields U4 only. The antifields are eliminated through relation
00
A== 102
A a\I]A ( )

After implementing this gauge-fixing procedure we can define a surface in the functional space

N e 00
Yo = {(@A W) [0 = W} . (103)
Hence for any functional X [®, ®*] we have
ov
Xy, =X [‘I’aa—@] (104)

To construct a gauge-fixing fermion © of ghost number -1, one must again introduce additional
auxiliary fields. The simplest choice utilizes a trivial pair C“ and 7® with the following
properties

€ (C_}'O‘) = e +1, €T =¢€
ghlC®] = -1, gh[7]=0. (105)
The auxiliary fields C, are the Faddeev-Popov antighosts (7 are called Nakanishi-Lautrup
fields)®. Along with these fields we include the corresponding antifields C* and 7%. Adding

the term 7?“6'; to the action S does not spoil its properties as a proper solution to the classical
master equation, and one obtains the non-minimal action

Spm = S+ 7*CY. (106)

5Do not confuse antighost with anti-ghost.

22



We can think of these new auxiliary fields as a kind of Lagrange multipliers for the gauge-fixing
terms. The simplest possibility for fermionic function © is

0 = C%a (¢) (107)

where y, are the gauge-fixing conditions for the fields ¢. The gauge-fixed action is denoted
by
S@ = SBV—nm|§;®- (108)

The quantum generating functional is defined by using the constraint (102) to calculate the
correlation function X as

1], (X) = /D\IfD\If*é <\11j4 - ;%) AW X g g (109)

Here W is the quantum action, which reduces to S in the limit 2~ — 0. An admissible ©
leads to well-defined propagators when the path integral is expressed as a perturbation series

expansion. For a detailed discussion of the W we refer the interested reader to the references
130, 29].
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