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QUANTUM SUBGROUPS OF SIMPLE TWISTED QUANTUM
GROUPS AT ROOTS OF ONE

GASTON A. GARCIA AND JAVIER A. GUTIERREZ

ABSTRACT. Let G be a connected, simply connected simple complex algebraic group
and let € be a primitive £th root of unity with ¢ odd and coprime with 3 if G is of type
G2. We determine all Hopf algebra quotients of the twisted multiparameter quantum
function algebra Of(G) introduced in [CVI|. This extends the results of [AG], where
the untwisted case is treated.

1. INTRODUCTION

Let G be a connected, simply connected complex algebraic group. In these notes we
determine all Hopf algebra quotients of the twisted multiparameter quantum function
algebra Of(G) introduced by Costantini and Varagnolo in [CVI], where € is a primitive
(th root of unity with ¢ odd and coprime with 3 if G is of type G5. The dual notion of this
deformation was introduced by Reshetikhin |R] to produce multiparameter enveloping
algebras of g = Lie(G), see also [Sul. It is constructed as a twist deformation of the
topological Hopf algebra Uy(g) over C[[A]], where the twist only invlolves elements of a
fixed Cartan subalgebra h of g. In the dual function algebra, this deformation corresponds
to a skew endomorphism ¢ on the weight lattice of G. When ¢ = 0, one recovers the
standard quantum function algebra on G and the results on this paper reproduce the
classification obtained in [AG].

It turns out that Of(G) is a 2-cocycle deformation of O.(G), see Lemma 2141 For
this reason, we call O?(G) a twisted quantum groups. This is not an isolated example.
The relation between multiparameter quantum groups and 2-cocycle deformations has
been explained for particular instances of quantum groups; see for example [Mal, [Tk2],
[AST], [HLT]. In general, multiparameter quantum groups were intensively studied. They
appeared first in the work of Manin [Ma] and were subsequently treated by different
authors, among them [AEL BW| [(CM| DPW, H|, HLT, HPR] ILS, [OY] R}, [Tk].

An important problem in the theory of quantum groups is the determination of the gen-
eral properties that a quantum group should have, since up to date there is no axiomatic
definition of an algebraic quantum group. In this sense, the description of all possible
Hopf algebra quotients, i.e. the quantum subgroups, of the known examples would give
some insight on the structure of the quantum group. This can be viewed as the quantum
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version of the classical problem of studying subgroups of a simple algebraic group. This is
an actual area of research since the description by P. Podles [P] of the compact quantum
subgroups of Woronowicz’s quantum groups SU,(2) and SO,(3) for ¢ € [—1,1]\0. Besides
the result of Podles, the main contributions are

> the description of the finite quantum subgroups of GL,(n) and SL,(n) for ¢ an
odd root of unity by Miiller [Mul;

> the classification in [AG] of the quantum subgroups of G, for G a connected,
simply connected, complex simple algebraic group G, with ¢ a primitive ¢th root
of unity with ¢ odd and coprime with 3 if G is of type Gs.

> the description in [G] of the quantum subgroups of the two-parameter deformation
GLep(n) for a7 a primitive root of unity of odd order;

> the compact quantum subgroups of SO_;(3) were determined by Banica and Bi-
chon [BB];

> the study of the quantum subgroups of SU,(2) for ¢ = —1 in |[BN] and for ¢ # —1
in [FST].

> the description by Bichon and Dubois-Violette [BD] of the compact quantum sub-
groups of the half-liberated orthogonal quantum groups O} from [BS].

> the classification of the quantum subgroups of SU_;(3) by Bichon and Yuncken
BY].

As the reader might have noticed, the problem splits into the algebraic case and the
compact case. The latter is reduced mainly to the case when ¢ = —1. In this paper, we
study the algebraic case, hence we will assume that ¢ is a primitive root of unity. The
main result reads

Theorem 1. There is a bijection between

(a) Hopf algebra quotients q : Of(G) — A.
(b) Twisted subgroup data up to equivalence.

For the definition of the twisted subgroup data see Definition 4.8 We prove Theorem [II
in Section M through Theorems [A.9] B4l and T8l We use the strategy developed in [AG]
for the untwisted case, where the quantum subgroups are constructed using commutative
diagrams whose rows are central extension of Hopf algebras. Since Of(G) is a 2-cocycle
deformation of O.(G), several steps of the construction can be carried out without much
effort. On the other hand, special attention has to be paid for certain constructions. To
describe them we use the study of Of(G) carried out by Costantini and Varagnolo in
[CV1] and |[CV2], which is in turn a generalization of [DL].

A consequence of Theorem [I] is the construction of new examples of finite-dimensional
Hopf algebras with different properties which might not be necessarily 2-cocycle deforma-
tion of quantum subgroups of O.(G). These examples are given by central exact sequences
of Hopf algebras. Due to a result of Stefan [J|, which characterize Hopf algebras with
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certain properties as quantum subgroups of SL,(2), these examples might help to un-
derstand better the classification problem of finite-dimensional Hopf algebras over the
complex numbers.

The paper is organized as follows. In Section [2] we recall the definition and general
properties of the twisted quantum groups U7 (g), its divided power algebra, the twisted
quantum function algebra Of(G) and their specializations at roots of unity, and we show
that O¢(G) is a 2-cocycle deformation of the one-parameter quantum group O.(G). In
Section [Blwe describe the twisted Frobenius-Lusztig kernels u?(g) and all the Hopf algebra
quotients of u?(g)*. We also prove that u?(g) is a twist deformation of u.(g). Finally, in
Section Ml we prove the main theorem.

Conventions and Preliminaries. Our references for the theory of Hopf algebras are
[Mol, [Ra]. We use standard notation for Hopf algebras; the comultiplication, counit and
antipode are denoted by A, € and S, respectively. Let k be a field. The set of group-
like elements of a coalgebra C' is denoted by G(C). We also denote by C*T = Kere the
augmentation ideal of C. Let H be a Hopf algebra. H°P denotes the Hopf algebra with the
same coalgebra structure but opposite multiplication and H? denotes the Hopf algebra
with the same algebra structure but opposite comultiplication. Let g,h € G(H), the set
of (g, h)-primitive elements is given by P, ,(H) ={r € H: A(zx) =2 ®¢g+hz}. We
call P, ;(H) = P(H) the set of primitive elements.

Recall that a convolution invertible linear map o in Homy(H ® H, k) is a normalized
multiplicative 2-cocycle if

o(by, cay)ala, be)c) = alaqy, bay)o(aede). c) (1)

and o(a,1) = e(a) = o(1,a) for all a,b,c € H, see [Mol Sec. 7.1]. In particular, the
inverse of ¢ is given by 07!(a,b) = o(S(a),b) for all a,b € H. Using a 2-cocycle o it is
possible to define a new algebra structure on H by deforming the multiplication, which
we denote by H,. Moreover, H, is indeed a Hopf algebra with H = H, as coalgebras,
deformed multiplication m, = oc*m o' : H® H — H given by

mg(a, b) =a-,b= O’(a(l), b(l))a(g)b(g)a_l(a(g), b(g)) for all a,b € H,
and antipode S, = 0 * S* o~ ! : H — H given by (see [Do] for details)
SU(CL) = a(a(l), 8(@(2)))S(a(3))O'_I(S(a(4)), a(5)) for all a € H.

Remark 1.1. Let H be a Hopf algebra, I a Hopf ideal, A = H/I and 7 : H — A the
canonical map. Clearly, any 2-cocycle on A can be lifted through 7 to a 2-cocycle on H.
Let 0 : H® H — k a normalized multiplicative 2-cocycle on H such that o|;gy+ner = 0.
Then the map 6 : A® A — k given by 6(n(h), w(k)) = o(h, k) for all h, k € H defines a
normalized multiplicative 2-cocycle on A and the induced map n, : H, — A is a Hopf
algebra map. In particular, if B is a central Hopf subalgebra of H such that o|pgp = e®¢,
then the formula above defines a 2-cocycle on A = H/B™H.
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Let H be a Hopf algebra and J € H ® H an invertible element. We say that J is a
normalized twist if

ARid)(J)(J®1) = ([ldA)J)(1eJ) and (c@id)(J) =1 = (id®e)(J).

Given a twist J for H, one can define a new Hopf algebra H” with the same algebra
structure and counit as H, but different comultiplication and antipode

N ) = JAMY, ST = Q3 S(h)Qy.
for all h € H, where we denote J = JV @ J@ and Q; = S(JW)J@. We say that H” is
a twist deformation of H.

The notion of 2-cocycle and twist are dual of each other. If H is finite-dimensional,
then J is a twist for H if and only if J* is a 2-cocycle on H*.

Definition 1.2. A Hopf pairing between two Hopf algebras U and H over a ring R is a
bilinear form b: H x U — R such that, for all u, v € U and f, h € H,

(1) b(h,uv) = b(hay, w)b(h), v); (117) b(1,u) = e(u);
(@) b(fh,u) = b(f,u@)blh, ue); (i) b(h,1) = e(h).

It follows that b(h,S(u)) = b(S(h),u) for all w € U, h € H. Given a Hopf pairing, one
has Hopf algebra maps U — H°® and H — U°, where H® and U° are the Sweedler duals.
The pairing is called perfect if these maps are injections.

Let G be a connected, simply connected simple complex algebraic group and g = Lie(G)
the Lie algebra of G. We fix h C g a Cartan subalgebra and ® the root system associated
to h with simple roots IT = {aq, ..., a,}, where n = rk(g) := dim(h). Let (—,—) be the
symmetric bilinear form over h* induced by the Killing form. Then, the Cartan matrix
72((5’:”)) If we write d; = (a—;)
and D = diag(ds,...,d,), then (a4, ;) = d;a;; and DA is symmetric. The fundamental
weights wy, ..., w, are given by the property (w;, ;) = d;6;; for all 1 < ¢ < n. Then,
a; =Y 5 ajw; for all 1 <4 < n. We denote by P =} " | Zw; the weight lattice, P, the
positive weights, Q@ = " | Zq; the root lattice, Q)4 the positive roots and W the Weyl
group associated to ®. The bilinear form (—, —) defines a Z-pairing over P x Q).

Let ¢ be an indeterminate, R = Q|q,¢~'] and Q(q) its field of fractions. Let € be an
¢th root of unity with orde = ¢ odd and 31 ¢ if G is of type G. If x4(q) denotes the ¢th
cyclotomic polynomial, then R/[x:(q)R] = Q(¢). We denote ¢; = ¢% for all 1 <i < n.

For n > 0 define

associated A = (a;j)1<ij<n € Z"*" to g is given by a; ; =

(n)g = qqn__l1 =" gt (n)g! = (n)g(n = 1) (2)4(1)g and (0), =1,
n), = % g = [laln — 1], [1], and 0], =1,
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2. TWISTED QUANTUM GROUPS

In this section we recall the definition of the twisted (multiparameter simply connected)
quantum enveloping algebra Uf (g), its divided power algebra and the twisted quantum
function algebra Of(G). The former is isomorphic to the multiparameter quantum group
defined in [R] and |[CKP], see [CVI1], and the latter is introduced by Constantini and
Varagnolo in [CV2]. We follow mainly [CV2] for the description.

These algebras depend on a QQ-linear map on the weight lattice that induces a deforma-
tion on the coproduct of U,(g), and on the product of O,(G). This deformation is given by
a multiplicative 2-cocycle on O,(G) and resembles a twist deformation on U,(g). For this
reason, we call them twisted quantum groups. We describe also the corresponding objects
at roots of unity and some basic properties such as PBW basis, a Hopf algebra pairing
and the quantum Frobenius map. In particular, twisted quantum function algebras at
roots of unity fit into an exact sequence of Hopf algebras.

Throughout we omit the supraindex ¢ when ¢ = 0 on the quantum groups and on the
corresponding maps if no possible confusion arise.

2.1. The twisting map ¢. Consider the Q-linear space QP = " | Quw; spanned by the
weigths and define a Q-linear map satisfying:

(pzr,y) = —(2,0y), Vo,yc QP,
QOO[Z':(SZ':2TZ', Ti EP,izl,...,n, (2)
s(o\ ) € 2, VA 1€ P,

where (—, —) is consider as a linear extension of the Z-pairing over P X () to a symmetric
bilinear form QP x QP — Q. In particular, ¢ is antisymmetric with respect to this form.
According to the first two conditions we have that (27;,¢a;) = —(27;, ;). Writing

Ti =D n Ty = Y iy Yy with @,y € Z for all 1 <4, j <n, it follows that

n n n
djxj; = E LriWg, Q5 | = — 5 LW, & | = — E zyj(wr, i) = —diwy.
k=1 I=1 =1

If we denote X = (z4j)1<ij<n, ¥ = (Yij)i<ij<n € Z™™, then AY = X and DX =
(d;xij)1<ij<n is antisymmetric. In particular, z; = 0 for all 1 <1 < n and ¢ depends on
at most w integer parameters. Moreover, by [CV1, Lemma 2.1| the matrix A+ 2X is

invertible and the maps 1 £ ¢ : QP — QP are QQ isomorphisms that satisfy that
(T+e) N =1 —9)Tp)  forall A, peP

Write r = (1 + ¢)~!, 7 = (1 — ¢)~!. Note that if A\ € r(P) and u € P, then (A, pu) €

mz. Let u be an element contained in the algebraic clausure of Q(q) such that

q = udtAT2X) I 5 m, then we write ¢* for y?det(A+2X)
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2.2. Twisted quantum enveloping algebras. Let ) C M C P be a lattice. For
convenience, we recall the definition of the one-parameter quantum enveloping algebras

U,(g, M), see [BG|, 1.6.5].

Definition 2.1. U,(g, M) is the Q(¢)-algebra generated by the elements {E;, F;} ,, { K} :
A € M} satisfying the relations

Ky =1, KAKM = K)\_,_MZKMK)\ for all )\,,UEM,
K\E;K_y = ¢ME;,
K\Fj Ky = ¢ M F,

K, — K;!
EiF; — FiE; = bij——,
q; — g;
1—a;;
S '] ETEE < 0 G49)
=0 qi
1—a;;

> (=1 F ‘l“”} FTRE = 0 (i #)).
=0 qi

It is well-known that U,(g, M) is a Hopf algebra with its comultiplication defined by
setting F; to be (1, K,,)-primitive and F; to be (K_,,, 1)-primitive, for all 1 < i < n.
Using the map ¢, one may define a different coproduct, counit and antipode on U,(g, M)
as follows (see [CV2, §1.3])

Ay(E;) = B @ K;, + Koy —r, @ B, eo(Ei) =0, S,(Ei) = —K_4, B,
A@(E) =F® K—ai—ﬂ' + Kﬂ' ® E? 880<Fi) = Ov S@(FZ) = _FiKaH
A (Ky) = Ky ® Ky, £.(Ka) =1, So(Ky) = K_y.
Note that the coproduct is well-defined by (2)). With this new structure, U, (g, M) is again
a Hopf algebra which is denoted by Uf(g, M). Clearly, Uf(g, M) = Uy(g, M) if p = 0.
We write Uf (g, P) = Uf(g) and Uf(g,Q) = Uf(g).
Remark 2.2. From the defining relations we have that K, E; = E;K,, and K F;, = F, I,
for all 1 <17 <n. Indeed,

o= T ([T ) o (T ) = (I ) s, - v,

Jj=1 Jj=1 Jj=1 Jj=1
The second assertion follows analogously.

Definition 2.3. [CV2] §1.4] Let Uf(bJr) and U#(by) be the Hopf subalgebras of Uf(g)
generated by the elements K, F; with A € P and A\ € @, respectively. Similarly, let
Uf (b_) and U7 (b_) be the Hopf subalgebras of generated by the elements K, F;, with
A € P,and A € Q, respectively. The algebra U#(g) is the Hopf subalgebra generated by
Ky, E;, F,with Ae Qand 1 <¢<n.
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2.3. Pairings, Borel subalgebras and integer forms. By [CVI,V § 2|, see also |[CV2]
§1.4], [DL, §3|, there exist perfect Hopf pairings 7, : U7 (b_)*? x U#(by) — Q(u) and
Tt U (by)P x U#(b_) — Q(u). These are given by

To(Ky, K,) = g(r)m) T (K, K,) = g~ )
7T<p(K)\aEi) :WQD(F’Z"K)\) :0 ﬁcp(EiaK)\) :ﬁsﬁ(K)\aF’i) :()7
O;i 0; _
T (FME) = § — q( r(ri), Tl) ﬁ (EMF) = Y q (T(Ti);ri)a
U g Y g g

for \,p € Pand 1 < 4,j < n. The pairing 7, can be obtained from 7_, by the
conjugation of the Hopf algebra Q-anti-isomorphism (, : Uf (g) — Uq_ ?(g) given by
E;— F,, F,— E;, Ky — K_, and ¢ — ¢~'. Clearly, (, maps Uf(bJr) into Uq_“”(b_) and
Ty =(p0m_y, 0 (Cp, ® (). If o =0, denote by 7y the corresponding bilinear form. Using
these pairings we will define four R-Hopf algebras that will be needed later.

Fix a reduced expresion of the longest element wy = s;, - - - s;,, in the Weyl group W

and consider the total ordering on ®, given by

iN

512%'1, ﬁ2=04i10éi2, ﬁN:ailaig"'OéiN-

The braid group By associated to W acts on U £(g) via the Lusztig automorphisms 75,
for 1 < 7 < N, and one may define the root vectors

Eﬁk = Ti1Ti2 o 'Ekfl (Ek) and Fﬁk = TilTiz e ,'Z_Yik—l(Fk>’
ForseN,1<i<n,1<k<N and G; = F; or F; define
o GV (s) (s)
G =y md G =TT T (G])
For a € &4, let
(2,0) 1 o _1
o =4¢ 2 , Ta = 5(,0(04), eh = (00 — o) B K _+,,
ef:eii’ f;p: ;zpi’ ftf:(qa_qgl)FQK—Ta'

Definition 2.4. Denote by R?[B_]" and R{[B_]" the R-subalgebras of Uﬂo(bJr)Op and
Uf (by)°P, respectively, generated by the elements ef and K_,),, for 1 < i < n and
a € ®,. Similarly, let R7[B,]" and R?[B,]" be the R—subalgebras of U#(b_) and
Uf(b )P, generated by the elements f¢ and K14y, for 1 <i<nand a € &,.

By restriction, we get the following pairings
1 U7(b-) @r RE[B-] — Q(), m: RE[By]" @r Uf (b1) — Q(q),
1 Ug(b,) @ RE[By] — Q(a), 7 R{[B)" @r UL (6-) = Q(q).

/
gp
/
gp
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They are given by

(Ko, Kamgya) = ¢, L (F,ef) = —3y,

W;(K(H—gp)u, K,) = g+, T (ff, E;) =

T Kaspp) = =™, 7, (B, £7) = 0, (3)
To( K- Kx) = ¢~ "V, mo(el, Fy) =

By [L], one may take as bases of Uf(b,) and Uf(b_), respectively, the element&ﬁ,

N ERICUECIRNS B (GO

j=N 1=1 i=1

Divided power algebras. We describe now an integer form of U (g), which is used to define
the algebra U?(g) at the root of unity e.

Definition 2.5. Let I'?(b,) and I'?(b_) be the R-submodules of U?(g) given by
[9(b,) = {u € U(b,) | 7(R¥[B,)"™ 9 u) C R},
I9(b_) ={ue Us(b_) | m,(u® R[B_]") C R}.
It is known that the sets {&,,.} and {1} are R-bases of I'?(b.) and I'?(b_), respec-

tively. This implies that both are algebras isomorphic to I'(b;) and I'(b_). Moreover,
they are also subcoalgebras with the coproduct given by

(A E.(p) = E qZ‘_TsE-(T)Ks(ai—n) ® Ei(S)KTTi’

%
r4s=p

Jrz q_rsF(r K, @ E(S)K—T(az‘”i)’ (4)

K;; 0 K;;0 K;;0
A (3] — KS 4—7‘5 (2] (2] .
m(t) (7))

Again by restriction, we get the Hopf pairings

! :T%(b_) @r R?[B_] - R, " RE[By)" ©p T¥(by) — R,
7, :T%(by) ®p RY[BL] — R, 7, RY[B_]"®@rT¥(b_) = R.

By [CV2, Lemma 1.12], the algebras R¢[B.], R?[B.]" admit a Hopf algebra structure
such that the pairings above become perfect Hopf algebra pairings. Moreover, we have
that RY[B+]|" ~ Rf[B+]" as Hopf algebras.

L[] represents the integer part function
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Definition 2.6. [DL, §3.4] The algebra I'?(g) is the R-subalgebra of U#(g) generated by
I'?(by) and I'?(b_). In particular, it is generated by the elements

K, (1<i<n),
K,,;0 S (Kaq =1
( t):H(q—l) (t>1,1<i<n),
a7 —
s=1
o
EY = t>1,1<i<n),
[t]4,!
rt
= (t>1,1<i<n)
[t]4,!

2.4. Twisted quantum function algebras. In this subsection, we introduce the dual
algebras Of(G) of U¢(g) and RY[G] of I'?(g). They are obtained as the submodules
generated by the matrix coefficients of representations of type one.

Let C, be the full faithfull subcategory in U (g)-mod consisting of finite-dimensional
modules on which the elements K,, act diagonally by powers of ¢q. Then C, is a tensor
category which is strict. Denote by Of(G) the Q(g)-submodule of Homg ) (U#(g), Q(q))
spanned by all the matrix coefficients of objects in C,,. Then Of(G) is a Q(q)-Hopf algebra
with the usual structure. Given V € C,, v € V and f € V*, then the matrix coefficient
crv s UP(g) = Q(q) is defined by ¢y, (z) = f(z - v) for all z € U7 (g). Then we have

Alery)(z ®@y) = crp(zy) and My (Cro @ Cow) = Crogvow

for VV\IWeC,yveV, feV, weW,g,e W and z,y € U (g).

For A € Py, let L(A) be a simple highest weight module of U#(g). Then, L(A) =
@D L(A), is a graded module and by the Peter-Weyl Theorem we have that O,(G) =
Drcp, L(A) ® L(A)*, where L(A)* =~ L(—woA). If v € L(A),, f € L(A)-y, then write
Acry) =2, c;i"’ ®c; €D, 0y(G)-ry ®@ Of(G) -y Since OF(G) equals Oy(G) as
coalgebra, we keep this notation for the coproduct on Of(G).

Lemma 2.7. [LS| Fori=1,2 and A; € Py, v; € L(\;),,, fi € L(A\;)-», we have

M (i @ Cyng) = q%((so(m)m)—(so(Al),Az))m(Cflm1 ® Clyn)-
|

Remark 2.8. Following [HLT), §2|, the quantum coordinate algebra O,(G) is a P-bigraded
Hopf algebra. In particular, if f € L(A)}, v € L(A), and f(v) # 0 we have that
f(0) = f(1-0) = J(E Koy ) = [(S(Ko) Ko, 0) = (Ko, )(Eo,v) = g7 f(0)
for all 1 <7 < n, which implies that A = —p if f(v) # 0.

If we define the anti-symmetric bicharacter p : Px P — Q(q) by p(A1, A2) = g 3(P)22)
then it induces a group 2-cocycle p on P x P given by

P(( A1y 1), (Ao, p2)) = p(A, Ao)p(pn, pa) ' = q%((SD(M)’M)_(SD(M)’M),
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and by [HLT, Theorem 2.1], O7(G) is isomorphic to the deformed P-bigraded Hopf algebra
0,(G), where the product is given

mso(cfl,vl ® szﬂ)z) = p()‘b )‘2)p(,ula :u2)_1m(cf17v1 ® sz,v2)>
for A; € P+, v; € L(Al)m, fl c L(AZ)_)\

Corollary 2.9. O7(G) is a 2-cocycle deformation of Oy(G). The 2-cocycle 0 : Oy(G) ®
O,(G) — Q(q) is given by the formula

U(Cfl’vl’cfQ’”Q) = 6(Cfl,m) (sz vz)q 2(P(1)A2)

for A € P v e L(Az)m, fi € L(Ai)_)\i, andi=1,2.

Proof. Denote x(Ar, Ag) = ¢ 2@O022) - Clearly, o(z,1) = o(1,2) = e(z) for all = €
O,(G). We first prove condition (). For 1 < < 3, let ¢y, ,, € Ou(G) with f; € L(A)y,
and v; € L(A;),,. On one hand, we have

((Chamn) 1) (Cps0s) (1)) T(Cpr 015 (Chan) @) (Cas ) (2))
—A -\ _
- Z sz 12)2V1’ Cf3 13)‘31’2) (Cf 1,019 szl/;)zm Cfayi;ls)
V1,09

—-A - _
o Z Cf2 12)2V1 Cfg 13)3V2) ()‘1’ )‘3)E(Cf1,v1) (Cf2V11}2M2)5(cf3V12}3M3) ()\1> Vo + V3)

v1,v2

= E(Cfl,vl)E(sz,vz)g(cfama)X()‘la )\S)X()\la )\2 + )\3)

On the other hand,

a((Cprm) 1) (Chamn) )T ((Crro) @) (Chaivn) @)5 Chas)
- —A
- Z Cfl 11)1V1’ Cf,, 52112) (Cfle)lmcfzyzgmv Cfs, vs)
vi,U9

-1,V —)\ U 1%
- Z Cfl 11}1 1 f1 12}1 2>X()\1’ )\2) (Cfl 11)1u1>€(cf2 12)2M2> (Cf37v3)X(V1 + V2, )‘3)

v1,V2

= E(Cfl,vl)E(sz,vz)g(cf3,v3)X()‘1> )\2)X()\1 + )\27 )\3)

Thus, o is a 2-cocycle on O,(G). We prove now that it satisfies the equation given in
Lemma 27 It actually follows by a direct computation using that x(0,0) =1, x(A,0) =

X(O> )‘) =1, O’_I(thvl, sz,vz) = U(S(Cflﬂn)a sz,vz) = E(Cfl,vl)g(cfzmz)X(,ula )\2) for A; € P+>
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v; € L(A;);, fi € L(A;)—x, and @ = 1,2, and €(Oy(G)r ) = 0 if —X #

A —A
Mo (Crions Chps) = D 0(E " o Im(c " @ cRi)o (e e )
v1,V2,M1,M2
- Xz, —n, —n2,
- Z (Cfl ;lyl)g(cf2yi2y2>x()\l7 )\2) (Cfl 1)1771 ® C;z Zz) (Cf17?11)1u1)g(cf;?f)qu)X(/’l’l’ 772>
vi,v2,n1,M2

= X(Alv )‘2)m(cf17v1 ® CfQ,UQ)X(,ulu _/~L2>

_ 1 _
_ X(>\17 )\2)X(/~L17/~L2) 1m(Cf1,v1 Q sz,vz) _ qz((ﬂo(ﬂl)#ﬂ) (@()\1)’)\2))m(cf1,v1 ® sz’w)'
]

For more details on twisting, deformation and r-matrices, see [HLT], [CV2] §2.2].

Definition 2.10. Let &, be the full faithfull subcategory in I'*(g)-mod whose objects are
the free R-modules of finite rank such that the elements K; and (K;O) act by diagonal
matrices with eigenvalues ¢* and (:’f) o respectively. Define RY[G] as the R-submodule
of Homp(I'(g), R) generated by the matrix coefficients of elements in &£,. Analogously,
we define R?[B.] as the R-module generated by the matrix coefficients of elements of the
full subcategories of I'?(b)-mod and I'?(b_)-mod, respectively.

Since the categories are strict and tensorial, R?[G] and R¥[B.] are R-Hopf algebras.
Moreover, by [CV2] §2.3|, we have the isomorphims
R;O[Bi]/ ~ R;O[B:t] ~ R;O[Bi]//
Consider the linear map I'?(by) ®p ['?(b_) — I'?(g) given by the multiplication. The
dual map composed with the isomorphism above give the injection
. RZ[G] — R?[B,]" ®r RZ[B_]". (5)
Lemma 2.11. [CV2, Lemma 2.5] The image of g is contained in the R-subalgebra AJ
generated by elements the 1 ®ef, f£ @1 and K_11o0 @ Ki—p)) for A€ P, ac . [

Let A € P, and vy be a highest (resp. lowest) weight vector of L(\) (resp. L(—M\)).
Let ¢+, be the unique element in L(+\)*, such that ¢y(vyy) = 1 and vanish over
the complement I'(h)-invariant of Q(¢)veyx C L(£A). Denote by 9\ = cg,, 0., the
corresponding matrix coefficient.

As in [DI], we define for all a € @, , the matrix coefficient ¢y by

U3 () = oa((Eaz) - va), V2 (x) = oa((wEy) - v_y),
V() = da((zFy) - va), VN (@) = da((Faz) - voy).

Remark 2.12. (a) Let A € Py, then uf(¢_x) = K (115 @ Ka_g)-

Indeed, evaluating both expressions in EM ® F'N where EM = &, om0, and FN =
Nims,0€0,4, for suitable my, ty, ma, ¢ of the basis of I'?(b,) and I'?(b_) (c.f. Definition 2.5)
respectively, and using [DL, Lemma 4.4 (iv)] we have that

(Ho(h-r), EM @ NF) = y\(EMNF) = 61 g6, p MN(=)),
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where M(\) = mo(K\, M) and N(\) = 7o(K_x, N). Then MN(—=A) = mo(K_», MN) =
(K, M)mo(K_x, N) = mo(K_x, M)To(K\,N) = M(=A)N(—AX). Moreover, using (3]
we have

(i, (V2), EM @ NF) = 01,561,p M(=A)N(=X) = 61,601, rm,(K_a4pn, M), (Ka—gr, N).
On the other hand, using the pairings 7, and 7, we have that
(K_(11o)2 @ K-y, EM @ NF) = 61 561 rT(K_(140)0, M)T(Ka—g)0), N)

and the claim follows.
(b) By [CV2] Propositions 1.9 & 2.7|, for all 1 < i < n we have that

M;(w:gz) = q_(Ti,wi) (fl.K—(l‘i'@)wi X K(l—«p)wiu (6)
Mg(wgbl) = q_(TiMi)K—(l—l—ap)wi & K(l—ap)wieii'
We check the first formula, the second follows similarly. Since u,(¥=05) = ug(¥=3!),
and by [DI, Lemma 4.5 (vi)], it holds that uf(¢¥-5") = fo, K—w, ® K., we have
(p(=5), EM @ NF) = (fo, K, ® Ky, EM @ NF) = mg(fa, K—s;, EM)70 (Ko, NF)
= 7 (fa K iy EM)TG (Ko, N)TG (Ko, F)
= Wél(faiK—wia EM)N(—WZ)(SLF
On the other hand, since 77 (f¢ K (11w, EM) = g Il (fO K_,, EM) by [CV2,
Proposition 1.9] and [DL (3.3)], using the definitions in (3]), we obtain
<.f;i-K—(l+go)wi ® K(l—go)wia EM ® NF> = W;(fiK—(l—Hp)wia EM)W:;(K(l—cp)wia NF)
= T, (f& K (1 4pyw, EM)N(=w;)o1 p
= ¢ (£ Koy EM)N (—wi)d

and the assertion is proved.
The following lemma is a twisted version of [DL, Lemma 4.1].

Lemma 2.13. R¢[G] coincides with the R-Hopf subalgebra of Uf(g)° given by the set of
all linear functions f : T%(g) — R such that there exists a cofinite ideal I C T'¥(g) and
N € N which satisfy that f(I) =0 and H;V:_N(Ki —q?) €1 for all 1 <i < n. Further,
the induced Hopf pairing p between RY|G] and I'?(g) is non-degenerate.

Proof. Since I'?(g) = I'(g) as algebras, R?[G] coincides with the set above by [DIJ, Lemma
4.1]. The Hopf algebra structure is the one induced from I'?(g)°. The last claim follows
from the fact that I'*(g) has a PBW-basis and its dual basis lie in R¢[G]. O
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2.5. Specializations at roots of one. In this subsection we recall the definition at roots
of unity of the twisted quantum groups and state some results that will be needed later.

For all Q < M < P, we define
Uf(g; M) = Uy (9)(9: M) @r Q(e), I'Z(g) :=1%(g) ®rQ(€), Of(G)q,, = RG] @r Q(e).

Note that I'?(g) =~ I'*(g)/[x1(¢)I*(9)(g)] and Of(G)a,, = R7[G]/[x(q)R7[G]], where
R/[xe(q)R] ~ Q(e). We denote U?(g; P) := Uf(g) and U?(g; Q) := U¥(g). For r € R,
denote by 7 the image of the canonical projection R — Q(e).

Lemma 2.14. O7(G)q,, is a 2-cocycle deformation of O(G)q(e)-

Proof. Let 0 : O (G) ® O,(G) — Q(q) denote the 2-cocycle defined in Corollary
Then, the map 7 : O¢(G)q,,, ® Of(G)q,, — Q(e) given by

a(z,y) =o(z,y) for all z,y € O,(G),

is a well-defined 2-cocycle for Of(G)q,,,, where Z denotes the image of x € O,(G) under
the canonical projection O7(G) — O¢(G)q,,,- O

Remark 2.15. The relations Ef = 0, Ff = 0, K}, =1 hold in I'?(g) for all 1 < i <
¢

¢ K. -
n. Indeed, we have that [](K.q ™Y —1) = J](¢° — 1)( O‘“O) in I'?(g). If we

s=1 s=1 4
¢ -1
specialize ¢ at €, then we have [](K,,e™*™ — 1) = 0. Since K/, — 1 = [[(Kq, —€*) =
s=1 s=0

e 01
e [T(Ka,e 5t — 1), we have that K. =1 as desired. The other two relations follow
5=0
from the fact (¢). = 0.

The following lemma is analogue to [DL, Lemma 6.1].
Lemma 2.16. There exists a perfect Hopf pairing p: Of (G)g,, @qe) ¥ (g) = Q(e).

Proof. Let p : R?[G] ®g I'"(g) — R denote the pairing defined in Lemma Then,
we may define the pairing p : Of(G)q,, ®qe) 'Y (9) — Q(e) via p(z,u) = (p(z,u)) for all
r € R?|G] and u € I'?(g), where Z and @ denote the images of z and u under the canonical
projections R [G] — Of(G)q,, and ['*(g) — I'¢(g), respectively. A direct computation
shows that p is a well-defined map and it is a non-degenerate Hopf pairing. U

Now we introduce the twisted quantum Frobenius map. For details, see [CV2] §3|. For
1 <i <n,let e;, f; and h; denote the Chevalley generators of g and write el(-m) =e;/ml,

£ = g /ml, (hl) = Lalhim izt for all m > 0.
m

m!
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Lemma 2.17. [CV2] §3.2 (i)] There is a unique Hopf algebra epimorphism Fr : I'¢(g) —
U(g)a given for all1 <i<n andm >0, by

K,.:0 h;
(m) (m/0) (m) ' [e7R) 7
Fr(E;") =¢, . F(E) = film/0), Fr ( " ) = <m/€)’ Fr(K,,) =1,

if | p or 0 otherwise. Its kernel is the ideal generated by the elements K,, — 1, E; and
F;. In particular, there is a Hopf algebra monomorphism ' Fr : O(G)ge) — I'¢(g)°. OJ

Let k be a field extension of Q(¢). We call O¢(G)q,,, ®q() k the k-form of Of(G)q,,,-
When k = C we simply write O?(G).

Lemma 2.18. [CV2] §3.3] Of(G)q,,, contains a central Hopf subalgebra Fy isomorphic
to O(G)q(e). Moreover, an element of Of(G)q,,, belongs to Fy if only if it vanishes on [
and

Fy = Q(e)(tr.0 € OF (Gl f € LIEA) 4, v € L(CA) g0, 11 € Py),
where L(eA) is the T¥(g)-module T'?(g)ve with vey the highest weight vector of L(eA). O
Proposition 2.19. O?(G)q,,, is a free O(G)g(e)-module of rank (4™9.
Proof. Follows from [CV2|, Proposition 3.5|, [DL] and [BGS]. O

Let Of(G) be the quotient O?(G)/[O(G)TO?(G)] and © : O?(G) — OF(G)) the
canonical projection. By Proposition 219, O¢(G) is a Hopf algebra of dimension (4me,
Moreover, since O?(G) is a free O(G)-module, it is faithfully flat. Then, by [Mol Propo-
sition 3.4.3] O¢(G) fits into the short exact sequence of Hopf algebras.

1 — O(G) — 0¢(G) — Of(G) — 1.

3. TWISTED FROBENIUS-LUZSTIG KERNELS

In this section we define and study the twisted Frobenius-Lusztig kernels and the quo-
tients of their duals. They are finite-dimensional pointed Hopf algebras which are twist
deformations of the usual kernels.

Let Z7 be the smaller Byy-invariant subalgebra of U#(g) that contains the elements
K=K, Ef, Ff foralla € Q and 1 < i < n.

Theorem 3.1. (i) Z§ is a central Hopf subalgebra of U#(g).
(it) Z§ is a polynomial ring in dim g generators, with n generators inverted.
(iii) U#(g) is a free Z§-module of rank (4ms.

Proof. The proof follows the same lines as [BGl Theorem I11.6.2], using that the algebra
W spanned by the elements K,, = K, Ef, Ff for all o € Q and 1 < i < n is a Hopf
subalgebra, and this follows from a simple computation using the ¢-binomial formula.
For example, A, (Ef) = (E; ® K, + Ko,—r, ® E;)* = Ef @ Ky, + Koay—r) ® Ef, since
(Ei ® Kr)(Koyr, ® i) = € 2% (Ko, @ B;)(E; © Ko). O
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Definition 3.2. The twisted Frobenius-Luzstig kernel is defined as the quotient
uf(g) = Uf(9)/[Z5 U7 (g))-

By the theorem above, u?(g) is a finite-dimensional pointed Hopf algebra of dimension

(9m9 and G(u?(g)) = (Ko, | 1 <i<n) =~ (Z/IZ)". We denote G(u?(g)) = T%.

Lemma 3.3. Let ﬁf(g) be the Hopf subalgebra of T'¢(g) generated by the elements E;, F;,
K,, with 1 <i<n. Then U?(g) and u?(g) are isomorphic as Hopf algebras.

Proof. By definition, there exists a Hopf epimorphism U?(g) — u¢(g) given by E; — E;,
F,— F; and K,,, — K,, for all 1 <i <n. Since by Remark 2.5 dim U#(g) < ¢4m¢ the
claim follows. O

Adapting the proof of [BGl Theorem II1.7.10], we have the following.
Theorem 3.4. The Hopf algebras OF(G) and u?(g)* are isomorphic.

Proof. The pairing defined in Lemma [2.16] induces a perfect Hopf pairing (’)“D(G) ®q(e)

U U#(g) — Q(e). In particular, we have a Hopf algebra monomorphism Of (G) — U S0( )
Smce both algebras have the same dimension, the assertion follows by Lemma

As a consequence of the theorem above, the following sequence of Hopf algebras is exact

1 — O(G>Q(e — @4 (G>Q(e) —— uf(g) — 1.

Proposition 3.5. u?(g) ~ u.(g)’ for a twist J € Q(¢)[T¥ x T¥].

Proof. By Lemma .14, O?(G)q,,, is a 2-cocycle deformation of O.(G). Denote this
cocycle by . Then, it holds that 5|@(G)®@(G) = ¢ ® ¢ and by Remark [T we have that
u?(g)* is a 2-cocycle deformation of u.(g)*, where the cocycle is given by the formula
o(m(z),m(y)) = a(z,y) for all x,y € O(G). We may consider 7 : u.(g)* ® u.(g)* — Q(e)
as an element in u.(g) ® u.(g), say J =, u; ® u'. Then,

a-(ﬂ-(cflyvl) ® W(sz,w)) <J 7T(Cfl Ul) @ sz vz Z fl Ui - U1 f2(u 'U2)

= a(cfl,vl)a(cf%m)65(500\1))\2 _ Jcl(Ul>fz(U2>€5(go(>\1),)\2)7

forall A; € Py, v; € L(A;) ;. fi € L(A;)-y,, and @ = 1,2, where (-, -) is the perfect pairing
given by the evaluation. Thus, the components of J must act diagonally and consequently,
J € Q(e)[T¥ x T¥]. OJ

3.1. Subalgebras of u?(g). In this subsection we discuss a parametrization of the Hopf
subalgebras of u¥(g). Since u¥(g) is a pointed Hopf algebra, any Hopf subalgebra is also
pointed, and in this case, it is generated by a subgroup of the group of group-like elements
and a subset of skew-primitive elements.
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Lemma 3.6. The Hopf subalgebras of u¢(g) are parametrized by triples (I, 1_,¥%) where
Ii C I and X% is a subgmup of G(u?(g)) such that Kayy)a,) € X% if a; € I+. Denote

E;, = = E,K_; and F = K(a;+r)Fj. Then the Hopf subalgebra of u”( ) correspondmg
to the triple (LF,I_,ES”) is the subalgebra generated by the set {g,EZ,F\ g € X% q
I and oy € I_}.

Proof. The proof follows from [AG], Corollary 1.12], since u”(g) is generated by group-

like and skew-primitive elements. In particular, A ( i) = E®l+ Ki—p)(a) ® E;,
Ap(F) = F; @ 1+ Kty (ay) © Fj. 2

Each pair (I, I_) determines a regular parabolic subalgebra p of g containing the fixed
Cartan subalgebra h. Next we define the corresponding twisted quantum group.

Definition 3.7. For every pair (I, ) with I C £II, we define I'?(p) as the subalgebra
of I'?(g) generated by the elements

K, (1<i<n),
Ko;0 1 (Kaq ™ =1 .
' = _— >1,1<:1<
()= 2 bisiso)
Em
Ej(m) = [—]]' (m Z 1,0éj S [+),
mlg;!
m "
F,g )= Lk (m>1,a,€1).

[ml,,!

Proposition 3.8. [AG| Proposition 2.3 (a)] Let I'?(p) :=T'?(p)/[xe(¢)T?(p)] ~ ¥ (p) ®
R/[x¢(q)R] denote the Q(e)-algebra given by the specialization. Then T'¢(p) is a Hopf
subalgebra of T'?(g). O

Next we define a family of parabolic twisted Frobenius-Lusztig kernels.

Definition 3.9. For every pair ([, ) with I C =+II, we define the twisted regular
(parabolic) Frobenius-Lusztig kerner u?(p) as the subalgebra of I'?(p) generated by the
elements {K,,, E;, Fi,: 1 <i<n,o; € I ,ap € _}.

In the following propositions we collect some properties.

Proposition 3.10. u?(p) is the Hopf subalgebra of u¢(g) given by T'¢(p)Nu?(g) = u?(p).
It corresponds to the triple (I, 1_,T?).

Proof. Follows from Lemmata [3.3] and O

Proposition 3.11. (i) Let U(p)gee = Fr(I'¢(p)) and denote Fr.c; = Fr|pe,). Then
the following diagram is commutative and all rows are exact sequences of Hopf
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algebras

1 ——u?(g) — ['?(g) —> U(g)ge) — 1 (7)

Frres

1 —=uf(p) —=T7(p) —= Ulp)o — 1.
(i) There is a surjective algebra map 0 : T'¢(p) — uf(p) such that 0], ) = id.

Proof. (i) It follows from [CV2, [DL] and Proposition 217 that Ker Fr = u?(g)*I'?(g).
The proof that T'?(g)°! = u?(g) follows from [Al Lemma 3.4.2] but using the formula
(@) instead of the formula (1.1.3) in [A]. So the first row is exact. To prove that the
second row is exact, note that u?(p) = u?(g) NT¥¢(p) = I'¥(g)°T NP (p) = ['¥(p)cotire
and Ker Fr,., = Ker Fr N7 (p) = u?(g) " T*(g) N7 (p) = uZ(p)"T¢(p).

(71) Follows from [AG] Lemma 1.10 & Proposition 2.6]. O

Remark 3.12. Let p be the set of primitive elements in U(p)ge). Then, p is a regular
parabolic Lie subalgebra of g, and u?(p) is the Frobenius-Lusztig kernel associated to it.

Proposition 3.13. u?(p) is a twist deformation of u.(p).

Proof. We know that u#(g) ~ u.(g)”’ for a twist J € Q(¢)[T¥ x T?]. Thus, J € u.(p) ®
u.(p) and u.(p)” is the subalgebra of u.(g)’ that is isomorphic to the Hopf subalgebra of
u?(g) which corresponds to the triple (I, I_,T%). Hence, u.(p)’ ~ u?(p). O

3.2. Quotients of u¥(g)*. Denote the C-form of the twisted Frobenius-Lusztig kernel
just by u?(g). Let H be a Hopf algebra quotient of u?(g)*. Then, H* is a Hopf subalgebra
of u?(g) and whence, by Lemma [3.0] it is determined by a triple (I;,1_,%%). Let u?(p)
be the regular parabolic Frobenius-Lusztig kernel associated to the pair (I,,7_). Then
H* — u?(p) — u?(g) as Hopf algebras, and consequently we have a sequence of Hopf
algebra epimorphisms
uf(g)" —u?(p)* — H.

Let I =1, Ul I'=1,NI_and I°= (I UI_)* =1¢NI° We define the abelian

subgroups T7 and T%, of X¢ as follows:

T7 = (Ki = Ka-p)o0, Kj = Kasgyay i as € L5 € L),
TV = (K, : ifa; €I NI,

Note that if oy € I, N I_, then K,, € TY. Hence, T7, C T7 C ¥¥ C T¥. Denote
T?. = T?/TY and Q¥ = 3¢ /TY; so Q¥ C TY..

Definition 3.14. For all i € {1,...,n} such that o; € (I, N 1) we define the algebra
homomorphism D; : u?(p) — C by

Di(E;) =0=Di(F,),  Di(Ky)=¢" foralla;el,, ap €1, t€{l...n}.
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Remark 3.15. (a) For 1 < i <mn,let D; € T% given by Di(K,,) = € forall 1 < t < n.
Then (D;: 1 <i<n)= T# and we may identify (Z)07)"™ ~ T¢ by z — D* = D3 ... D
In particular, one has that D; = D;|p. for all i € (I, N 1_)°.

(b) Assume (I, N 1) ={ay,,...,q;, }. Forall z € (Z/{Z)™, denote

D* =D - Diit e G(uZ(p)).

im

If feG(u?(p)*) then f = D? for some z € (Z/¢Z)™. In particular, we may identify

—

G(uf (p)") = T# T}, = (Z/(Z)™

(¢) Since T%, C TY, there is a group monomorphism 'IF?C — T¥/TY, = G(uf(p)*) given

for any f € ']I/‘f: by the composition T¥/TY, — T¥. J.c.

(d) The inclusions T? < %9 <, T¢ induce the surjective maps T% 2 $% with Ker * j=
{feT?: f(¥) =1} and T > Q2 with N¥ = Ker %j, = {f € T%. : f(Q¥) =1}. In
particular, we have

T
T7[IN?]  [Ne|

|ch| _| go|

2] =TI = [Tl = T

(8)

Moreover, one has that Ker *(ji) ~ T¥., since there is a group monomorphism Ker *(j.) —

']1/"};c and | Ker '(ji)| = |T7.|. Hence, in what follows we identify the elements of TY. and
Ker “(j¢). On the other hand, if we denote D* = Dj'--- D for all z = (z1,...,2,) €
(Z/0Z)", then

Ker '(ji) = {D?| D*(K;) = 1= D*(K;), fori € I, j€ I, z € (ZJ(Z)"} ~ T%.

Therefore, if D* € Ker *(ji), then

1= Dz(?l) _ ﬁZ(K(l—gp)(ai)) _ Dz(Kai H K;J?yji) — ¢%i H E—QyjiZj’ (9)
j=1 Jj=1

1 = Dz(kj) _ DZ(K(1+¢)(aj)) _ ﬁz(Kaj H Kﬁf’”) — % H €2ykaj’ (10)
k=1 k=1

for all i € I, and j € I_. Thus, to find the generators of Ker *(j:) it suffices to solve a
linear system over Z/¢Z. Indeed, if Iy = {ay,,...,q;,} and I_ = {a;,,...,; }, by (@)
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and (I0) we have a system of linear equations over Z/¢Z whose matrix S} is given by

201 oo 2y, e 2Yi1j ce 2, coe 2 — 1 000 2y
2y:z's1 . 2yzz +1 . 2y;sj1 . 2y:isjl . 2y;sz’1 . Qy;sn
Qy;-ll . 2y;-1,-5 . Qyjljzl -1 . Qy;ljl . Qy;-m . Qy;-m
2@/@ . 2y"jlis . Qy;-ljl . 2yjlj; +1 . 2y.jli1 . Qy.jm
In particular, |Ker *(ji)| = |']I/‘}?C —= ("'%S7 Analogously, it is possible to characterize

in the same way the kernel N¥. In this case we have to consider the system of linear
equations determined by the conditions D*(Q#) = 1 for all D* € T¥%..

Example 3.16. Assume g is of type C3 with associated Cartan matrix A = <—(2)1 2 —1 )
Then the multiparametric matrix Y is given by
a+b/2 —a+c/2 —b/2—c/2
Y= 2a+b —a+c —b/2—c |,
2a+3b/2 —a+3¢/2 —b/2—c
where a € 7Z, and b,c € 2Z. Set a = 1, b = 2, ¢ = 0 and ¢ = 11. Then, ¢(ay) =
4o + 8ag + 103, () = =201 — 29 — 23 and p(a3) = —2a; — 205 — 2as.

(a) If we choose I, = {as} and I = {a;}, then ST, = (3§%) ~ ({9 ) and TY. =
<D11)’D2D3> >~ Z/llZ If we take X% = <K(1_¢)(a2), K(1+<p)(a1)7 KTS, KT2>, then we have that
¥¥ =T% ~ (Z/11Z)* and N¥ is trivial.

(b) If we choose I = {as}, I- = 0 and £¢ = (K(44)(a1), K(1-4)(a2)), then we have that
TY. = (D010 DOLDY &~ (Z/11Z)2, Q% =~ (K (14 p)(ar)) and N¥ = (D1108),

The following proposition states that the elements in ']I/‘?C are central in u?(p)*.

Proposition 3.17. The subgroup ']1/"};c of G(u?(p)*) consists of central group-like elements.

Proof. Let z € (Z/(Z)™ and D* € G(u#(p)*) such that D* € T%. Then D*(EK;) = 1 =

D*(K;) for all ¢ € I, and j € I_. We show that D? is central in u?(p)*.
By |L, Theorem 6.7] and [AG, Lemma 2.14|, u?(p) has a basis

{HFBTL[}HK&HEZL(X ;OSng,ti,ma Sg, 1§Z§n, Bte,a aEQLr},
=0 i=1 a0

The hypotesis on D* ensures that D*f(E;) = fD*(E;) and D*f(F;) = fD*(F}) for all
feut(p)t, 2 € (Z/Z)", i € Iy and j € I_. Moreover, since the elements K,, €
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u?(p) are group-like for all 1 < t < n, D*f(K,,) = fD*(K,,). As D? is a group-
like element in uf(p)*, we have that D*f(MN) = fD*(MN) for M,N € {K,,, E;, F; :
i€ 1y,j €1}, since D*f(MN) = (D*f)ay(M)(D*f))(N) = D*fay(M)D* fg)(N) =
fayD*(M) foyD*(N) = fD*(MN). Analogously, using an inductive argument one may
prove that D* and f commute when evaluated on every element of the basis. 0

The following proposition gives a characterization of all quotients of uf(g)*.

Proposition 3.18. Let H be a Hopf algebra quotient of u?(g)* such that H* is determined
by the triple (I, 1_,3%) and u?(p) the twisted reqular Frobenius-Lusztig kernel associated
to (Iy,1_). Then H=uf(p)*/(D*—1: D* € N¥).

Proof. If (I. N1_)¢ = {ay,,...,q, } and we write D* = D;'--- D;™, then Remark
(b), G(u?(p)*) = {D*| z € (z/tZ)™}. By Proposition B.11, we know that the elements of
TY%. are central in u?(p)*. Since N¥ C T%., the two-sided ideal Z of uf(p)* generated by
the elements D* —1: D* € N¥ is a Hopf ideal and whence u?(p)*/Z is a Hopf algebra.

On the other hand, we know that H* is determined by the triple (I, ,>%), and
consequently, H* is included in u?(p). If we denote by v : u?(p)* — H the epimorphism
induced by this inclusion, we have that Kerv = {f € u?(p)*: f(h) =0 for all h € H*}.
Since by Remark B.15] (¢), D*(g) = 1 for all g € ¥¥ and D* € N¥, we have that D* —1 €
Ker v and whence there is a Hopf algebra epimorphism u?(p)*/Z — H. But by (§) we
have that

gn
dim H = ‘E@MUH'HIJ — Wﬂ[ﬂ—l—\[f\ — dim uf(p)*/z7
which implies that the epimorphism is indeed an isomorphism. U

Example 3.19. Let ¢ be the twisting map defined in Example over g = spg. If we
take I = {as}, I- = {a1} and 3% = (K(1-¢)(as): K(1+¢)(a1): Kry» Kry), then 39 = T¥ ~
(Z/11Z)? and N¥ is trivial. On the other hand, if we set ¢ = 0, then ¥ = (K,,,, K,,) and
N is not trivial. This implies that the quotient u?(p)*/(D* —1: D?* € N¥) cannot be a
2-cocycle deformation of u.(p)*/(D* —1: D* € N), since they have different dimension.

4. QUANTUM SUBGROUPS

In this section we determine all quantum subgroups of the twisted quantum group
Of¢(G). We first construct a family of quantum subgroups using the root datum associated
to g = Lie(G) and an algebraic subgroup I' of G. Then we prove that any quantum
subgroup of Of(() is isomorphic to one constructed in this way. We end the section with
a parametrization of the isomorphism classes.

From now on, we work with the complex form of all quantum groups introduced above.

4.1. Twisted quantum parabolic subgroups. Let I C +II. Let I'?(p) be the Hopf
algebra associated to the pair (I, ,7_) as in Definition B.7, and p the parabolic Lie sub-
algebra of g given by Remark In this subsection we construct a quantum subgroup
related to the pair (14, 1_).



TWISTED QUANTUM SUBGROUPS 21

Denote by Res : I'?(g)° — I'?(p)° the Hopf algebra map induced by the inclusion
I'¢(p) — I'?(g). Using Lemma 2.T6 we know that O?(G) C I'?(g)°.

Definition 4.1. We define the twisted quantum algebra associated to the parabolic sub-
algebra p of g as the Hopf algebra given by

O?(P) := Res(0O?(@Q)).

If ¢ = 0, we have that O%(P) = O.(P), see [AG] §2.3.1]. Since O(G) is a central Hopf
subalgebra of O?(G), Res(O(G)) is a central Hopf subalgebra of Of(P). Thus, there
exists P an algebraic subgroup of G such that Res(O(G)) = O(P). Since O(P) is a
central Hopf subalgebra of O?(P), the quotient

OZ(P) := OZ(P)/[O(P)TOZ(P)],
is a Hopf algebra, which is in fact isomorphic to u?(p)*.

Proposition 4.2. (1) P is a connected algebraic group and Lie(P) = p.
(73) The following sequence of Hopf algebras is exact

1— O(P) — O%(P) — Of(P) — 1.

(iii) There exists a Hopf algebra epimorphism Res : u?(g)* — Of(P) making the fol-
lowing diagram commutative

1 O(G) — 0¢(G) ——=uf(g)" —1 (11)

€

l res l/ Res \L Res

1 O(P) —2~ 0¢(P) 2~ O¢(P) —= 1.

(iv) O?(P) and OZ(P) are 2-cocycle deformations of O(P) and O.(P), respectively.
(v) OZ(P) ~uf(p)* as Hopf algebras.

Proof. (i), (it), (iii) follow mutadis mutantis from [AG, Propositions 2.7 & 2.8|.

(7v) By Lemma 2.14] we know that O?(G) is a 2-cocycle deformation of O.(G), say
by the cocycle a. Since the kernel Z of the Hopf algebra map Res : O.(G) — O.(P) is
spanned by matrix coefficients that vanish when restricted to I'.(p), using the definition
of & we see that ¢|zg0.(6)+0.(@)ez = 0. Thus by Remark [T}, Res induces a 2-cocycle &
on O.(G)/T and we have that O?(P) = Res((0:(G))5) = (0:(G)/I)s = (Oc(P))s. The
same argument applies for OF(P) and O.(P), since O(P) is a central Hopf subalgebra of
O.(P) and the cocyle ¢ is trivial on it.

(v) Dualizing the diagram (7)) we get

~—

1 — U(g)° % T¢(g)° —> u?(g)* — 1

| | |

1 — U(p)> 2z pe(pye —o ug(p) — 1.
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Since g is simple, we have that O(G) ~ U(g)°. Thus, as O(P) = Res(O(G)) and O¢(P) =
Res(O¢(G)), we have that 'Fr...(O(P)) C U(p)° and consequently O(P)* C Kerf.
Moreover, since a(O?(G)) = m(O?(G)) = u?(g)*, we have that uf(p)* = S Res(O¢(G)) =
B(O?(P)). Hence, there exists a surjective Hopf algebra map v : O(P) — u?(p)*.
But by (iv), [AG] Proposition 2.8 (¢)] and Proposition B.I3] we have that dim Of(P) =
dim O.(P) = dimu.(p) = dim u¥(p) and the epimorphism is in fact an isomorphism. [J

Remark 4.3. By the proposition above, we know that the quantum group O?(P) fits

P

into the central exact sequence of Hopf algebras O(P)—== O?(P) —%= u?(p)* and

that Of(P) is a 2-cocycle deformation of O.(P), where the 2-cocycle ¢ is given by
the formula 6(Res(z),Res(y)) = a(x,y) for all 2,y € O (G). On the other hand, by
Propositions and B.I3] we know that u?(p)* = (u.(p)*), for the 2-cocycle 7 given by
7(Res(m(x)), Res(n(y)) = &(x,y). Since the diagram () for ¢ = 0 is commutative, the
pullback of the cocycle 7 coincides with the cocycle &.

4.2. Quantum subgroups from classical subgroups. In this subsection we construct
a quantum subgroup of O?(G) associated to the pair (I, /) and an algebraic subgroup
of G included in P. This is based in the pushout construction, which is a general method
for constructing Hopf algebras from central exact sequences.

The following proposition follows from the arguments in [AG, §2.2]. If v: ' —» G is a
homomorphism of algebraic groups, then vy : O(G) — O(T') denotes the corresponding
algebra map between the coordinate algebras.

Proposition 4.4. Let I' be an algebraic group andy : I' — G an injective homomorphism
of algebraic groups such that o(I') C P. Let J denote the two-sided ideal of Of(P)
generated by «(Ker *y). Then AZ, ., = Of(P)/J is a Hopf algebra and there exist a Hopf
algebra monomorphism j : OI') — AZ, ., and Hopf algebra epimorphism 7@ : AZ, ., —»
u?(p)* such that A?, ., fits into the exact sequence of Hopf algebras

1 —= O) —L= 47

If in addition |U'| is finite, then dim A?, ., = |I'|dimu?(p). Moreover, the following dia-
gram 18 commutative

1 O(G) —= 0¢(G) ——=uf(g) —=1 (12)




TWISTED QUANTUM SUBGROUPS 23

Proposition 4.5. A7, ., is a 2-cocycle deformation of A~ -

&P,y

Proof. By Proposition 4.2 (iv), we know that Of(P) is a 2-cocycle deformation of O.(P),
say by the cocycle &, see Remark [4.3 above. Then, by Remark [L.1] it is enough to check
that &|og(pyeg+reorr) = 0. Since J = Of(P)ip(Ker 'y) and Ker ‘y is generated
by matrix coefficients ¢y, in O(P), of degree (¢A,{u) for some A, p € P, we have that
Oip(Ker ty)@ip(Ker ty) = €@ = 0 and whence &|@f(p)®3+7®of(p) = 0. Thus, we may define
a 2-cocycle @ Acpr @ Acpy — C by a(¢(2),¢(y)) = 6(z,y) for all x,y € O(P) and
(Acpr)s = AZ, .. Note that ¢ coincides with the pullback through 7 of the 2-cocycle T
on u.(p)*. O

By Proposition BI] (i7), we know that there exists an injective coalgebra map 6 :
u?(g)* — I'?(g)°, and since u?(g)* ~ O7(P) by Proposition @2, we have that Im ‘0 C
O¢(P). Thus, the image of the central subgroup ']I/‘};C of G(u?(p)*) is a subgroup of
G(O#(P)). Denote d = '0(D?) for = € (Z/(Z)?, D* € T%..

Lemma 4.6. There exists a subgroup A = {0 = ¢(*0(D?)) : D* € ']I/‘}?C} of G(AZ, )
isomorphic to T%. consisting of central elements. In particular, |A] = 7757 .

Proof. Using the same argument as in the proof of Proposition B.I7 one sees that the
elements d* are central in Of(P). Indeed, if f € O?(P), then d*f(M) = fd*(M) for
every generator M of I'?(p) from Definition B.7 For example, let ¢ € I, and m > 0, then
by (@) we have

= N G ED Ky JEP K, )
r+s=m

= Z qz'_rsdz(Ez'(r))dz(KS(ai—Ti))f(Ei(S)Km) = dz(Km(ai—n))f(Ei(m))a and
r+s=m

EFE™) = Y g7 F(E Ky n)d* (B Kor)

r+s=m

= Y @B Koar)) (B ) (Kyr) = FE)d (Ko,
r4+s=m

Since d*(K;) = d*(Ka,—2r,) = D*(0(Ka—2r,)) = 1, we have that d*(Kom(a;—r)) = d( mn)
for all m > 0, and then dzf(EZ.(m)) = fd*(E, E™ ) Analogously, using that 1 = dZ(KJ)
for all j € I_, we have that dzf(Fj(m)) = de(F-( )) for all m > 0. The equality on

J
ai;
m
them. Applying an inductive argument on monomials on the generators we have that d?
is central in Of(P). Since ¢ : O2(P) — A?, ., is surjective, the group-like elements 0°
are also central in A7, ..

the generators K, ! and ( ) follows easily since the coproduct is cocommutative on
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Now we show that A ~ TY%. as groups. By construction, we have that ¢ o 6 : T?. — A
is a group epimorphism. As the diagram

O#(P) —=u?(p)*

is commutative by (I2)), we have that 7(A) = ﬁ(@b(t@(']f};c)) = Wp(tH(’]I/‘}?C) = ']I/‘}?C, which
implies that ¥ o 0 is indeed an isomorphism. O

4.3. Quantum subgroups from subalgebras of the twisted Frobenius-Lusztig
kernels. In this subsection we construct quantum subgroups from a Hopf subalgebra of
u?(g) and an algebraic subgroup of G.

Let L be a Hopf subalgebra of u?(g). By Lemma [B.6] it is determined by a triple
(Iy,1-,%%) with ¢ a subgroup of G(uf(g)) and I, C £II are such that K(14)(a,) € X¢
if ; € 1. If H = L*, then by Proposition BI8, H = u?(p)*/(D* —1: D? € N¥),
where N¥ is determined by 3¢ as in Remark (d). Let P be the parabolic regular
subgroup of G determined by the pair (I;,/_) with p = Lie(P) and Of(P), u?(p) the
corresponding twisted quantum groups.

Proposition 4.7. Let I' be an algebraic group and v : I' — G an injective morphism of
algebraic groups such that ~v(I') C P. For every group homomorphism 6 : N9 — T, the

two-sided ideal Js of AZ,. generated by the elemens 6(D?) — 0% for 0 € A and D? in
N?,is a Hopf ideal and the Hopf algebra Acy~/Js fits into the central ezact sequence
1—O) —> A%,/ Js *— H — 1.

If in addition || is finite, then dim A?, ,/Js = |I'| dim H. Moreover, the following diagram
15 commutative
1—=0(G) —— 0¢(G) ——nuf(g)" —1 (13)
res Res Res
1 —=O(P) —"> O0¢(P) == uf(p)" — 1
by 0 id
I O(1) 7 Afyy g (p) —— 1
id v

1—=O) —> A%,/ Js ——H 1.

Proof. Follows by the proof [AG, Theorem 2.17]. We reproduce the first part here to
give an idea. By Lemma [.6] we know that the group-like elements 9* € A are central
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in A?, .. Since 6(D?*) € O(T') for all D* € N¥, the ideal Js in A7, . generated by the
elements 0(D?) — 07 is a Hopf ideal, and whence A?, . /Js is a Hopf algebra. If we write

Js = Js N O(T), then AZ, ./ Js fits into the central exact sequence
1 —=0()/Ts — Aly,/Js —=uf(p)*/7(Js) — 1.

Since w(6(D?)) = 1 and 7(9%) = D? by the proof of Lemma .6, it follows that 7(Js5) =
(D* —1: D?* € N¥). Thus, by Proposition B.I8 (i), we have that u?(p)*/7(Js5) = H.
The proof that Js; = 0 and that AZ, . /Js fits into the commutative diagram follow the
same arguments used in loc. cit. O

4.4. Parametrization of quantum subgroups. In this subsection we parametrize the
quantum subgroups of Of(G) by a 6-tuple called twisted subgroup datum. We show
first that there is a 1-1 correspondance between twisted quantum subgroup and twisted
subgroup data, and then we classify the quantum subgroups up to isomorphism.

Definition 4.8. A twisted subgroup datum is a collection D¥ := (I, I_, N® T',~,d) where
> Iy CE[[. Let o ={a € P :Suppa €I}, p=> gy, Goandp=p, Shdp_.
Let P be the connected Lie subgroup of G with Lie(P) = p.

> N? a subgroup of T7., see Remark (d).
> I'" an algebraic group.
> v :I'— P is a injective algebraic group homomorphism.
>8:N° > Tisa group homomorphism.
If T is finite, we call D¥ a finite twisted subgroup datum.

Summarizing the previous results we obtain the first main result of the paper.

Theorem 4.9. Let D¥ = (I.,I_,N¥ . T',v,0) be a twisted subgroup datum. Then there
exists a quantum subgroup Ape = Acp/Js of OF(G) that fits into the central exact
sequence

1—=O) —t= Ape =~ H 1.
In particular, if |U'| is finite, then dim Ap, = |I'| dim H.

Proof. By Lemma and Remark (d), the triple (I, I_, N¥) determines a quotient
H of u?(g)*. Besides, by Proposition 4.2, the pair (I,,I_) determines a parabolic sub-
group P of G, a parabolic Lie subalgebra p of g and the quantum groups O¢(P) and u?(p),
which makes the upper part of the diagram ([3) commutative. Then by Proposition [£.4]
the morphism ~ : I' = P C G give rise to the quantum subgroup A?, . through thAe
pushout construction. Finally, by Proposition [4.7] the group homomorphism ¢ : N¥ — T’
defines the Hopf ideal Js of Af,. and the Hopf algebra Ap. = AZ,,/Js fits into the
commutative diagram (I3)). O

The next theorem establishes the converse of Theorem [2.9. We give its proof in several
lemmata.
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Theorem 4.10. Let k : O?(G) — A be a surjective Hopf algebra morphism, then there
exists a twisted subgroup datum D¥ such that A ~ Ape as Hopf algebras. O

Lemma 4.11. There exists an algebraic group I' and an injective homomorphism of al-
gebraic groups v : I' — G such that O(T') is a Hopf subalgebra of A and A fits into

the central exact sequence of Hopf algebras 1 or)+—-=A-"~H 1, where
H=A/OM)*A. Moreover, the following diagram is commutative

1 O(G) —= 0¢(G) —=uf(g) — 1 (14)
o
1 o) A H 1.

Proof. Let K = k(t(O(G))). Since O(G) is central in Of(G), K is central in A and there
exists an algebraic group I' and an algebraic group homomorphism ~ : I' — G such that
K =0(T) and 'y : O(G) — O(T') is the Hopf algebra epimorphism & o /o). Moreover,
if we set H = A/K*A, then the sequence 1 —= O(I) —= A —"> H 1 is exact
and the diagram (I4)) is commutative. O

By the lemma above, H* is a Hopf subalgebra of u?(g). Thus, by Lemma it is
determined by a triple (I;,1_,%¢). Let P be the subgroup of G determined by the
pair (I;,1_), p = Lie(P) and O?(P), u?(p) the quantum groups given by Proposition
In particular, we have that H* C u?(p) C u?(g) and by Proposition B.I8 H =~
u?(p)*/(D* —1: D? € N¥), where N¥ is determined by ¥ as in Remark (d).
Denote by v : uf(p) — H the corresponding epimorphism.

The next lemma follows from [AG], Lemma 3.1], but adapted to the twisted case.

Lemma 4.12. The diagram (I4) factorizes through the central exact sequence

1 O(P) ="~ 0¢(P) ="~ uf(p)" — L.

Proof. We want to show that A fits into the commutative diagram

1 O(G) —= 0¢(G) ——=u7(g) —=1 (15)
(

1 or)——A—" - H 1.

To prove it, it suffices to show that Ker Res C Ker . In order to do so, we realize O?(G)
as a subalgebra of A? = A7 ®r Q(e), see [CV2] §3.6], Lemma 2.111
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Let p? : O?(G) — U#£(b_)°P @ U?(by)*P be the complexification of the injective
algebra map p, given by (H). Then by Lemma ETT, uf(Of(G)) € A¢, which is the
algebra generated by ff ® 1, 1®ef and K_(144)\ ® K1_y)) for A€ P and a € ®,.

The proof follows by showing u?(Ker Res) C uf(Ker k). First note that u?(Ker Res) is
the two-sided ideal Z generated by {1 ® e}, [ @ 1| o ¢ I_, o ¢ I }. Indeed, by [CV2]
Proposition 2.7], Remark (a) and (6) we have

pf (=5i,) = (V) K_1ho)w) @ Ka—p)w) (Kaso)w) @ K_q—p)w))
= e_(”’“”)ffi ® 1.

Analogously, we have p? (1,12 ) = e )1 @ e?. Since by definition ¢, | -3¢ €
KerRes when oy ¢ I, a; ¢ I, we obtain that 1 ® e}, f7 ® 1 € u?(Ker Res) for ay, ¢ I
and o ¢ I. Conversely, assume f € Ker Res. Then fire,y = 0 and (uf(f), FM@NE) =
f(FMNE) = 0 for all elements FMNE in a basis of I'?(p). Using the perfect pairing
@) on e, it follows that p?(f) C Z.

The proof that Z C p?(Ker k) is analogous to the proof of [AG, Lemma 3.1]. O

Note that the map '¢ : O(P) — O(T') is given by the restriction ¥|o(py. Hence,
‘res = 'y and Im~ C P.

We end the proof of Theorem with the following lemma. Its proof is analogous to
the case ¢ = 0 and will be given without any detail.

Lemma 4.13. [AGl Lemmata 3.2 & 3.3] There exists a group homomorphism § : N¥ — r
such that the two-sided ideal J5 of A, ., generated by the elemens §(D?)—0* for D* in N¥

is a Hopf ideal, A ~ Ap, = A?,./Js as Hopf algebras and A fits into the commutative
diagram

1| — 0(G) —= 07(G) —~uz(g) — 1

res Res Res

by P id

1 O(I) —— ALy, —>uf(p) —1
id v

1 or)——A—" - H 1.

Proof. (Sketch) Using that AZ, . is given by a pushout, one first shows that A fits into
the commutative diagram above. Then, using the commutativity of the diagram, one

proves that there exists a group homomorphism § : N¥ — T and a Hopf ideal Js such
that A ~ Aﬁpﬁ/(]g. [
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4.4.1. Isomorphism classes of quantum subgroups. In this subsection we parametrize the
quantum subgroups of O¥(G) up to isomorphism. To do so, we first define a partial order
on the isomorphism classes of quotients of Of((G) and on the set of twisted subgroup data.

Let Q(O?(G)) be the category whose objects are surjective Hopf algebra maps « :
O¢(G) - A. It k: O?(G) — A and k' : O?(G) — A’ are such maps, then an arrow
k ——= ' in Q(O?(@A)) is a Hopf algebra map o : A — A’ such that ax = #’. In this
language, a quotient of Of((G) is just an isomorphism class of objects in Q(O¢(G)); let [x]
denote the class of the map . There is a partial order in the set of quotients of O¢(G),
given by [k] < [#/] iff there exists an arrow k —— k' in Q(O?(G)). Note that [x] < [+/]
and [£'] < [k] implies [k] = [#]. Our goal is to describe the partial order in Q(O?(G)).

Let I, I, C £II. If I’ C I, and I’ C I_, then I' C I and T}, C TY. Thus, there
exists an epimorphism T¥,. — TY. which induces a monomorphism 7 : T%. < T%..
Definition 4.14. Let D¥ = ([;,I_,N¥I',0,9) and D¥ = (I',I' ,N¥ I",+',0') be
twisted subgroup data with respect to Of(G). We say that D¥ < D¥ if and only if:

> I, CI., I CI.

> n(N¥) C N¥.
> there exists an algebraic group homomorphism 7 : IV — I" such that yv7 = /.
> o'n=T1.
Moreover, we say that D¢ ~ D¥ if and only if D¥ < D¥ and D¥ < D¥. In particular,
this implies that I\ = I, I’ = I_, N¥ = N¥ the morphism 7 is an isomorphism and
§ = 7.

Our last theorem yields the parametrization of the quotients of Of(G) up to isomor-
phism. The proof is analogous to the case ¢ = 0 since it relies on the commutativity of
the diagram (I2)) and general constructions of the sucesive quotients. For these reasons,
it will be omitted.

Theorem 4.15. [AG, Theorem 2.20| Let D? and DY be twisted subgroup data and k :
O¢(G) = Ape, K : O?(G) — Apw the corresponding quotients. Then [k] < [k'] if only if
DY < D¥. U

4.4.2. Properties of the quotients. We end the paper with a list of some properties of the
quotients. Apart from item (v), the proof is analogous to [AG2l, Proposition 3.8|.

Proposition 4.16. Let D¥ = (I,,1_,N¥ T',v,0) be a twisted subgroup datum.
(i) If Ape is pointed, then I, N1_ = () and T is a subgroup of the group of upper
triangular matrices of some size. In particular, if I' is finite, then it is abelian.
(i1) Ape is semisimple if and only if I, UI_ =0 and T is finite.
(zii) If dim Ape < oo and A}, is pointed, then v(I') is included in the fized torus of G.
() If Ape is co-Frobenius then I' is reductive.
v) If o and (I, 1_,%%) are such that ¥ = T¥ but ¥ # T, then Ape is not a 2-cocycle

deformation of Ap.
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Proof. We prove only (v). If ¢ and (I, 1_,%¥) are such that 3% = T¥ but X # T, then
N¥ =1and N # 1. Then, the quotient H? = u?(p)*/(D*—1: D* € N¥) cannot be a 2-
cocycle deformation of H = u.(p)*/(D*—1: D* € N) since they have different dimension.
If Ap. were a 2-cocycle deformation of Ap, then by a chasing diagram argument we would
have that H? is a 2-cocycle deformation of H, a contradiction, see Example B.19L O
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