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SCALING LIMITS FOR SUB-BALLISTIC BIASED RANDOM
WALKS IN RANDOM CONDUCTANCES

ALEXANDER FRIBERGH AND DANIEL KIOUS

ABSTRACT. We consider biased random walks in positive random conduc-
tances on the d-dimensional lattice in the zero-speed regime and study
their scaling limits. We obtain a functional Law of Large Numbers for the
position of the walker, properly rescaled. Moreover, we state a functional
Central Limit Theorem where an atypical process, related to the Fractional
Kinetics, appears in the limit.

1. INTRODUCTION

Random walks in random environments (RWRE) have been the subject of
intense research for over fifteen years. We refer the reader to [35], [31], [32],
[24] and [7] for different surveys of the field.

One aspect that has attracted a lot of attention is the phenomenon of
trapping. Trapping appears in several physical systems and it motivated the
introduction of an idealized model known as the Bouchaud trap model (BTM).
The study of the BTM led to the discovery of several interesting anomalous
limiting processes including the FIN diffusion (see [19]) and the Fractional
Kinetics (FK) process (see [26]). Moreover, the BTM is a natural setting to
witness “aging”, which is the phenomenon where the time it takes to witness
a significant change in the system is of the order of the “age”of the system.
This behavior is common among dynamics in random media such as dynamics
on spin glasses [3] (see [I1] for a physical overview of spin glasses) as well as
in the random energy model under Glauber dynamics (see [4]) or in parabolic
Anderson model (see [27]). For an overview of the BTM we refer the reader
to [5].

Although the BTM was initially used to study random walks which are
symmetric in the sense that, up to a time-change, behaves like a brownian
motion (see [2] and [28]), it was subsequently used to study the behaviour of
directionally transient RWREs which experience trapping. The initial series
of works in this direction [16], [I7] and [I8] by Enriquez, Sabot and Zindy
were concerned with the one dimensional RWRE. The authors managed to
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2 A. FRIBERGH AND D. KIOUS

obtain the scaling limits in the zero-speed regime (a result already obtained
in [23]). Furthermore, they also proved that this model experiences “aging”.
This work also provided a robust method for studying directionally transient
RWRE with trapping which served as an inspiration for future works on more
complex graphs.

Following the study of one dimensional RWRESs, several works were initiated
to understand trapping for directionally transient RWRESs on trees, see [§],
[9], [22] and [I]. These works confirmed that the picture provided by BTM
was relevant for RWRE in general environment (up to some complication due
to lattice effects, see [§]).

It is a central question to prove that directionally transient RWREs in Z¢
can also be analyzed via the BTM analogy and to identify the limiting behav-
iors such models may have. So far the methods provided by the BTM have
only been used to identify scaling exponents for biased random walks in pos-
itive random conductances [20] and on supercritical percolation clusters [21].

In this paper, we carry on the study of the zero-speed regime for biased
random walks in positive random conductances in Z¢ initiated in [20]. Our
main result is to find the limiting scaling processes appearing in those models.
One of the scaling limits we identify is related to the Fractional Kinetics in
Z4. This constitutes the first scaling limit result that is rigorously proved for
anisotropic random walks in random environments on Z¢.

1.1. Definition of the model. We introduce P[-] = Pf@E(Zd), where P, is
the law of a positive random variable ¢, € (0,00). This measure gives a
random environment usually denoted w.

In order to define the random walk, we introduce a bias ¢ = M of strength
A > 0 and direction ¢ which is in the unit sphere with respect to the Euclidian
metric of RZ In an environment w, we consider the Markov chain of law P¥
on Z¢ with Xy = x P*-a.s. and transition probabilities p*(z,y) for z,y € Z¢
defined by

(1.1) p(z,y) = %
where z ~ y means that x and y are adjacent in Z¢ and also we set
(1.2) for all x ~ y € Z%, & (z,y) = &([z, y])eW
This Markov chain is reversible with invariant measure given by
(1.3) m™(x) = Zc“’(m, Y).
y~a

The random variable ¢¥(z,y) is called the conductance between z and y
in the configuration w. This comes from the links existing between reversible
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Markov chains and electrical networks. We refer the reader to [12] and [25] for
a further background on this relation, which we will use extensively. Moreover
for an edge e = [z,y] € E(Z?), we denote ¢(e) = ¢*(x,y).

Finally the annealed law of the biased random walk will be the semi-direct
product P =PJ[-] x PY[-].

In the case where ¢, € (1/K, K) for some K < oo, the walk is uniformly
elliptic and this model is the one previously studied in [30]. Later on, this
work was generalized in [20]. Results of both papers can be stated in the
following manner.

Theorem 1.1 ([30],[20]). For d > 2, we have

X
lim — = v, P-a.s.,
n

where
(1) if E[c.] < oo, then v - >0,
(2) if E,[c.] = oo, then v = 0.

Moreover, if lim % = —vy with v < 1 then
X,
lim HIT =1, P-a.s..

From this result, we see that a natural trapping regime occurs when v < 1.

In this paper, we are interested in this sub-ballistic regime. For the rest of
the paper, we will naturally assume that

(1.4) Plc. > t] = L(t)t7, for any t > 0,

with v € (0,1) and where L is a slowly-varying function. We choose such
a form for the tail of ¢, in order to, on one hand, be in the sub-ballistic
regime (provided by 7 € (0,1)) and, on the other hand, in order to have
some regularity, which is ensured by the slowly-varying function. If we do
not assume this kind of regularity, this would not be possible to obtain full
asymptotic results but we could prove some convergence along some sub-
sequences of time. See for example [8] where the authors treat this kind of
difficulties which arise when the distribution of ¢, is lattice.

1.2. Main results. Our main results are a functional Law of Large Numbers
and a functional Central Limit Theorem for the position of the walker.

For any time T > 0, we denote D?([0,T]) the space of cadlag functions from
[0, T] to R%. The following results of convergence hold on the space D?([0,T7)
equipped with the uniform topology or the Skorokhod’s Ji-topology, see [34]
for details.
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Theorem 1.2. Consider the biased random walk among random conductances
on Z%, d > 2, with law given by . There exist a deterministic unit vector
vo € ST with vo - € > 0 and a constant C > 0 such that, for any T € R,
under the annealed law P,

Xnt] (d) 1
—_— —4 (CS(t
(”W/L(n))te[O,T] ( a MO)tE[O’T] 7

on D([0,T]) in the uniform topology, where S7*(-) is the inverse of a stable
subordinator with index v. Moreover, there exists a deterministic d X d matriz
My of rank d — 1 such that, for any T € R,

R
nY/L(n) te[0,T] 0o

on D4([0,T)) in the Jy-topology, where B. is a standard d-dimensional Brow-
nian motion, independent of S;1(~).

Remark 1.1. This result is given by Theorem in which we also state
another CLT expressed via the inverse of regeneration times. Besides, the
matrix My 1s defined in and has rank d — 1. More precisely, P, Mg s
the null matriz, where P,, is the projection matriz on vy.

Finally, note that we cannot extend the second result to the uniform topology.

Remark 1.2. We believe that the estimates proved in this paper along with
techniques from [18] should be sufficient to prove aging results in this model.

The process B s is known as the Fractional Kinetics. This kind of pro-
cess has already been found to be the scaling limit of symmetric processes
with trapping (see [5] 6, 2]).

1.3. Sketch of proof. The proof of the main result is rather long and in-
volved. For this reason, we start the paper by giving a sketch of proof which
highlights the structure and the main estimates of the paper.

It is known, see [20], that the walk is slowed down by the presence of small
trapping areas in the environment. The sub-ballisticity condition exhibited
in this paper is equivalent to the fact that the annealed exit time of an edge
is infinite.

This leads one to believe that the most efficient trapping mechanism is to have
one edge with large conductance surrounded by regular edges, and indeed this
intuition will turn out to be correct.

After having identified the geometry of efficient traps, we are going to
implement a strategy for the analysis of anisotropic trapping models which
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was first developed in the works of Enriquez, Sabot and Zindy [16], 17, (18] on
Z and later extended to trees in [§], [9], [22].

Apart from identifying the geometry of efficient traps, one of the most
difficult tasks is to analyze the tail of the time spent in large traps. One par-
ticularly difficult aspect is to describe the environment seen from the particle
close to a deep trap.

1.3.1. Regeneration times and independent regeneration blocks. The standard
approach to study directionally transient walks is to use the regeneration times
T1,...,T, associated to the walk, which is a particular increasing sequence of
random times (see Section . Our main problem is then to study the scaling
limit of a sum of i.i.d. random variables, namely Y " (7,41 — 7;) where each
term corresponds to one regeneration period.

The two key elements to prove are the following:

(1) the only regeneration periods that matter are those where edges with
large conductances are met, here large means above a certain specific
cut-off f(n). Furthermore, in those blocks, the time spent outside
of the largest conductance does not matter (see Proposition .
This means that T;, the time spent on the largest edge of the i-th
regeneration block, is a good approximation for 7,41 — 7; when the
latter time matters.

(2) the time spent during the i-th regeneration period on the edge with the
largest conductance et (conditionally on the event that this conduc-

tance is large) can asymptotically be written as cmaXW( (see Propo-

sition ' where W) is an independent random Varlable with high
enough moments (see Lemma . This allows us to compute the tail

of cfkn?;; 9 (see Lemma [9.10)) and thus, in some sense, the tail of the
time spent on the edge with the largest conductance.

This procedure is summed up as follows

n

-1 n—1
(Tiv1 — ZT ety > f(n)} ~ Z WO 1{ely > f(n)}
- ‘

~ Z W mes,
=0

the last line being a standard estimate on sums of heavy tailed random vari-
ables (see [14]).

Hence 7,, behaves like a sum of i.i.d. random variables whose tails can be
computed and as such we can obtain scaling limit results (see Proposition
10.3).
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Of the two key elements we need as an input, the first one can be proved
using techniques similar to [20], this is done in Section |§] The second point is
the more difficult estimate, let us now discuss the difficulties arising to obtain
that estimate.

1.3.2. Analysis of the time spent in one edge with large conductance. This is
the most important step. The key aspects to understand the time spent in
an edge with large conductance are the following

e how likely are we to hit this edge?
e after having hit it, how much time does it take to come out of it?
e how likely are we to come back?

Let us start by addressing the second question. In a typical situation,
once we have entered an edge with large conductance, we will perform a lot
of back and forth crossings of that edge. The number of such crossings is
roughly geometric (see Lemma and the exit probability of the large edge
is almost proportional to the conductances of the adjacent edges (see Lemma
£1).

The first and third questions are related to the asymptotic environment
seen from the particle around a large edge at late time. It turns out that the
analysis of this object can be done in a very intuitive manner. Indeed, seen
from outside the trap, located at an edge e say, the environment looks like the
usual environment where e has been collapsed into a vertex ., see Figure [1]
Hence the environment seen from the particle should be a weighted average
of such environments, to factor in the likelihood of hitting such a vertex. This
reweighting is done rigorously using regeneration times see Lemma |3.12]

FiGure 1. Collapsing and edge e into a vertex z..
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In fine, we will show that the time T" spent by the walker on some edge e,
when ¢, (e) is large, will asymptotically behave like

(1.5) ci(e) x (% iei> ,

where T, is a random variable linked to the conductances surrounding x. (or e
equivalently) in the asymptotic environment, V, is the number of visits to x,
and (e;) is an independent sequence of i.i.d. exponential random variables with
mean 1 (related to the large geometric number of back and forth crossings).
The conductance c,(e) is independent of all these quantities. As we know
the tail of ¢,(e) and because the sum in ([1.5)) behaves nicely, we are able to
compute easily the tail of 7' (see Lemma [9.10)).

1.3.3. Conclusion. We now have the two main ingredients to conclude. First,
using the i.i.d. structure on the trajectory of the walk, we easily obtain limit
theorems at regeneration times. Second, we are able to analyze the time
spent during one regeneration period. The conclusion will then follow using a

classical inversion argument and theorems on the limits of stochastic processes
(see Theorem [11.2)).

2. NOTATIONS

In this section, we define most of the necessary notations.
Let us denote {ey, ..., e4} an orthonormal basis of Z% such that e, -ZZ eg - Zz
> e 7> 0, and define, for any i € {1,...,d}, €;1q := —e;. The set
{xeq, ..., ey} will be denoted by v. In particular, we have that e; > 1//4d.

Set fi :=  and complete it into an orthonormal basis (f;)1<i<q of Z.
We set, for any z € R,

(2.1) HY(z) := {xEZd:x-F> z} and H™(z) := {xEZd:x-FS z}.
We also define the shorthand notations
HE =N (x-0) and H, =H (z-0).

Two vertices z,y € Z¢ are called neighbours, or adjacent, denoted = ~ v,
if ||z — y|| = 1, where || - || is the euclidean distance. Besides, for a vertex y
and an edge e, we write y ~ e if y ~ et ory ~e” and y ¢ {et,e"}. Two
edges e and €' are said to be adjacent or neighbours, denoted e ~ €', if they
share exactly one endpoint. We use the notation y € e if y € {et,e™}. If y is
a neighbour of e we denote e, the unique endpoint of e which is adjacent to

Y.
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For any pair of neighbouring vertices x,y € Z¢, we denote [z,y] the unit
non-oriented edge linking them. For a vertex x € Z? we denote ||z||o the
usual uniform norm and, for an edge [z, y] of Z¢, we denote

12, yllloo = l2llsc V [[l]oe-
Given a set V of vertices of Z¢, we denote by |V| its cardinality, by E(V) :=
{[z,y] s.t. x,y € V'}; we also define its vertez-boundary
oV ={x ¢V :IyeVy~z}
as well as its edge-boundary

OpV :={[z,y| € E(Z") :z €V, y¢ V}.

Given an edge e € E(Z%) we denote by et and e~ its endpoints, in an arbitrary
order if not precised otherwise. Given a set E of edges in Z¢, we denote by
V(E):={z€Z:3ec Est. xc{e e }} its vertices.
For any subset A of vertices or edges of Z¢, we define the width of A to be
(2.2) W(A) = max (maxy ce; —miny - ei).

yeA

1<i<d \ yeA

For any L, L' > 0 and y € Z, define the tilted box

—

By(L,L") := {x €Zb: |(x—y) -] < Land|(x—y)- f;| <L, forallie{2 ..

and its positive boundary
0" B,(L,L') = {ac cB,(L, L) |(x—y) -] > L} .

Besides, we denote B(L,L') = By(L,L'). Also, we define the ball in the
uniform norm By, (y,r) center at y and of radius 7.

For any graph on which a random walk (X,,),, is defined, let A be some subset
of its vertices and define its hitting times

Ty:=inf{n>0:X, €A} and T :=inf{n>1:X, € A},
and its exit time
T :=inf{n>0:X, ¢ A}.
We will use the abuse of notation 7, when A is the singleton {z}. We denote

0,, the time shift by n units of times.
Besides, for any real numbers a and b, we denote

a Vb :=max{a,b} and a A b := min{a, b}.

Throughout the paper, the letters ¢ and C' denote constants in (0,00) that
may depend on the dimension d and the law P,. Moreover their value may
change from line to line.
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Finally, we will define, later on, several probability measures that we cannot
define properly yet. Nevertheless, let us point out where they are defined
and explain roughly their purpose. Firstly, we will define P, in Definition
which is an annealed measure in a special environment which is key for
understanding the environment such that 0 is conditioned to be a regeneration
time. Secondly, we will introduce the shorthand notation P, defined in ,
which is the law of a regeneration block. Thirdly, we will define a probability
P,,, defined in ([7.3)), provides the law of a regeneration block conditioned on
meeting a large trap.

3. SOME PREVIOUS RESULTS: ESTIMATES ON THE BACKTRACKING EVENT

As explained in the introduction, this work is the sequel of the work [20]
done by the first author. Hence, we use several results from this paper. Let
us state two of them and very briefly explain their content.

Theorem 3.1 (Theorem 5.1 of [20]). For a > d + 3
PTopr1o) # To+ o)) < Ce "
Lemma 3.1 (Lemma 7.3 of [20]). We have for any n,
P13~ (—pn) < 00] < Cexp(—cn).
These two results look alike. The first one states that the walk, started at

zero, will exit a large tilted box through the positive boundary (towards Z)
with large probability.

The second result states that the probability of ever backtracking at distance
n is exponentially small in n.

4. GOOD/BAD AREAS DECOMPOSITION

Here, we will follow the idea already used in [20], which consists in parti-
tioning the space into good parts where the walk is well-behaved and bad parts
where we have much less control.

Recall that, in the model we consider, we have no uniform ellipticity, but
it will be, at some places, convenient to consider only edges which are typical,
in the sense that their conductances are neither too small nor too large. This
will enable us to obtain several estimates.

For this purpose, we will define some vocabulary. These definitions depend
on some real number K > 1, which we will choose later to be large.

Definition 4.1. Fiz a constant K > 1. We say that an edge e € E(Z?) is
K -normal if c.(e) € [1/K, K|, otherwise the edge e is said to be abnormal.
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Note that we can choose the probability for an edge to be abnormal as small
as we need by taking K large enough: indeed, for any edge e € E(Z?), c.(e) €
(0,400) almost surely, hence P, [e is abnormal] = P, [c.(e) ¢ [1/K, K]] goes
to 0 as K goes to infinity.

Definition 4.2. Fiz a constant K > 1. A vertex x € Z% is K-open if, for any
neighbouring site y, the edge [x,y] is K-normal. A vertex that is not K-open
15 said to be K-closed.

As before, the probability for a vertex to be K-closed can be made arbi-
trarily small be taking K large enough.

Remark 4.1. We may notice that for any open wvertexr x, using (1.2)) and
(1.3), we have
c
K
for any vertex y adjacent to x in Z2, and thus
K
Definition 4.3. Fiz a constant K > 1. A vertex v € Z% is K-good if
there exists an infinite directed K-open path starting at x, that is a path
{0, x1, 2, ...} with xy = x and such that, for all i >0,

eZAz-[S Cw([l',y]) S CK(?Q/\:E.Z,

(1) we have T;41 — T2 = €1 and Tojro — Toir1 € {€1,...,€4};
(2) x; is K-open.
If a vertex 1s not K-good, it is said to be K-bad.

Remark 4.2. The key property of a good point will be that there exists a open
path (x;)i>o such that, for alli >0, x; - £ < x41 - €, and (x; — o) - £ > c(d)i.

For notational simplicity, we will often call edges and vertices open, closed,
normal, etc, forgetting the dependence in K.

Let us state some results proved in [20]. For any environment w, let us
denote BADY(z) the connected component of K-bad vertices containing x,
in case z is good then BADY.(z) = 0. We will often forget to indicate the
dependence in K or w when it is clear from the context. Also, recall the

definition (2.2]) of W (-).

Lemma 4.1 (Lemma 5.1 of [20]). There exists Ky < oo such that, for any
K > Ky and for any x € 74, we have that the cluster BADg(z) is finite
P-a.s. and

P[W (BADk(z)) > n] < Cexp(—& (K)n),
where & (K) — oo as K tends to infinity. In particular, this implies that
P [0 is good] > 0.
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For z € 27, we define BAD; (K) = {z}UlJ, ., BADk (y) the union of all bad
areas adjacent to x. Notice that when x € BADg(w), we have BAD (K) =
As a direct consequence of Lemma [4.1], we have:

Lemma 4.2 (Lemma 8.2 of [20]). There exists Ky < oo such that, for any
K > Ky, BAD}(K) is finite P-a.s. and

P[W (BAD(K)) > n| < Cexp(—&(K)n),
where & (K) — oo as K tends to infinity.

Let us define BADg = | J, 5« BADg(x) which is a union of finite sets. Also
we set GOODg = Z¢\ BADg. We may notice that

(4.1) for any © € BADy, OBADk(z) € GOODy,

since BADg () is a connected component of bad points.
In the sequel, K will always be large enough so that BADk () is finite for
any x € Z4.

Lemma 4.3 (Lemma 8.1 of [20]). Fiz an environment w. For any x €
GOODg(w), we have

EY DY 11X, = ;1:}] < C(K) < 0.
i=0
For any set of edges A C E(Z%) and any V C Z¢, let us define
(4.2) Ty => [{ke LT (X1, Xa] = e},
ecA
and notice that Ty = Ty, + Ty/ 4. Besides, for any t € R, U {+00}, define
(4.3) Eo:={e€ BE(Z") : c.(e) <t}.

The statement and the proof of the following result are close to those of
Lemma 8.3 in [20]. It will be used to prove that the time spent on edges with
a conductance that is not too large is asymptotically negligible.

Lemma 4.4. Fiz an environment w, for any x € Z* which is open, and any
t € Ry U{+o0} we have that
B [Toopwuiey b < CUK) exp(3AW (BADS (w))) (1+ > cgg(e)).

e€E(BADS)NE<;

Proof. The first remark to be made is that since x is open, then , for all y ~ x,
cx([x,y]) € [1/K, K]. Besides, if BAD \ {z} = (), the result is obvious, thus
we assume from now on that BAD? \ {z} # 0.

Let us introduce the notation BADY(K) = BAD: (K) \ {z}.
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Now, let us consider the finite network obtained by taking BAD(w) U
OBAD(w) and merging all points of 0BAD?(w) (which contains z) to one
point 6. We denote ws the resulting graph which is finite by Lemma and
Lemma 4.1} and it is also connected, since the different connected components
BADgk(y),  ~ y, are connected through z.

By Lemma from the Appendix, we have that, for any y € BADY(K),
Yy~

%9 2 w
BTy, | < Y e

Yy, x
2 )eEE(BAD;S)mE<t

where we used that [z, y] is an edge linking y and ¢ in ws.

Besides, using the fact the transition probabilities of the random walk in wg
at any point different from ¢ are the same as that of the walk in w, Markov’s
property yields

y (2, Y)
E:B [TC—}FOOD(w)U{:E},Ea} <1+ Z ’ﬂ'w(l‘) Eyé[T{E«]

(4.4) <14+ AD Y &)

()
e€ E(BADS)NE<,
Now, by ([1.2)), and using the fact that z is open and = € 0BAD?’, we have
that

7Tw($)20<K)eXp<2>\ min y-Z)

yEOBADS

and, for e € E(BAD?) N E_y,

?(e) < (e) exp (2)\ max _y - [)

yEOBADSS

Moreover, recalling definition (2.2)) of W(-) and since BAD?® U 0BAD? is
connected, we have

—

s . . _’< ss < s '
,cnax .y 14 Jenin Y ¢ < W (BAD(w)) +2 < W (BAD} (w)) + 3

Therefore, we conclude from (4.4)) that

B [Toontpers.] <CUS) exp(3AI (BADS (w))) (1 Py c:<e>)

ecE(BADS)NE«

O



13

5. REGENERATION TIMES

A classical tool for analyzing directionally transient RWRESs is to use a
regeneration structure, see [33]. We call ladder-point a new maximum of the
random walk in the direction /.

The standard way of constructing regeneration times is to consider succes-
sive ladder points and argue that there is a positive probability of never back-
tracking again, i.e. there exists a ladder-point X,,, such that X, i > X v
for any £ > 1. Such a ladder-point creates a separation between the past and
the future of the random walk leading to interesting independence properties.
We call this point a regeneration time.

There are two major issues in our case. Firstly, we do not have any type
of uniform ellipticity: this has been addressed in [20] by considering open
ladder-points, so we will follow this strategy. Secondly, for the reversible
model that we consider, the classical construction of regeneration times yields
regeneration slabs (and quantities defined on them) that are ergodic but not
independent. As we want to get limit theorems, it will be much more conve-
nient to recover some independence. For this purpose, we will introduce an
alternative construction of the model and define a slightly different version

of regeneration times in order to obtain some independence properties (see
Theorem |5.4]).

5.1. Construction of an enhanced random walk. In this section, we will
define an enhanced walk (X),, = (X, Z,)n, which will be such that, first, the
marginal law of (X,,) is the law of the original anisotropic walk that we study
and, second, some extra information is encapsulated in the variables Z,, con-
cerning the last step of walk. We need to construct this enhanced walk in
order to be able to define some regeneration times with nice independence
properties. B

As the classical anisotropic walk, the process (X,,) has two levels of random-
ness, one given by the environment, and one corresponding to the evolution
of this enhanced walk in this environment. The definition of the environment
is the same as before, that is a collection of random conductances with law
P.

Let us now explicit the law of the process (X,). For this purpose, fix an
environment w and recall from , and that, for all z € Z¢ and
Jje{l,..,2d},

w ez, x +e;)et clx,x + €;
Pz, tej) = 2d( ) e : - ’),
Dic G, T + e )ect T ()
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and define
(a2 + ) A K1) e

5.1) prlx,x+e;) = < p“(x,x+e;).

B Pl te) = Lt T <y ey
Moreover p“(z,y) = p4%(z,y) = 0 if y is not a neighbour of x in Z.
In the environment w, we define, for any starting state (z, 2) € Z¢x {0, 1}, the
Markov chain (X,) with law P, ) on Z% x {0,1} and transition probabilities
7 ((y1, 21), (Y2, 22)) for y1, 4o € Z% and 21, zp € {0, 1} defined by:

(1) Xo = (z,2), ﬁ&z)—a.s.,
(2) p°((y1,21), (2, 1)) = PR (Y1, 42),

(3) 7*((y1,21), (92, 0)) = p* (1, 92) = Pic (Y1, 2)-

Remark 5.1. If z is open and if y ~ x, then p*((x, 21),(y,1)) > K, where
k> 0 1s a constant depending only on K, { and d.

As before, we write I?P/’(x,z) for the annealed law of the enhanced walk starting
at (z,z). Now, let us emphasize two facts

(1) the evolution of the process starting at (x,z) does not depend on z
(except Zp),

(2) it is easy to see that the marginal laws of the first coordinate of (X))
match the laws P¢ and P, of the original biased random walk in ran-

dom conductances.

Remark 5.2. We will often drop the z in subscript and the tilde, simply writ-
ing PY and P, for ]5(‘;2) and P, .y when the quantity observed does not depend
on z, voluntarily making the confusion with the original walk. For example, it
is clear from the definition that the trajectories (X, )n>0 and (Z,)n>1, under

P&Z) and P, ), do not depend on z.

From now on, when we write X, = x without specifying the second coor-
dinate, we mean that X,, € {(z,0), (x,1)}.

5.2. Definition of the regeneration times. In this section, we will define
the regeneration times in a slightly different way than the classical one in
order to obtain independence properties, see Theorem [5.4] In particular, we
will use the enhanced random walk defined in Section [5.1]

Let us now introduce a variation on classical regeneration times where we
ask for the regeneration point to be K-open and for a specific behaviour
of the information encapsulated in the variables Z,. One advantage of this
construction is that it will allow us to obtain independence properties.

Let us now define the quantities we need. First, define the random variable

ME = inf{i > 2: X, is K-open, X; 0 < Xi_o - U for any j <1 — 2
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(52) and Xz = Xi—l + €1 = Xz'—2 + 261}

Roughly, this corresponds to the time when we have reached a new max-
imum towards the direction Z with two extra conditions. Let us comment
these conditions.

Consider the time when the walker reaches a new maximum =z, then the envi-
ronment behind him and the environment in front of him have some common
edges: we want the walker to jump twice in the direction e; (following [30]) in
order to have only a bounded number of common edges (namely those inci-
dent to x) and thus reduce correlations. Besides, we want x to be open which
will have two main advantages: this will firstly make it easier to escape to in-
finity and, secondly, this will enable us to define regeneration times verifying
independence properties.

We will state some results from [20] in the Appendix about this random vari-
able where the same variable, exactly, is defined.

We define a random variable D which is essentially the time it takes for the
walk to go back beyond its starting point, with respect to the scalar product
with ¢. Its definition is more complicated but we will explain the intuition

below. In this particular definition, we will need the enhanced walk of Section
£l Define

(5.3) D = mf{{n>0:Xn-ZgX0.E}uzo

d
UU{n>0:Xn_1:Xo+ej andano}},

J=1

where
0 =

_{{1}if21:0;

() otherwise.

We will be interested in the event {D = oco}. The classic definition of D is
such that, on {D = oo}, the walker never backtracks, i.e. X, - 0> Xg - 0 for
all n > 0. Here, we additionally impose that Z; = 1 and, if the walker is
on a neighbour of X, at time n — 1, then Z, = 1. This will again reduce

correlations, see Remark
Remark 5.3. Note that D is measurable with respect to o <X0, ()~(n)@1>

Remark 5.4. We will prove that Py [D = oo] does not depend on the values
of the conductances of the edges adjacent to xq, as long as xq is open. In fact,
the whole future of the walk on the event {D = oo} does not depend on these
conductances. See Proposition |5. 1.
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—

Also, we introduce the maximum (in the direction ¢) of the trajectory before
D

(5.4) M :=sup X, - /.

n<D

We define the configuration dependent stopping times Sg, & > 0 and the
levels My, k > 0,

So =0, Mo:XO-Z and

(5.5)
for k>0 Sper:= M o00br .+ Turouy,
where
(5.6) My, = sup{X,, - £ with 0 < m < Ry}
with

R, =Do esk + Sk
These definitions imply that if S;;1 < oo, then

(5.7) X, 0= Xg, - 0>2e,-0>

S

i+1
Finally we define the basic regeneration time
(5.8) 7 =95y  with N:=inf{k > 1 with S < co and M = oo}.

Remark 5.5. As Tl(K) depends on MY it also depends on the value of the
constant K. However, to lighten notations we will drop the dependence in K,
since this constant will be fized later at a certain large value.

5.3. Uniformly bounded chance of never backtracking at open points.
The next result is natural. Starting from a good vertex and by following a
directed open path from there, we can bring the random walk far in the di-
rection of the bias with a positive probability, uniformly in the environment,
and after this point it will be unlikely by Lemma to backtrack past your
starting point. This means that there is always a positive escape probability
from a good point: we will then be allowed to study events conditioned on
{D = oo}.

Lemma 5.1. Recall the Definition[{.3 of a K-good vertex. There exists Ko <
oo such that, for any K > Ky, we have
E[PS’[D < o0] |0 s K—gOOdi| <1—¢(K).

Proof. First, by Lemma [£.1] P[0 is good] > 0 as soon as K is large enough,
hence the conditioning is properly defined.

Fix n > 0. On the event that {0 is good}, we denote P(i) a directed path
starting at 0 where all points are open (including 0). By definition, P(0) = 0,
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P(1) = ey, and denote jo € {1,...,d} the integer such that P(2) = e; + ej,.
We denote Ly+p(n2) = inf{i, P(i) € 9t B(n,n?)}. Recall the definition of
the enhanced walk (X, Z,) from Section Define the event A = N}, A;,
where

A = {(X1,41) = (e, D}

Ay = {(X2, Z) = (er 5, 1)}

Ay = {X;="P(i) for 3<i< Lotpmn)};

Ay = {T’H*(Q) o 9T7’<La+3(n,n2)) = oo} .
Then, we have A C {D = oo}, as an immediate consequence of the definitions.
As {0 is good}, then Ly+ g n2) < Cn, and any vertex y on the trajectory
-1
P(i) is open, hence p%(y,y + e;) = (Kﬁleej'e) (Z?il Keeﬂ) , for any j €
{1, ...,d}, and where p%- is defined in (5.1]). Therefore, we have

—1 C’I’L

2d
Pw A ﬂA ﬂA > : el K2 e;l — n
0 [ 1 2 3] = (jegund}e ) (zzl € c,

.....

for some constant ¢ > 0 that only depends on K, d and /. In particular, we
have

E[PSJ[D =o00] | 0 is good}

> E[Pg’ [A1 N Ay 1 Ag] x P Tyt = o0 | 0 is good]

L8+B(n,n2)) [

> "E [P;;’(L ) [T3-(2) = o0] | 0 is good].

8t B(n,n2)

Besides, we have

E[P;SJ(LB"‘B(n,nQ))[TH_(Q) < OO] | 0 is gOOdi|

<P[0is good]_lE[Pg(LMB(wQ))[THf(Q) < 00

< P[0 is good]_lE[xeaglgm(); ) P2 [Ty-(2) < o]

< CnDP[Ty-(_pi9) < 0] < Cn@ exp(—cn),

where we use translation invariance, the fact that P[0 is good] > 0 (see

Lemma and Lemma .

We see that the previous quantity is less than 1/2 for n > ng, for some ng
depending on K and d. Hence combining the last two equations,

E[PSJ[D = o0] | 0is good| > (1/2)¢™ > 0,

which implies the result. ([l
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5.4. Tails of regeneration times. Here, we state the following theorem on
the tails of regeneration times. We postpone its proof to the Appendix be-
cause it is extremely similar to the proof of Theorem 4.1 in [20].

Theorem 5.1. For any M € (0,+00), there exists Ky < oo such that, for

any K > Koy we have Tl(K) < o0 P-a.s. and

Po[X o) - £ > n] < C(M)n™™,

5.5. Fundamental property of regeneration times. We are going to de-
fine the sequence 7p ' =0 < 73 < Tp < -+ < T < --- of successive regeneration
times. Moreover, we state and prove Theorem 5.4 which is the key result about
the independence of regeneration blocks.

Using a slight abuse of notation by viewing 74 (+,-) as a function of a walk
and an environment, we can define the sequence of successive regeneration
times via the following procedure:

(59) Tht1 = T1 + Tk((XTH-- - XTI? ZT1+~)a w(' + Xﬁ))’ k=0,
meaning that the (k+1)-th regeneration time is the k-th regeneration time af-
ter the first one. We will denote by F,, the canonical filtration of the enhanced

walk X = (X, Z), see Section .
We set

E=A{lz,x+e], je{1,...,2d}},
(5.10) L { )€ E(Z2%),y-t<z-land z- (< z-(}UE,
(5.11) R = GE(Zd)y€>x Corz-l>xz-L}UE,
Gr = 0{7'1, e Tkt (Xm0 Co(€) with e € L5 }.
We will denote t, the canonical shift on Z¢. For a € [1/K, K], we set

Pr = 5,((ce(¢)) e ) ® / ® dP (c.(e)),

eEE(ZY)\E
where ® denotes the product of measures. We introduce the associated an-
nealed measure

P2 =P x Py,
In words, P? denotes the annealed measure for the walk started at x but

where the conductances of the edges in £, are fixed and given by a. We will
use the notation P* (resp., P*) for P§ (resp., P3).

Definition 5.1. We denote PX and PE the annealed law of the walk started
at x and the law of the environment, respectively, when the configuration at
is fized such that c.(e) = K for any e € E,. We also use the heavier notation



19

IP’;K when the configuration at  is fized such that c.(e) = K for any e € &,,
and the walk starts at y.

As a particular case of a result in [20], the following result holds.
Theorem 5.2 (Theorem 7.3 of [20]). For a > d + 3

P [Top Loy # Torp(r,re)) < Ce "

We can also state the following variant of Theorem whose proof is
postpone in the Appendix.

Theorem 5.3. For any M € (0,+00), there exists Ky < oo such that, for
any K > Ky we have 71 < oo P-a.s. and

PE[X,, - (>n] <C(M)n™M.
The fundamental properties of regeneration times are that:

(1) the past and the future of the random walk that has arrived at X,
are independent;

(2) the law of the future of the random walk has the same law as a random
walk under PX[- | D = o).

Let us first state and prove the following result which is important for the
independence of regeneration blocks: with our non-classical definition of D,
the environment at 0 is irrelevant for the evolution of the walk, on the event
{D = oo} and when 0 is open.

Proposition 5.1. Fiz a vertez o € Z¢ and fix an environment w such that
xg is K-open. Define the environment wy such that ¢%(g) = ¢2(g9) if g & Evos
and 5 (g) = K if g € &,,.

Then, for any bounded and o((X,, Z,),n > 0)-measurable function f and for
any zy € {0,1}, we have

(roeo) [ (X Z)UHD = oo}] = B ) [f(X, Z){D = oo}].

Proof. The proof essentially comes from the definition (5.3) of D and the

construction of the enhanced walk X = (X, Z) in Section Let us prove
the result by a coupling argument.

Recall the construction of Section [5.1} Given the environment w, let us de-
fine a new probability F;°X such that the process (X, X#) under Pt

(%0,20)
is such that the marginal law of X (resp. X )) matches the law of X. under
Peo o) (resp. P(K ).

0,2 0,20
Notice that, from ([5.3), we obtain that D > 0 almost surely and, for any
integer N > 0,
N
(D>N}y = {Xn-€>X0-€}ﬂ{lel}

n=1
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d
ﬂﬂ{forallO<n§NS.t. Xpno1=Xo+e: Z,=1}.

J=1

Moreover, We naturally define the quantities D and D® respectively asso-
ciated to X" and X®.
Now, let us define the law of (X 2 , X X 2 )) under P{; - - The important point
of the coupling is that if D) v D(Q) = 00, then the two walks remain coupled
for ever (and in particular D) = D) = o0).
To do this, we couple the walks in the following manner
(1) if at time n the two walks are still coupled and if the trajectories are
still compatible with D@ = D® = o, then we let X1 make a step
according to P“,
(2) if this step is again compatible with D) = oo, then X® takes the
same step,
(3) otherwise, it means that D@ = n + 1 and we impose X® to move
such that D® = n 4 1 (and the walks are considered as decoupled).
Let us do this rigourously. First, recall the definition of p% and let us
notice that, as w and wk coincide everywhere except on &,, and because z
is open in w, we have that p%(z,-) = p3 (x,-) for any x € Z%, and p*(z,-) =
p¥E(x,-) as soon as x ¢ {zo} U{xog+e;:75€{1,...,2d}}.
We fix (X, X)) = ((zo, 20), (w0, 20)), Pk -almost surely. We define the
process by induction. Given the trajectory up to time n > 0, the conditional
law of (X! _21, )?,(izl) is given by the following rules:
(1) if {DD > n} N {D® > n} holds, and if X}’ = X\? = z for some
x € 7%, then let X® make a step according to P¥, and
(a) if v #xp and © ¢ {zo+e¢;: j € {1,...,2d}}, then X! 2+1 Xﬁl,
(b)if # = zpg or x € {xg+e¢; : 5 € {1,..,2d}}, 1on+1—1and
regardless of Xngl, then X,(Lle = X7(114213
(c)if v =agorz € {xg+e : 5 € {1,..,2d}}, if ZnJrl = 0 and
regardless of XT(LIJF)I, then, for any j € {1, ..., 2d}, XT(EFI = (z+e;,0)
with probability
PE(z, 0+ €5) — pi(z, o+ €)

11— Z Pic(x,x+e;)

1<i<2d

In particular we have D = D®) = p —|— 1 in this case;
(2) if {DO < n} U{D® < n} holds, then X® and X® move indepen-
dently according to P¥ and P“¥ respectlvely
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In order to end this construction properly, note that, if {D™ A D@ > n} N
(X = X&'} holds, then either {DW A D® > n+1}n{X, = X} or
{DW = D® = p 41} holds. Then, as {D® A D® > 0} N {xV = x?h
holds P(“; ;”Z) jaus., this implies by a simple induction:

(1) the event {DW A D@ > n} N {XY £ X} never occurs Pk -as.,

therefore the construction is complete
(2) as long as {DM > n}N{D® > n} holds, we have X\ = X for any
0<Ek<m

(3) DY = D@ Pk -almost surely.

Using this, we have

P [{D — oo} {{3n>0: X[V £ XP}U{D? < oo} }]

(zo zo)

(z0,20)
w,w wW,w (1 v (2
<Pees [DW £ DP] 4+ 3" Pees DO AD® > 041, X1, # X3

n>0
=0.

Besides, recalling that p%(z,-) = p$%(x,-) for any = € Z¢, and p*(z,-) =
pPK(z,-) as soon as x ¢ {zo} U{xo+¢€;:j € {1,...,2d}}, it is easy to check
that the law of X (resp. )N(.(Q)) under P(wwf) is the law of X. under Pz
(resp. P ).

Finally, for any integer n > 0 and any set A = Ay X ... X A, with Aq, ..., 4,
in the o-algebra generated by the subsets of Z¢ x {0,1}, and on the event
{D = oo}, we have that

B 1{ Xoy oy Xn) € AJ1{D = oo}]

(w0,20)

(w0,20)

(
S ot 1{( X, X0) € A{DW = oo} |
(

—Epe) [P, X2) € Ap1{D® = oo}

(z0,20) |

g [H(Ror o K € A1{D = )]

(z0,20)
and we conclude the proof using the Monotone Class Theorem.
O

Remark 5.6. The last result implies, for ezample, that PE[D = oo] = Py[D =
o0|0 is open.

Let us now prove the fundamental property of regeneration times which
provides an i.i.d. structure on the trajectory of the walk.

Theorem 5.4. Let us fir K large enough, and k > 1. First, for any k > 1,
we haveT( ) < 00 P-a.s. (orP*-a.s. for any a € [1/K, K|¢).
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Second, let f, g, hy be bounded functions which are measurable with respect to
o{Xo, X, : n > 1}, o{c.(e),e € RY\ &} and Gy, respectively. Then, we have

IE((LZ()) [f(XTk+ XTk’ Z +-)g © tXT,C hk} = E(0720)[hk] X E?[f(*)?)g ‘ D = OO]

Remark 5.7. According to Remark the event {D = oo} is 0{Xo, X,
n > 1}-measurable but not o{X,, : n > 0}-measurable, this is why we need to
deal with the enhanced walk in Theorem[5.]. Note that the function that we
consider for the future of the walk should not depend on Zy in order to have
the independence between the future and the past.

Proof. The proof follows the blueprint of [33], precisely Proposition 1.3 and
Theorem 1.4. We only need to adapt it slightly in order to have, in our case,
the independence of the future and the past of the walk at regeneration times.
We will not give details on the part that are identical (see also [30] for more
detailed arguments). We will prove the theorem for £ = 1 and the conclusion
will then follow by induction. As we will need it to make the induction step,
we also need to prove that, for any a € [1/K, K]% and 2, € {0,1},

E?O,ZQ) |:f<X7—k+ - XTk’ Z'Tk"!‘)g © tXTk hkj| an ZO [hk] X Eé([f(X)g | D - OO]
We give the argument for this case but the proof is the same for E. First, let
us point out that G is generated by the sets {r; = k} N{X, = (z,2)} N A,
with A € o (c.(e), e € LX) @ Fu, and (z,2) € Z% x {0,1}. Besides, recall
that 71 < oo a.s. by Theorem

Now, recalling the construction of the enhanced random walk X in Section
we have

((10 20) [f(Xﬁ-i-' - X7'17 Z’rl+~)g o IfX.r1 hl}

= Z]E(O 20) Xy — Xpys Zn1)g 0 tx,, hy, Sk < 00, Ry, = OO}
k>0

Z E(O 20) X3k+. -, Zsk+,>g Otxhl,Sk < OO,)?Sk = (JI,Z),Rk = OO]
£>0,(z,2)

Following the arguments of [33], there exists a random variable A%,

measurable with respect to o (c.(e), e € L”) ® Fg,, which coincides with hy
on the event {X,, = (z,2)} N {m = Sk}. Therefore,

((IO,Z()) [f(XT1+ - Xle Z7-1+.)g (¢] tX"'l h1j|
- Z E?O,ZO) [ESJ [f(XSk+‘ -, Zsk+-)hlf’($’z), Sk < 00,

k>0,(z,z)

)?Sk = (2,2),Dolg, = oo] gotx}
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— Z ]E?O,Zo) |:E6u [h’fv(x,Z),Sk < OO,)A(:Sk — (x’ 2)]

XEZU:r,z) [f(X -, Z)7D = OO] go tz]

where we used the strong Markov property at time Sk.

Let E{i’z) denote the quenched law in the environment w¥ which is identical

to w everywhere except that we fix the conductances cff‘([x, r+e;]) = K for
all j € {1, ..., 2d)}.

Now, notice that if X, = x then z is open and recall that f is o{ X, )Zn in >
1}-measurable. Hence, by Proposition , Ee JIf(X —2,Z),D =] =

(2,2)
EXf(X —z,Z),D = oc|, which does not depend on z. Moreover, this last
quantity is bounded and measurable w.r.t. o (c.(e), e € R*\ &), hence it

is P-independent of Ef [h’f’(x’z), Si < 00, )N(Sk = (, z)] which is bounded and

o (ci(e), e € L*)-measurable. Hence, we have
((10720) |:f<XTl+' - XTl)g o tX‘rl h’l]

(5.12)
- Z g [hlf’(x’z), Sy, < 00, Xg, = (a:,z)} ES [fg, D = o0
k>0,(z,z)
= Eg [ fg| D = o] Z E{0,20) [hlf’(x’z),sk < oo,)?gk = (:B,Z)] PX[D = ]

k>0,(z,z)
=B [f9] D = 00] Efy ., [lu]

where we used ([5.12)) in the case f =1 and g = 1 in order to obtain the last
equality. This concludes the proof the theorem in the case k = 1.

Now, using this result, and Theorem , we have, by induction, that
T < oo almost surely, for any k.
We conclude the proof and obtain the result for general k£ by induction, closely
following the arguments of the proof Theorem 1.4 of [33], or the more detailed
proof of Theorem 3.5 of [30]. The only modification to make to this last one
is to define G, as

g_k = 0‘{7'1, ey Ths (XTkAm)mZO; C*(G) with e € (RO \ (90) N ,CXT"‘ },

and to the turn, at the very end of the proof, EgXT’““ into EX using Propo-

sition 5.1 O

6. THE TIME SPENT OUTSIDE ABNORMALLY LARGE EDGES IS NEGLIGIBLE

In this section, the goal is to prove that the time spent, during one regenera-
tion period, on edges with a conductance that is not too large is asymptotically
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negligible. This result is given by Lemmal[6.2] We need first to have estimates
on the size of the regeneration blocks.

Recall that the regeneration times (7;) depend on the constant K, see Re-
mark Fix some constant o > d + 3 and define

(6.1) x = x® =inf{m e N: {X;,i € [0,7]} € B(m,m*)}.
Lemma 6.1. For any M € (0,400), there exists Ko < 0o such that, for any
K 2 KO;
Po[x") > k] < CE~M.

This implies that for any M < oo, there exists Ky < 0o such that, for any

K > K, and for any x € Z4,
Po[T, <71 < O] | M.

The same results hold for PK.
Proof. We can follow line by line the proof of Lemma 8.7 of [20] except that

max,cq/k,x)c P* has to be replaced by Py (resp. PX) and, instead of using
Theorems 7.2 and 7.3 from [20], we need to use the analog Theorems and

3.1 (resp. 5.3 and from this paper. O

When observing the random variables (7;), we want to distinguish the time
spent on abnormally large edges (traps) and the time spent on the other edges
which will be negligible.

For this purpose, recall the definitions (4.3) of E-;, and (5.11]) of R, and let
us define,

(6.2) 2t = Y Kkeln): (X1, Xl =€},
e€ES,N{R\&}

as well as

(6.3) o= -1

Remark 6.1. We are careful about the definition of let in order to make

sure that this quantity does not depend on the conductances outside R° \ &,

so that we can later apply Theorem . Note that, under PX[-|D = o], one

edge of & is crossed once and the other edges of {R°\ E}° are not crossed
at all. Moreover, as soon ast > K, & C E;.

As for the regeneration times, we can define, for k£ > 0:
(64) 7_1:—1—1 = 7_1* + Tl:((XTl-i—- - X7'17 Z’rl-l--): w(' + XT1))7

where * stands for < or >.
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We now give an upper-bound on the PX[-|D = ool-probability that 7~ is
large, when ¢ is large.

Lemma 6.2. For any 6 € (0,1), there exists Ko < oo such that, for any
K > Ky and for any constant a > 0,
P [ <" > an | D =o0] < C(K,d,a)n™"

_(1=5H0-y
2 .

Proof. Let us introduce

~<nd
= ZeeESnm{RO\&)} [{k € [Taoon, Tcoop © 1)

such that [ Xy, Xp1] = e}].
Define T, TGOODu{o}E S 77" It is clear that, under PX[-|D = o], 0

is open and 7" P < T.. Therefore, to prove the lemma it will be enough to
prove that

P{ [T, > an] < C(K)nﬂ_%.

In this proof, we will point out the K dependence of constants, since the
proof requires us to be careful with this dependence. On the other hand, we
drop the dependence on § and a since these quantities will be fixed throughout
the proof. Also, we fix n > 3 for convenience and note that the statement is
obvious in the other case.

Fix § > 0 and @ > 0. Let us work in an environment w which is such that
0 is open. We have

Tr < Teoopuoye. s + Y, YL<n}) 1Xi==z}
- xEGOOD(w) =0
x€OBAD(w) i=1

Recalling the definition (6.1]) of x, for any € > 0, we see that

Eg {I{X < nE}TT] < Ej |:Té_OODU{O} E_, 5]

DY

x€B(ne ,nce)

1{z € GOOD(w)} E

> X, = x}]

=0

1{3: € OBAD(w }Ew

Z 1{X1 = x}TérOOD,E<n5 9] 91]] .

i=1

Using Markov’s property and Lemma 4.3 we obtain

Eg [1{X§”E}TT] < Eg [TGOODU{O}E 5]
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+C(K) Y [1{z € GOOD(w)}
x€B(n,nCe)

+1{x € IBAD(w)}E* [Tdoon s, ]

Recall that 8BAD(w) C GOOD(w) and notice that, if x is good, then

Téoop. E_s = Tdoopu hE_ We may now apply Lemma there exists a
constant ¢(d) depending only on d such that

Eg[1{x <n°}T.] < C(K) [exp(i’))\ |0BADj(w)|) (1 + Z cjj(e))

e€E(BADJ)NE_, 5
+ > 1{z € GOOD(w)}
x€B(ne ne(de)

+ Y 1{r € 9BAD(w)} x exp(3AW (BAD (w)))

x€B(ne nelde)
X (1 + Z c‘;’(e))}
eck

(BAD3)NE_ s

< C(K)n@s [1 + max  1{z € 9BAD(w) U {0}}

a)EB(nE 7nc(d)s

x |E(BAD(w))

x exp (3AW (BADS (w)))

)
X (1 + max >}
e€ E(BAD})NE_ 5

< C(K)nc(d)s [ max exp(4)\W (BAD;(w)))}

:EGB(TLS 7nc(d)a)

X {1 + max c*(e)l :
e€Fw(B(ne,ne(d)e))

where we used that | E(BADS (w))| < CW (BADS (w))* < Cexp (AW (BADS(w)))
and defined

(6.5) F(B(n®,n" )= | ]  EBAD})NE_u.
z€B(ne nelde)

Now, fix some integers I € N* and i € [0, [ —1]. Using the previous inequality,
on the event {maxX ¢ po(p(ne nce)) C(€) < n‘;#}ﬂ{Ew [1{x <n°}T}] > n‘“f’}7
we have that

nT—Cs

C(K)

max  exp(4AW (BADS(w))) >

xeB(ns 7nc(d)zs)
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Using Lemma and the previous remark, we have

PE | E@[1{y < nfYF=" >n5i§2, max c.(e) <n’'T
O B SR O

< PX max  exp(4AW (BAD} (w))) > ni~c
- J,‘EB(TLSJ’LC(d)E) L C(K)

C(K) _ C(K)

In?2 — In '’
as soon as € > 0 is small enough (depending on ¢, I and ¢(d) but not K) and
K is large enough (depending on 4, I and ¢(d)).
Now, using Lemma and since every edge e € F¥(B(n®,n“¥<)) is such that
c.(€) < n’, we have

(6.6) < Cn%®

Py [T, > an] < Py >n7]+P§ [1{x <n°}T; > an]

C(K) | N~ pr
< PE [1{y < n°YT, > an,
< 0 —I—;O[{X_n} > an
max c.(e) € [T, n%T)
e€ P (B(n® ne(@)2))
By , this implies
oy
PE [T, > an] < oK) +Y Ef | PY[1{x <n°}T. > an]
n
=0
x1{  max  c(e) €T, 00T}

c€F%(B(ns,ne(®<))

x1{E[1{x <n°}T.] <n®T }] .
By Markov’s inequality, we obtain
PX [T, > an)

I-1  sit2 ) -
(6.7) < oK) + ZuP [ max c.(e) € [T, ns )] :
an

n w e ne(d)
par ce P (B(ne ne(@)2))

Now, for any i € [0,1 — 1], using that |E(BADS(w))| < C'|0BADS(w)|* <
|W(BAD:SC)|dC(d) and Lemma , we have

PK max ci(e) € n‘;% n‘siﬁ1
£, (o) e )
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< =7 LeEH(lng;)c*(e) € 1,07 )}
:EGB(TLE,nc(d)E)
< nc(de Z P [c*(e) c [n(;% néwgl)}
e€E(B(nc(de pe(d)e))
pelde Z P [|[E(BAD®)| > nf]

z€B(ne,ne(de)

nc(d)s

< C(K)

WLmax(n)a

as soon as K is large enough (depending on §, I, ¢(d) and ¢), and where
Limax(n) = max{L(n"°7),i =0,..., ] — 1}, with L the slowly-varying function
from the tail ¢, introduced in (1.4}). From (6.7), we then deduce

C(K) ndite@es L 50
PE T, > < L 4 CO(K) Lyax (n) ——— :
STz n] < S O L) — 3™
K 5(1—v)
< C(K) + O(K) Lmax(n)né%Jrc(d)a"_
n n
< C(K) C(K)Lpax(n)
- n nl—&(l—w)—&%—c(d)a
C(K)

(1=38)(1—)
oy 80=)

as soon as [ is large enough (depending on ~ and J, but not K), ¢ small
enough (depending on 4, 7, I and ¢(d)), and for n large enough (depending
on 0, v and L). We used the fact that, as L is slowly varying, for any ¢’ > 0,
v L(z) = 0 as x — +00.
Recall that K depends on §, I, ¢(d) and ¢, so the proof is consistent and we
can conclude.

OJ

A simple variation of the previous lemma is the following result.

Lemma 6.3. Fiz e € E(Z%). For any § € (0,1) and m > &, there exists
Ky < 0o such that, for any K > Ky and for any constant a > 0,
PX [Tf”é > an,c.(e) > n™ | D = 0]
< C(K,9¢,a, m)n_v_(l_é)él_v)P[c*(e) >n".

Proof. The proof of this lemma is very similar to the proof of Lemma [6.2]
Here are the only modifications to be made:
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(1) in (6.5)), as e ¢ E_,s, we can define F“(B(n,n%)) as

F*(B(nf,n%)) = J EBAD)NE .| \{e},

x€B(ne nCe)

excluding the edge e will also ensure that events measurable with
respect to F*(B(n®,n%)) are independent of those measurable with
respect to e.

(2) in the bound corresponding to (6.6)), we will obtain the same upper-
bound multiplied by P[c.(e) > n™| as soon as ¢ is small enough and
K is large enough, depending on m, by Lemma and using that
Ple.(e) > n™] > en™ ™€ for any € > 0 by (L.4);

(3) similarly, we can obtain a bound P¥ [y > nf] < C(K)P[c.(e) > n™|/n
by Lemma [6.1}

(4) therefore, instead of ([6.7)), we obtain

PY [T, > an, c.(e) > n™]

C(x)

I-1 it2

5
m n’ i gkl
Plc.(e) > n™] + Z - P LGFW(IgagmcE)) c(e) € [T, o),

<

1=

-1

§it2
m n- 1 i it1
Plc.(e) > n"™]| + Z - P LGFw(rgaﬁnCE))c*(e) € [n7, n0 T )]

C(K)

n

<

7=

xPlc.(e) > n"™],

and the conclusion follows easily as in the proof of Lemma [6.2]

7. FIRST ESTIMATES ON THE NUMBER OF LARGE TRAPS IN
REGENERATION TIMES

As explained in Section [1.3] in order to understand the time spent by the
walker during one regeneration period, it is important to understand the time
it spends in large traps it meets. In this section, we start by studying the
number of such traps the walker can meet. In particular, we prove that,
with overwhelming probability, the walker meets at most one edge with large
conductance during one regeneration period, see Proposition [7.1}

First let us introduce some notations. We will write

(7.1) Pl-]:=P[- |D = o).
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We call a large trap (resp. medium trap) an edge with a conductance greater
than n (resp. n°), where n and § are some variables we will be using later.
Also, we define

(7.2)

LT(K,n) = {there exists e € E(Z?) such that, ¢*(e) > n and T, < Tl(K)},
and define the measure of a regeneration block in which we encounter a large
trap.

(7.3) P,[-]:=PX[-|LT(n), D= o0].

Further, we set

(7.4)
SLT(5, K,n) = {there exists e € E(Z?) such that, ¢“(e) > n, T, < 7,

and there exists ¢/ # e, € € B(2x,2x"), such that ¢*(¢/) > n°},
and

(7.5)  NLT(5, K,n) = card{e € E(Z%), ¢“(e) > n® and e € B(2x,2x")},

*

a random variable which upper-bounds the number of medium traps seen in
a regeneration time.

Let us introduce the event on which the walker meets only one large con-
ductance during one regeneration period:

OLT(5,K,n) = {3e € E(Z%) : ¢“(e) > n,T, < 7 and for any € # e
(7.6) with T, < 7 or ¢ ~ e, we have ¢?(¢/) < n°}.
Moreover, for any e € E(Z?), we define the event

OLT,(0, K,n) ={c¢(e) > n,T. < 1 and for any ¢ # e with T, <7y
(7.7) or ¢ ~ e, we have ¢?(¢/) < n’},
so that OLT' (6, K,n) = U.cp(ge OLT:(0, K, n), and on OLT, (3, K, n) we have

e =e.

Remark 7.1. Note that if e is hit before 11, then ¢ € B(2x,2x®) for any
e’ ~ e. Therefore, on SLT(5, K,n)¢ N {c.(e) > n}, we have that c.(e') < n’
for any €' ~ e.

The goal of this section is to show that

Proposition 7.1. Fiz § € (0,1). There exists Ky < oo such that, for any
K > Ky, there exists some € > 0 such that we have

E,[NLT (5, K,n)1{SLT (5, K,n)}] = o(n™%),

i particular
P,[SLT (0, K,n)] = o(n™°).
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This proposition will follow easily from an upper bound on the quan-
tity E[NLT(6, K,n)1{SLT (0, K,n)}| (see Lemma[7.1)) and a lower bound on
P[LT(n)] (see Lemma [7.2)). This is the focus of the remainder of this section.

7.1. It is unlikely to see medium traps close to large traps.

Lemma 7.1. For any 6 € (0,1) and any € > 0 there exists Ky < oo such
that, for any K > K,

E[NLT (6, K,n)1{SLT (5, K,n)}] < Cn°Plc, > n°|P[c, > n,
i particular
P[SLT(5, K,n)] < Cn°P[c, > n’|Plc, > n].
Proof. Note that we have
(7.8) NLT(6, K,n) < C(d)x*™,
where o > d + 3 is the constant from the definition of x. Using this, we
see that for any ¢’ > 0
E[NLT (6, K,n)1{x > nf}] < C(K)n~%" = o(P[c, > n’|P[c, > n]),

by Lemma [6.1] and choosing K > K, with K, < oo large enough (depending
on €', d, v and ). Recalling (7.8)), we can see that for any ¢’ > 0, there exists
Ky < oo such that, for any K > K,

E[NLT(5, K,n)1{SLT (5, K,n)}]
<C(d)n**='P[SLT (6, K,n),x < n°]+ o(P[c. > n’|P[c > n))
<C(dn*™ Y Ple(e) = n]P[(¢) = n’] + o(Ple. > n’]Ple > n))
e,e’€B(ne’ mee’)
<C(K,d)n“ @< Plc, > n’|Ple, > n],
and the result follows from choosing &' small enough. 0

7.2. Lower bound on the probability of meeting a large trap in a
regeneration time.

Lemma 7.2. We have
c(K,d)P[c, > n] < P[LT(n)].
Proof. First, notice that
P[LT(n)] = PX[3e € E(Z%) such that, ¢*(e) >nand T, < 7, | D = 9]
1

T TR

PX[there exists e € E(Z) such that, ¢“(e) > n

and T, < 7, D = o0
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> O(K)P{ [there exists e € E(Z?) such that, ¢(e) > n
and T, < 7, D = 0.

Let us describe a way to construct the event appearing in the last probabil-
ity. As depicted in Figure [2| we set A to be the set of vertices: 0, ey, e; + e,

€1

FIGURE 2. The edges in bold are those incident to some vertex
of A and the dotted edge is [ea, e3].

2e1 £ e;, 261 + 2¢;, 3eq £ 2¢;, 361 L ey, deq, deg £ ey, for all i € [2,d], beq, 6e;
and the events

A ={any z € A is 6e;-open} and B = {6¢; is good},

where a vertex is called xz-open if it would be open in w after all edges adjacent
to x are turned normal.
Note that A and B are independent and independent of ¢, ([2e1, 3e;]). Also,
recall that, from the definition (5.8)), we have that 7, > 3.
We may notice that on AN B, if
(1) (X1, 21) = (e1,1), (X2, Z3) = (2€1,1) (hence 71 > Tjae, 3¢, = 2),
(2) Tge, © QTzd\{erSel}o% < Toafoy © O, and Z; = 1 for any
3 <14 < Tk, such that X; ~ 0,
(3) Dobr, =oo,
(4) ¢¢([2€1,3e1]) > n.
then we have D = oo and 71 > Ta, 3¢,) and thus there exists e € E(Z?) such
that, ¢(e) > n and T, < 7. To provide a lower-bound on P[LT(n)], we aim
at estimating the four different events which will give us a lower bound on
P[LT(n)].

d\ {2¢1,3¢,1°027
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On AN B, we see, by Remark that we have
(710) P(L)U[(Xl, Zl) = (61, 1), (XQ, ZQ) = (261, 1)] Z /€2,
moreover on AN B

Py, [The, 0 O, < Toca(oy) © O,

d\{2511351} - d\{?el,Bel}’

(7.11) Z; =1 for any 3 <4 < Tg,, such that X; ~ 0] > &,

which follows from Strong Markov’s property, Remark and the fact that,
on AN B, from any neighbour of 2e; or 3ep, there exists an open nearest-
neighbour path of length at most 7 in A\ {0} to Ge;.

Using Markov’s property (at times 2, Tya\ (o, 3¢,3 © 02 and Tg,) along

with and we may see
(7.12)

PX[A, B, there exists e € E(Z%) such that, ¢“(e) > n and T, < 7, D = o0
>cE{ [1{A4, B}1{c.([2e1,3e1]) > n}Pg [D = oo]].

Recalling that 1{ A}, c.([2€1, 3e1]) and 1{ B} P

¢ [D = oo] are P{-independent,
we have
BE[L{A, B} {e.([2er,3e1)) = n} P, [D = oc]
>P [A]P[c.([2e1,3e1]) > n|E[1{B} Py, [D = oo]].
We have PX[A] > ¢ > 0 and by translation invariance
E[1{B} P, [D = oo]] = E[1{0 is good } Fy’[D = oc]] > 0,
by Lemma and the fact that P[0 is good] > 0 (see Lemma [4.1)). This
means that, by ,
(7.13)
P[A, B, there exists e € F(Z%) such that, ¢*(e) > n and T, < 71, D = o0
>cPlc, > nl.

This and ([7.9)) imply the result. O

8. THE ENVIRONMENT SEEN BY THE PARTICLE CLOSE TO A LARGE EDGE
USING A COUPLING

We know that with high probability a large edge will only be surrounded
by relatively small edges by Proposition Because of this fact, the random
walk (once it hits this edge) will typically make a large number of back and
forth crossings of this edge. This has several important consequences.

Firstly, the exit probabilities from the edge e are almost proportional to the
conductances leaving e (see Lemma [8.1)). This indicates that we should be
able to couple, with high probability, the random walk with a random walk
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Y€ in an environment w, where the large edge e is collapsed into one point,
see Figure [I]
We will then argue that for this coupling

(1) there exists a regeneration 77" for the random walk in w, which co-
incides with high probability with 7. This regeneration time will
take into account that with overwhelming probability the random
walker will do a back and forth crossing of e when it reaches it (see
Lemma .

(2) The time change induced by the back and forth crossings of e will be
described in terms of exponential random variables in the limit (see

Lemma [9.2)).

The strength of this coupling is that both the modified regeneration time
71" and the time change, normalized by c,(¢e), will essentially be independent
of the value of ¢,(e). This will allow us to describe the environment seen from
the particle around a large conductance independently of the precise value of
c«(e) as long as it is large. Hence, this coupling will be useful to describe the
behaviour of the random walk in a regeneration block where it meets a large
conductance.

8.1. Approximation of exit probabilities of the large edge. Recall that,
for a vertex y and an edge e, we write y ~ e if y ~ e or y ~ e~ and
y ¢ {e",e”}. Moreover, if y is a neighbour of e we denote e, the unique
endpoint of e which is adjacent to y.

Finally, we denote w, the environment inherited from w but where the edge e
is collapsed into one point denoted z., see Figure[I] In this environment w,
we have ¢“¢(e’) = ¢“(¢’) for any e’ # e. Therefore, 7¥¢(x) = 7¥(x) for any
x # z. and

me(re) = Y () =a(eh) +7¥(e7) — 2¢%(e).
e'€E(Z%):
e ~e

Lemma 8.1. Fiz an environment w and an edge e € E(Z%). Assume that
(e) > n and (/) < n’ for any €’ ~e. For anyxz € {e*t,e”} and y ~ e,

we have

(1- CW)””% < PY[Xpe =yl < (1+ C(d)n‘sl)—cj;(ey(; ‘”§>.

Proof. For y ~ et such that y # e~, we can apply Markov’s property at time
1 and 2 to see that

or [ Xrex = y] = P [Xh =y + P [X1 = e [P [ X1 = eq ] P [Xrex = ],
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which yields
(e, y) 1
m(et) 1= Pe[X)=e |PY[X, = er]

eoi[XTsx =y =

A similar computation will yield that, for z ~ e~ such that z # e*,

(e, z) Pe Xy =e]
m™(e”) 1— P [X) =e |PY[X1=ey]

e_

o[ Xree = 2] =

Recalling ([1.2)) and (|1.3), we have that
“(e) _ m(e?)

_ -1
DTS e = e

<1+ C(d)n®,

where “+” can stand for + or — and F is the opposite sign. Then, we can
see that, for any v,y ~ e,
Cw<y/’ ey,) < Péi [XTeex — y/]
“(yey) = Pi[Xre =y
and a similar inequality holds under P:..
Since 30, Pi[Xre = y] = Land 32, (Y ey) = Yo c?(¢) =
(") + ¥ (e”) — 2¢¥(e), a simple computation allows us to see that for any
y~e

(Y, ey)

_ o1
(1=C(d)n") ()

< (14O’

I

(1= ) )< P e =)

and

[ Xre =yl < (1+ C(d)n&l)W“(eﬂ ;;iy(’;_y))_ 2¢+(e)’

and a similar inequality holds under P¥.
The last two lines are a restatement of the lemma. OJ

8.2. Definition of two walks on a modified graph. For e € E(Z?), we
denote (Z2, E(Z%)) the graph obtained by collapsing the edge e into one vertex
Te, see Figure . Given an environment w of conductances on Z¢, we denote
w, the conductances induced on ZZ by w. Moreover, we denote P¢ the law of
the environment w, on Zg.

We will define two random walks on Z¢. We will show later that it is
possible to couple those random variables with high probability. The first
walk will simply correspond to the trace on Z¢ of the random walk X on Z¢
in the environment w, which still depends on ¢,(e). The second walk will be
a random walk on Z? in the environment w, and thus will be independent of

ci(e).
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Provided c,(e) is large, we will be able to couple those random walks with
high probability, which intuitively means that the trace on Z? of the random
walk X is essentially independent of the value of ¢,(e) when the latter is large.

We define and compare these walks in order to understand the influence of
c.(e) on the trajectory when this conductance is large. In particular, we will
prove that when ¢, (e) is large, even if the walk X spends a lot of time on e,
the trace of X outside e will be essentially independent of ¢, (e).

8.2.1. The random walk in the environment where e is collapsed. First we
define the random walk obtained from the conductances induced on w, and we
denote the corresponding walk by (Y,¢),cn. We extend to Z¢ all the vocabulary
and the definitions introduced in Section[d] where, in particular, we defined an
open point, a good point and the subsets GOOD(w, ), BAD(w,) and BAD** ()
for z € Z?. The only difference is that, for an environment w, on Z¢, we always
consider the vertex z, to be closed and consequently bad.

Besides, given an environment w,, we define an enhanced version (Y€, Z¥")
of Y¢, with law P“¢ in the exact same way as in Section [5.1] except for the
transition probabilities on x, where, for any y ~ x.,

(1) (e, 21), (y, 1)) = 0,
(2) 7 (e, 1), (4,0)) = P (s y) = L4

Finally, we define P¢ the law of the environment w, on Z¢ and we denote P¢
the annealed law of (Y€, ZY°).

8.2.2. The trace of (X,)n>0 outside of e. Now, we are going to introduce
(X, ZX ) en, an enhanced walk on Z¢, as the trace of (X,,, Z,)n>0 outside of
e.

For this introduce the time change (A¢)nen defined by A§ = k for k < T,
and for larger k we set A7, =inf{j > Ay, {X;, X;_1} # e}

Now set

(XA% ’ ZA?L) lf XA?L_I ) XA;ZL ¢ €

(8.1) (X5, Z") = ¢ (Xae,0) if Xpe_1 €6, Xae ¢e
(Te, Zae) otherwise.

In words X¢ follows the transitions that X,, makes outside of e. Z*" does
as well, except when the walk is jumping out of the edge e.

Remark 8.1. We may notice that (X¢)nen is not a Markov chain, because
its transition probabilities at x. depends on which vertex it used to enter x,.
It is however a “two-step” Markov chain.
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8.3. Coupling (Y,*),eny and (X ),en. The goal of this section is to show that

there exists a version of (Y,¢, ZY"), cy which is, with high probability, equal to

(X, ZX)en. This will allow us to say that the behaviour of (X,,),ecn outside
of the edge e is, with high probability, independent of the value of c,(e).

For any set A of vertices or edges of Z¢, we denote T\~ (resp. T} ") the first
time X°© (resp. Y¢) hits A.
Recall that X¢ is the trace of X on Z¢ and, as the two walks X and X°
coincide until 7, we have T, = Té “. Thus, later on, when dealing with X*®
and by a slight abuse, we will use the stopping time 7, without any further
specification.

Lemma 8.2. Fiz w, ¢ € E(Z%) and § > 0. Assume that ¢“(e) > n and
(e) < n® for any € ~ e. There exists a coupling P¥ of (X¢,ZX )y and

*

(Y, ZY )i such that
PeUXE ZE Viernzs # (Ve ZY Vnetanas] < Cld)n®

and TX" = T@iﬁ =T, P¥-almost surely. We also define @K, the annealed
version of P¥.
Proof. Note first that it is plain that the transition probabilities of (V,¢, Z} ) ren
and (Xg, ZX )ren at any point z € Z¢ are given by those of (Xj, Zy)ren ex-
cept for x = x,.
At the point z, we have that for any y,y’ ~ x,
Pw[(Xli-i-l’ Zlf:l) = (yv 1) | Xli = Te and Xli—l = y/] =0,
(32) PUUXEer, Z50) = (5,0) | X§ = w0 and X{_, = ¢/) =P, [Xre = 1,
and
P = (v, 1) | Y = ze] =0,
(y, e)
T (ze)
So, under P* we define the process ((X¢, ZX%), (Y, ZY))), with the follow-
ing transition probabilities:
(1) if X¢ # Y, then (X¢, ZX) and (Y¢, Z¥") move independently accord-
ing their respective original laws;
(2) if Xp =Y¢ = x, with ¢ # =z, then (X{, 1k, ZX) = (Y&, Z)00)
almost surely and (Xg,,, Z,) = (v, 2’) with probability
PioX1=(y,2)];
(3) if Xf =Y =wx. and X;_ |, =y ~ z., then

(8.3) PIYE = (y,0) [ VY = 2] =
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(a) (X, Z]?Il) = (Y Zlﬁl) = (y,0) with probability
Pyy = P2 [Xree =yl NPV = (3, 0));

el
(b) ((Xl(ca—i—h ZI?:I)? (Yke+17 Zl?j—il)) = ((yla 0)7 (927 O)) with probability
<Peu;/ [(X7ex = 1] — py’,y1> (P;ue Y = (12,0)] — py’,yz)
1— Zywze Dy’ y .
With this coupling, the marginal laws of X¢ and Y ¢ are their original laws.
Moreover, as long as the two walks are coupled, if they are not on x. then they

stay coupled for at least one more step almost surely, and if they are on =z,
(and if they were on ¢ one time step before), they decouple with probability

L= pyy < 2(2d —1) max | P, [Xpe = y] = P2[YE, = (4,0)]]-

Y,y ~Te

Y~ZTe

Hence, it is sufficient to show that the transition probabilities at x, are
close for (Xg,Z*") and (Y, Z)").
In particular, using (8.2)), (8.3) and Lemma we see that if we assume

that ¢ (/) < n? for any ¢’ ~ e, then for any ¥,y ~ z., we have

P2, [Xrpe = y) = P2V = (3, 0)]] < Clan®™.

Until 7, we can keep (X, Z") and (V}¢, Z}") coupled with probability
1. After that at every point in time, we can keep the walks coupled except
with probability at most C'(d)n°~!, it is clear that we can keep (X¢, ZX") and
(Ve, ZX") coupled for n? units of time with probability at least 1—C/(d)n*~L.

U

8.4. The coupling of regeneration times of the new processes. Let us
define new regeneration times 77~ in Z¢ associated to (Y€, ZY"). This is done
in the same way we defined 7 except that

(1) we define D¥* asin (.3)), using the convention that To-l = ey Ahe_-L,

(2) we define M}, asin (5.6)), using the convention that x.-f = e, -{Ve_-,

(3) we replace the definition (5.2]) of M by

MY = inf{i >2: X, is K-open, X;, X;_1, Xi_o # x,, for j <i—2,
(84) X] : Z< Xi—? : Zand XZ = Xi—l +e = Xi—? + 261}.

Recall that the times corresponding to MY are potential times for regener-
ation. The definition is chosen to into account that x. corresponds to
an edge of high conductance, hence a regeneration is unlikely to occur there
because a back and forth crossing will occur with overwhelming probability.

Also we define 7{¥°, the regeneration time associated to (X, Z;X") which
is defined as the greatest number k such that A < 7y, where (Af) is the
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time-change introduced in (8.1). Note that if X, ¢ e, then A°.. = 7.
1

Furthermore, as soon as c.(e) > K, it is guaranteed that X, ¢ e, since, in
this case, e™ and e~ are not open.

Lemma 8.3. Fiz any environment w, an edge ¢ € E(Z%) and § > 0. Assume
that ¢“(e) > n > K and ¢“(e') < n° for any € ~ e. For the coupling P*
of (X¢, ZX°), 7)) and (Y, ZY"),7L") from Lemma we have, for any
z €78,
(XDken # (Vi ke, Te < 10 < 0]
P¥[D =00, DY < 00, T, < ¥ < n¥]

C(d, 0, K)n®L,

—

C(d, 0, K)n*1,

VARRVAN

and
PeIr £ T, < X" <n®) < 0(d, 4, K)n* ",

Proof. For simplicity, we choose z = 0, which could stand for z = z. if 0 € e.

By Lemma([8.2] we already have a coupling of (X§, Z{") and (Y}, ZY*) such
that T, = T\ =T,)". We simply have to verify the three equations for that
coupling. To do this, we need first to control the events on which the walks
decouple. Second, it could happen that the two walks stay couple forever but
% # 777, thus we also want to control these events.

Let us define some events:

(A1) (X5, Z¥°) and (Y€, ZF") decouple before time n?;

(A2) Xox_gor X_x_; belongs to e and there has not been a back and forth
crossing of e;

(A3) e is such that (e — X,,)- £ < 0 and (e; — X,,)- £ > 0 (or switching
ey and e_) and there has not been a crossing of e right after T, < oo;

(A4) e is such that one of its ends is a neighbour of 0, e, say, T, < co and
either T,, = oo or ZT6++1 =1and XT6++1 #0;

(Ab) e is such that e_ f<0and ey -0 >0 (or switching e, and e_) and
there has not been a crossing of e right after T, < oo.

Recall that, under the coupling of Lemma [8.2), X¢ and Y*¢ can decouple only
at times when they are on z..

Firstly, on T, < 77" < n% if (X¢, ZX") and (Y}, Z}") decouple at some finite
time then we are either in the situation (A1) or in (A1)¢ and it means that
X goes back to e after 71 and we are in the situation (A3).

Secondly, on T, < 7" < n? if the two walks remain coupled forever, and if
D = oo and DY < oo, then we are in the situation (A4) or (A5).

Thirdly, on T, < 7i*° < n?, if the two walks remain coupled forever, and if
" # 7" then we are either in the situation (A2) or (A3).
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By Lemma and using Markov’s property at time 7., we have
By [(A1) U (A2) U (A3) U (A4) U (A5), T, < ¥ <n®] < C(d, O)n®,
where, recalling (5.1]), we used for (A4) that P# [Z; = 1] < C(d, )K= /e, (e).

Now, the conclusion follows easily.
O

8.5. Tail estimates on the new regeneration times. In this section we
prove some estimates on the tail of the newly introduced regeneration times.

8.5.1. Regeneration times for Y° cannot be very large when a large conduc-
tance is met. We start by proving the following technical lemma.

Lemma 8.4. Fire € E(Z%) and § > 0. We have, forn > K,
PE[rX #70°, T.<r <n®, cle) >n,SLT(6, K,n)]
< C(d, 0, K)n® 'Ple.(e) > nl,
%@T@ PK is the coupling of (X2, Z5), ") and (Y€, ZY"), 7)) from Lemma

Proof. For an environment w, recall that, under P¥, T, = T =T by
Lemma 8.2} On {7, < 7" < n®} N {e.(e) > n} N SLT(S, K,n)°, we know
that the hypothesis of Lemma is verified as, by Remark there exists
no other edge €’ ~ e such that ¢“(e’) > n°.

Hence, by applying Lemma

Ef [1{c.(e) > n}Py [T. < 7" <n®, SLT(5,K,n)*, " #7]]
<Ef [1{c(e) > n,e(€) <n’ Ve ~ e} Py [T. <7 <n®, " #77]]
< C(d, 0, K)n*"Plc,(e) > n).

U

We proceed to prove another intermediate result.

Lemma 8.5. Fir e € Z%. For any 6 € (0,1/(y + 3)), there exists Ky < oo
such that, for all K > Ky and any n > 0,

PE[rY > n® c.(e) > n, SLT(n, K, 6)°, T, <7|D =00] < Cn~ YP[e, > n,

where PX is the coupling of (Xg, ZX°), ") and (Y, ZY"), )" from Lemma
(52

Proof. Firstly, recall that if n > K then e is closed, X, ¢ e and {T, <71} =
{TX" < 7{*"}. Using Lemma [8.4] we have

By (" > n*,cule) > n, SLT(n, K,0)°, T. < m, 7" <n*| D = o]
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< C(KPE[RY £ 77, T, <X <n®, c.(e) > n, SLT(8, K, n)
< C(d, 0, K)n® 'Ple.(e) > n].
Secondly, as 7*° < 7, by the time-change , Lemma yields
@5 [ci(e) > n, SLT(n, K,8)°, 71" > n2‘5’ D = o0
< PE [Tf"é > n?, co(e) > n’ D = oo]
(8.5) < C(d, 0, K,8)n " "Ple.(e) > nl,

where 713"6, defined in (6.3)), is the time spend before 71 on the edges with a
conductance less than n°.
O

We now prove the main result of this section.

Lemma 8.6. Fize € E(Z%) and fiz § € (0,1/(v+3)), there exists ¢ > 0 such
that

B [1" 20", T, < mi,e.(e) 2 1| D= o0] < Cn*Ple, > n] = oBILT (),
and
BE [+ 2 ¥, T, < m,cu(e) = n| D = o0] < Cn~Ple. > n] = o BILT()]),

where PX is the coupling of (X2, Z5), ") and (Y€, ZY"), 7)) from Lemma

8.2

Proof. For the first inequality, we just need to use Lemma together with
Lemma and Lemma The second inequality is given by (8.5)) together
with Lemma [Z.1] and Lemma [7.2] O

8.5.2. Backtracking probabilities for the random walk Y €. Recall, from Section
the definition of P¢, the law of the environment w, where the edge e €
E(Z4) is collapsed. Note that, in order to define w,, as the environment outside
e is independent of ¢“(e), it is equivalent to pick w under P[-|e is closed] and
then to collapse the edge e.

Besides, recall that we extended, in Section[8.2.1], the definition of good and bad
vertices to the environment w, keeping the exact same definition except that
the vertex x. is always considered as closed, whatever are the conductances
of the surrounding edges. In words, a vertex z € Z¢ is w.-good if there exists
an infinite directed open path starting from z (hence, this path does not go
through x.).

Now, notice that for P[-|e is closed]-a.e. environment w, the vertices e™ and
e~ are closed. Thus, under P[-|e is closed], this path does not go through e™
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or e~. This means that, for P[-|e is closed]-a.e. environment w, a vertex is
good in w if and only if it is good in w,. In other words,

(8.6) GOOD(w.) = GOOD(w) P[-|e is closed]-a.s.,

where each vertex x € Z4\ {x.} is naturally associated to a unique vertex in
73\ {et, e }.

Also, under P[-|e is closed], BAD(w,) \ {z.} = BAD(w) \ {e*,e"} as., z. €
BAD(w,) and e™, e~ € BAD(w). Moreover, for any x # x., we have BAD“*(z)\
{z.} = BAD*(x) \ {e*,e"} and z. € BAD*¢(x.) if and only if e*,e” €
BAD“(e™). Besides, BAD“*(x.) \ {z.} = BAD“(e*) \ {e*,e"}. Then, we
extend the definition of the width W (-) such that

W(BAD*(z)) = W(BAD“(x)), for any x # x.,
W (BADY(x.)) = W(BAD“(e"))

The two following results are the analog of Lemma [£.3]and Lemma [3.1] for
the walk Y°.

Lemma 8.7. Fiz some edge e € E(Z%) and some environment w, on Z2. For
any r € GOOD(w,), we have

o0

> oyr =a}

=0

Ee < C(K) < 0.

Proof. This proof is identical to the proof of Lemma 8.1 in [20] but, as it is
short, we give it again. First, we have that

= 1 e (x)
AR N e )

where C¥(z 4> 00) is the effective conductance between = and infinity in we.

Since x € GOOD(w,), using Remark we have
7% () < C(K)e**

Moreover, using Rayleigh’s Monotonicity Principle (see [25]) and Remark [4.2]
we obtain that

1 C(K)e*t
2 ix0 e (g7) Dis0€

where (g;)i>0 is the sequence of the edges of an infinite directed open path
starting at . The result now follows easily. 0

C“(x <> 00) >

For any e € E(Z%), we define
d, =et - lne L.
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Let us define, for any k > 0, the following half-space in Z:
Ho(—k) = {xEZf\{xe}:x~Z—de < —k:}.
We also naturally extend the definition of H, (—k) in Z%.
Lemma 8.8. Fiz some edge e € E(Z%). We have, for any k > 0,
P [T;{/ (k) < oo| < Cexp(—ck).

Proof. Recall that the law P¢ of w, is given by the law of w under P|-|e is closed]
where e is collapsed into z., and recall the equality . We then have, for
any constant ¢ > 0, as soon as K is large enough,

k
P¢ |W (BAD“*(z,)) > —=| =P | W (BAD“(e")) >
W (BAD(2)) = | =P W (BaDe(e)
(8.7) < C(K) exp(—ck),
where we used Lemma 4.1

Now, when Y€ is started from z., we have the following inclusion:

{T;;(_k) < oo} N {W (BAD“(z,)) < %} C A,

k
e is closed
8vd ]

where
A= {3i e Nsit. X; € OBAD*(2.), T}~y 0 0i < Thipeesn) 0 0}
k
8.8 MW (BAD®(z,)) < —= ¢ .
3 {weaps) < 1=}

Besides, recall that 0BAD**(z,) C GOOD(w,) and that z, ¢ GOOD(w,) by
definition. We then have

P A] <ES, |10V (BAD* (5) < - 2)

Z Z l{Xl:I, T,;{/ ( 09 <TBAD"J€ 06}
i>0 z€OBADYe (z.)

< > Ef |1{z € GOOD(w.)} Y 1{X; =z}

€Boo (et ,k/8Vd)\{zc} L i>0

X]_{T,]_}Zi _ O 0 < TBADwe O 0 }

< > ES |1{z € GOOD(w.)} Y | 1{X; =z}

z€Boo (et ,k/8Vd)\{ze} L i>0
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X P [T < Thnpeetan|
< > CUOE, [P Ty < Thipeeen] |
@€ Boo (e k/8Vd)\{ze}

where we used Markov’s property and Lemma [8.7 Moreover, notice that
for P[-|e is closed]-a.e. environment w, w, coincides with w outside z., and
the transition probabilities of Y¢ outside x. are equal to those of X outside
{e7, et} hence, for any = # =z,

we [ye ye _ pw [pX X
Py [Tm—m < TBAD%(xe)} =F; [THE(—k) < TBAD“E(@*)} -
Therefore, using Lemma [3.1] we have
L [A] < > C(K)P, [Ty){(g(,k) < Thapee (e+)
€ Boo (et,k/8V/d)
X
< Y oEp [TH(? o< oo}
€ Boo (et,k/8V/d)
SC(K)]’CdPO |:T’f[(_(fk/2) < OO:|
<C(K)exp(—ck).
This implies the conclusion, together with (8.7)) and (8.8)). O

e is closed}

The next lemma deals with the original walk X and improves Lemma [3.1]

Lemma 8.9. Fir an edge e € E(Z%). For anyn > 0 and any k > 0, we have

max P, Tqi, < 00, c(e) > n} < Cexp(—ck)P[e.(e) > nl.

ze{et,e™}

(=F)

Proof. This proof is similar to the previous one. Fix z € {eT, e }.

Recall that the sets BAD(x) = BADY.(x) depend on the value of some con-
stant K. Fix some constant ¢ > 0. There exists a constant Ky < oo such that
for any K > Ky and any n > K, we have

P [BAD(¢*) UBAD(e™) > k/8Vd, cu(e) > n]

—P |BAD(e*) > k/8vd

co(e) > n} P [c.(e) > n]

—P [BAD(e*) > k/8Vd

e is closed] P [c.(e) > n]

<C(K)P [BAD(e*) > k/gx/&] Ple.(e) > 7]
<C(K) exp(—ck)P [e.(e) = n],
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where we used Lemma [4.1]
Now, in a way that is very similar to the proof of Lemma [8.8] we obtain

P, [Tg (i < 00.c(e) = n, BAD(¢*) UBAD(e”) < k/gﬂ]

< Y C(KE. [P;J [T;f; o < TgAD(eﬂ] 1{c.(e) > n}} .
xE€Boo (eT,k/8V/d)

Moreover, consider the environment w which coincides with w everywhere
expect on e for which we independently resample a conductance ¢, (e) under
PJ-|e is closed]. We then have, as soon as c¢.(e¢) > n > K,

w [rx X _ po [px X
P, [THQ(,@ < TBAD(e+)] =P, [TH;(,@ < TBAD(eJr)] )
and this last quantity is independent of ¢,(e). This yields, using Lemma [3.1]

P. [T;X ) < 00, cu(e) > n, BAD(e") UBAD(e”) < k/3V/d]

< Z C(K)E, [P“’ [Tff (—r) < Té(AD(eﬂ} ‘ e is closed} P [c.(e) > n],
2€Boo(et,k/81/d)

where we used the fact that P [TX (r) < Ty AD(e+)i| depends on the value of

c.(e) only through the fact that the edge e is closed. In turn we obtain that

P, [Tﬁ (ry < 00 ¢i(e) 2 n, BAD(e") UBAD(e™) < k/8\/3]

<C(K)kP, [TX (ky2) < oo] Plc.(e) > n] < C(K)exp(—ck)P [c.(e) > n].
This enables us to conclude. OJ

8.5.3. Probability of reaching x. before regeneration for the random walk Y°.
We need some control on the probability for the walk Y to touch z. before
the first regeneration time when this vertex is far away.

Lemma 8.10. Fiz e € E(Z%). For any M € (0,+0c0), there exists Ky < oo
such that, for any K > K,

Py [Ty <] < C(K)|lell "

Proof. We fix e such that ||e||oc > 8 for convenience. We can notice that,
under the coupling P* from Lemma , (Y)nen and (X¢)nen are coupled
with probability 1 up to T, = T,.". This allows us to say that, on {TYe <7},
we have either TBc O,llello. /3) < Ty, OT TBC O,lell./3) > T and 7‘1 > TYe >
TBL O,]lell../3) = Tgc < (Ollelle/3)" Furthermore TBL O,)lell./3) > T1 implies that Y:,.el
is a potential regeneration point for Y,¢ up to time 7" and since 7, # 77 we
know Y is not a regeneration point which means that after 7" the walk Y
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has to backtrack in H™((Y +e1) 0 M~ (|lell, /2). This means that there
exists y € Boo(0, |le]|,, /2)NHg (corresponding to Y, and where Mg is defined
. YE YE Ye

in ([2.1)) such that Tj/ < oo, T o fzye < oo and TH*((y—f—el){_') 0 flgye < o0.
To sum up we either have

(1) T (0,]le]|,./3) < T1, OF
(2) there exists y € Boo(0,|]e]|, /2)NH{ such that Tyye < oo, T;ZEOHTJG _

Ye € €
oo and TH*((erel)i) o QTQZ o GT; < 00,

so we obtain, recalling Definition [5.1 of P)*,
Py [Ty, <7 ] < PY{The opel /) < 1]
+ Z PRI < oo, Ty "
Y€ Boo (0]lel| o /2)NHT

(y-Z) ¢} QT%/: < Q.

Using Markov’s property we can see that
(8.9)
Py Ty, <7 ] < PY{The opel ) < 1]

+Clel|% max

(ngK[Tf < oo] ANPYRITY 5 < oo])
JF €
yGBOO(07||e||oo/2)mHO

(y-£)
=Py [T o,lell./3) < il

+C|le||* max (
> yeBuo (O llello. /2 N Y

where H~(y - £) is defined in (2.1).

0,K X Ye
POKITX < ool AP [TY 5 < oo]),

By Lemma (6.1, we can see that for any M < oo, there exists Ky < oo such
that, for any K > K,
-M
(8.10) Po [The o,1ell_/3) < 1] < C(K)|lel| " -
Moreover, notice that for a > d + 3,

(1) if ‘(y —e™) 4 > |le||"/* /8 then by Lemma and Lemma we

have

PON[TX < 00] AP, T2 5 < 00] < Bo[T™

Yﬁ
(-f) (o leptvay < oo + P, [T 1/, < 0]

“(- 1)
< Cexp(—cllel|2"").

(2) otherwise for y € B, (0,]le]], /2)NH , as & > 1 and by the triangle in-

equality, we know that d(y,e) > ||e||,, /2. Furthermore, notice that,

as |(y — 4) - 2] < [Jel[* /8. we have 0.+, e~ & B,(Iel[”* /2. el] /2%).
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hence
0,K (X

EDy [TaB (el

[ X

X
7T el el ]

) a+By( 2 e )

1o Lelly 7é

1/a

(H ell

In this case
0,K (X TX
PORITY < oo] <P, [T 7é /e jegsy)

6By( 2 8+By( 2 ) 2;34 )
X
+ Z ]P [T H— (e-N0) < OO]’
seot By (LIl Lell)
1/
noticing that for z € 8+By(”6”2 : ”;J') we have
1/«
7 el

(z =) U2 (y— ") T4 5= 2 1/4lell "
This implies, by Lemma and Lemma [3.7],

8.11 max <IP’O’K TX < oo AP, [T} < oo)
(811) YEBo (0,lell oo /AT N 7 | I Bl < o)
<C|le||%, exp(=C' [Je]|1).
This last equation with and (8.10) implies the lemma. O

We will also need to control the probability to reach an edge far away,
conditionally on the fact that this edge has a large conductance.

Lemma 8.11. Fiz e € E(Z%). For any M < oo, there exists Ky < 0o such
that, for any K > K,

PEIL < m,c(e) = n] < Clel| 2 Ple, > .
where C' does not depend on n.

Proof. Let us denote A(e) the event on which there exists y € B (0, |le]|, /2)
such that, considering the trajectory up to time T,, the point y is compatible
with X, = y. This means that there exists a time n < T, such that X,, =y
is a new maximum for the trajectory in the direction  and Xtk 7> X v
for any 1 < k < T, —n. In particular, if such a vertex y exists then e € H*(0)
and y € Ho, :=HT(0)N Hoi e,

First let us control our event on A(e)®. Let us write & the environment
coinciding with w where ¢,(e) has been resampled according to P. Notice
that A“(e) = A%(e) and @ has the same law as w.

We have

Py [Ale)*, T. <, () = n] < PglA(e)’, ¢(e) = ]
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— BE[A(e)f, E(e) > n] = P [A(e)Ple. > nl,

) Tk p -

but now we can notice that on A(e)® we necessarily have ToB(0,)lell./2) < T1

c d —-M
Py [A(e)] < > Py [Ty < m1] < Cllell llells” .

where we used Lemma [6.1] and we chose K large enough.
Combining the last two equations we have

(812)  PEA()S.T. < m,c(e) = n] < C|lel[ 2 Ple. > n].

Now, we can estimate {A(e), T. < 71 }. On that event, we know that there
exists y € B(0,|le||., /2) N Ho. such that, considering the trajectory up
to time T¢, the point y is compatible with X, = y, but since T, < T, <
71, we know that y is not where the regeneration occurs. This means that
Ty gy © Or. < 00.

This means that we obtain

Py [A(e), T. < 71, ¢i(e) = n]

< Z IP’Z’K [T¢ 0 01, < oo and T,

= 5 00, < o00,c(e) > nl.
YE€Boo (0]le]| o /2)NHo,e

~((y+e1)-0)

Using Markov’s property we can see that
(8.13)

PX[A(e), T, < 7, (e) > n] <C'|le||%, POE[TX < 0o, c?(e) > n]

max ( y
VEBao 0] lcl0/2)

NHo,e
0,K w X = w
ANE [ze?el%}é*} P; [TH—((y+e1)-Z) < OO], Cy (6) > n])

—

< ||€||my63m@§|w/2) y L <oo,cl(e) 2n
0,e

A max P[T:

ze{et,e} H((y+er)-ver-d) < O G (e) > n]>,

where, in the last line, we consider the hitting time of the hyperplane H~((y+
e)- 0Ve - Z) in order to lose the dependence to the environment around the
origin.

Besides, we can notice that the event {TX < oo, } is P-independent of ¢ (e).
Now, proceeding as for the estimate , we obtain, for a > d + 3,

(1) if (et —y)- > |e]|V* /8 then by Lemmawe have

< 00,¢(e) > n] < Cexp(—c|lel[Z/*)P[e2(e) = n].

*

X
zel{relg,}é— } P [TH_ ((y+er)-EVe )
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(2) otherwise, for y € B (0,]le||, /2) N Ho.. we know that dw(y,e) >
|le]|, /2. Furthermore, notice that, as —2 < (e — y) O < el /8,
we have 0,e",e” ¢ By(||e||1/°‘ /2, |lel| /2%). In this case

0,K X w _ w 0,K 1 X
P, [T < o0o,¢l(e) > n] = Pl (e) > n]P," [T, < oo

<P[cZ(e) > n|P, [T

X TX
OBy (llel|'* /2, el /2) a ot By

(llell™= /2, lel1/2*)
+ P[ci(e) > n] Z P.[T}} 5 < 09,

“((ef+e1)0)
2€0+ By (|le]|"/* /2,]lel| /22)

but noticing that for z € 97 B, (||e||"/* /2, |le|| /2*) we have (z—e™)-£ >
/A el

these two points imply, by Lemma [6.1 and Lemma [3.1], that
max <IP>0’K[T6X <oo,c¢?(e) >n]A max P,[T:

y€Boo(0,/fel . /2) \ ¥ zefet,e} H=((y+er)-Lver-d) o
ﬂ'Ho,e

<CP[c(e) 2 n |lell, exp(—C [lell.L"):
Using this equation, (8.13]) and (8.12)) yields the result.

8.6. Probability of events conditional on the encounter of a large
trap. In this section, we give one of the key results about the asymptotic
environment seen from the particle. Indeed, Lemma [8.12| provides an explicit
formula for the law the walk, conditioned to meet a large trap, outside the
edge with largest conductance.
Let us define ™ as a random edge of E(Z?) verifying

(1) () > n,

(2) for all i < T,, we have ¢*(¢') < n for any ¢’ € F(Z?) such that X; € ¢/,

and in case of multiple possible choices we choose e(™ according to some
predetermined order on Z¢. Under P,, defined in , this edge is met
before 7, and, because of Proposition [7.1] there is only one possible choice for
e with high probability.

Remark 8.2. We note that, for a fired environment w, T.m) is a stopping-
time and the random variable e™ is measurable with respect to (X;)i<r -

We write (A, B) € § if
(1) A = {{e} x A% e € E(Z%)} where each A° belongs to the o-field
generated by the finite nearest-neighbour paths in Z¢,
(2) B = {{e} x B¢ e € E(Z%)} where each B° belongs to the o-field

generated by the functions from FE, to the positive numbers, where F,
is a subset of F(Z2).
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For (A,B) € § and for any trajectory 7¢ on Z% associated with some
environment w,, we write 7¢ € (A, B), with an abuse of notation, to designate
the event that

(1) (7;6)”9'1 < Ae?

(2) {e*=(¢'), ¢ € E(Z2) with T* € ¢ for i < 7y or € ~ e} € B.
In particular, this applies to X¢, Y¢ and we will also use the notation X
(A, B). Recall that e ¢ E(Z2).

We are now going to prove one of the key propositions for understanding
the behaviour of the the walk around large traps.

e o

Proposition 8.1. There exists Ky < oo such that, for any K > K, there
exists n > 0 such that, for anyn € N, (A, B) € § and borelian set F', we have
Piles(e™) € F, X° € (A, B),LT(n), D = ]
=Ple. >n,c. € F] > P{Y° € (A B)T. <7 D" =oo]+n "ouprPLT(n),
ecE(Z4)
where we have

max o(a,B),r (PLT (n)]) = o(P[LT(n)]),

(A,B)€g,F borelian
or, in words, the quantity o(P[LT(n)]) appearing in the previous equation can
be upper-bounded independently of our choice of (A, B) or F.

The series appearing in the lemma cannot be infinite by Lemma [8.10]

Proof. Fix some § € (0,1) that will be chosen later. Recalling the nota-

tions ) and (| . we have
PK [Xe(") € (A, B), c.(e™) € F,LT(n),D =
< Z Pl c.(e) >n, T, < 1,X¢ € (A, B),c(e) >n,c(e) € F,D = o0
e€E(Z4)
+PS[SLT(6, K, n)],
and
PE(X" € (A, B), c.(e™) € F,LT(n),D = x|
> Z P c.(e) >n, T, <1, X° € (A, B),c(e) >n,c(e) € F,D = o0
e€E(Z4)
Z PXlc.(e) > n’, e € B(2x,2x"), SLT(5, K, n)).
e€E(Z9)
Therefore, this yields

)P{f X" € (A, B), e.(e™) € F,LT(n), D = o0



51

— > Pf[X“€(A,B),T. <7,c(e) >n,é(e) € F,D = 0
e€E(Z4)
<ES[NLT(6,n)1{SLT(5,K,n), D = co}].
and we know by Lemma (applied with € = v§/4) and Lemma [7.2] that
E[NLT(6, K,n)1{SLT (5, K,n)}1{D = 0o} < Cn "/?Pc, > n] = n""/*o(P[LT(n)]),
(which is a bound that does not depend on (A, B) or F) and thus
(8.14)

By (X

€ (A, B), (™) e F,LT(n),D = o0
> PFIX°€(A,B),T. <m,c(e) > n,é(e) € F, D = oo] + n "/ *o(P[LT(n))).
e€E(Z4)
Fix M < oo, by Lemma and Lemma [8.10] there exists Ky < oo such
that, for any K > K,
Py[T. <m) < Cllel[)" and PF[T. < 7] < O lef| "

and hence

Z PX[X¢ € (A, B), T, < 11,c¢(e) >n,c(e) € F, D = 0]
e€E(Z%)

(8.15)

— > PfY* € (AB) T <7, &e) > n,¢(e) € F,D = )
e€E(Z4)
—2M
<2 > C |lel
e€E(Z%)e¢B,q(0,nt/M)

+ ) |Pf[X°€(AB),T. <7,¢(e) > n,¢(e) € F,D = oo

e€E(Z%),
e€B,q (0,n1/MM)

—P§[Y° e (A B),T) <7 c(e) >n,c(e) € F,D" =]

T

<Cn~!

+ Z Py (X € (A, B),T. <7,c(e) > n,c(e) € F,D =]

e€E(Z%),
EEBZd (O,nl/M)

(8.16)
—Py[Y € (A B),T) <7 () >n,c(e) € F,D"" =

T
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Choose 6 € (0,1/(y + 3)) and recall that
Plc.(e) > n,3e¢ ~e: c.(e) > n’] < Cn~"*Ple,(e) > nl.

Thus, as v € (0, 1), we can choose 6 > 0 and € > 0, independently of (A, B) or
F, such that, using the coupling and the results in Lemma[8.3]and Lemma[8.6]
we have

Py (X € (A B),T. <7,¢(e) >n,c(e) € F,D = ]
—P{[Y € (A B),T) <7 (e) >n,c(e) € F,D"" = oq|
< Cn *P[LT(n))).
Choosing M large enough (depending £ and d), using the last inequality,
and , we obtain
PE[X" € (A, B), c.(e™) > n, (e <”>) € F,LT(n), D = ]
= Z PY[Ye e (A B), T, <7, ¢(e) >n,c(e) € F, D" = oo] + n “o(P[LT(n))).
e€EE(Z4)

Now, we can use the fact that the trajectory of Y° and the environment
outside e are independent of ¢“(e) and thus

Z PY[Ye e (A B),T) <7, (e) >n,c(e) € F,D = o0
e€E(Z4)
= Plc. > n,c, € F] Z PY[Yee (A B),T) <7, D" = o,
e€E(Z%)
and so finally
]P’é{[Xe(n) € (A, B), c.(e™) >n, (™) € F,LT(n), D = o
=Ple.>nc. €F] > PV e (AB)T) <n D" =]
ecE(Z4)
+n" 0(P[LT(n))).
This implies the result. [l

The previous proposition implies the following statement.

Lemma 8.12. Tuke (A,B) € §. There exists Ky < oo such that, for any
K > Ky, we have

PE[x*" € (A4, B) | LT(n), D = od]
D eer(zd) PXYee (A B),TY <7, D" =]
ZeeE(Zd) PX[TY <78, DY = o0 ’
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Proof. The result follows easily once, we have proved that
S BT < DY = oo >
e€E(Z9)
For ey = [2e1, 3e;], we can prove a lower bound
P(I){[T;ZSO < DY =00] > ¢,
by noticing that the event {T;* < 7™, D¥™ = oo} occurs if

(1) 0, e1, 2¢e1, 3e; and 4e; are good;
(2) (1/1607 Z%/CO) = (617 1)7 (1/;07 Z%/CO) = (xeoa 1) and YE’fO = 461;
(3) DY 065 = .

and then we can do a computation very similar to the proof of Lemma
and use the fact that

E¢ [1{4e; is good} Py

deq

DY = o0]] = Ef [1{4e; is good} Py, [D = o0]] > 0.
0

9. APPROXIMATION OF THE TIME SPENT IN A LARGE TRAP.

The goal of this section is to find an asymptotic approximation of the time
spent in a trap when the edge associated to this trap has a large conductance.
More specifically, we want to show that the time is roughly the conductance
of the large edge times an independent random variable W,.

9.1. Number of return to a large trap. We define the random variable
VP =card{i >0, Y =m., i <71 }.

Besides, let us define

(9.1) Vo i=card{i <7, X; ¢ e™ and X4 € e(")}.

Note that, chosen under the measure P[- | LT(n)], V,, > 1, we can see that
the previous random variable verifies

(9.2) V, =card{i >0, X; ¢ e and X;;, € e™}.
Finally, let us define, for any e € E(Z%),
(9.3) T (2,) 1= e~ e (1),

A direct application of the Lemma [8.12] implies that
Lemma 9.1. There exists Ky < oo such that, for any K > K, there exists
a couple of random variables (Vuo, ) such that under P,, we have

(Vi T (2,0)) D (Vo 7).
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Denoting P> the probability associated to (V,T), the distribution of this
couple of variables is given by

> BEI(vE A @) €T <7 DY = o

]P’OO[(VOO,ﬁOO) c ] _ ecE(Z%)

S EI < D o

e€ B(Z4)
Proof. Fix some sets A C N and B C R which are measurable and define
A ={{e} x A% e € E(Z%)},
B ={{e} x B, e c E(ZY},
where A® a the set of trajectories on Z? such that V% € A, and B¢ is the

event {7 (z,m) € B}. Note that (4, B) € §. Therefore, we have by
Lemma [8.12)

]P’n[Vn € A, TV (xem)) € B]
=P,[X" € (4, B)]
Z PX[Y® € (A, B), T <", DY = o

T

ecE(Z4)
S ORI <A DY = o)
ecE(Z4)
S BE[VE € 4,7 (2,) € B,T. < 7, DY = o]
_eEE(Zd)

> I <D o

e€E(Z4)

and notice that the right-hand side is a probability distribution corresponding
to our limiting random variables. 0

9.2. Time in excursions in the large edge e. Let us define the exit time
of an edge e € E(Z?) once it has been hit T = T+ ,~yc © Or,, .., with
the convention that T7* = 0 if Ti.+ .~y = oo. Moreover, we define, for any
© > 1, TS as the time spent in e during the ¢-th excursion, again with the
convention that 7% = 0 if there are not ¢ excursions to e, i.e. V;, < i.

Lemma 9.2. Fiz § > 0. Take e € E(Z%) such that ¢*(e) > n and ¢“(e’) < n’
for all € ~ e. Then, there exists a coupling of (e;) and (T¥") where (e;) are
1.1.d. exponential random variables with mean 1 such that, for any i > 1 such
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that V,, > i, P¥-almost surely,

1—C(d 0—1 Cw(e) 2e; < Tex,i < (1+0C(d 0—1 Cw(e) 2e; 1
(- )2 e, < 1 < (1 Clapet ) e 1
where (e;) is independent of ¢“(e), 7 (z.) and (XE),.

Proof. Step 1: Probability distribution estimates
We do the proof for T = T#! and the result will follow by induction.

Let us apply Markov’s property at time 7., the time when the edge e is hit.
For any k£ € N, we have, almost surely,

TeX
e[

_P |Geom (1 - %) > k:}

(et (e

=P © >k

7w (et)mw(e™)
| In < (@ (@) >
where e is an exponential random variable e with mean 1, which does not
depend on the environment. These last equalities show in particular that
| T /2] does not depend on Xr.. Using that ¢“(e) > n and ¢“(¢’) < n’ for
any € ~ e, a straightforward computation yields

Pl O(d)n‘;‘l)&e))e > k] <Py HTQJ >k

e (e

(9.4) <P {(1 + C(d)nfs—l)i—gz)e > k} :

We give an explicit construction of the coupling in order to emphasize the
dependencies. First, note that, for any k € N and any y ~ e, y ¢ e,

TGX
P){?Te © == k, XTeex = y:|

TeX TeX
A GREAEE

=P3, e | _ k] Pg, [Xrex =],

where the last equality can be checked with a straightforward computation.
This means that, conditioned on T, [T5*/2] and Xrex are independent.
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Step 2: The coupling

Let us now explain how we couple the exponential variables with the time
spent in the edge e.

Assume that X hits e for the i-th time. Then, pick an exponential ran-
dom variable e; independently of anything else. First we define e;_ :=

(1 - C’(d)n‘s_l)g:—g?e)ei and e;, = (1+ C(d)n‘s_l)ﬂc:e—&)e)ei, where C(d) is
the same constant as in . Let us denote G_, G and F' the respective cu-
mulative distribution functions of e; _, e; ; (conditioned on the environment)
and the quenched cumulative distribution function of |7*/2] (recall that this
does not depend on the starting point). Note that, given the environment,
G, and G_ are continuous.

Now, given e;, we will introduce the coupling for the time spent on the edge

by setting

{T;J = F 1 (G_(e;)).

Once we notice that G_(+) = G4 (- x (1 + C(d)n°~1)/(1 — C(d)n’1)) and
that e; . = e, _(1+ C(d)n’1)/(1 — C(d)n’"1), it is easy to prove that, by
construction, e, < |T¢/2] < e;,, which implies the inequality of the
statement. The independence of e; and X exi comes from the independence
of [T9'/2] and Xjexi. Indeed, we use e; only to determine the value of
| T /2] and this is independent of X e

U

9.3. The time spent in the largest edge described using a random
variable W,,. We know that under P, defined in ([7.3)), the random variable
T = card{i < 71, X; € ¢} measuring the time spent in e can be written

Vn .
T = Z Te((?z)v
i=1

) is the time spent during the i-th excursion in e(™ .

where T
e(n)

Remark 9.1. The random wvariables T(i)

oy are distributed as T, is chosen
under P for some x € e™. The law of the Te(fi) typically depends on V,, and
may not be the same for all i, as it depends on which vertex the walker enters
and exits the edge e™ . Nevertheless, in the previous proof, we showed that

the random variables LT,3((2>/2J are independent of V,,.

As we stated in Section [1.3] we aim to prove that the time spent in the
trap, when this trap is large, is the product of the conductance ¢ (e™), with
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a random variable which is almost independent. For this reason we introduce

T
(9.5) W, = RO
and we will now prove that this random variable admits a limit under P, and
that as n gets large W, and ¢*(e™) are asymptotically independent.
Recall the definitions and of OLT (4, K,n) and OLT.(6, K,n).
Using Lemma[7.1]and that LT(n)NSLT(, K,n)* C OLT(6, K,n) by Remark
it is easy to conclude that there exists € > 0 such that

(9.6) P,[OLT (6, K,n)¢] = o(n™*°).

We have OLT (6, K,n) = U, cpa) OLTe(d, K,n), and on OLT.(4, K,n) we
have e(™ = ¢

Let us first prove a uniform estimate on the moments of W,, which will be
useful to prove limiting results.

Lemma 9.3. Fiz § > 0 and e € [0,1 — ). There exists Ky < oo such that,
for any K > Ky, there exists a constant C(K) such that, for any n > K, we
have

E, [W)*1{OLT (5, K,n)}] < C(K),

E
n e(n) (Ie(n)

(ﬁ#n))w 1{OLT(, K, n)}] < C(K).

Proof. Recall that under P,,, defined in , 0 is open and thus 0 ¢ ™. Fix
some € € [0,1 —7).

Firstly, we want to show that W,,1{OLT (0, K,n)} has, under IP,,, a moment
v + € which is uniform in n.
Conditionally on the fact that e(™ is hit for the i-th time, the random vari-
ables TE(ZT)L) are distributed as T, under P}’ for some random x € e™ (see

Remark . Fix some edge e € F(Z?). We can use Lemma to see that
on OLT,(6, K, n) for all ¢

(9.7) TO < (14 C(d)n“)i—i))%i +1,

where e; are i.i.d. exponential random variables of mean 1 that are indepen-
dent of (X¢™), e, 7 (2,) and ¢, (e™). Thus, under P,, we have

1{OLT(5, K,n

T (T o))

W,1{OLT(5, K,n)} < (1+C(d)n®Y) i i(?eﬂrl)l{OLT(é, K,n)},
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so taking the expectation with respect to the randomness of the exponentials,
we see that

Foexp [WoL{OLT (6, K,n)}] < C Y

%“’e(’l)—(;ﬂem))l{OLT(d’ K,n)}.
On the event OLT,(d, K,n), we have
Vop=card{i >1: X; €eand X;;; ¢ e},
thus

E¢[V,1{OLT.(5, K,n), D = co}]
< E¥ iu{Tg >0, X; = e (1 - 1{Xisy = e*})

=1
+UHTY >0, Xi=e" 1l - H{ X1 =€ }))

Dy yret Y €4])
m(e”)
D yet e Y €4])
w(et) ’

= B [No(e™)]

(9.8) +E§ [No(e™)]

where we used Markov’s property and where No(e®) := >"°, 1{T" > i, X; = e*}.

We now want to estimate the expectations appearing in last equation. For
this purpose, note that, as n > K, et and e~ are bad vertices so that
BAD(e*) = BAD(e™) and, for any y € Z? and stopping-time T, define
Ny, T)={0<n <T:X,=y}. We have that

No(e™) < 1{0€ BAD(eJr)}N(eJr»TcJ;FOODu{O})
(9.9) + S S X = 2N (e, Teoop) © b

z€OBAD(et) =0

and a similar inequality holds for Ny(e™).

Now, as in the proof of Lemma 4.4, we can consider the finite graph ws,
obtained by merging all the points of 9BAD(e™) (or {0} UIBAD(e™) if 0 €
BAD(e")) into one point d.

In the case 0 € BAD(e') and by merging {0} UOBAD(e™) into 4, as 0 is open,
we have by Lemma and Remark [4.1] for any y € BAD(e"), y ~ 0,

. . w(et)
EJIN(e", Toopu)] = B IN(e", T;)] < C(K)m
< Cexp (2)\ max z0— min Z- ZD e (eTHeT ) e (ot
2€{0}UOBAD (e+) 2€{0}UABAD (e+)
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where we used the fact that the number of visits to e™ is upper bounded by
the number of times incident edges have been crossed.
Using that

max 20— min 2 0<W (BAD(e")),
2€{0}UOBAD(e™) 2€{0}UOBAD(et)
we obtain

E[N(e™, T§00Du{o}>] < Cexp (2AW (BAD(e™))) e (e ) e (o),
This yields

ES)[N(eJr’ TSOODU{O}) < L+ O Z Ew GOODu{O})]
y~0
(9.10) < Cexp (2AW (BAD(e*))) e < ) tr(e?),

where we used that 0 is open and, as we are on OLT,(8, K, n), e~ e ) lr(et) >
C(K). A similar inequality holds for e™.

In the same way, by merging only 0BAD(e™) into §, we have, for any = €
OBAD(e™), we have

(9.11)  EY[N(e*, Tdoop)] < Cexp (2AW (BAD(e"))) e (T e ) (eh)

)

and a similar inequality holds for e.

Using Lemma , and , we have

(9.12)
E§IV,1{OLT.(6,K,n), D = oo} < C(K)exp (2AW (BAD(e"))) 7 ().

Fix some constant M > 4d +4d/(1 —~ —¢). Now, for k € {0, ..., [||e||*]},
by Lemma [8.11] there exists K such that, for any K > K,

X V. Y+e

P o 1{OLT.(6, K D = >

0 <7we(l’e)> {O 6<5> 7n)7 OO} >k

(9.13) < P{f[Te <1, e(e) >n] < C(K)||e||go2M_4dP[c*(e) > nl.

On the other hand, for an integer k& > |||e|| |, Markov’s inequality and

[©12) yield

K V y+e
P S L HOLT.(), K D = >
‘ (%“e(xe)) {OLTL(0. Kom), D = cof = &

SEé{ e T (x

(%)ﬁe 1{OLT.(6,K,n),D = oo} > k] 1{c.(e) > n}]

O(K)

<o EK [exp (2AW (BAD(e"))) 1{c.(e) > n}]
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< OU) g [exp (2 (BAD()) | .(6) 2 ] Plen(0) >
_]5/((52) E& [exp (2)\W (BAD( )) } e is closed} P [c.(e) > n]
(9.14)

C(K
< S Ple.(e) 2 ],

where we used Lemma (4.1 with K large enough (depending on A and d).

Summing over k > 0, we obtain, by (9.13)) and (§ -

Eg

( Vi, )7+€1{OLT6(5,K,n)7D:OO}]

T ()

< O(K)|le]|="Ples(e)
< O(K)|le] | "Ples(e)
Finally, as card{e € E(Z?) : |

> n] + C(K)|[e|| 1M OFIPe, () > 1]
> nl.

lelfoo
<%)W 1{OLT (8, K,n), D = oo}]

=k} < ck® !, we have

K
Eq (n)
o™ (T ()

= > Ef

e€EE(ZY)
< C(K)Pleo(e) > nl
< C(K)PF[LT(n), D = ],
using Lemma in the last line. This implies the result. O

e ()

( v, >7+51{OLT6(5,K,n)’D_OO}]

9.4. Limit in law of the random variables WW,,. The random variables W,
introduced at (9.5 to understand the time spent in large trap have a limit in
law.

Lemma 9.4. There exists a random variable Wy, such that, for the random
variables W,, chosen under P,,, we have

(d)

W, — Wx.

Moreover,

where e; are some i.i.d. exponential random variables with mean 1, indepen-
dent of Voo and T (defined in Lemma .
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Proof. Consider (e;); a sequence of exponential random variables with mean
1. If, for some e € E(Z%), ¢“(e) > n and (/) < n® for all ¢’ ~ e, then using
Lemma [9.2| there exists a coupling of (e;); and (LTe(l) /2]); such that, for all 4,
we have

(e)
T ()

and where e; are independent of each other and independent of (X°¢), e,

(1- C(d)né_l)c—(e)%i <TH < (1+C(d)n) 2e; + 1,

e ()

¢ (z.) and c.(e). Note that, on the other hand, T. ) depends on these quan-
tities and on e;.

Using that OLT (6, K,n) = | (z4) OLT,(6, K,n), we have, on OLT' (6, K, n),

ecE

(9.15) (1— O(d)né—l)m Z 2e;

<W, < (1+C(d)n®?) ) D (2e;+ C(d)n™),

Te(n)

(n)

where V,, and 7°  (z,.m)) are defined in (9.2)) and (9.3)).

e(m) .
Now recall that by Lemma , under P,, (V,, 7 (z.m)) converges in
law to (Vu,7°) and that the exponential random variables are independent

e(n) . . . .
of V, and 7 (x.m) ). Using Markov’s inequality and Lemmaw1th £ <9,
it is easy to prove that, under P,

Va
n® ' ——"1{OLT(5, K,n)} — 0 in probability,
T (o)

and recalling the definition of W, at (9.5))
1 >
51 : o
n’ " ——— 2e,1{OLT (0, K,n)} — 0 in probability.
TWe(n) (l’e(n)) ; { ( )} p Yy
Thus, we have the convergence in law, under P, of W,1{OLT (5, K,n)} to
Wy and, as P,[OLT (5, K,n)¢] = o(1), the result follows. O

9.5. Asymptotic independence of the conductance and W,,. On the
probability space P>, we define the random variables (V,7*°) and inde-
pendently of this couple a variable ¢™® which has the P-law of the largest
conductance met during the first regeneration period, that is

¢ = max {¢“(e), with e € E(2%),T, <},

*

where P[ - | = PX[ - |D = oo] is defined in (7.1]).
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Remark 9.2. Note that, on OLT(6, K,n), we have ™ = ¢ (e™). More-

over, it is plain to see that that {cf*™* > n} = LT(n), hence Plcf™ > n] =
P[LT (n)].

Define the constant
1

(9.16) ) = XD =0

Z PX[T, < 777, DY = o] € (0, +00).
e€E(ZY)

We obtain the probability of encountering at least one trap in a regeneration
period as a direct consequence of Proposition [8.1]

Lemma 9.5. There exists Ky < oo such that, for any K > K, there exists
n > 0 such that

P[LT(n)] x (C1P[c, >n]) ' € (1 —n"",14n7").

Note that the constant C; depends on K, and so does P.
It is also important to know that it is unlikely to encounter more than two
large traps when you know you are encountering one in the regeneration time.

Lemma 9.6. Fiz 6 > 0. There exists Ky < oo such that, for any K > Ky,
there exists n > 0 such that

PILT (n)]
POLT (5, K,n)]

e, 1+n").

Proof. Obviously, we have that for any § > 0 and K < oo, we have
POLT (6, K,n)] < P[LT(n)]
< P[LT(n) NOLT (5, K,n)°] + POLT (8, K,n)],
and the conclusion follows by . ([l
Using Proposition and a simple computation yields the following

statement.

Lemma 9.7. There exists n > 0 such that, for any borelian set F,

Plc, € F,c, > n]
Plc. > n]

P [ € F, ™ > n|D = o] = P[LT(n)]+n""o(P[LT(n)]),

which implies, by Remark[9.3,
Plc, € F,c. > n]

K max max ~, — —
Py [ € F|cf™ > n, D = ] Pl > 1)

+o(n™").

The following result is a simple consequence of Lemma [9.7], Proposition
and Lemma [9.T]
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Lemma 9.8. There exists Ky < oo such that, for any K > K, there exists
n > 0 such that for any n € N, we have

max P*[Ve € A, 7T € B, ™ € F|c™ > n

—P,[¢?(eM™) € F,V,, € A, T (2 ) € BH
=o(n~"),
where the maximum is taken over all borelians. It implies that

max )IP’”[WOOC?MI{CT&X >n} € A Wood™™1{c™™* > n} € B

v,
ey 2V,
Zm—lel{LT(n)} €A, (M)

—1{LT eB
R (o) o )

P [cﬁj(e("))

=n""To(P[LT (n)]).

Proof. The proof comes easily once we have noticed that
P>V, € A, T € B, ™ € F|cM™ > n]
=P [c™ € F|c™ > n, D = co|P®[V,, € A, 7 € B,

and that P{[LT(n)|D = oo] = P{[c™ > n|D = oo]. Besides, =% ST e,
has the same law as W, and %‘? has the same law as V~VOO. [l

Remark 9.3. The previous proposition states that the total variation dis-
tance between the law of (¢ V., m™) chosen under P°[-|c™* > n] and

(2 (™), Vi, T (z,m)) chosen under P, is o(n™"). This allows us to pro-

duce a coupling such that those two triplets of random variables do not coincide

with probability at most o(n™"). In the same way, we can couple the 4-uplets
(P2 Vo, 7, (€;)) chosen under P>[-|c™®* > n] and (¢ (™), Vi, T (2o ), (€/5))
chosen under P, such that they do not coincide with probability at most o(n™"),

and where (e;) and (€';) are two i.i.d. sequences of mean 1 exponential vari-
ables which are independent of the three other quantities involved in their
respective 4-uplets.

The following result will be used to prove the main theorem and gives an
estimate of the distance between ¢ (e™)W,, and c™*W,.

Proposition 9.1. Fiz§ € (0,1). There exist n > 0 and a constant C'(d) such
that, for anyn > K, there exists a coupling P™> of (¢ (e™), W,,, 2V, [T (2,n)))
under P and (¢, Wy, W) under P> such that we have

proe |:

& (MW, 1{OLT (5, K,n)} — ™™ W, 1{cm® > n}|

> O(d)n® e X (Wi + Wi )1{cm > n}}
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< n "o(P[LT(n)]).

Proof. Recall that, by (9.6), there exists ¢ > 0 such that P,[OLT (3, K, N)| =
o(n=¢). On OLT(5,K,N), ¢“(e™) = c™ and recalling we can see
that there exist exponential random variables €’;, independent of 7™ () )
and V,,, such that

017) (1 C(d)n“)_w;w > ee

oz,

<W, < (14 C(d)n®™) > (2 + C(dn™).

i=1
Now, by Lemma [0.§ we know that we can find
(WL > ), WL > )

which is coupled with high probability with

S 2 2V, i
(oo oy ML)} s S HLT (m)).

Thus, we have built an adequate coupling and the conclusion follows easily.
O

fwe(") (me(n) )

9.6. Tail estimate of the random variable W..c**. The goal of this
section is to compute the tail of W,,. For this purpose, we need to give a
moment on this variable. To bound the error terms from Proposition (9.1, we
will also need to compute the tail the following random variable:

~ Voo

Woo = 2_—

TrOO
Lemma 9.9. For any ¢ € [0,1 — ), we have
E>[WX] < oo,

and )
E>[WXH] < co.

Proof. Let us emphasize that we do not know yet that W, is almost surely
finite. We will prove it by a moment estimate.

Define ¢’ = & + (1 — v — ¢)/2. Using Lemma [0.3] for any n > K and for any
R,

E,[(W,1{OLT(5, K,n)})"**1{(W,1{OLT(5, K,n)})"* > R}]

~

E,[(W,1{OLT (6, K,n)})"* 5+ P, [(Wa1{OLT (8, K, n)})"** > R+
C(K,e,v)R™,
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where r is a constant which does not depend on n and where we used Holder’s
inequality and Markov’s inequality. This means that the quantity

E. (W, 1{OLT(5, K,n)}) " 1{(W, {OLT(5, K, n)})"** < R}]

converges uniformly in n to E,[(W,1{OLT (6, K,n)})7*¢] as R goes to infin-
ity. Moreover, using Lemma and Lemma [0.9] it is easy to prove that
W,1{OLT (6, K,n)} under IP,, converges in law to W, hence we have

lim E,[(W,1{OLT (5, K,n)})" = 1{(W,1{OLT (5, K,n)})"** < R}]
n—o0
= EX[WXF1{WX < R}].
Finally, we conclude, by switching the limits in n and in R,
E>®[WX] = lim E,[(W,1{OLT (5, K,n)})"**] < C(K).
n—oo

A similar result now holds easily for Wi U

max
* .

Finally, we are able to estimate de tail of W c
Lemma 9.10. We have
Po[Weer™ > t] ~ CLE®[WL]L(t)t™7,
and B B
P [Weeel™ > 8] ~ CEZ[WL]L(),
Proof. Using Lemma [9.5] and Remark we see that

P[emex > f] = Ble™ > f] ~ O L)t

Hence, by using Breiman’s Theorem (which is proved for example in [13], see
Corollary 3.6 (ii7)), we obtain

P[P W > t] ~ CLL(E)tTEX[W],
since E*[W2 ] < oo for € € [0,1 — v), by Lemma 9.9
The proof for W, is the same.

10. LIMIT THEOREMS

We now have all the necessary results to conclude the main results.
Recall that we assumed that Ple,(e) > t] = L(t)t™" for some v € (0,1) and
where L is a slowly varying function. Note that

n—1
Tn =T1+ Z(TiJrl - Tz’),
i=1

where, using Remark and Theorem , the quantities (7,41 — ), @ > 1,

under Py, are all independent, independent of 7 and distributed as 7 under
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PX[-|D = o0

Let us define the generalized inverse of the tail of ¢,, composed with ¢ — 1/t,
that is

(10.1) Inv(t) :==inf {z : Ple, > 2] <¢7'}.

Using that Inv(-) is nondecreasing and that t"L(t) — +oo for any r > 0, one
can easily prove that

Ly

n~y

(10.2) — 0, for any r > 0.

Inv(n)
10.1. Identifying the terms that do not contribute. We are interested
in the scaling limit of 7,,/Inv(n) under Py. Recall that the quantities 7,41 — 7;
for i > 1 are distributed like 7; under P¥[-|D = oo], are independent of each
other and independent of 7.

As 71 < 0o P-a.s. and PX[-|D = ocl-a.s., it is equivalent to look for the scaling

limit of .
¢
Inv(n)’

=1

where the 7{"s are i.i.d. copies of 7, under PX[-|D = cc]. We will keep all pre-
vious notations adding naturally a superscript or subscript (i) to notify that
the quantity is related to the i-th copy of the first regeneration block under
PE[-|D = oc]. We will still denote P{[-|D = oo] their common probability
measure.

We are thus interested in the time spent during one regeneration period
under PE[|D = oo]. As explained before, the time spent by the walker
during one regeneration period is not negligible only if he meets an edge with
large conductance and, in this case, he spends essentially all of his time on
this edge.

First we prove the following result.

Lemma 10.1. For any 6 > 0,
EX[777°|D = 0] < 0.

Proof. Recalling the definitions (6.2)), (6.3)) and (9.5)), note that, for any e > 0,
under PX[-|D = oo,
1—¢ l—¢

no=r2" " 1{OLT(1/2,K,n' 5 )} + =" 7 1{OLT(1/2, K,n'7 )}
4+ 1{LT(n 7 )} +71{LT(n > )NOLT(1/2,K,n" 5 )}

1—¢ 1

=W (e T ONH{OLT(1/2, K05 )} + 7™

T 1{OLT(1/2, K,n"5")}
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(10.3)
1l—¢ —e —€ —€
4 T HLT(n )} + nl{LT(n 7 ) NOLT(1/2, K,n 5 ).
Now, for any k € N, we can use Lemma [6.2] and Lemma [9.5] and prove that
PE[r) ™ > k|D = oo] <PE[r7*"™" > k75| D = oo] + PE[LT(k77)|D = o]
Y D —I—L
<Ck 77773 +Ck ~ 20-9),

which is summable. This implies the result. U

Now let us prove that the time is overwhelmingly spent on large edges. The
quantity 1/2 in the following result as to be seen as some number strictly less
than 1. We choose this specific value only to avoid useless notation.

Proposition 10.1. There exits Ky < oo such that, for any K > K, we have,
for any ¢ € (0,1/6),

1—

"H{OLTO(L, K n'+ )}

& — 0.

Inv(n)

Proof. Using that 7, < oo P-a.s. and P{[-|D = oo]-a.s., and using (10.2)) and
(10.3)), it is enough to prove that, for some r > 0,

R - i i w n¥ i 1-e
(10.4) n73* ) [Tf)—W(l_sc*(e(i) N{OLTY(1/2,K,n > )} — 0,

(
=
i=1 "

in probability.

For notational simplicity, let us write
1—¢

fin =" = WO (el " NHOLTO(1/2, K05 )}

n v * (

for the i-th term of the sum in ((10.4)). Note that by Lemma the fin's,
1 <1 <n, are i.i.d., have a moment v — § for any § > 0 and their tails can

be upper bounded using ((10.3)).

The rest of the proof is made of three main steps. Before detailing them,
let us define constants that will be useful:

247 m o= (L =), n2:=
171 b) b 3—{—"}/

(10.5) M =14
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and note that each of these constants depends only on ~ and e.
Moreover, the following inequality will be used several times. For any a € R,

Z 1{fjn>a} D:oo]

1<j<n
(10.6) <nP [fi. > al D = o0l.

E¢ [card{1 < j <n, f;n > a}| D = oc] =E{f

Step 1: controlling terms with small or medium conductances

Using Lemma and Markov’s inequality, we have, for any ¢ € {0, ..., M },
PE[f1n > ni/(M'v)‘D = 0] < O(K, M>n*(7*1/M)(i/(M7))_
Using ((10.6) and Markov’s inequality, we obtain for 0 <i < M

1=my 24y il
~y M~ M~

. ; n
]P’é( [card{l <j<n, fin> n/(MV)} > i

=

i 1=my 24y 4 il

SC(K’M)nn_(V_ﬁ)MWn_ Yy T M~y T My

<C(K, M)ns G003
For any 0 <17 < M, we define the event
B(TL, 1, M, 771)

::{card{l < j <, fin € (0O pFD/MPY > ﬁnl_f”?ﬂ—ﬁi }

Together with the fact that i« < M(1 —n;/(1 — 7)) is equivalent to n;/vy —
(1/yv —1)(1 —i/M) <0, this yields that, for any fixed M,

(10.7) PX[B(n,i, M,m)|D = oo] <C(K, M)n~"M = o(1),
for any i < LM (1 — %)J = Iax-
Step 2: ruling out terms with large conductances
Let us define the event
B'(n,ny) = {card{l <j<n,fin> n1;n2} > 1}.
Recalling and using , we see that

PE B (n, )| D = 00] <nPE[fin >n 7 |D = o]

g

1— 1 -
<n (IP’{){ {TF"W > 3" =

i
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-]

1-e¢ 1 1—n
+ Py {Tf” ! Zgn i
N

OLT(1/2,K,n"5 )

e 1—

1-ng | _ 7(1_11:7152>(1_W)
! stz —(1-9)
+n ,

<Cn | 2n

where we used Lemma twice and Lemma [7.1] Finally, using (10.5) and
the fact that 7, < e < 1/6, we have

(10.8) PX[B'(n,m)|D = 00] < Cnx n~ '™ < Cn~™ = o(1).

Step 3: conclusion

Recall that imax = [M (1 — n2) | so that (imax+1)/(Mv) > (1—mn2)/7. Now,
define the event

B(n,M) = B'(n,m2) U | J B(n,i, M, ).
j=0

Using ((10.7) and - we have
PX[B(n, M)|D = oo] = o(1).

This implies that
n B MY f— 0

in probability.
On the other hand, on B(n, M), we can give an upper bound

Tmax 1

1 +i 1=my | 24y 1_3m
gfjn_g—nw My <A My = n~ 4 .

This implies that

n B M) fi — 0

Jj=1

in probability. This concludes the proof. 0J
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10.2. Scaling limits of the asymptotic environment. In this section,
we state the following results about the scaling limits of i.i.d. copies of the
variable ¢**W,. In Section we will then prove that 7, has the same
limit.

Proposition 10.2. Under P>, we have

n max (Z) n max 1 (1)
i—1 Ca (i) Voo i1 Cr(ny Weo ~
2iz1 O 9D 008, and 2i=1 O NG

Inv(n) Inv(n)

where S, has a completely asymmetric stable law of index o and where the
constants are defined by:

. . 1/
(10.9)  Cu = (CEXWINYY and Co = (OIE"O[WQOD '
with Cy being the constant defined in ((9.16)).

Proof. Let us explain it for the first case, the second being similar. We have
to deal with a sum of i.i.d. random variables whose tails are heavy and are,

by Lemma [9.10] such that
P Wy > t] ~ CLL(t) .

This is equivalent to say that there exists a slowly-varying function L such
that, for any ¢t > 0,

P[> W > 1] = L(t)t 7,

Let us denote 1?1;/() the generalized inverse function of this tail, composed
with ¢ — 1/t, as in (10.1]). Using classical results about sums of i.i.d. heavy-
tailed random variables (see Theorem 3.7.2, p.161 of [14]), we have that

n max”x‘(i)
i=1 Cx (i o0
ZZ*L ) @, S, .
Inv(n)

Now, using the properties of slowly-varying functions and using the mono-

tonicity of Inv and Inv, one can easily show that, for any 6 > 0, (1 —
0)CoxInv(n) < I/nvv(n) < (1 4 §)CyInv(n), as soon as n is large enough,
hence
Inv(n)
Inv(n)
Finally, as we deal with sums of non-negative random variables, S is neces-

sarily completely asymmetric (i.e. supported by the non-negative real num-
bers). O

— Cw.

The last Proposition obviously implies the following lemma.
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Lemma 10.2. Under P>, we have, for any > 0,

maxWOO i inaZXWOO
521 1 %) (@ Ocmdn"sZ L () %0.

Inv(n) Inv(n)
The following result shows that only terms associated to large conductances

contribute to the limits stated in Proposition [10.2

Lemma 10.3. For any ¢ € (0,1/6), we have

ST s {erss >0y - Y el
— 0,
Inv(n)

and

Sy W ey > 05 ) = Y el ()
— 0.
Inv(n)

Proof. Using ((10.2)), we can conclude if we prove that, for some r > 0,

B

(10.10) n S ey O1{am <

=1

and
n

nAt Z maXW )1{01[naLX nl%} Do,
=1
The proof is very close to the proof of Proposition [10.1] Let us do the proof
of the first equation, the second being similar. As in ({10.5)), let us define the
following constants which depend only on v and e:

2 = (=, = L
o 2, T2 : TS
Let us also define the following shorthand notation for the ¢-th term of the

sum in (10.10)

(10.11) M =4

fin = QW Z)l{cm"‘X < nl;s},
so that the f;,’s, 1 <¢ <mn, are 1.1.d. and, using Lemma [9.10, we have

E=[(f1)" 4] < EXXEWE) 4] < Oy, M) < 0.
Step 1: controlling terms with small or medium conductances

For any 0 <17 < M, we define the event
B(”? /1:7 M7 Th)

:{card{l <j<n, fjn€ (ni/(M’Y)7n(i+1)/(M7)]} > = pomeiE-i
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Proceeding as in the Step 1 of the proof of Proposition [10.1] we obtain that,
for any fixed M,

(10.12) P>[B(n,i, M,n,)] <C(M)n="™ = o(1),
for any ¢ < LM (1 — %)J = Imax-
Step 2: ruling out terms with large conductances

Denote, for 1y > 0,
B'(n,ny) = {card{1 < j < n, fj, > 07} > 1}

Recalling (10.6)), the fact that, by Lemma 9.10] ¢P*W,, has a slowly-
varying tail such that P®[¢™*W,, > t] < t7777" asymptotically, and using
Breiman’s Theorem (see [13], see Corollary 3.6 (iii)), we have

P>[B'(n, 12)]

< P[> plmm)/y emax oo

l1—¢

7]

< nP W 1{W > n%} > pl=m)/]

e—ng

]

< Cnn~ =P PR(W,, > n
< Onp2rp~(Em)
< Cn 7,
where we used that 1, < e/6. We have thus proved that
(10.13) P*[B'(n,m2)] = o(1).

Step 3: conclusion

We conclude in the exact same manner as the step 3 in the proof of Propo-
sition 101l that

n
_1l,m : 1—¢
nT N AW <5} — 0
j=1

in probability.
OJ

10.3. Coupling and conclusion. We finally are able to state and prove the
scaling limit of 7,.
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Proposition 10.3. We have
Tn
Inv(n)
where S, has a completely asymmetric stable law of index o, and where Cy
1s the constant defined in ({10.9)).

@D 0.8,

Proof. By Lemma [10.1] Proposition [10.2] and Lemma [10.3| we only need to
prove that, under some coupling,

1-e —€
S WO (el T ) HOLTO (L, Kn )}

(@)
Inv(n)

(10.14)

S ey =05 )

B Inv(n) =0

in probability.
By Proposition 0.1} there exists n > 0 such that, for any ¢, there exists a
coupling P™* such that

pnm[ (e YW, 1{OLT( K,n'o0)} — Xy, 1"

> C'(d)n™ ' (W + Wo) 1™ > 0’57
<n "5 o(PLT(n'))).

By choosing ¢ small enough compared to 1 and using that F[LT(nlv;g)] <
On~1%2 this implies

(10.15) pre [Un] <COn' %,

where we define the event

U, = {Eli e{l,..,n}:

1—

5 1 1-¢
ey IWIHOLT(G. K,n'7))

*,(1)

1—¢ 1= jhax 7 max
— WO > 0 }‘ > C'(dyn= 5 (WD + WO L{enss > n' }}

Let us denote G, the left-hand side of ((10.14]), we have that

L ems 1 {ems > 05}
Inv(n)

G, <G 1{UY + C'(d)n~
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e L e ey > 0 )
Inv(n) ’

and the quantities on the right-hand side go to 0 in probability by (10.15 m
and Lemma [10.2]

+ C'(d)n~

11. PROCESS CONVERGENCE

We here give functional statements of scaling limit results. The strategy
is quite classical and consists of two main ingredients. First, we prove the
joint- convergence of the trajectory (or its deviation) and the clock process,
see Lemmall1.2]. Second, we use an inversion argument to conclude the main
results, see Theorem 11.2,

In order to prove Lemma [11.2], we first need to prove that the position of the
walker depends mostly on regeneration blocks without large traps.

For this purpose, we denote OLT; the event OLT, defined in ([7.6)), associated
with the i-th regeneration block. Besides, as before, we write (OLT®); a
sequence of i.i.d. events distributed as OLT under P{[-|D = o).

Lemma 11.1. Fiz ¢ € (0,1/12). There ezists Ky < oo, such that for any
K > Ky, for anyt > 0, we have

tn]—
lim Py ||| X, — Z s — X )U{(OLT 1 (1/2, K, (tn) 5))°} || > n'/*

n—00
=0

[e.o]

=0.
Proof. Firstly, we see that

[tn]—1

Po ||| X = Y (Xonss — X )UH(OLTi1 (1/2,K, (tn) 5 )}|| = nl/*

L =0 .
<P, HXTll{OLT(l/Q K, (tn)'5" }H >_]
J 1—¢ n1/4
+Pg Z OUHOLTO(/2, K (i) T)}|| 2 =~ |D=oo| .
=1

where the variables X(iz)l{OLT (1/2,K, (tn) )} are iid. copies of the

variable Xﬁl{OLT(l/Q K, (tn) )} under PE[-|D = .
Using Theorem [5.1], we have

P, [HXT 1{OLT(1/2, K, (tn) 5 }H >—} 0.
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In order to take care of the second term, notice that, on the one hand,

1—¢ 1

PX [cardg <i<|tn] —1,0LTD(1/2, K, (tn) 5°)} > ni—*

<n~iteEK [Card{l <i<|tn] —1,0LT9(1/2, K, (m)lwi)}) D= oo}
[tn]—1
<n RN | YT 1{OLTY(1/2, K, (tn) 7 )} D = o0
i=1
<~ x tPE[OLT(1/2, K, (tn) 5 )|D = 00] < Cn~it% = o(1),
where we used Lemma [9.5] and Lemma [0.6] in the last line.
On the other hand, we can see that

PE ma; X o >n"*/2|D =
O | acqr,... ﬁj—u,; ozl
|A|<n2™*

<P¥ max X @ ZnE/Q‘D:oo}
| 1<j<[tn]—1 1

<tnPX [ X, >n°/2| D = o] = o(1),

where we used Theorem [5.3] with K large enough compared to € (which is
fixed).

Since on {"Z}Tﬂ—lX(§2)1{OLT<Z'>(1/2,K, (m)lw_e)}H > ";/4}, we have
either >
(1) Card{l <i < [tn] — 1,OLTD(1/2, K, (tn) = )} > nie,
(2) or maxacqi,..,|tn]-1}, ZjeA Xﬁ(i) > pl/t/2,
|Aj<nd e
the result follows. U
Define
X, X,  —wont T
Yo (t) =z () = and S, (t) = —=
( ) n ? ( ) nl/g an ( ) IHV(TL)7

where we also define the d-dimensional vector
(11.1) v =E{[X,|D = ).

To obtain our limiting result it will be enough to prove the joint convergence
of

(Yn(t>75n<t))ogt§T and (Zn(t)asn(t))ogth'
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Using the basic properties of slowly varying functions and the monotonicity
of Inv(+), one can prove that, for any constant ¢ > 0,

Inv(|cn]) 1
Inv(n) e

By Proposition [10.3] the law of large numbers and the central limit theorem,
we thus have, for any fixed ¢ > 0,

Sa(t) D 110 S,,
Y, (t) <=5 ot

(11.2) Z.(t) % V3B,

where S, has a completely asymmetric stable law of index «, B. is a standard
d-dimensional Brownian motion and v/X is some nonsingular d x d matrix
such that ¥ := v/ v/T is the covariance matrix of X, under Pf[-|D = o).

In the following results of process convergence, we use the uniform topology,
denoted U, and two classical Skorokhod’s topologies J; and My, see [34] for
details on these topologies.

Recall that D (resp. D?) is the space of R-valued (resp. R%-valued) cadlag
functions.

Lemma 11.2. Fiz some T > 0. The joint distribution of (Y,(t), Sn(t))o<t<r
converges to the distribution of (vt, CoS,(t))o<i<r in D x D in the U x M;-
topology, where S,(-) is a stable subordinator of index .

Moreover the joint distribution of (Z,(t), Sn(t))o<t<r converges to the dis-
tribution of (VEB:, CaeSy(t))o<t<r in D? x D in the J; x M;-topology, where
B. is a standard Brownian motion independent of S,(-).

Proof. By Theorem 11.6.6 of [34], we only have to prove the finite-dimensional
convergence and the tightness of the sequences. Let us proceed in three steps.

Step 1: Joint convergence for one fixed time t > 0

If t = 0, the result is immediate, we then assume ¢ > 0. Firstly, as Y, (%)
converges to a constant, the joint convergence in distribution of (Y, (), S,(t))
comes at once as soon as S, (t) converges.

Secondly, for (Z,(t),S.(t)), notice that, by Lemma and Proposition
10.1}, we only need to consider the joint limit of

J0) o S XD HOLTO0 /2, K, (tn) 7)) = vin
n = \/ﬁ )




7

S DOLTO (12, K, (tn) =)}
Inv(n) ’

where the variables (Xg), Tl(i)) are i.i.d. copies of (X,,, 1) under P¥[-|D = oo,

and where ¢ € (0,1/12) is a fixed constant.

The two sums occurring in the previous display are not independent but
we will show that this couple has the same limit as a couple of independent
random variables.

Let us define, in some probability space Py, two independent sequences of
i.i.d. random variables (H,) ;); and (H;); respectively distributed as X, under

PX[-|D = 0o, OLT(1/2, K, (tn) 5 )] and 71 under PX[-|D = oo, OLT(1/2, K, (tn) = )].
In the space probability, we independently define a binomial random variable

B,, of parameters |nt] and p, :=P¥[OLT(1/2, K, (tn)5)|D = ool.

We claim that

LntJan Hl ¢ Bn H2
(11.3) Tu(t) 2 (Z“—l vin 2 ) .

vn ’ Inv( )
In order to prove that, let us define the random vector
. l1—¢
I, = (H{OLTYV(1/2, K, (tn) 7 )})ici<|nt);

whose coordinates are i.i.d. Bernoulli random variables with parameter p,,,
and thus |I,,| is a binomial random variable with parameters |nt| and p,,. For
any 0 < k < |nt] and any i, C {iy,....0} with 1 <4y < --- < i), < [nt],
we denote 1,7 the |nt|-dimensional vector with its i-th component being 1
if i € i, and 0 otherwise.

For any measurable set A, we have

[nt]
PE[J,(t) € A|D = o] = Z > P, =1,3|D = x]

=0 ip={i1,...,ix},
1<zl< <ip<|nt]

(i) i
K Zie{l ,,,,, [t F\ig Xo —vtn Zz‘eik 71( )
x Py , cA
Vn Inv(n)

[nt] ZLntJ kH1 —utn Z_
= Z Y A= p) TPy [( T ’ 1;v( )n> €4

Zk {’Ll 7777 Zk}:
1<11< -<ip<|nt]

IﬂtJ kHl t k H2'
B —]{? <Z —uin 21:1( )n,l) EA

Dol - 1]

[nt]

_ZPH

\/ﬁ " Inv(n
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Lntj—Bn Hl —utn Bn H2 )
]P)H Zz:l 7, : Zz:l n, c A
vn Inv(n)
which proves the claim. Besides, note that the marginal laws converge.

Moreover, it is clear that the following couple of random variables is indepen-
dent:

)

(11.4)

Z,LZJ Hi,i —viln 11‘3;1 Hg,i
vn " Inv(n) |

So, if we prove that the distance between this couple and the right-hand side of
(11.3) goes to 0 in probability, we will be allowed to conclude. Recalling that

1—¢

the H) ;’s have the law of X, under P{[-|D = oo, OLT(1/2, K, (tn) 7 )9, we

have, for n large enough,
Xty S
Py [ =|nt|—Bn+1 ) > el <Py Zz_l\/_ n,i S e
n

NLD
+ Py [Bn > pp|nt] + n25}
<Cn~ Y3 4 |nt|p,/n~% < Cn~% = o(1),

recalling that e € (0,1/12) is a constant and ¢ € [0, 7] where T is also a fixed
constant.

Hence, the marginal laws of (11.4) converge in distribution respectively to
VEB, and tV/ "CsSy, and, as the coordinates are independent, the couple
converges jointly to a couple of independent random variables. This finally
implies that

(Za(t), Su(8)) D (VEB, 1170 8,),

where B; and S, are independent.
Step 2: Finite-dimensional convergence

Fix a positive integer k and k+1 times t) = 0 < t; < ... <t < T. Consider
the vectors

(11.5) (Ya(ts) = Yaltiz1), Sn(ti) — Suti-1))1<i<y,
and
(11.6) ((Zn(ti) = Zn(tiz1), Sn(ts) — Sn(ti—l))lgigtk :

As soon as n is large enough, the variables (Y, (¢;) — Y, (t;21), Sn(t:) — Sn(ti—1)),
1 < < ty, are independent and have the same limit as (Y,,(t;—t;_1), Sn(t:, ti-1)),
1 <i < tg. The same holds for ((11.6)) and this implies the finite-dimensional

convergence using basic properties on the increments of a stable subordinator.
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Step 3: Tightness

Firstly, the process (Y;,(t)):cjo,r] converges almost surely and uniformly to a
constant. Besides, by Donsker’s Theorem, the process (Z,(t))tcjo,r) converges
to a Brownian motion on D? in the .J;-topology, which implies the tightness
of the sequence by Prohorov’s Theorem.

Secondly, we will need a criterion for tightness of probability measures on
D, the space of R-valued cadlag functions. To this end we define several
moduli of continuity,

(11.7)

wy(8) = sup { aie%fl} f() = (af(t) + (X —a)f(t2))| 1 t1 St <ta < T ta— 11 <

vp(t,0) = sup {|f(t1) — f(t2)] : t1,t2 € [0, T U (t — 6,6+ ) }.
The following result is a restatement of Theorem 12.12.3 of [34].

Theorem 11.1 (Theorem 12.12.3 of [34]). The sequence of probability mea-
sures {P,} on D is tight in the Mi-topology if

(i) For each positive € there exist ¢ such that

(11.8) P,[f: sup |f(t)] > ] <e, n>1.
te[0,T]

(ii) For each e >0 and n > 0, there exist a 0, 0 < § < T, and an integer
ng such that

(11.9) P,[f ws(d) > n] <e, n > no,
and
(11.10)  P,[f : ve(0,9) > n] < e and P,[f : ve(T,6) > n] <e¢, n > ngp.

Let us check that S, (-) satisfies the two conditions of this theorem. For
condition (7), as S,(+) is a.s. nondecreasing, we just have to check the tightness
of S,,(T") which is easily obtained by the finite-dimensional convergence. For
condition (i7), note first that w¢(d) is equal to 0 when f is nondecreasing. We
then have to check the conditions . Using again the fact that S,(-) is
nondecreasing, we just need that, for any € > 0 and n > 0, there exists ¢ > 0
such that Py[S,,(0) > n] < e and Py[S,(T) — S, (T — ) > n] < e. This is easily
obtained using the finite-dimensional convergence.

Finally, by Theorem 11.6.7 of [34], the tightness of Y,,(-) and S, (-) implies
that (Y, S,) and (Z,, S,,) are tight on the product space D?x D in the U x M;-
topology and J; x M;-topology respectively. This concludes the proof. 0
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Let us now introduce the inverse map on D, the subset of D of functions
x that are unbounded above and such that z(0) > 0. For = € D,, the inverse
map of z is defined as

27 (t) = inf{s > 0:x(s) >t}, Vt>0.

Besides, we define the subset D, + of nondecreasing functions of D,,. We also
define the subset D} of functions x € D, such that z71(0) = 0. We denote
D, the subset of nondecreasing functions of D and Cy the set of increasing
(strictly) continuous functions.

We denote S, '(-) the inverse map of S,(t). Also, recall the definition of
the matrix v/ introduced in and define vy := v/||v|| where v is the
vector defined in . Finally, denote I; the d x d identity matrix, P,
the projection matrix on vy, that is the matrix such that, for any x € Z,
P,yx = (x - vg)vg, and let

(11.11) My = C"*(I; — P, )VE.
Note that P,, M, is the null matrix.
Theorem 11.2. We have

Xt -
11.12 <—> s |
( | nY/L(n)/o<t<t (vC ¥ ())te[o,T]
(11.13)
R T Cazn))
- e — (CO_OW/Q\/EBSAGO ;
nY/L(n) - o
0<t<T
and
Xint) — (X -
(11.14) ) ~ (Xt 20) v %(MdB‘gfl(t)) :
TW/L(n) 0<t<T K t€[0,T)]

on D? in the uniform topology for (11.12) and in the J;-topology for (11.13)
and (11.14). The process B. is a standard Brownian motion and S;l(-) 15 the

inverse of a stable subordinator with index v, independent of B..

Remark 11.1. In (11.14), if we recenter with the projection on any other
unit vector than vy, then this quantity will diverge to infinity.

Proof. Here, we will use two results from [34]. Firstly, Theorem 13.2.1 of
[34] states that if (z,,y,) — (z,y) in D¢ x Dy with (z,y) € C? x C;, then
ZTp 0 Y, — x oy in the uniform topology, hence in the Skorokhod’s topologies.
Secondly, Corollary 13.6.4 of [34] states that the inverse map from (D, 4y, M)
to (C,U) is continuous.

Note that (tn/Inv(nY/L(n)))cpm converges uniformly to (t)c0,77. Note also
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that S7'(-) is a.s. continuous and strictly increasing (See Lemma II1.17 in
[10]). Using these results and Lemma [11.2) we have that

Yoo » g
< n?/L(n (Sn”/L(”) <Inv nV/L )))te[o ) (vCor 5 « Neetom
_ —~/2
<Zm/L (S"W/L( ) <IHV (n7/L(n )))te[o 7] = Bs?l(t)\/i)tE[OvT]’
)

in the uniform topology (and thus .J;) for the two first limits, and in the
Ji-topology for the last one.
Now, we will be able to conclude if we prove that X, is uniformly close

to X7 )
LL(M Sn,Y/L(n)(tn/Inv(n"//L(n))J

It is elementary to verify that me) St /T L)

such that 7; > tn. It means that X,

J is the smallest 7;

- X is 1eSS
nY 1 [nt]
LL(n) Sn'Y/L(n) (tn/Inv(n"//L(n))J
than the size Of a I“egeneratlon blOCk, p].uS one.

Besides, we have that

M, := max || X,

— X,
te[0,7) L]

n? —1
I_W ST /L(n) (tn/Inv(n’Y/L(n))J

<cmax A1X0 = X ]|

where it should be noticed that X, > 1 almost surely. Using Lemma we
have that

‘ (e 9]

M,
Py [ 1 2 }SCnTxn_on(l).

This concludes the proof of (11.12) and (11.13]).
For (11.14]), notice that we just have to apply the linear combination (I;— P,,)
11.13

to (11.13)), as (I; — P,,)v = 0. All linear combinations are continuous in the
Ji-topology at continuous functions, see Section 3.3 of [34]. This concludes
the proof.

U

APPENDIX A.

A.1. Proofs of Theorems and We give here the proof of Theorem
which is very close the the proof of Theorem 4.1 in [20], and Theorem
Before giving the core of the proofs, we need some lemmas.

Recall the definition of MU (n) at - which only depends on MK
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Hence, we work in the exact same context as in [20] and the following Lemma
holds.

Lemma A.1 (Lemma 6.6 of [20]). For any M < oo, there exists Ky such
that, for any K > Ky we have

P[M(K)(n)c} <ConM.
Recalling the definition of M at (A.3), My, at (5.6) an S(n) at (A.4), let us

quote the following results.
Lemma A.2 (Analog of Lemma 7.1 of [20]). We have
PM >n| D < oo] < Cexp(—cn).
Lemma A.3 (Analog of Lemma 7.2 of [20]). We have
P[S(n)] < exp(—nl/Q).

The proofs of these Lemmas are exactly the same as in [20]: even though
the definition of D is not the same, it only uses the fact that if M; < oo then
D ofs, + S; < oo, that P(D < o0) > 0, together with Theorem [3.1| (tagged
5.1 in [20]). Thus, we do not rewrite these proofs here.

We recall that N was defined at (5.8]). The proof of the following lemma is
almost the same as Lemma 7.5 in [20], but as some non-trivial details change,
we provide a complete proof.

Lemma A.4. We have
PIN > n| < exp(—cn).
Proof. We introduce the event
C(n) := {for all k£ < n such that Sy < oo, we have D o Sy, + S < 00},
which verifies
(A1) [N >n} CCn).

Because of the way our regeneration times are constructed, we can see that
C(n) is P“-measurable with respect to o{(Xg, Zx) with & < S, 1}, see the
construction in Section Using Markov’s property at S, 1,

P[C(n+1)] < Y E[P*[Xs,,, =,C(n)]P[D < o]
€L
= Y B|P[Xs,,, =2, C]PF D < o],
x€Z4

where we used Proposition the fact that Xg, , is open, and where w’

coincides with w everywhere except that we fix c.(z,z + e;) = K for all
1 < j < 2d. Furthermore:
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(1) P¥[Xs,,, =z,C(n)] is measurable with respect to

o{ci(e) et fve I<z-lorze{e, e}}:
(2) P [D < 00| is measurable with respect to
o{c(e) et - Ive - U>z-land z ¢ {et e }}.

So we have P-independence between the random variables in (1) and in (2).
Moreover, the P-expectation of the second random variable does not depend
on x, by translation invariance. Hence

P[C(n+1)] < P[C(n)]P [P55 D < oo]] <P[C(n)](1 - o),
where we used Lemma [5.1] and Remark [5.6 Therefore,
P[Cn+1)] <(1-¢P[C(n)] <---<(1—0)",
and we obtain the result by . O

The proof of Theorem [5.1|is now exactly the same as in [20] but we rewrite
it here as a self-contained argument in order to make it easier to the reader.

Proof of Theorem[5.1. Let us define the hitting time of the level n by
Ay = Ty (n),
and the ladder times
(A.2) Wo=0 and Wy =inf{n>0,X,- 0> Xw, E}
We introduce the event
M (n) = M(n) = {for k with W, < A,

(A.3) ~ ~
we have XM<K>09Wk+Wk A= Xy, £ < nl/Q}.

Recalling definitions (5.5)) and the definition of M} at (5.6), we may see that
{Ty+ () kB > 0} C {Wy, k > 0}. This means that on M(n),

for k£ such that S, < A, we have Xg, - /- Xr ~E§ n'/2.

HE(My,)

Moreover, we introduce the event
(A.4)  S(n) = {for all i with S; <A, and M; < oo, M; — X, - £ < n'/?}.

Noticing that Xz, .0 < M, + 1, we may see that, on S(n) N M(n)

+(My)
XSk+1 Z—ngzg 2”1/2+1

for any k with S, < A, and M, < oo. By induction, this means that if
k <n'2/3, S, < A, and M; < oo, then

Xspi1 < k(2nl/2 +1)<n and Spy1 <A,
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and the second part following from the fact that Xg, , is a new maximum
for the random walk in the direction /. In particular, if N < n'/2/3, then we
can apply the previous equation to K = N — 1. Recalling ([5.8)) we see that, if
{N < n'/2/3} and M(n)N S(n), then for n large enough,
X, - €< (n'?/3)(2n? +1) < n.
Thus
PX,, -0>n] < P[N>n"?/3] +P[M(n)] +P[S(n)]
< Qexp(—cn1/2) +nM< 3™

by Lemmas [A.4] |A.1] and [A.3] This completes the proof. 0]

Finally, we give a proof of Theorem [5.3]

Proof of Theorem[5.3 Note that, if X, -¢ > n, then (X, -£)o0y, sy 2 U
Therefore, we have

PX [Xn 0> n] < PX [TaB(n/z (n/2)2) 7 Lot B(n/2,(n/2) )}

i Z Pé{ [XT@B(n/Z(n/W) - Z,TH% ofr, < oo]
2€0TB(n/2,(n/2)%)
i Z ]P)é( |:XTBB<H/2’(”/2)Q) =% TH«; © eTz = 00, (XTI ’ Z) o eTz > n/4

2€0TB(n/2,(n/2)®)
<P [ToBm/2.m/2)2) # To+ Bny2,(n/2)2)]

0,K
+ Y P, <o
2€0+B(n/2,(n/2))
Y PRD, =0 Xy (2 /4],
2€0% B(n/2,(n/2)")
using Markov’s property and where P%X is defined in Definition
Now, for any environment w, P [THE—1 < oo} and P¢ [TH; =00, X, > n/4}

do not depend on the conductances around 0. Hence, we obtain
P [Xﬁ > n} < P [Tonm/2,m/2e) # TorBn2,m/2)))

. [THe_l < oo] D [Xﬁ T>n /4]
2€0tB(n/2,(n/2)%) 2€01tB(n/2,(n/2)*)
<Ce ™ + Cvnc(d)n—M7
for any M < oo, as soon as K is large enough. Here we used Theorem [5.2]
Theorem 3.1l and Theorem (.11 O
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A.2. A result on electrical networks.

Lemma A.5. Let (G, (c(e))ecr) be a finite network with set of vertices V
and set of edges E and consider a random walk X on this network. Fix some
subset of edges Fy C E and fix 6 € V.. We have, for anyy € V, y ~ 9,

Ey[T5,) < c(e),

a C(€y5) ecEyp

with eys being any edge linking y and 0, and where Tg 5, 15 defined in (4.2)).

+
Proof. Let us denote, for x,y € V, G¥(z, 2) = Ef[Z;FiO 1{X; = z}] the stan-
dard Green function killed at §. For = ~ z, we introduce

59, = Card{i < T, X; =z and X, = z}.

It is possible to prove (see proof of Propositions 2.1 and 2.2. of [25]) that,

for y # 6,
E,[Sy] = c(z, 2)u, (),
where v,_,s(x) is the potential (or voltage) at x when a unit current flows
from y to § that verifies v,5(6) = 0. Furthermore, as the voltage function
is harmonic on V' \ {4,y}, using the Maximum Principle (see Section 2.1 of
[25]), we have
Vy-s(t) < vyss(y) = RE(y < 0),

where RE(y < §) is the effective resistance between y and § and where we
used Proposition 2.1 together with display (2.5) from [25].

By Rayleigh’s monotonicity principle, we see that, when y ~ ¢, for any
edge e,s linking y and 4, we have R%(y <> §) < 1/c(e,s). Using the previous
equations this leads to the upper-bound

BT, - Z B,[S%] < Z c(x,z)§62 )Zc(e).

x,z€V: x,z€V: C<6y6) (ey(S ecFEy
[z,z]€E0 [z,z]€E0
0
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