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A SOLUTION OF GROMOV’S HOLDER EQUIVALENCE
PROBLEM FOR THE HEISENBERG GROUP

ROGER zUST

ABSTRACT. We show that a map with Holder exponent bigger than 1/2 from
a quasi-convex metric space with vanishing first Lipschitz homology into the
Sub-Riemannian Heisenberg group factors through a tree. In particular, if the
domain contains a disk, such a map can’t be injective. This gives an answer
to a question of Gromov for the simplest nontrivial case. The same tools allow
to improve on a result of Borisov and it is shown that an isometric immersion
of class C1® of a Riemannian surface with positive Gauss curvature into R3
has bounded extrinsic curvature if a > 1/2.

1. INTRODUCTION

Apart from R3, the Heisenberg group H is the only simply-connected nilpotent
Lie group of dimension three. Equipped with the Carnot-Carathéodory distance,
(H, de.) is a metric space for which there is a homeomorphism R® — H that is
locally of class Cz. In [10, §2.1] Gromov showed that any topological surface in H
has Hausdorff-dimension at least three. In particular there can’t be an embedding
B2(0,1) = H of class C* for a > 2, and the question remained open whether the
same is true for o > % It was observed by Wenger and Young [17] that Lipschitz
maps ¢ : X — H defined on a nice enough metric space X factor through trees. This
was extended to maps in C¢ for a > % in [2I]. In these notes we give an optimal
characterization for Holder maps into the sub-Riemannian Heisenberg group.

Theorem 1.1. Let X be a quasi-convexr metric space with H{“ip(X) =0 and ¢:
X — H be a map of class C* for some a > % Then ¢ factors through a tree. In
particular, if diim(X) > 1, then ¢ can’t be an embedding.

In Theorem [£1] we give some more details on the properties of the tree and the
maps that arise. As a particular consequence, any map ¢ : S™ — H of Hélder
regularity @ > 5 has an extension to a map on B"*'(0,1) of the same regularity
in case n > 2, whereas for n = 1 this is in general false, see Corollary Along
the way, Theorem [3.4lis an improvement of [21, Theorem 1.2] and gives a necessary
and sufficient condition for Hélder maps into the plane to factor through a tree.

Related to this, at least to some extent, is a problem about isometric immersions
of surfaces. Given a Riemannian surface (M, g) with a metric g of class C?, there
is a big difference in the behavior of isometric immersions ¢ : M — R? of class
C' and C? due to curvature. The Nash-Kuiper Theorem implies that any short
embedding (or immersion) into R? can be approximated by isometric embeddings
(or immersions) of class C'!. Extending the h-principle to Holder classes it is shown
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in [7] that the same holds for approximations in C*® for « < 1. On the other
side, if M has positive Gauss curvature, a result of Borisov [3, 4] states that any
isometric immersion of class C*® are of bounded extrinsic curvature for o > % and
applying results of Pogorelov, rigidity phenomena arise in this range of regularity.
Following closely the simplified proof presented in [6] we can lower the threshold
for rigidity to o > %

Theorem 1.2. Let (M2, g) be a Riemannian surface without boundary and g be a
metric of class C? with positive Gauss curvature. If o : M — R3 is an isometric
immersion of class C1® for some o > %, then (M) is of locally bounded extrinsic
curvature.

From the work of Pogorelov it follows that M can be covered by open sets U
for which ¢(U) is contained in the boundary of a convex set, [I5, Theorem 8, pp.
650]. If further M ~ S? and ¢ is an embedding, then ¢(M) is the boundary of a
convex set, [I5, Theorem 9, pp. 650], and hence determined up to isometries of R3,
[15, Theorem 1, pp. 167].

The crucial ingredient of both proofs is the following observation which may be
interesting in its own right.

Proposition 1.3. Set Q :=[0,1]> C R? and let T = (I'},T?) : Q — R? be a map
such that T is of class C% for i = 1,2 and a; + ag > 1. If for any subsquare
RcCQ,

/ deg(T', R,q) d£*(q) > 0,
R2

then
deg(r, Q7 q) Z O k)
whenever ¢ € R? \ T'(9Q).

The same is of course true with opposite signs as well and there is also a very
similar statement with strict inequalities in Corollary[3.3l The reason this condition
pops up for maps into the Heisenberg group has to do with the path lifting property.
If o : Q — H is of class C* for o > % and I' : Q — R? is the horizontal projection,
then for all squares R C @,

1
/ deg(T',R,q) dL?(q) = = (/ r,dr, —-T, dl“w) =0.
R? 2 \Jor

On the other hand, if ¢ is a Riemannian metric on Q C R? of class C? with Gauss
curvature £ > 0 and ¢ : Q@ — R?® is a C*-isometric immersion for some o > 1,
then
| desC Ry d?0) = [ nip)dZ ) > 0.
s R

where I' : Q — S? is the associated Gauss map, compare with the proof of Propo-
sition In case o > %, Proposition [[.3 follows immediately from Lemma 2]
because the following change of variables formula holds for Lipschitz test functions

f7
1) [ f@desQa=im Y (feT)(be) [ dex(l Ra).
brERE P4 (Q)

In the general case, the idea for the proof of Proposition [[.3]is to consider T" as a
map on S? by gluing together two copies of Q along the equator. For a Lipschitz
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test function f : $2 — R, the map I' x f : §? — R3 contains information about I" by
means of its winding number function ¢ — w(I' X f, ¢). It is shown in Proposition[2.4]
that w(I' x f,-) is in L'(R3). A simple homological calculation is then used in
Lemma 3.1l to investigate ng w(T x f,q) dq with respect to perturbations of f. The
reason this seems to work for o > % but in (L)) it does not, is that therein we sum
over f ol and even if f is Lipschitz, this composition is in general only as regular
as I'.

The bulk of the work is contained in the technical part, Section Bl where the
theory of currents is used to show that under the right conditions these winding
number functions are integrable. Although more general than we need, Theorem [2.2]
gives meaning to the push-forward ¢4 T if the coordinate functions of the map
¢ : X — R"™ are Holder continuous with varying regularity and T € N, .(X)
is a normal metric current with compact support. The benefit of allowing the
coordinate functions to have varying regularity is precisely that we can work with
maps like I' X f mentioned above.

2. MAPPING DEGREE AND CURRENTS

Before we proceed we recall some definitions that are used in the main theorems.
Let (X, dx) be a metric space. (X, d) is C-quasi-convez if for any two points z, x’ €
X there is a curve v : [0,1] — X connecting = and 2’ of length £(v) < Cdx (x, ).
With H,I;ip (X)) we denote the kth singular Lipschitz homology group of X. A metric
space (T,dr) is called a tree if it is uniquely arc-connected. This means that for
any two points p,p’ € T there is an injective curve 7 : [0,1] — T connecting = with
2’ and any other such curve is a reparametrization of v. If 0 : Rsg — Rx>g is a
homeomorphism (with o(0) = 0), then ¢ : (X,dx) — (Y,dy) is o-continuous in
case dy (¢(x), p(z')) < o(dx(z,2")) holds for all .2’ € X. The o-variation of a
curve v : [a,b] = (X, dx) is given by

n—1
Vo (v) := sup Z o™ (dx (7(t:),v(ti+1)))

where the supremum is taken over all finite sequences a < t; < ...t, < b. If v is
o-continuous, then one can check that V,(y) < |b — al.

A map ¢ : X — Y between metric spaces is called Hélder continuous of regularity
a > 0 if there is a constant H > 0 such that for all z,2" € X,

dy (p(x),¢(2")) < Hdx (z,2")" .

The infimum over all such H is denoted by H%(p) and H*(X,Y’) is the set of all
Holder continuous maps of regularity o from X to Y. For Y = R we abbreviate
HY(X) := H*(X,R). We write ¢, — ¢ if a sequence ¢ in H*(X,Y) converges
uniformly limy_,oc sup, ¢ x dy (¢r(z), p(x)) = 0 and sup, H*(¢r) < co. The limit
satisfies H*(¢) < liminfx H*(p,) and hence ¢ € H*(X,Y).

Given two functions f € H*([a,b]) and g € H?([a,b]) with a + 8 > 1, it follows
from a result of Young [I§] that the Riemann-Stieltjes integral f; f dg is well defined
and satisfies

b
@1 | [ g f@e(t) - gla))| £ CHUNH G- ol
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for any ¢ € [a,b] and some constant C' = C(a, ). Moreover, if fi — f and
gk i> g, then

b b
(2.2) lim / fredgr = / fdg.
k—oco J, a

The Riemann-Stieltjes integral over Holder functions can be generalized to higher
dimensions. For a rectangle Q C R? we denote by 22 (Q) the partition of @ into
4% similar rectangles. Given functions f,¢', g% : Q@ — R we define the approximate
functionals

Igk(f.g'9%) = > f(bR)/ g'dg®,

ReZ,(Q) OR
where bg is the barycenter of R (any other point in R would work as well for
our purposes) and assuming the integrals inside the sum make sense. They are
to be understood as Riemann-Stieltjes integrals running counterclockwise around
the boundary of the indicated rectangle. In particular, if g; and g» have a large
enough Holder exponent, then Ig x(f, g*, g%) is well defined for all k& by the result
of Young mentioned above. The following lemma is the two-dimensional case of
[20, Theorem 3.2].

Lemma 2.1. Let a, 1, 2 € (0,1] with o+ 1 + B2 > 2. Then the limit functional
I : HY(Q) x H(Q) x H™(Q) - R,

Ig(f.g' g% = Jim Iok(f. 9", g%,

is well defined. Further, Ig satisfies and is uniquely determined by the following
properties:

(1) Ig is linear in each argument,
(2) Ig(f,g', 9% = fodet D(g',¢%)d2? = fogl A g2 if all three functions
are Lipschitz,

(3) Io(fr, 91 9%) = 1o(f, 9", ¢%) if fr — [ and g}, — g" fori=1,2.

The proof of this lemma is rather straightforward and uses the estimate (2]
in order to show that (I x(f,g', g?))k converges geometrically to some limit. The
continuity property of I is then a consequence of the continuity of the one dimen-
sional Riemann-Stieltjes integrals ([2.2)). Iteratively it is possible to define similar
functionals over higher dimensional boxes, but we won’t need this here.

The functional I is closely related to those that appear in the theory of currents
in metric spaces. Such a theory was introduced by Ambrosio and Kirchheim [I]
extending the classical theory as described in the monograph of Federer [9]. Since in
combination with Hélder maps some currents with infinite mass emerge naturally,
we also refer to the theory of Lang [12] which does not rely on the finite mass
assumption in its development. Following [12], a current T' € %,,,(X) with compact
support in a metric space X is a multilinear functional T : Lip(X)™*! — R that
satisfies:

(1) T(f,g%,...,9™) = 0 whenever some g° is constant in the neighborhood of
spt(f);

(2) There is a compact set K C X such that T(f,g,...,9™) = 0 whenever
spt(f) and K are disjoint;
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(3) limgsoo T(frs Ghs- - 98") = T(f, 9%, g™) if fx — f and g — ¢’ for
all 4. That is, the functions converge uniformly with bounded Lipschitz
constants.

For w € L*(R™) with compact support we write [w] for the current in 2, (R™)
defined by

[w](f, g .. 9") = [w](fg" A---Ag"):= /nwfdetD(gl,...,g")d,?".

Similarly, for a compact oriented Lipschitz manifold M™, or a bounded measurable
subset of R™, we write [M] for the m-dimensional current induced by integrating
m-forms over M. In this sense, the functional Iy of Lemma 2] is the continuous
extension of [Q] to Holder test functions with respect to an appropriate topology.
If M C R™ is a closed submanifold of codimension one, there is some connection
between the winding number function ¢ — w(p,q) of ¢ : M — R™ and the push-
forward ¢4 [M] as we will see in Proposition [Z4l Most properties of the mapping
degree and the winding number we need can be found for example in [I4]. Here is
a short summary. Let ¢ : U — R™ be a smooth map defined on a bounded open
set U C R™. If ¢ is a regular value, the local degree of ¢ at q is defined by

deg (¢, U, q) := Z sign(det(Dyy)) .
pEP~H(g)NU
By Sard’s Theorem, the regular values form a set of full Lebesgue measure. More-
over, if ¢ has a smooth extension to a neighborhood of U, deg (¢, U, ") is locally
constant and homotopy invariant on regular values outside ¢(0U), [14, Proposi-
tions IV.1.2, TV.1.4]. This allows to define the local degree for continuous maps
¢ : U — R™ and points q € R™ \ p(dU) by approximation, [14, Proposition IV.2.2].
We will make use of the following properties of the local degree:

(Homotopy invariance): Let H : [0,1] x U — R"™ and 7 : [0,1] — R" be
continuous maps. If y(t) ¢ H,(OU) for all ¢, then deg (Hy, U, y(t)) doesn’t
depend on ¢, [14, Proposition IV.2.4].

(Local invariance): The map g — deg(p,U, q) is locally constant on R™ \
©(0U). This follows from homotopy invariance or by smooth approxima-
tion.

(Additivity property): If U;,Us C U are two disjoint open sets and ¢ ¢
©(U\ Uy UU,), then

deg (¢, U, q) = deg (v, Uy, q) + deg (¢, U2, q) .

This is immediate by smooth approximation.

(Winding number): Let ¢ : 90U — R™""! be a continuous map and ¢ € R™\
©(X). Then the local degree deg (@, U, q) doesn’t depend on the continuous
extension @ : U — R™ of ¢, [14, Proposition IV.4.1]. This number is called
the winding number of ¢ at ¢ and denoted by w(yp, q).

(Homological degree): The homological degree deg(f) of a map f : S™ —
S™ is the integer that satisfies fi(g) = deg(f)g for all g € H,(S™) =~ Z. If
¢ : 8™ — R is continuous and ¢ € R\ (S™), then

w(p,q) = deg(pqg) ,

where ¢, : S" — S" is defined by @,(p) = AB=L. This follows for
example from [I4] Proposition IV.4.6] and [2, Corollary IV.7.5].
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As defined in [Il Proposition 2.7] or [I2 Definition 4.1], the mass of a current
T € 2,,(X) with compact support in a metric space X can be defined by

M(T) :=sup Y T(fx, grr--->9%)
AEA
where the supremum ranges over all finite collections {(fx, g3, -.,9%")}ren, of
Lip(X)™*+! that satisfy >, [fa| < 1 and Lip(gy) < 1 for all i and A\. In case
X =R" we can estimate the mass of T by

(2.3) M(T) < Z sup T (fA, A ,ﬂ'Mm)) ,
AEA(n,m) IFx]=1

where A(n,m) is the collection of all strictly increasing functions from {1,...,m}
to {1,...,n}, 7 : R® — R denotes the ith coordinate function 7%(p) = p; and
each f € Lip(R") satisfies || fal]lcc < 1. This estimate follows from a smoothing
argument for Lipschitz function and the chain rule for currents, compare with [12]
Theorem 5.5]. For T' € N,, (R™) (this means that T € Z,,(R™) has compact
support and N(7T') := M(T) + M(9T) < oo) define
F(T) :=inf{M(T — 0S) + M(S) : S € Nypy1..(R™)}.

With F,,,(R") we denote those metric currents in 2,,(R™) with compact support
that are in the closure of Ny, .(R") with respect to F, compare with [9] §4.1.12].
Note that the metric definition of mass may differ from the classical one in [9], but
it is stated in [I2, Theorem 5.5] that these two norms are comparable and that
the space F,,,(R™) agrees with the classical definition of flat chains. Similarly, for

T € I,,(R™) (this means that T € 2,,(R™) is an integral current with compact
support) we define

F(T) :=inf{M(T — 0S) + M(S) : S € Ly1,.(R")}.
With %,,(R™) we denote those metric currents in 2,,(R™) with compact support
in the closure of I,, .(R™) with respect to .%, compare with [9, §4.1.24]. It is easy to

check that both F and .# define norms. The following theorem is a generalization
of [I9, Proposition 4.4].

Theorem 2.2. Let (X,d) be a metric space, T € Ny, o(X) (or T € L, (X)) for

some integer m > 1 and let o = (p,..., ") : X — R™ be a map with coordinate
functions ' € H*(X) for a; € (0,1] andi=1,...,n. If
o(m) = min  « + -4 anm >m,
(m) reA(mym1) D) Alm+1)

then T is a well defined element of F,,(R"™) (or %, (R™)) in the sense that
o converges with respect to F (or F) to ouT whenever ¢y, € Lip(X,R™) and
i 25 @b for all i. Moreover, there is a constant C' = C(m,n,o(m)) with the
following property: If ¢1,02: X = R™, § € [0,1] and H > 1 satisfy for all 4,

(A) max{H (p7), H* (p3)} < H,

(B) llpr = ¢alleo < HO™,
then there are R € F,,(R")NM,,,(R™) and S € Fpp 1 (R™")NM,, 11 (R™) (respectively
R € %rm.R") and S € Zpm41,.(R™)) such that

(1) p14T — 2T = R+ 95

(2) M(R) +M(S) < CH™ I N(T)s7(m)—m

(3) spt(R) Uspt(S) C B(p1(spt(T)),10/nHIY), where o := min; v;;



GROMOV’S HOLDER EQUIVALENCE PROBLEM 7
(4) if 0T =0, then R =0.

Proof. We formulate the proof for T' € N, (X ). Replacing F with .# and normal
currents with integral currents wherever they appear, the proof for T € I, .(X) is
the same if not indicated otherwise. Because T" has compact support we can assume
that X is compact by restricting the functions to the support of T. Let 0 < a <
b < 1. Asin [16, Theorem 5.2], which is an adaption of the cone construction in [T,
Proposition 10.2], the functional [a,b] x T on Lip([0,1] x X)™*?2 defined by

([a,b] x T)(f. 9", g™ )
m+1 ) b . . .
= Z (_1)Z+1 / T (ftatgzagtlu s 79115_179115-"_17 cee 7gl‘ﬂ+1) dt
i=1 @

is an element of N,,11([0,1] X X). For convenience sake we put the ¢; metric on
the product [0,1] x X. This construction of a product with an interval has similar
properties to the classical one in [9] §4.1.8]. For example,

(2.4) A([a,b] x T) = ([b] x T) — ([a] x T) — ([a,b] x OT),

where for any ¢ € [0, 1] the current [t] x T" in N, ([0, 1] x X) is given by
([ < T)(f.9" - g™) =T (fr. 94, 91")

From the definition of mass and of [a,b] x T it is clear that

(2.5) M([a,b] x T) < (m+1)(b—a) M(T).

Set H := max; H*(¢;) and define ¢ : [0,1] x X — R™ coordinate-wise by

Gi(x) == inf o' (y) + Ht™ d(z,y),
yeX

This construction to approximate Holder functions with Lipschitz functions is de-
scribed in the appendix of [IT] written by Semmes. The following properties are
direct. For a proof see [II, Theorem B.6.16] or [20, Lemma 2.2]. For all ¢ and
t € (0,1]:

@i(x) = inf{p'(y) + Ht*'d(z,y) : y € Bz, 1)};
(2.7) Lip(¢;) < Ht* ™'
(2.8) 165 — @'l < HE* .

Using (2.8]), we see that for any fixed x € X and 4, the function t — @i(z) is
Hszs‘f‘i_Q—Lipschitz on [s1,82] in case 0 < s1 < so < 1. Together with (2.7,
and the fact that we have chosen the ¢1-metric on [0,1] x X, each function @' is
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2H s~ !-Lipschitz on [s,2s] x X for all s € (0, 3]. Hence with (Z3) and (2F),
M (@4 ([s,2s] x T'))

< Z sup <Za#([[s, 25]] x T) (fA, ﬂ.A(l), o 77T>\(m+1))
AEA(n,m+1) [AIST

= Z sup ([s,2s] x T (f,\ o, . _7¢7)\(m+1)>
AE€A(n,m+1) [/AI=1
m—+1

> M(ls,2sl x 1) [T Lip (2Ol
i=1

AEA(n,m+1)
ST DM EHY s o
AEA(n,m+1)

(2.9) < (mi 1) (m + 1)(2H)™ L M(T) s (™) =™

IN

The hypothesis o(m) > m now implies that ($x([27%,1] x T))ken is a Cauchy
sequence in M, 1 (R™) equipped with the norm M. This sequence converges to
a current $x([0,1] x T') € My, +1(R™) because (M,,41(R™), M) is a Banach space
by [12| Proposition 4.2]. As a result, ¢4([0,1] x T') € Fpp1(R™) N Myp41(R™).
In case T € L, o(X), ¢2([0,1] X T') € Ry41,(R™) by [9] §4.1.17] and [9], §4.1.24].
The same reasoning applies to the boundary 0T. Note that o(m) > m implies that
om—1)—(m—1)= Aemn e + o) — (m—1)
(2.10) >o(m)—m>0,

which is the appropriate hypothesis in order to obtain similar estimates for 97T in
place of T. We abbreviate ¢ := @y-+. From (2Z4)) it follows that

oupT = @p([27*] < T)

=¢u (1] xT - (27", 1] xoT) — o([27%,1] x 1))

= e3([) X T) = @4 (27" 1] x OT) — 054 ([27".1] x T)

= G(1] x T) — ¢ ([0,1] x IT) — 9p4([0,1] x T),
where convergence is with respect to F. The limit of the sequence @41, we
denote it by ¢xT, is hence a current in F,,(R™). From (29) and (2.I0) it follows
that there is a constant C; depending on m, n and o(m) such that for Ry =
G4 ([0,27%] x OT) and S, := G4 ([0,27F] x T) we have OR, = 0 in case 9T =
0,

(2.11) GrpT — puT = Ry 1 + 85%;@ ,
(2.12) M(Ry k) + M(S, %) < Oy max{1, H}™ 1 N(T)2km=o(m)
(2.13) spt(Ry,k) Uspt(Sy k) C B(o(spt(T)), vnH275*).

In order for ¢4 to be useful it should agree with the usual definition of the push-
forward @xT if ¢ is Lipschitz. In this case we can choose some L for which L >
H (¢%) for all 4. This is possible because diam(X) < oo implies that Lip(X) C
H%(X) for any . Let to be such that Lt®~1 > Lip(¢*) for all ¢ € (0,t0] and all 4
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(if a;y = 1, then Lt*~' = L > Lip(¢*)). For such a t € (0,0, z,y € X and i, there
holds

¢'(y) + Lt* " Hd(z,y) 2 ¢'(y) + Lip(e")d(z, y) = ¢'(2).
Hence, if ¢ € Lip(X,R"™), then @; = ¢ if ¢ is small enough, and therefore
(2.14) GuT = @uT .

In the next step we show that the definition of T doesn’t depend on the particular
approximating sequence @« of .
Consider to maps ¢, ¢ € Lip(X,R") and a constant L > 0 with [[¢f — 9{[lec <
Le* and Lip(y}) < Le*~lforalli=1,...,n and j = 0,1. We want to estimate
F(¢14T — z/Jo#T) Let ¢ :[0,1] x X — R” be the linear homotopy

Y(t,x) = thr(x) + (1 — t)ho(z) .

For all i and t € (0,1) there holds ||0;%}||cc < Le* and Lip(¢f) < Le®*~!. For each
A€ A(n,m+1) set

G = (00, 26D, D, i)
Similar to (2.9),
M@0 xT)< 3 swp vp([01]x T) (fr. w20, 20D)

AeA(n,m+1) PAIS1
m—+1

= e S0 [ (w0

AeA(n,m+1) IAIST =y
[Tuiv (029
> j#i

<Y S ) o

AEA(n,m+1) i=1

The estimate (ZI0) allows to obtain similar bounds for the boundary 9T and we
conclude that there is a constant Cy depending on m and n such that for the currents
Rw(wpl = 1/)#([[0, 1]] X 8T) S Nmﬁc(Rn) and Silloﬂlll = 1/)#([[0, 1]] X T) S NerLC(Rn)
we have Ry, 4, = 0if 0T = 0 and further

(2'15) 1T — YopT = Ry, + 551/}0,1/11 )
(216) M(Rifloﬂfll) + M(Swoywl) <y maX{l? L}m+l N(T)Ea(m)_m )
(217) DRy ) USD(Sytn) C B (5D (T)), VALLE®).

Assume that v : X — R" satisfies G := max; H* (y") < co and there are constants
§ € (0,1] and H > max{1, H, G} such that ||y’ — ¢%||o < H§* for all i. Let k >0
be the unique integer such that 27k=1 < § < 27%_ Then for all i we obtain from
2.3),
1%k = @rlloe < 19k = ¥'lloo + 17" = @' lloo + 18] — &'l
< G27hYi 4 F§% 4 g2 R
(2.18) < 3H2 ke
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Also, ([Z71) implies for all ¢,

max {Lip(@}), Lip(7;) } < H* ' < H2kFD e
(2.19) < 2H2 klei—1)
With 2I12), I0), @I8) and ZII) we obtain R € F,,(R") N M,,(R") and
S € Frp1(R™) N M, 41 (R™) (respectively, R € % (R") and S € Zpmt1,(R"?) if
T € Ip.o(X)) with 74T — 4T = R+ 8S and

M(R) + M(S) < M(Ryx + Ry vy — Roie) + M(Sy.x+ Sep ve — Se k)
< (2CL H™ L 4 Oy (3H)™ ) N(T)2k(m—e(m)

(2.20) < CyH™ I N(T)§7(m)—m

for some constant Cs5 depending on m, n and o(m). It is also clear that R = 0 in
case 0T = 0. For any point = € spt(R) Uspt(S) it follows from (ZI3)), 2.I7) and
@I8]) that
dist(z, o(spt(T))) < 5v/nH27% < 10y/nHS® .

Let ¢, € Lip(X,R™) be a sequence such that ¢} —= ¢ for all . With (ZI4) and
(220) we conclude that 4T converges to ¢xT with respect to F. Hence ¢uT
doesn’t depend on the particular approximating sequence used in its definition.
This justifies to use the notation 47" for ¢xT and finishes the theorem. O

The following is a direct consequence Theorem

Corollary 2.3. Assume that T € Ny,_1.(X) satisfies 0T = 0 and let ¢ =
(.., 9") + X = R™ be a map with ¢* € HY(X) and Y, 0; > n—1. Then
there is a unique w, € LL(R™) such that Ow,] = opT. If T € I,_1,(X), then
wy € LL(R™,Z). Moreover, if ¢ : X — R™ is a sequence with ¢, 2 o for all 4,
then

li - dz" =0.
om o |we, — wyl

Proof. If we set ¢1 = ¢ and @3 = 0 in Theorem 2] we obtain a current S €
F,.(R") N M, (R"), respectively S € %, (R") if T € I,_1,.(X), with 05 = @xT.
By [0, §4.1.18], S can be represented by an integrable function w, € L!(R™).
This is obvious in case S € %, (R™). The constancy theorem [9, §4.1.7] implies
that this filling is unique among all classical currents. Let ¢ be a sequence as in
the statement. By the constancy theorem, [wy,, — wy] is the unique filling with
compact support of ¢rxT —@xT. Hence the mass estimate of Theorem [22] applies
to [wg, —wy] and therefore

[ o = w42 = M(w, ~ w,]) —0,
for k — oo. O

The perimeter of a £"-measurable set B C R" is equal to
P(B) := sup{/ div(y)dZL™ : ¢ € CHR™,R"), |¢]loc < 1} :
B

By [12, Theorem 7.2] we get the identity
M(90[B]) = P(B).
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For example, if the topological boundary of B C R"™ satisfies
A" HOB) < o0,

then B has finite perimeter. See for example [9) Theorem 4.5.11] for this and
related properties of the perimeter. As an application of Theorem we can relate
currents induced by Holder maps with the winding number function and obtain
an integrability condition on the latter. The following is a generalization of [19,
Proposition 4.6].

Proposition 2.4. Let U C R" be a bounded open set with finite perimeter. Let
o =(p'....0") : 0U — R"™ be a map such that p* € H*(9U) and >, a; > n— 1.
Then ¢4 (9[U]) has a unique filling that is given by [w,] for some w, € LL(R",Z)
and moreover w, = w(p, ) almost everywhere on R™\ o(8U). If #"~1(0U) < oo,
then Z"(¢(0U)) =0 and w, = w(p,-) almost everywhere. This means that

(2.21) w(p,) € Le(R™,Z), and ¢4 (0IU]) = [w(p,)].

If o : OU — R™ is a sequence that satisfies @i, 25 ot for all i, then M([wy, ] —
[wy]) — 0, respectively if #"~1(OU) < oo, then

(2.22) [ 1w — w0l a2"@) ~o.

Proof. First note that [221)) follows from the general case if we can show that
Z"(im(p)) = 0 whenever 7#"~1(dU) < oo. The finiteness of 5#"~1(9U) implies
that there is some C' > 0 such that for all § > 0 there is a finite covering of
oU by balls B"(z1,71),...,B"(xk,ry) with r; < 6 and >, r?_l < C. Each set
o(B(x;, 1) NOU) is contained in the box

QP(%) + ([—Hr?lerqu] X ooee X [_Hr?n,H,r?n]) ,
where H := max; H*' (¢"). Hence

LM(@(OU)) < Y (2H™) ... (2Hri™) < (2H)" Yt toten

< (2H)n5a1+~~+an7(n71) Z Tlnfl

< (2H)n06a1+---+an—(n—1) ,

and this converges to zero provided § does. It is interesting to note that this estimate
is very similar to the one obtained in ([2.9]) within the proof of Theorem

The current [U] is an integer rectifiable current with finite boundary mass
M@[U]) = P(U) < oo. The boundary rectifiability theorem, see for exam-
ple [12] Theorem 8.7] or [9, Theorem 4.2.16], implies that O[U] is an element of
I,_1(R™). As a consequence of Corollary 23] there is a unique w, € L.(R",Z)
with Ofu,] = ¢4 (O[U]).

If v : R* — R" is a smooth map, then ¢¥4x[U] = [deg(¢,U,-)] and hence
deg (¢,U,-) = wy. This is a consequence of the change of variables formula [9]
Theorem 3.2.3(2)] and the definition of the local degree for smooth maps. If f :
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R™ — R is smooth (or Lipschitz), then
UplUI(fdxt p - ndn®) = [ o den(Dy,) a2 o)

:/]Rn fl) S sign(det(Dy,)) d2(q)

peYp~H(q)NU
= /. f(q)deg (v¥,U, q) d£"(q)
(2.23) = [deg (v, U, )](f dm* A--- Adr™).

Using the McShane-Whitney extension theorem we can extend ¢ to a map
@ : R* — R" with max; H* (%) < oo. Smoothing each function @® appropri-
ately by convolution with a mollifier, we can construct an approximating sequence
or € C®(R™,R™) with sup, , H¥(¢}) < oo and limg o0 [[¢x — @lloc = 0. From
Corollary we obtain

Let B(q,7) € R™\ ¢(0U). Since ¢iloy converges uniformly to ¢, there is an
integer ko > 1 such that B(g,r) C R™\ ¢x(0U) and deg (¢, U, ¢') = w(yp, q) for all
q¢ € B(g,r) and all k > k;. This is a consequence of the homotopy invariance of
the local degree. Hence, for all k& > kg,

(2.25) [deg (wr, U, -)[[B(g, ) = w(w,q)[B(g,7)] -

Since spt(px(9[U])) C »(0U) (this is true for Lipschitz maps and by approximation
also for ), the constancy theorem implies that there is an integer m € Z such that
[wy]1B(g,7) = m[B(g,7)]. The convergence of mass (2.24) and ([2.20) force that
m = w(p,q). Since the winding number is locally constant and the above holds for
all balls B(g,r) C R™\ ¢(0U), we conclude that [w,]|(0U)° = [w(p, q)]¢(0U)°.
The last statement ([2:22) follows directly from Corollary O

The results of this section are more general than what is needed in the progress.
Collecting the tools so far, we combine the push-forwards of currents with the
Riemann-Stieltjes integrals. Fixing some notation first, set By = {(z,y,2) € §%:
z > 0} and B_ = {(z,y,2) € S? : z > 0} to be the northern and southern
hemispheres with intersection By NB_ = S'. Set Q := [0,1]? and let ¢4 : Q — B,
and ¢_ : Q — B_ be two bi-Lipschitz maps with ¢4 .[Q] + ¢¥_.[Q] = [S?].

Corollary 2.5. If ¢ : [0,1] — R™ with o' € H*([0,1]) fori=1,2 and a1 +ag > 1,
then

1
%[0, 1]](71'1 d7r2) = / gpl dgp2 .
0

If o : ST — R? with ¢* € H*([0,1]) fori=1,2 and oy + as > 1, then

U(rl dn) = 1.2 _ w 2(4)
e[S ](m" dr®) /Slcp de /Rz (¢, q) dL*(q)

If o : Q = [0,1]? — R? with ¢* € H*(Q) fori=1,2,3 and a1 + az + az > 2, then

ex[Q)(r" dr® A dr®) = Io(e", %, 7).
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If ¢ : S? — R3 with ' € H*(S?) fori=1,2,3 and a1 + az + az > 2, then

o S®N(x dn® ndr®) = 0 Ig(e" o, ¢ 0, P 0 )
=+, —

:/ w(e,q)dL"(q).
RS

Proof. These statements are true for Lipschitz maps and with appropriate approx-
imations they follow from (2.2)), Lemma 21 Theorem and Proposition 2.4]
Here is a proof of the last identity, the others are similar. If ¢} € Lip(S?,R3) is a
sequence with ¢} % ¢! for all i, then

/ w(pr, q) dL%(q) = [w(px, ))(dr' A dn® A dn)
R3
= Ofw(pw, (r dr? A drn)
= o [S?](r" dn? A dr?)
= Z (¢r 0 i) [Q](m" dr? A dr®)
i=t,—
= Y [QI(ek o ¢ d(9F o ¥s) Ad(g 0 1))
i=t,—
= Z IQ(QD]]; © d]lagoi o d]lagoz o wz) .
i=t,—
Taking the limit, the result follows from Lemma 2.1l and Proposition 2.4 O

3. WINDING NUMBER TESTING

The lemma below examines the behavior of the integrated winding number func-
tion with respect to some well chosen test functions.

Lemma 3.1. Let v: St — R? be a closed curve and 7 : S? — R? be an extension
with 4* € H¥(S?) for i = 1,2 and oy + ag > 1. If there is a point ¢ € R? \ v(S1)
with

w(v,¢) <0,
then there are Lipschitz functions fi, fa : S = R with fi = fo on B_ and f1 > fo
on By such that

/w@xfl,q)dz?’(qk/ WY far ) dL3(q).
RS RS

Proof. Fix some r > 0 with B(c,r) C R?\ v(S?) and let g : R? — R be the function
9(q) == max{r — |qg — ¢|,0} .

This function has support in B(c,r) and parametrizes a cone over this disk. Let
f : 5% = R be the function given by

) :_{ +9(3(p)) ifpe By,

—9(3(p)) ifpeB_.
This function is well defined since g(q) = 0 if ¢ € F(B4+ N B_). Consider the
product map ¢ :=J x f : S? — R3. By construction ¢ is continuous, (c,0) ¢ ¢(S5?)
and ¢(B+) C R? x Ry. Accordingly, the associated map ¢. : S — S? given by
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we(p) == % satisfies g(B4+) C By and g(B_) C B_. ¢, restricts to a map
on the equator ¢.|gs1 : ST — S* and the homological degree on the circle satisfies

(3.1) deg(pels1) = w(y,c) <0.
We want to show that
(3'2) deg(%) = deg(cpc|51) )

which then implies with @) that w(e, (¢,0)) < 0. The observations below are
for example contained in the proof of [2, Theorem IV.6.6] and follow directly from
the Eilenberg-Steenrod axioms for homology. From the exactness axiom and the
fact that B, and B_ are contractible it follows that 0, : Hao(B_,S) — Hy(S!)
and j, : Ho(S?) — Ho(S?, B,) are isomorphisms. Let U be an open ball around
the north pole with U C int(B;). There is a deformation retraction r : (52 \
U,B; \U) — (B_,S') and by use of the homotopy and excision axioms we get
isomorphisms,

Hy(B_,SY) 5 Hy(S2\ U, B, \U) 2 H,(S2,B,),

where k and [ are the inclusions. Since 0x 0 Yex = Qi 0 Ox, kolop. = p.0kol and
jope = p.0j we obtain an isomorphism ¢ : Ho(S?) — Hi(S') with 1o = @er0t).
This immediately implies (8.2) and together with B that w(e, (¢,0)) < 0. Due
to the homotopy invariance of the winding number we can approximate f by a
Lipschitz function f; such that f; <0 on B_, fi >0 on By, (¢,0) & (7 x f1)(5?)
and w(§ x f1,(¢,0)) = w(p, (¢,0)) < 0. Summing up the Holder exponents of the
coordinate functions of 4 x f; we obtain a; + as + 1 > 2. As a consequence of
Proposition 24 w(¥ x f1,) € LL(R3) and (¥ x f1)#[S?] = 9[w(¥ x fi1,-)]. Next
we show that there is a small perturbation fs € Lip(S?) of fi as in the statement
of the lemma.

Since w(¥ x f1,-) has compact support and (c,0) ¢ (§ x f1)(S?), there are
p,h > 0 such that both cylinders B(c, p) X [—2p,2p] and B(e, p) x [h — 2p, h + 2p]
are contained in R3\ (§ x f1)(S?) and w(¥ x f1, (c,h)) = 0. Let n : R® — R? be an
orientation preserving bi-Lipschitz map with n(q) = ¢ if ¢ & B(c, p) x [—2p, h + 2p]
and

n(a) = (a1, 92,93 + |(q1,q2) — [ — p)
if ¢ € B(e,p) x [0,h]. The multiplication formula for the local degree [14, Propo-
sition IV.6.1], or a standard fact about currents as for example stated in [12]
Lemma 3.7], shows that

(3:3) w(no (yx fi),n(q) =wH x f1,9),

whenever ¢ ¢ (¥ x f1)(S?). By construction, n o (¥ x f1) = 4 x fo for some
fo € Lip(S?) with fo < f; on By and fo = f; on B_. There holds det Dn = 1
almost everywhere on A := R3\ {(q,t) € B(c,p) x R : t € [-2p,0] U [h, h +2p]} and
hence with the change of variables formula and (33,

(3.4) /A w(3 % f1,4)dZ%(g) = / VX a2,

The homotopy invariance of the local degree implies that w(¥ x fa,q) = w(

f1.4) = w(¥ x f1,(c,0)) for ¢ € B := B(c,p) x [-2p,0] and w(¥ x f2,q) = w(
f1,9) =0 for g € B(e, p) x [h —2p, h + 2p]. By construction, the set

B\n(B)={q€R®: (q1,¢2) € Ble,p),q3 € (|(q1,92) — | — p,0]}
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has positive measure and with (3] we conclude,

w(~ dg = w(~ d w (7 d
/RS (¥ % f2,q) dq /A(7><f1,q) q+/ (¥ % f2,q) dq

R3\n(A)

:/ W@xfl,q)qur/ w(¥ % f1,q) dq
R3\ B

n(B)

= [ w0 da = LB \RB) W (. 0)

>/ w(y % f1,9)dq.
R3
This proves the lemma. O

Next we combine this lemma with the two dimensional analogue of the Riemann-
Stieltjes integral described in Lemma 2] to obtain Proposition stated in the
introduction.

Proposition 3.2. Set Q = [0,1]> € R? and let T : Q — R? be a map with
't € HY(Q) for i = 1,2 and ay + az > 1. If for any dyadic square R C Q there
holds
[ des(.int(),0) %) = 0.
R2

then
deg(T,int(Q),q) >0,
whenever ¢ € R? \ I'(0Q).
Proof. With v we denote the restriction of I' to dQ. Consider bi-Lipschitz maps
Yy :Q — By and ¢_ : Q — B_ as in Corollary 25l Let 7 : S — R? be equal to

Tot ' on By and extend each 5° arbitrarily to a function in H* (S?) for i = 1,2.
For any f € Lip(S?), it follows from Corollary 27 that

(3.5) > folf vt oun o) = [ wirx fua)d2a),
i=+,—
and also for any square R C @, there holds

(3.6) /aR 7oty d(3? otpy) = Ty (O[R])(x' dn*) = /11&2 w(l'lor,q) > 0.
Let f1, f2 € Lip(S?) be Lipschitz functions with f; > f> on By and f; = f> on B_.
Combining (31 and B.6) with the definition of I we obtain
[ w5 fra) = i % aca) d2%a)
=Ig(frov+, 7 oy, 77 0 hy) — Ig(foo s, 7' 0y, 7% 0 0y )

= Jm ST (o wa)bn) — (ot bm)] | 3w d(ous)

Re 2, (Q)
>0.

With Lemma B we conclude that w(¥y|g1,q) > 0 for all ¢ € R?\ 4(S'). Be-
cause ¥1 |pq is a counterclockwise bi-Lipschitz parameterization of S*, w(y|g1,q) =
w(I|sg, ¢) and the proposition follows. O
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There is a simple consequence for strictly positive degrees which is motivated by
the proof of [6l Theorem 3].

Corollary 3.3. Let U C R? be a bounded open set and o : U — R? be a map with
0t € HY(Q) and oy + ag > 1. If for all squares R C U,

(3.7) /Rz deg(ip, int(R), q) d-£%(q) > 0,

then deg(p,U, q) > 0 whenever g € R?\ o(dU). If strict inequality holds in (3.7)
for all non-degenerate squares R C U, then deg(p,U, q) > 1 whenever q € o(U) \
p(oU).

Proof. Because of the regularity of ¢, it follows from Proposition [Z4] that for all
squares Q C U and q € R?\ p(0Q),

(3.8) deg(,int(Q),q) = 0.

If ¢ ¢ @(U), then obviously deg(p,U,c) = 0. So, fix some ball B*(c,r) C o(U) \
©(OU) and set V := ¢~ (U?(c,r)). V is an open set that satisfies (V) C U?(c,r)
and (V) C dB?(c,r). From the additivity property and local invariance of the
degree it follows that for all ¢ € R?\ U?(c, ),

(3.9) deg(p, V,q) = deg(p, U, ¢) .

As an open set, V = J;cy Qi for a countable collection of almost disjoint closed
squares ();. This means that Q; N Q; C 9Q); N 0Q); for different ¢ and j. We can
assume that any compact subset of V' intersects only finitely many ;. This is for
example the case for a Whitney decomposition of V. Because of Proposition [Z.4]
H?(p(0Q;)) = 0 for all i. As a countable union A := J, 0Q; satisfies 72 (p(A)) =
0 too. Hence for almost every g € U?(c,r), the preimage ¢~ '(g) is contained in the
interior of finitely many @; and by the additivity property of the degree and (B.8]),

deg(p, V,q) = > deg(¢p, int(Q;), q) > deg(sp, int(Q1), q).
€N
With (33) we conclude,

LB ) de(o.U.e) = [ den(i Vo) d2(0)

> / deg(p, nt(Q1), ¢) d-22(q)
]RQ
>0.

This shows that deg(y, U, ¢) > 0 and in case of strict inequality (and the fact that
the degree is an integer) that deg(y, U, c) > 1. O

The analogous statements for non-positive or negative degrees are true as well.
They follows with the same proofs or by a change of orientations, for example by
switching ¢! and 2. With the proposition above, we have the following strength-
ening of [21, Theorem 1.2].

Theorem 3.4. Let (X, d) be a C-quasi-conver metric space with HY'™P(X) = 0 and
0 : X — R? be a map with ¢* € H*(X) and a1 + ag > 1. If for any Lipschitz
curve vy : ST = X,

(3.10) |, wteornaazi = o.
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then there is a tree (T,dr) and maps ¢ : X =T, ¢ : T — o(X) with p = @o)
and
lo(z) — @(a)] < dr(y(x),9(a")) < o(Cd(x,2")),
where o(t) := (H* (p1)2621 4 H*2(p2)24222)2 . Moreover, the tree (T, dr) satisfies:
(1) dr is monotone on arcs in the sense that dr(p,p’) < dr(q,q’) whenever p
and p' are contained in the arc [q,q'] connecting q with ¢'.
(2) dim(7T,dr) < 1.
(3) For any p € T there is a contraction m, : T X R>¢ — T with m,(gq,t) € [p, ql,
mp(q,0) = p, mp(g,t) = ¢ for t = Vo ([p, q]) and

dr(my(q;t), mp(q', ') < dr(q.q') + o ([t = ']).
On the other hand, if ¢ factors through a tree, B.I0)) holds.

Proof. Note that o : R>¢ — R>( is a homeomorphism and the map ¢ : X — R? is
o-continuous by assumption. The conclusions follows at once from [21, Theorem 1.1]
if we can show that ¢ has Property (T) as stated therein. Statement (3) is slightly
altered and we replaced C distx (¢~ (p), 9 ~1(q)) with the intrinsic V,([p,q]). This
change is valid by the definition of 7, given in [2I], pp. 84].

Since X is quasi-convex, any curve in X can be uniformly approximated by
Lipschitz curves and in order to show Property (T) it is therefore enough to show it
for Lipschitz curves in X only. Consider first a closed Lipschitz curve v : St — X
for which there is a Lipschitz extension I' : B*(0,1) — X. By assumption there
holds

/ w( o Tlos, 4) d2(q) = 0,
R2

for any set B C B?(0, 1) bi-Lipschitz equivalent to B?(0, 1). Proposition B2limplies
that w(po-y,-) > 0 almost everywhere. Changing the orientation of ¢, for example
by switching ¢! and ¢?, we similarly obtain w(p o,-) < 0 almost everywhere.
From Proposition 24 it follows that

(3.11) (pomxls']=0lw(pon,)]=0,
for any closed Lipschitz curve v : S! — X for which there is a filling I' as
above. If v : S — X is an arbitrary Lipschitz curve, the assumption H f ip(X ) =
0 implies that there are finitely many Lipschitz maps T; : B*(0,1) — X with
0>, Tig[B2(0,1)] = 3, Tix[S'] = v£[S'], see |21, Equation (2.2)] and the discus-
sion leading to this for some details. Then (BI]) holds for any restriction ; = I';| g1
and therefore also for 7.

Now fix two points z1,z2 € X with ¢(x1) # p(z2) and let v : [0,1] = X be
a Lipschitz curve connecting x; with x2. With Theorem we see that R =
(¢ 07)£[0,1] is a metric current in #(R?) with OR = [p(z2)] — [¢(x1)] # 0.
Hence R # 0 and since a nontrivial 1-dimensional metric current, or a nontrivial
1-dimensional flat chain, can’t be supported on finitely many points, there is a point
q € spt(R) \ {¢(x1),o(x2)}. If n: [0,1] — X is another Lipschitz curve connecting
x1 and 22 and S := (pon)x[0,1] is the induced current, it follows from (B.I1]) that
R = S and hence p € spt(S) C im(pon). Since n was arbitrary, ¢ has Property (T)
and the theorem now follows from [21, Theorem 1.1].

For the other implication, if ¢ is a map that factors through a tree, then it
has Property (T) and hence ¢ factors through a tree as in [2I, Theorem 1.1],
respectively as in the statement of this theorem. Using the contraction of T, for any
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map 7 € Lip(S', X) there is a continuous extension I' : B%(0,1) — T of 1 o y with
im(T") C im(% o), compare with [2I] Corollary 3.12]. Hence im(@oT') C im(p o)
and therefore w(yp 01,-) = 0 almost everywhere (note that .#?(im(¢ o)) = 0 by
Proposition 2.7]). O

4. MAPS INTO THE HEISENBERG GROUP

The first Heisenberg group with the Carnot-Carathéodory metric (H, d..) is bi-
Lipschitz equivalent to R? equipped with the Kordnyi metric,

1
di (p,q) = [(|g2 = pa|* + lay — pyl*)* + 16lg: — P2 — 5(P2gy — Pyaa)*] ™,

see for example [5, §2.2.1]. Since the statements about the Heisenberg group we

consider do not depend on a change to a bi-Lipschitz equivalent metric, we work

with (R3, dk) instead of (H, d.). It is rather direct to check that for any bounded

subset B C R3 there is a constant C' > 0 such that for all p,q € B,

C~'dr(p, q) < dx(p,q) < Cdr(p, )%,

where di denotes the Euclidean metric on R3. The following well known path lifting
property is for example stated in [I3, Lemma 3.2]. Given « : [a,b] — (R?,dx)
of Holder regularity @ > 1/2, we can recover the vertical components from its
horizontal projections in the sense that

b b
(4.1) Y2(b) = 72(a) :% (/ Va dvy—/ Yy d%) .

This is a consequence of the estimate (ZI]) for the Riemann-Stieltjes integral and
the specific form of the Koranyi metric. If ¢ : Q = [0,1]> — (R3,dk) is a map of
Holder regularity a > %, then the horizontal projection ¢y, := o, X ¢, : Q — R? is
of Holder regularity « too. The path lifting property ([@1]) and Corollary 2.3l imply
that for any square R C @ there holds,

/ w(enlon, ) d22(q) = pns (B[R] (x dy) = /
]R2

d
From Proposition it follows that the winding number w(¢p|ag, ) vanishes on
R? \ ¢,(0Q). Then [13, Lemma 3.3] concludes that ¢ can’t be an embedding.
This also follows from the factorization through trees statement below, but since
the proof of [I3, Lemma 3.3] is simpler and also implies Gromov’s non-embedding
conjecture it is certainly interesting to note.

Yz dpy =0.
R

Theorem 4.1. Let (X, d) be a C-quasi-convex metric space with HY'™P(X) = 0 and
v: X = (H,d..) be a map of Holder reqularity o > % Then there is a tree (T, dr)
and maps p: X =T, ¢: T — o(X) with p = g o and
lp(@) — (@] < dr(¥(x),¥(2")) < o(Cd(z,2)),
for a(t) := H*(p)t™. Moreover, the tree (T,dr) satisfies:
(1) dr is monotone on arcs in the sense that dr(p,p’) < dr(q,q’) whenever p
and p' are contained in the arc [q,q'] connecting q with ¢'.
(2) dim(7,dr) <1.
(3) For any p € T there is a contraction m, : T X R>¢ — T with m,(g,t) € [p, ql,
Tp(q,0) = p, mp(q,t) = q for t > V,([p,q]) and

dr(mp(g,t), mp(q', ') < dr(q,q') + H* ()t — ']
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Proof. Asin Theorem[B.lwe replaced C distx (v ~1(p), v~ (q)) in (3) with V,([p, q]).
Treating ¢ as a map into (R3, dk), the horizontal projection ¢, 1= g X, : X — R?
is Holder continuous with regularity a.. The path lifting property (£1) and Corol-
lary imply that for any Lipschitz curve v : S — X there holds

/W(cphov,q)d$2(q)=(s0hov)#[[51]](:vdy)=/ (pz07)d(py07) =0,
R2 St

It follows from Theorem [B4] that there is a tree (T,d;) and maps f € H*(X,T)
and g € Lip(T,R?) with ¢, = go f, and say with T = im(f). g can be lifted to a
map g : T — R3 such that ¢ = go f. To see this, fix a point p = f(z) € T and set
g(p) :== ¢(x). The contraction property of T implies that for any ¢ € T there is a
curve v € H*([0, 1], T") connecting p with ¢. Define

9:(q) = §z(p)+% (/Ol(gmov)d(gy07)—/()1(9y07)d(9107)) :

This definition is independent of the particular choice for 4. For v € H*(S!,T),
the contraction property of T' gives a continuous extension I' : B> (0,1) —» T with
im(T") C im(%), see [2I], Corollary 3.12]. Hence w(g o~,-) = 0 almost everywhere.
Together with Corollary 2.5 this implies

0= 5(gom)ul8"(wdy — ydo)

5 ([ @ondaon- [ @ondaom).

Since X is Lipschitz path-connected we can find for any ¢ € T a Lipschitz curve
~ € Lip([0, 1], X) for which f o~ € H*(]0,1],T') connects p with ¢. The path lifting
property for ¢ o~ then implies that ¢ = go f. It may be possible that g is not
continous. For this reason define a new metric do on T by

da(p, q) = max{dk(g(p),9(q)), d1(p,q)} -

This is clearly a metric on T with respect to which g : (T,d2) — (R dk) is
Lipschitz. For all z,y € X,

da(f(x), f(y)) < max{dx (¢(x), ¢(y)), H*(f)d(z,y)*}
< max{H"(p), H*(f)}d(x, y)" .

It remains to check that (7,dz2) is a tree. Because f is continuous and X is
path-connected, so is (T,dz). In particular, (T,ds) is arc-connected. Because
idp : (T,d2) — (T,dy) is continuous, any arc in (7, dz) is also an arc in (7, dy).
Hence (T, d2) is uniquely arc-connected because (T, dy ) is. This shows that ¢ factors
through a tree and hence has Property (T). Since this is a purely topological prop-
erty, the factorization for the map ¢ : X — H now follows from [21, Theorem 1.1]
(the resulting tree may be different from (T, dz)). O

The contraction property of the tree has immediate consequences for the homo-
topy groups of (H, d..) due to the continuous extensions of [21l Corollary 3.12].

Corollary 4.2. There is a constant C > 0 with the following property. For any
n>2 a> 3% andy € H*(S",H), there is an extension T : B"7(0,1) with
HY(T) < CH*(y). In contrast, for v € H*(S',H) there is in general no extension
I € H*(B*(0,1),H) (for example if v is injective or more generally if y4[S] #0).
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5. ISOMETRIC IMMERSIONS

In the discussion hereafter we follow closely the arguments of [6], where a sim-
plified proof of a result of Borisov [3] [] is given. First we recall a definition from
[15, pp. 572].

Definition 5.1. Let M? be a surface without boundary and ¢ : M — R3 be an
immersion of class C'. We say that ¢(M) is of bounded extrinsic curvature if
there is a constant C > 0 such that for any finite collection Aq,..., A, of disjoint
compact subsets of M there holds

i%?(N(Ai)) <cC,
i=1

where N : U — S2 is the Gauss map N := 21uxdu
|81u><82u|

We should clarify that in [I5] the sets A; are disjoint closed sets in R3, but since
we are interested in a local statement the two definitions are the same. We prove
the following result which combines Proposition with the arguments in [6].

Proposition 5.2. Let g be a Riemannian metric of class C? defined on a bounded
open set U C R? and let ¢ : U — R3 be an isometric immersion of class CH®
for some a > % Assume that N(U) C By. If g has positive (or negative) Gauss
curvature &, then o(U) has extrinsic curvature bounded by [, |k(p)| dA7 (p).

Proof. Let 1 be an area and orientation-preserving diffeomorphism from a neighbor-
hood of B, onto a subset of R%. The projection 1 and the hypothesis N(U) C B,
are considered only because we have introduced the local degree for maps into the
plane and not for maps into surfaces. Also Proposition [3.2]is formulated this way.
By post-composing a Gauss map with 1, we will treat it as a map into R? where
convenient and won’t mention v explicitly. Fix some open Lipschitz domain 2 € U
(this means that 0 can be parametrized by finitely many closed Lipschitz curves)
and let V' be an open set with 2 € V € U. We want to show that

(1) | @) = [ aeavo.0ana).
As it will turn out, the reason we can do this for a € (4,2] is that we do not

integrate over a test function f as in [6]. It follows from [6, Proposition 1] that
there is a sequence of smooth immersions ¢,, : V — R? with corresponding Gauss
maps N, such that im(p,) C dom(), N,|v — Ny and

(5.2) Jim |lgn = gllerv) =0,

where g, = ¢ife for the standard inner product e on R®. With x,, we denote the
Gauss curvature induced by g,. An oriented orhonormal frame (X7, X2) on V is
defined by ( )

O 02— X19(02, X1

TR M T B, TR e@ X)),

This frame is of class C? because g is, and so are the dual 1-forms wy,ws €
C?(U,A'R?) (they satisfy w;(X;) = d;;). There is a 1-form w2 € CY(U,A'R?)
with defining identities wi2(X1) = dwi1(X71, X2) and wi2(Xa) = dwa(X1, X2). As
for example stated in [8, Proposition 2, pp. 92],

(5.3) dwia(p) = —k(p)(w1 A wa)(p) -
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Similarly we can define frames (X7, X3) and corresponding forms wj,wy,w}, €
C®°(V, A'R?) with respect to g, for all n. Since these constructions depend smoothly
on the metric, (5.2) implies that lim,, o ||w] —wil|c1(vy = 0 for i = 1,2, and further

. n _ _
nll{r;o”wu wizlcoqvy = 0.

With (53) this leads to,

/ w(p) A2 ()
Q

/Qﬁwl Awy = [Q](kw1 A we)
~0[0(@r2) = — lim O[0](7y)

(5.4) = lim [ kn(p) dj‘fgi (p) .

n—oo Q

For the convergence of the boundary terms note that 9[Q2] = >_. v« [0, 1] for finitely
many closed Lipschitz curves v; : [0,1] = 9. If w2 = adx + bdy, then

Vi [0, 1] (a day + bdy) = /0 a(7i ()i (8) + b(v (1) i, (8) dt

and the convergence is obvious since wj, converges uniformly to wi2. Let o be
the volume form of S2. By construction, w} A w¥ is a volume form of (U, g,,) and
because N,, is smooth, the classical formula N7#o = k,, w? A wy is valid. Relating
the push-forward of currents with the degree as in (2:23),

65 [ ralo) @) = Npl0l(o) = [ den(V,92.0) #2(0).

Since a > —, it follows from Proposition 24} that deg(NN,, (), -) converges in L' to

deg(N, 9, ) From (£4) and (5) we obtain (&.1I):
[ r e = i [ ro)at o)

= lim deg(N,, 2, q) d#*(q)

n—oo [g2

= /52 deg(N, 2, q) d%Q(Q) .

Note that we could show this identity more generally for open domains 2 € U
with s#1(Q) < oco. This equation in particular holds for open squares R € U.
Since k > 0 it follows from Corollary [3.3] that for all open sets W € U and ¢ €
N(W)\ N(@©@OW),

(5.6) deg(N, W,q) > 1.

Now let Ay,..., A, C U be a finite collection of disjoint compact sets. Thickening
them if necessary, we find a cover €4,..., €, of disjoint open Lipschitz domains
with compact closure in U. With (&) and (51 we conclude

> HPN(A <Z%ﬂ2 i)\ N (09)) <Z/ deg(N, €, -) _/Uﬁ.

The proof in case k < 0 is analogous. (]

Theorem stated in the introduction is an immediate consequence.
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