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SPECTRAL ESTIMATES FOR THE HEISENBERG LAPLACIAN ON
CYLINDERS

HYNEK KOVARIK, BARTOSCH RUSZKOWSKI, AND TIMO WEIDL

ABSTRACT. We study Riesz means of eigenvalues of the Heisenberg Laplacian with Dirichlet
boundary conditions on a cylinder in dimension three. We obtain an inequality with a sharp
leading term and an additional lower order term.

1. Introduction

Let © C R? be an open bounded domain. We consider the Heisenberg Laplacian on
with Dirichlet boundary condition, formally given by
x

AQ) == —X2—X? with X; := O, + %amg, Xz = Opy— 5 Ony
This operator is associated with the closure of the quadratic form
afu] = / X1 u(@)[? + | Xou(@)? de, (1.1)
Q

initially defined on C§°(€2). It is known, see e.g. [§], [3], [10], that A(f2) has purely dis-
crete spectrum. We denote by (Ax(2))ken the non-decreasing unbounded sequence of the
eigenvalues of A(2), where we repeat entries according to their finite multiplicities. We are
interested in uniform upper bounds on the quantity

[e.e]

THAQ) ~ ) = > (@)~ A)_.

k=1
In [3] Hansson and Laptev proved the following Berezin-type inequality for A():
€2

Tr(A(Q) —\)_ < 5 AV A>0. (1.2)
It is also shown in [3] that
= Q
S A=) = % MroA®) as A — oo, (1.3)
k=1

which implies that the constant % on the right hand side of (2] is sharp.

Nevertheless, the authors of the present paper proved, see [10], that inequality (L2]) can be
improved in the following sense; for a any bounded domain € C R?, there exists a constant
C(£2) > 0 such that for any A > 0 it holds

Q
Tr(A() — A)_ < max {o, % pRa—ei(t) )\2} : (1.4)
In other words, a negative remainder term of a lower order can be added to the right hand

side of (L2)) without violating the inequality.
1
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In this paper we will prove that the order of the remainder term in (I4]) can be further
improved if we consider cylindrical domains of the type 2 = w x (a,b), where w C R? is
open and bounded, and a,b € R are such that a < b. In particular for cylinders wit convex
cross-section w our main result, Theorem 2.3] implies that

5 AFE |9
Tr(A(Q) —N)_ < max{O,%)\ T 3T 3R R@)E [ (1.5)

where R(w) is the in-radius of w, see Corollary 271 The proof of (LAl is based on the
unitary equivalence of A(2) to the two-dimensional Laplacian with constant magnetic field.
To estimate the remainder term we use a boundary estimate for the magnetic Laplacian
based on an application of a Hardy inequality in the spirit of [4], see Proposition Bl

2. Notation and main results

As for the cross-section w, throughout the paper we will suppose that the following condition
is satisfied.

Assumption 2.1. The open domain w C R is bounded and simply connected with Lipschitz
boundary.

In the sequel we will decompose the vector x = (', 23) € R3. Let us denote by
§(z") = dist (2/,0w), (2.1)
the distance function between a given 2’ € w and dw. The in-radius of w is then given by

R(w) := sup §(2').

' cw
Hardy inequality. Let ¢ = ¢(w) be defined by
Vxl /|2 d /
e iy Vo)l dal (2.2)
weCe (w) fw lu(z")/6(2")|? da’

Clearly, ¢ is the best constant in Hardy’s inequality

where V!, := (02,0, ).
[
w O(

Remark 2.2. Under assumption 2]it follows from [I] that
2 < ¢ <4 (2.4)

/2
;;/))2 dz’ < 62/ |V pu(z')? da’, u € C§°(w). (2.3)

The best possible value of ¢ is ¢ = 2. For a survey on Hardy inequalities we refer to [12], [6].
To continue we define for any 3 > 0 the set w” by
wh = {' ewlé(a’) < B} .

Finally, we introduce the quantity

: |w|
lw):= (-0 0<BH<11f{(w) B

Now can state the main result of this paper.
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Theorem 2.3. Let Q :=w x (a,b) and let ¢ is given by 2.2)). Then

C 1 2 C c C
Tr(A(Q) — A\)_ < max {o, % A3 A (JT) I(w) 572 |Q|" %2 (4¢ + 4)—“‘;3} (2.5)

holds for all A > 0.

Remark 2.4. Note that the order of the remainder term is larger than A\? for any ¢ > 0.
So far the order of the second term in the asymptotic expansion ([3]) it is not known.

Remark 2.5. For analogous improvements of the classical spectral estimates for Dirichlet
Laplacian on bounded domains we refer to [2], [II], [I3], [I4] and references therein.

Remark 2.6. Following [10] it can be shown that [(w) is strictly positive. In particular, it
holds l(w) > (b — a)R(w)m.

Corollary 2.7. Let Q := w X (a,b). If w is convez, then

Lions _ g+t 1 it
Tr(A(Q) — \)_ < max {0, %|Q|)‘ — AT 27.32,/3 R(w)3/2

holds for all A > 0.
Proof. In case that w is convex we have ¢ = 2 in ([22) , see e.g. [6]. In addition, |wa‘ is a
decreasing function of 5 on (0, R(w)], see [9, Lemma 4.2]. Hence we compute

and simplify the constant in Theorem [2.3] O

3. Preliminaries

3.1. Magnetic Dirichlet Laplacian. Let Py g be the orthogonal projection onto the kth
Landau level B(2k — 1) of the Landau Hamiltonian with constant magnetic field for B > 0
in L*(R?) and k € N. Denote by Py p(z,y) the integral kernel of Py 5. We will need these
well-known characteristics

1
Pup(y,y) = %B, where y € R?,

/R2 </Q‘Pk,B($,y)‘2 dy) dz = /Q</R2 Pyp(z,y)Pr (Y, 2) dx) dy (3.1)

B

/Q By, y) dy 27TII

3.2. A boundary estimate for the Heisenberg Laplacian. In this subsection we will
derive a boundary estimate for the operator A(€2) which will be crucial in estimating the
size of the remainder term in Theorem

Proposition 3.1. Let Q := w x (a,b) C R? and let ¢ be given by @2). Then

b 2 9.2
[ ] o)l @' doy < @280 IA@) ul a0 [A@  ul g (32
holds for all u € Dom(A(R2)) and any § > 0

For the proof we need the following Lemma.
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Lemma 3.2. Let Q := wx (a,b) C R3. Then for all u € d[a], the form domain of the closure
of (LI), and any B > 0 we have

Pl ula ws)? 2
T\ o/ < .
/a /w )2 dz’ dzs < ¢ aful

Proof. Let u be in C§°(Q2). In addition let us denote by F3 the Fourier transform in x3-
direction, which is a unitary map in L?(R). Because €2 is a cylinder, the function |Fzu(z’, £3)]
lies in H{(w) for fixed £3 € R. Therefore we can apply inequality (Z3]) to get

b / 2 / 2
lu(2',z3)]” _ (!f?»u(l’ 753)\> ,
[ L an= [ (P50 o ae
< /R/w (V| Fyu(a', &3))* da’ dés.

Now we set

1
A(II}‘/) = 5(_$27$1)7 (33)
and apply the diamagnetic inequality which states that
VIRl < [GV + Ay a e (3.4)

holds for all ¢ € H'(w), see e.g. [7]. This gives

/R /w (Vorl Fru(a!, &)))? do’ ds < /R /w |(iV2 + £5A()) Fou(a!, &)[* da’ dés.

Integration by parts in the zs-direction yields the inequality for v € C§°(£2). A density
argument completes the proof. O

Proof of Proposition 31l We follow the proof of [4, Thm 4]. Let us fix u € Dom(A(2)) and
set

pla) = (max{s(z), B})/°.
for x := (2/,23) € Q and B > 0. In what follows we will use the notation
Vi = (X1, X2)

to denote the Heisenberg gradient. First we check that ¢u € d[a]. Since u € Dom(A(Q2)) C
dla], ¢ € H}(w) and get

[ vate@ue) ar <2 | lo@Vau@l do+2 [ (Voo Pu@P de (35
Note that we used here Vyp(x) = V() for all x € Q. The Eikonal equation
Vap@)|? =1 ae zecQ, (3.6)

and the boundedness of ) yield the finiteness of ([B.5]). Hence ¢u € dla] and we may use
Lemma to get

xr)ulx 2
et [ 4o < [ 1ot Vaute) + u() Vgl ds
= (@*Viu, Viu) + (u, |Vae|?u)

1 1
+ 5( Vyu, uVH(¢2)> + 5( uV(p?), VHu>,
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where we denote by (-, -) the scalar product in L?(Q2). An integration by parts in the last
two terms yields

_2/ |(’D C < Re( p*u, A(Q)u) + (u, [Va pl*u).

Next we will estimate the first term on the right hand side. To this end we use Lemma [3.2]
which gives

672 < AA(Q)
in the operator sense. Then, by the Heinz inequality, see [5, Lemma 4.20],
ot < (672 < (CzA(Q))2/C_
Since A(Q)~1/¢ is bounded in L?(Q) we obtain
H(’D2A(Q)—1/cH < 2,
where || - || stands for the operator norm in L?(£2). Hence

(A, u)] = [(AQ)u, P*AQ) TV A u)| < [|AQul| 2™ [ AQ)eul| 12
So we arrive at
- ()0 C C
2/ (@) d < |A(R )uHLg(Q)c2/ |A©)Y uHL2 @ + (u, |[Vaplu). (3.7)
On the other hand, the Eikonal equation (3.0 implies that

IVap(@)? = [Vao(@)]? = c726(2") X 5025 (7)),

where X(5(2)>p} is the characteristic function of the set {x € Q|d(2") > B}. Inserting the
above identity into (3.1 thus yields

d < ,8 °l|A U C ¢ A /Cu 3.8
/{:cemé( "< B} (5( "2 1A(2) HLQ(Q) H HL2(Q (3.8)

The result now follows from the estimate

u(z)[?
lu(z)|? dz < ﬁ2/ dx.
/{xeﬂ|6(x’)<6} (wels(@)<p} 0(2)?

4. Proof of Theorem

Here and below we write a vector x € R as # = (2/,23). Let v; the orthonormal basis of
the eigenfunctions of A(Q2) for j € N;

AQ)v; = Ao, HUJ’HLZ(Q) =1

Let F3 be the partial Fourier transform in the x3 variable. Then

1 2 1 2
-F3A(R3)*F§ = <iax1 - 51'253) + <ia:c2 + 5%163) = (ivx’ + §3A(x/))27
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where A(z') is given by ([B.3). At this point we use the properties of the magnetic Laplacian,
see section B.1] to obtain

F3 A(R3 Z |€3|(2k — 1) / 2 Pre, (2, y) Fauly', &) dy/ (4.1)

for F3u(-,&3) in the domain of the magnetic Laplacian.

4.1. The sharp leading term. First of all we extend for every j € N the eigenfunctions
by v;(z) := 0 for all z € Q°. Now we consider

Tr(A(Q2) —A)_ = Z )\””j”%z(RS) - Hlej”iz(R:’)) - “X2Uj“iz([g3)
FA <A
1 2
= / > A Fsv5(-, &) |’L2(R2 — || (102, — 32&3) f3”j(’a§3)HLz(R2) dés
JiA <A

_/ Z | (100, + 221&3) Fv5(-,&3) HL2 (R2)

j)\<)\

At this point we apply the spectral decomposition ([£I]) of the free Heisenberg Laplacian.
An application of Fatou’s Lemma then yields

Tr(A(Q / S SO Il 1) ey s
Rjx<ak=1
where
1 i
Figega(@') = /Rz Pre, (@', y) Favi (v, &) dy’ = \/—2_#/9Pk,ss(w',y’)e 0;(y ) dy’ dys

1 s
= = (Praa(@, )e7 8, () paga.

We split the sum as follows;

Te(A(Q /R

/R Il 1) S W P s (42)

k:A>|€s|(2k—1) FA>A

—|&1(2k — 1)) Z Hfj,k,ﬁa”i%w) dés

k:A>[&3](2k—1)

noting that the first term on the right hand side is positive and the other one is negative.
The completeness of v; and the traces of Py ¢,, see (B.1)), yield

2 £
ZHkafaHL? R2) — 271/ Z‘ P, (@', e Uj(')>L2(Q)‘ da’ = |3||Q| (4.3)

To obtain the sharp leading term in (2.5) we apply this identity in the first integral on the
right hand side of ([£2). Using the fact that

2

SR
—~(2j-1)2 8’

J=1
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we thus get

LY -l 0 el d@
j=1

k:A>| €3] (2k—1)

!Q\/ ST (A&l - 1)les| des

k:A>[€3](2k—1)

_ 9 1 * 1920 13
T2 ek - 1) g A= sl ds = g X
Inserting this back into (L2]) gives
T(A®) - N < - [ (@ 1) 3 e a o (40)
k:A> €3] (2k—1) FA>A

4.2. The lower order term. To obtain a suitable lower bound on the second term in ([4.4])
we use the same technique as in [9]. The key point of this approach is to estimate the
quantity

Z ||fj7k,§3‘|%2(R2)

])\JZA

from below by a power function of A\. Note that

€3] )
R = m“’” N Z Hfj7k7§3||L2(R2) =
JA <A
2

/Rz/ Pre, (2, y)e 5 — N " (Pre, (2, -)e s 05()) ooV ws) | dy’ dys da’.
i <A

The inclusion w O w” and an application of |z — w|? > %|z|2 — |w|?, with z,w € C, imply
that

(b —a)w’|

2

1 b .
B _7T /1%2/ /[‘3 Z <Pk7§3(x,7 ')e_l.£3, U]()>L2(Q)U](y,7y3) dy/ dy3 dxl‘

JiA <A
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Next we estimate the negative integral. Note that the linear combinations of v; lie in
Dom(A(€2)). Therefore we may apply Proposition B] and obtain

2

1 b .
o // > (Prg (@, )07, 0i()) oy vy ys) | dy' dys | da
B2 \Ja JuwP NN
. 2
< 2+2/C/82+2/C)‘1+1/62ﬂ./ Z ‘<Pk,§3($la')e_1'£37Uj(')>L2(Q)‘ da’

A <A
< ¢ 2+2/052+2/0/\1+1/c2 / (/ |Pk,§3(l‘,,y,)‘2 dy/ d:l?g) da’
™ 2 QO

_ 2+2/Cﬁ2+2/0/\1+1/c ‘Q’ |£ |
which yields the following lower bound on Ry:

R

v

Q
135732\ b—a) ‘wﬁ‘ _ c2+2/0/82+2/0)\1+1/c‘ ’ Llés|

‘63‘ 2+2/c pl4+2/cy1+1/c
> 258 (1) — 26742142/ rm).

Now we set

gl+2/e l(w)
c2+2/c)\1+1/c(4 + 4/0)’9‘ ’

which is possible for A > A1 (), because of

14+2/c
/81-1—2/0 < 1 < R(w) '
2+2/e )\ (Q)1H1/e(4 + 4/¢)R(w) 4

The last inequality was obtained by applying Proposition Bl to v = v; and f = R(w).
Summing up we thus arrive at

Ry > St S 0 2+ /(e + ) = 3 0@ g,

where

G(Q) = l(“) QTR (2 1 4/c) (de + 4) 753

This in combination with ([£4]) gives

iy}
- =96

Tr(A(Q) = A) N - — 1&1(2k — 1)) 3] d€s.

RkA>|§3\ 2%—1)

To finish the proof we calculate in the same way as in the beginning of the proof:

kZ:;/O (A—¢&((2k—1))4& d&s Zl;m/o s(A—s)y ds = TSR

This gives the estimate stated in Theorem
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