
ar
X

iv
:1

60
1.

01
01

0v
1 

 [
m

at
h.

G
N

] 
 5

 J
an

 2
01

6

IDEAL EQUAL BAIRE CLASSES

ADAM KWELA AND MARCIN STANISZEWSKI

Abstract. For any Borel ideal we characterize ideal equal Baire system generated

by the families of continuous and quasi-continuous functions, i.e., the families of ideal

equal limits of sequences of continuous and quasi-continuous functions.

1. Introduction

Laczkovich and Rec law (see [16]) and (independently) Debs and Saint Raymond (see

[5]) characterized first Baire class with respect to ideal convergence (the family of point-

wise ideal limits of sequences of continuous functions) for every Borel ideal and Polish

space. In particular, they characterized Borel ideals for which the first Baire class with

respect to ideal convergence is equal to the classical first Baire class. Filipów and Szuca

(see [8]) have extended this result to ideal discrete convergence and (I,Fin)-equal con-

vergence. Moreover, they characterized the ideals for which higher Baire classes in the

case of all three considered notions of convergence (ideal, ideal discrete and (I,Fin)-equal

convergence) coincide with the classical Baire classes for all perfectly normal topological

spaces. In this paper we generalize their results to (I,J )-equal convergence. We charac-

terize Baire classes in the case of (I,J )-equal convergence for every pair of ideals (I,J ),

where I is coanalytic (Theorem 5.12).

Recently, Natkaniec and Szuca (see [18] and [19]) obtained similar results in the case

of quasi-continuous functions instead of continuous functions. Namely, they characterized

Baire systems generated by the family of quasi-continuous functions in the case of ideal

convergence and ideal discrete convergence for all Borel ideals and metric Baire spaces.

In this paper we characterize Baire systems generated by quasi-continuous functions in

the case of (I,J )-equal convergence for every pair of ideals (I,J ), where I is Borel

(Theorem 4.21).

One can look at our results from two different points of view. The mentioned charac-

terizations are strictly combinatorial and do not involve any topological notions. There-

fore, in some sense we use real analysis to classify pairs of ideals – we introduce three

different q-types and three different c-types of pairs of ideals. The Baire systems gener-

ated by continuous (quasi-continuous) functions with respect to ideal equal convergence
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are the same for all pairs of ideals of the same c-type (q-type). On the other hand, our

investigations can be interesting from the point of view of real analysis. All earlier results

from this area (cf. [5], [8], [16], [18] and [19]) have a similar structure: they state that

for any α < ω1 and a Borel ideal the Baire class α (generated by continuous or quasi-

continuous functions) with respect to some notion of ideal convergence is equal to one

of the Baire classes (generated by the same family of functions) with respect to classical

(i.e., not involving ideals) counterpart of the same notion of convergence. We show that

the Baire system (generated by continuous or quasi-continuous functions) with respect to

ideal equal convergence can be equal to the Baire system (generated by the same family

of functions) but with respect to classical convergence (not classical equal convergence).

Therefore, the use of ideal equal convergence instead of classical equal convergence can

produce new Baire classes. This is the case of the second c-type (for continuous functions)

and the second q-type (for quasi-continuous functions).

The paper is organized as follows. Section 2 is devoted to introducing necessary

notions. In Section 3 we collect some basic facts concerning ideal convergence. Finally,

Sections 4 and 5 contain the characterizations of ideal equal Baire classes generated by

the families of quasi-continuous and continuous functions, respectively. Both of these

sections have a similar structure. We start with introducing some useful notions, then

prove partial results and end with the mentioned characterizations (Theorems 4.21 and

5.12) which summarize the considerations included in the whole section.

2. Preliminaries

We use a standard set-theoretic and topological notation.

2.1. Ideals. A collection I ⊆ P(X) is an ideal on X if it is closed under finite unions

and subsets. We additionally assume that each ideal contains Fin(X) = [X ]<ω. Hence,

we can write
⋃

I instead of X . In this paper we consider only ideals on countable sets.

In the theory of ideals a special role is played by the ideal Fin = Fin(ω). The filter dual

to the ideal I is the collection I∗ = {A ⊆ X : X \A ∈ I} and I+ = {A ⊆ X : A /∈ I} is

the collection of all I-positive sets.

An ideal I is dense if every infinite subset of
⋃

I contains an infinite subset belonging

to the ideal. If Y ⊆
⋃

I, then the restriction of I to the set Y , I ↾ Y = {A ∩ Y : A ∈ I},

is an ideal on Y . We say that a family G ⊆ P(X) generates the ideal I if

I = {A ⊆ X : ∃k∈ω ∃G0,...,Gk∈G A \ (G0 ∪ . . . ∪Gk) ∈ Fin(X)} .

Ideals I and J on X are orthogonal if there are A ∈ I and B ∈ J with A ∪B = X .

The space 2X of all functions f : X → 2 is equipped with the product topology

(each space 2 = {0, 1} carries the discrete topology). We treat P(X) as the space 2X by

identifying subsets of X with their characteristic functions. All topological and descriptive

notions in the context of ideals on X will refer to this topology.
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Ideals I and J are isomorphic if there is a bijection f :
⋃

J →
⋃

I such that

A ∈ I ⇔ f−1[A] ∈ J .

Isomorphisms preserve all the properties of ideals considered in this paper. If I is an

ideal on some countable set X , then there is always an ideal on ω isomorphic to it, so it

is sufficient to consider only ideals on ω. All the results of this paper, even formulated

only for ideals on ω, are true for arbitrary ideals on countable sets.

The structure of ideals on countable sets is often described in terms of orders. We say

that I is below J in the Katětov order (I ≤K J ) if there is f :
⋃

J →
⋃

I such that

A ∈ I ⇒ f−1[A] ∈ J .

Furthermore, if f is a bijection between
⋃

J and
⋃

I, we say that J contains an iso-

morphic copy of I, and write I ⊑ J .

Suppose that I is an ideal on X , A ⊆ X and (An)n∈ω ⊆ P(X). Then we define

I ⊔A = {M ∪N : M ∈ I ∧N ⊆ A} and

I ⊔ (An)n∈ω = {M ∪N : M ∈ I ∧ ∃n∈ω N ⊆
⋃

i<n

Ai}.

If X and Y are two sets, then their disjoint sum is given by X⊕Y = {0}×X∪{1}×Y .

Suppose now that I and J are ideals on X and Y , respectively. Then we define the ideal

I ⊕ J on X ⊕ Y by:

A ∈ I ⊕ J ⇔ {x ∈ X : (0, x) ∈ A} ∈ I ∧ {y ∈ Y : (1, y) ∈ A} ∈ J .

The product I ⊗ J of the ideals I and J is an ideal on X × Y given by:

A ∈ I ⊗ J ⇔ {x ∈ X : Ax /∈ J } ∈ I,

where Ax = {y ∈ Y : (x, y) ∈ A}. In this definition we allow one of the ideals, I or J ,

to contain only the empty set (so we drop the assumption that it contains all finite sets)

and in this case we write ∅ ⊗ J and I ⊗ ∅ instead of {∅} ⊗ J and I ⊗ {∅}, respectively.

2.2. Ideal convergence. Let I be an ideal on a countable set I. A sequence of reals

(xi)i∈I is I-convergent to x ∈ R if {i ∈ I : |xi−x| ≥ ε} ∈ I for any ε > 0. In this case we

write (xi)i∈I
I
−→ x. Similarly, (xi)i∈I is I-discretely convergent to x ((xi)i∈I

I−d
−−−→ x) if we

have {i ∈ I : xi 6= x} ∈ I. A sequence (fi)i∈I of real-valued functions defined on a set X

is I-pointwise convergent to f ∈ RX ((fi)i∈I
I
−→ f) if (fi (x))i∈I

I
−→ f (x) for all x ∈ X .

Similarly, (fi)i∈I is I-discretely convergent to f ((fi)i∈I
I−d
−−−→ f) if (fi (x))i∈I

I−d
−−−→ f (x)

for all x ∈ X .

Let now I and J be ideals on the same countable set I. Let also (fi)i∈I ⊆ RX and f ∈

RX for some set X . We say that (fi)i∈I is (I,J )-equal convergent to f ((fi)i∈I
(I,J )−e
−−−−−→

f) if there is a sequence (εi)i∈I of positive reals with (εi)i∈I
J
−→ 0 such that {i ∈ I :

|fi(x)−f(x)| ≥ εi} ∈ I for each x ∈ X . In this case we say that f is an (I,J )-equal limit
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of (fi)i∈I . If I and J are orthogonal ideals and X is a non-empty set, then (I,J )-equal

limits are not unique (cf. [7, Theorem 6.1]).

The above notions generalize their classical counterparts – Fin-convergence is the

classical convergence, Fin-discrete convergence is the classical discrete convergence, and

(Fin,Fin)-equal convergence is the classical equal convergence (discrete convergence and

equal convergence in the classical cases were introduced by Császár and Laczkovich in

[4]).

Given two ideals I and J on I, a set X and a family F ⊆ RX , we denote by (I,J ) (F)

the family of all functions f ∈ RX which can be represented as an (I,J )-equal limit of

a sequence of functions from F . Moreover, we denote:

• (I,J )0 (F) = F ;

• (I,J )1 (F) = (I,J ) (F);

• (I,J )α (F) = (I,J )
(

⋃

β<α(I,J )β (F)
)

.

2.3. Real functions. Let X be a topological space. By C (X) we denote the family of

all real-valued continuous functions defined on X . The class of all functions f : X → R

with the Baire property is denoted by Baire (X). By Bα (X) we denote the family of all

real-valued functions of Baire class α, defined on X .

We say that a function f : X → R is quasi-continuous in x0 ∈ X if for every ε > 0

and an open neighbourhood U of x0 there exists an open non-empty set V ⊆ U such that

|f (x) − f (x0)| < ε for every point x ∈ V . A function f : X → R is quasi-continuous if

it is quasi-continuous in every point x0 ∈ X . We denote the class of all quasi-continuous

functions on X by QC (X). All continuous functions as well as all left-continuous and

right-continuous functions are quasi-continuous.

A subset U of a topological space X is semi-open if U ⊆ intU . It is known that

a function f : X → R is quasi-continuous if and only if f−1[U ] is semi-open for every

open set U ⊆ R. Moreover, a union of any family of semi-open sets is semi-open and an

intersection of a semi-open set with an open set is semi-open.

A function f : X → R is pointwise discontinuous if the set C (f) of continuity points

of f is dense in X . The class of all pointwise discontinuous functions defined on a space

X is denoted by PWD (X). By Cq (f) we denote the set of all quasi-continuity points of

f . A function f : X → R is in PWD0 (X) if the set X \ Cq (f) is nowhere dense in X .

The notion of quasi-continuity has been introduced by Kempisty (see [11]). The Baire

system generated by the family QC (X) has been described by Grande (see [9]). Namely,

if X is a metric Baire space, then PWD (X) is the first Baire class generated by QC (X)

with respect to classical convergence, and PWD0 (X) is the first Baire class generated

by QC (X) with respect to discrete convergence. All higher Baire classes in both cases

are equal to Baire (X).
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3. Basic properties of ideal convergence

In this section we collect some basic observations which will be useful in our further

considerations.

Lemma 3.1 (Natkaniec and Szuca, [18, Corollary 14]). Suppose that I is an analytic

ideal on ω and X is a topological space. If (fn)n∈ω ⊆ Baire(X) is I-convergent to some

f : X → R, then f ∈ Baire(X).

Lemma 3.2. Suppose that I is an analytic (coanalytic) ideal on ω. Then I ⊔ A and

I ⊔ (An)n∈ω are analytic (coanalytic) for any A ⊆ ω and (An)n∈ω ⊆ P(ω).

Proof. Let ϕ : P(ω) → P(ω) be given by ϕ(M) = M \ A. For each n ∈ ω let also

ϕn : P(ω) → P(ω) be given by ϕn(M) = M \
⋃

i<n Ai. Then we have I ⊔ A = ϕ−1[I]

and I ⊔ (An)n∈ω =
⋃

n∈ω ϕ−1
n [I]. Now it suffices to observe that ϕ as well as all ϕn’s are

continuous. �

Let I,J be ideals on ω. By W(I,J ) we denote the following sentence: For every

partition (An)n∈ω ⊆ J of ω there exists S /∈ I such that An ∩ S ∈ I for every n ∈ ω.

Lemma 3.3 (Filipów and Staniszewski, [7, Theorem 5.2]). Let I,J be ideals on ω such

that W(I,J ) does not hold. For every set X and every sequence (fn)n∈ω of real-valued

functions defined on X, if (fn)n∈ω
I
−→ f for some f ∈ RX , then (fn)n∈ω

(I,J )−e
−−−−−→ f .

Remark. Suppose that I is an ideal on ω. Topological spaces X such that for every

sequence of real-valued continuous functions (fn)n∈ω defined on X , if (fn)n∈ω
Fin
−−→ 0,

then (fn)n∈ω
(I,I)−e
−−−−−→ 0, are called IQN -spaces. Recently, Šupina (see [20]) showed

that an ideal I contains an isomorphic copy of the ideal Fin ⊗ Fin if and only if every

topological space is an IQN -space.

Lemma 3.4. Suppose that I is an ideal on ω and (fn)n∈ω ⊆ RX . If (fn)n∈ω
I−d
−−−→ f for

some f ∈ RX , then (fn)n∈ω
(I,J )−e
−−−−−→ f for any ideal J .

Proof. Let εn = 1
n+1 for each n ∈ ω. Then (εn)n∈ω

J
−→ 0 for any ideal J and we have

{

n ∈ ω : |f(x) − fn(x)| ≥
1

n + 1

}

⊆ {n ∈ ω : f(x) 6= fn(x)} ∈ I

for any x ∈ X . �

Lemma 3.5. Suppose that I and J are ideals on ω, (fn)n∈ω ⊆ RX and f ∈ RX for some

set X. If (fn)n∈ω
(I,J )−e
−−−−−→ f and (εn)n∈ω is the sequence of positive reals J -convergent

to 0 from the definition of (I,J )-equal convergence, then (fn)n∈ω
I⊔(Ak)k∈ω
−−−−−−−→ f , where

A0 = {n ∈ ω : εn ≥ 1} ∈ J and Ak = {n ∈ ω : 1
k+1 ≤ εn < 1

k
} ∈ J for all k ≥ 1.
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Proof. We will show that (fn)n∈ω
I⊔(An)n∈ω

−−−−−−−→ f . Consider any x ∈ X and ε > 0. There

is k ∈ ω with 1
k
< ε. Then {n ∈ ω : |fn(x) − f(x)| ≥ ε} is contained in

⋃

i<k

Ai ∪







n ∈
⋃

i≥k

Ai : |fn(x) − f(x)| ≥ εn







∈ I ⊔ (An)n∈ω.

This finishes the proof. �

Lemma 3.6. Suppose that (fn)n∈ω ⊆ RX for some set X. Let I1, I2,J1 and J2 be ideals

on ω such that I1 ⊆ I2 and J1 ⊆ J2. If (fn)n∈ω
(I1,J1)−e
−−−−−−→ f for some f ∈ RX , then

(fn)n∈ω
(I2,J2)−e
−−−−−−→ f .

Proof. Straightforward. �

Lemma 3.7. Suppose that F ⊆ RX for some set X. Let I1, I2,J1 and J2 be ideals on

ω. Then (I1 ⊕ I2,J1 ⊕ J2) (F) = (I1,J1) (F) ∩ (I2,J2) (F).

Proof. Take any f ∈ (I1 ⊕ I2,J1 ⊕ J2) (F). There are a sequence of real-valued func-

tions (f(i,n))(i,n)∈2×ω ⊆ RX and a sequence (ε(i,n))(i,n)∈2×ω of positive reals (J1 ⊕ J2)-

convergent to 0 such that {(i, n) ∈ 2 × ω : |f(i,n)(x) − f(x)| ≥ ε(i,n)} ∈ I1 ⊕ I2

for each x ∈ X . Then (ε(0,n))n∈ω is J1-convergent to 0, (ε(1,n))n∈ω is J2-convergent

to 0 and for each x ∈ X we have {n ∈ ω : |f(0,n)(x) − f(x)| ≥ ε(0,n)} ∈ I1 and

{n ∈ ω : |f(1,n)(x) − f(x)| ≥ ε(1,n)} ∈ I2. Therefore, f ∈ (I1,J1) (F) ∩ (I2,J2) (F).

To show the opposite inclusion, take any f ∈ (I1,J1) (F) ∩ (I2,J2) (F). There are

(f1
n)n∈ω, (f

2
n)n∈ω ⊆ RX and two sequences of positive reals (ε1n)n∈ω and (ε2n)n∈ω J1-

convergent to 0 and J2-convergent to 0, respectively, such that for each x ∈ X we have

{n ∈ ω : |f1
n(x) − f(x)| ≥ ε1n} ∈ I1 and {n ∈ ω : |f2

n(x) − f(x)| ≥ ε2n} ∈ I2. Define

ε(i,n) = εi+1
n and f(i,n) = f i+1

n for each (i, n) ∈ 2 × ω. Then (ε(i,n))(i,n)∈2×ω is J1 ⊕ J2-

convergent to 0. Moreover, given any x ∈ X we have {(i, n) ∈ 2×ω : |f(i,n)(x) − f(x)| ≥

ε(i,n)} ∈ I1 ⊕ I2. This finishes the proof. �

Recall that if I and J are orthogonal ideals and X is non-empty, then (I,J )-equal

limits are not unique.

Lemma 3.8. If I and J are orthogonal ideals on ω, then (I,J ) (F) = RX for any set

X and non-empty family of functions F ⊆ RX .

Proof. Let A ∈ I and B ∈ J be such that A∪B = ω. By Lemma 3.7 we have (I,J ) (F) =

(P(A),J ↾ A) (F) ∩ (I ↾ B,P(B)) (F). Let g ∈ F .

Firstly, we will show that (P(A),J ↾ A) (F) ⊇ RX (the other inclusion is trivial).

Take any f ∈ RX and define εn = 1
n+1 and fn = g for all n ∈ A. Then (εn)n∈A is

J ↾ A-convergent to 0 and we have {n ∈ A : |fn(x)− f(x)| ≥ εn} ∈ P(A) for any x ∈ X .

Now we deal with the inclusion (I ↾ B,P(B)) (F) ⊇ RX . Take any f ∈ RX and

define εn = n and fn = g for all n ∈ B. Then (εn)n∈B is P(B)-convergent to 0. Moreover,
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given any x ∈ X , there are only finitely many n ∈ B with |fn(x) − f(x)| ≥ n. Hence,

{n ∈ B : |fn(x) − f(x)| ≥ εn} ∈ Fin ⊆ I ↾ B for any x ∈ X . �

4. Ideal equal convergence of sequences of quasi-continuous functions

In this section we want to characterize ideal equal Baire classes generated by the

family of quasi-continuous functions. In the first subsection we introduce some useful

notions. Next, we give some examples and prove the mentioned characterization.

4.1. An infinite game and the q-types. Let I be an ideal. Laflamme (see [17]) defined

an infinite game G1 (I) as follows: Player I in his n’th move plays an element Cn ∈ I, and

then Player II responses with any an /∈ Cn. Player I wins if {an : n ∈ ω} ∈ I. Otherwise,

Player II wins.

Theorem 4.1 ([15, Fact 3.10], see also [14, Section 5]). If I is a coanalytic ideal, then

the game G1(I) is determined, i.e., one of the players has a winning strategy.

An ideal I is called ω-+-diagonalizable if there is a countable family (Xn)n∈ω ⊆ I+

such that for each Y ∈ I∗ there is n ∈ ω with Xn ⊆ Y (see [17]). An ideal I on ω

is weakly Ramsey if for every coloring f : [ω]2 → 2, such that for each x ∈ ω either

{y ∈ ω : f ({x, y}) = 0} ∈ I or {y ∈ ω : f ({x, y}) = 1} ∈ I, there is an I-positive H

with f ↾ [H ]2 constant (this notion was introduced in [17] in a slightly different way –

the equivalence of the definition from [17] with the presented one is proved in [13]).

Fact 4.2. The following hold.

(1) If an ideal I is ω-+-diagonalizable, then so is any ideal J ⊆ I.

(2) If an ideal I is not weakly Ramsey, then so is any ideal J ⊇ I.

(3) If I is not weakly Ramsey, then so is I ↾ A for any A.

Proof. Straightforward. �

Laflamme introduced the notions of ω-+-diagonalizability and weak Ramseyness in

order to give the following characterization.

Theorem 4.3 (Laflamme, [17, Theorem 2.7]). Let I be an ideal.

(1) Player I has a winning strategy in G1(I) if and only if the ideal I is not weakly

Ramsey.

(2) Player II has a winning strategy in G1(I) if and only if the ideal I is ω-+-

diagonalizable.

It follows from the above two theorems that any coanalytic ideal either is not weakly

Ramsey or is ω-+-diagonalizable.

WR is an ideal on ω × ω generated by vertical lines, i.e., sets of the form {n} × ω

for n ∈ ω (which we call generators of the first type) and sets G such that for every

(i, j), (k, l) ∈ G either i > k+ l or k > i+ j (which we call generators of the second type).
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Theorem 4.4 (Kwela, [13, Theorem 1.3]). The following are equivalent for any ideal I

on ω:

(1) I is not weakly Ramsey;

(2) WR ⊑ I;

(3) WR ≤K I.

Fact 4.5. Each ideal which is not dense, has to be weakly Ramsey and ω-+-diagonalizable.

Proof. The first statement follows from Theorem 4.4 and the fact that the ideal WR is

dense (cf. [13, Lemma 5.3]). To show the second one, take any ideal I on X which is not

dense and let A be such that I ↾ A is isomorphic to Fin. Then (A \ n)n∈ω is the family

ω-+-diagonalizing I. �

We are ready to define q-types of pairs of ideals.

Definition 4.6. Let I and J be ideals.

(1) (I,J ) is of the first q-type if for any sequence (An)n∈ω of elements of J the ideal

I ⊔ (An)n∈ω is ω-+-diagonalizable.

(2) (I,J ) is of the second q-type if there is a sequence (An)n∈ω of elements of J

such that the ideal I ⊔ (An)n∈ω is not weakly Ramsey, but for any A ∈ J the

ideal I ⊔ A is ω-+-diagonalizable.

(3) (I,J ) is of the third q-type if there is A ∈ J such that the ideal I ⊔ A is not

weakly Ramsey.

Fact 4.7. If I is coanalytic, then each pair (I,J ) is of some q-type.

Proof. It follows from Lemma 3.2 that I ⊔ (An)n∈ω and I ⊔ A are coanalytic for any

(An)n∈ω and A ⊆ ω. Then we are done by Theorems 4.1 and 4.3. �

4.2. Examples. In this subsection we give examples of pairs of ideals for every q-type.

Moreover, we investigate how the ideal I can determine the q-type of the pair (I,J ).

First example shows that there is a pair (I,J ) of the second q-type and that (I,J )

and (J , I) can be of different q-types.

Example 4.8. Let I = ∅ ⊗ Fin and J = Fin ⊗ ∅. Then (I,J ) is of the second q-type.

Indeed, I ⊔ ({n} × ω)n∈ω = Fin ⊗ Fin and WR ⊑ Fin ⊗ Fin. On the other hand, I ⊔ A

is not dense for any A ∈ J , so it has to be ω-+-diagonalizable by Fact 4.5.

Note also that (J , I) is of the first q-type. Indeed, it follows from Fact 4.5, since

J ⊔ (An)n∈ω is not dense for any (An)n∈ω ⊆ I.

Fact 4.9. Suppose that J ⊆ I. Then:

• (I,J ) is of the first q-type if and only if I is ω-+-diagonalizable;

• (I,J ) is not of the second q-type for any J ;
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• (I,J ) is of the third q-type if and only if I is not weakly Ramsey.

Proof. Straightforward. �

The following example shows that in some cases the q-type of the pair (I,J ) depends

only on I.

Example 4.10. The ideal Fin is such that for any proper ideal J on ω (i.e., an ideal

which is a proper subset of P(ω)) the pair (Fin,J ) is of the first q-type (by Fact 4.5,

since Fin ⊔ (An)n∈ω is not dense for any (An)n∈ω ⊆ J ). On the other hand, the ideal

WR is such that for any ideal J (not necessarily proper) the pair (WR,J ) is of the

third q-type.

Now we show that there is no ideal I such that the pair (I,J ) is of the second q-type,

whatever the ideal J is like.

Remark. If I is an ideal on I such that there is some J with (I,J ) of the second q-type,

then (I,Fin(I)) is of the first q-type. Therefore, there is no ideal I such that for any J

the pair (I,J ) is of the second q-type. Also, there is no I such that one can find J1 and

J2 with (I,J1) of the second q-type and (I,J2) of the third q-type, but for any J the

pair (I,J ) is not of the first q-type.

Proof. Straightforward. �

Next examples show that there are ideals I such that the q-type of the pair (I,J )

depends on J . We omit detailed arguments, since they are similar to the ones already

used in this subsection.

Example 4.11. Consider I = Fin ⊕WR.

• If J = Fin(ω ⊕ ω2), then (I,J ) is of the first q-type;

• (I,J ) is not of the second q-type for any J ;

• if J = P(ω) ⊕ Fin(ω2), then (I,J ) is of the third q-type.

Example 4.12. Consider I = (∅ ⊗ Fin) ⊕WR.

• If J = Fin(2 × ω2), then (I,J ) is of the first q-type;

• if J = (Fin ⊗ ∅) ⊕ Fin(ω2), then (I,J ) is of the second q-type;

• if J = P(ω2) ⊕ Fin(ω2), then (I,J ) is of the third q-type.

4.3. The first and third q-type. In this subsection we characterize (I,J ) (QC (X))

for all pairs of ideals (I,J ) of the first or third q-type.

Proposition 4.13. Suppose that X is a metric Baire space, I and J are ideals on ω

and (I,J ) is of the first q-type. Then (I,J ) (QC (X)) = PWD0 (X).
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Proof. By [19, Theorem 9], every f ∈ PWD0 (X) is an I-discrete limit of a sequence of

quasi-continuous functions. Then, by Lemma 3.4, f ∈ (I,J ) (QC (X)).

Now we will show that (I,J ) (QC (X)) ⊆ PWD0 (X). Fix a sequence (fn)n∈ω of

quasi-continuous functions such that (fn)n∈ω
(I,J )−e
−−−−−→ f for some f ∈ RX . Let (εn)n∈ω be

the sequence of positive reals J -convergent to 0 from the definition of (fn)n∈ω
(I,J )−e
−−−−−→ f .

Then, by Lemma 3.5, we have (fn)n∈ω
I⊔(Ak)k∈ω
−−−−−−−→ f , where A0 = {n ∈ ω : εn ≥ 1} ∈ J

and Ak = {n ∈ ω : 1
k+1 ≤ εn < 1

k
} ∈ J for all k ≥ 1. Since (I,J ) is of the first

q-type, I ⊔ (An)n∈ω is ω-+-diagonalizable, so f ∈ PWD (X) by [18, Proposition 3.1].

Therefore, the set C (f) is residual in X . Let (Dn)n∈ω ⊆ (I ⊔ (An)n∈ω)+ be the family

ω-+-diagonalizing I ⊔ (An)n∈ω.

We will show that f is in PWD0 (X), i.e., that X \Cq(f) is nowhere dense. Consider

any open and non-empty set U ⊆ X . Since (fn)n∈ω
(I,J )−e
−−−−−→ f , for every x ∈ C (f) ∩ U

there is nx with |fn(x) − f(x)| < εn for every n ∈ Dnx
. Since X is a Baire space, there

exists m ∈ ω such that the set C = {x ∈ C (f) ∩ U : nx = m} is dense in some open

non-empty set U0 ⊆ U . We have |fi(x) − f(x)| < εi for every x ∈ C and every i ∈ Dm.

Now it is enough to show that f is quasi-continuous in every point from U0.

Fix x0 ∈ U0, ε > 0 and an open non-empty set W such that x0 ∈ W . Without loss of

generality we can assume that W ⊆ U0. There exists F ∈ I∗ ⊆ (I ⊔ (An)n∈ω)∗ such that

|fi(x0)− f(x0)| < εi for every i ∈ F . The set F ∩Dm does not belong to I ⊔ (An)n∈ω. In

particular, it intersects infinitely many An’s, so there exists n ∈ F ∩Dm such that εn < ε
4 .

By quasi-continuity of fn, there exists t ∈ W ∩ C such that |fn(t) − fn(x0)| < ε
4 . Since

f is continuous in t, there is an open non-empty set V ⊆ W such that |f(x) − f(t)| < ε
4

for every x ∈ V . Then

|f(x) − f(x0)| ≤ |f(x) − f(t)| + |f(t) − fn(t)| + |fn(t) − fn(x0)| + |fn(x0) − f(x0)| < ε

for every x ∈ V . Therefore, f is quasi-continuous in x0. �

Proposition 4.14. Suppose that X is a metric Baire space, I and J are ideals on ω

and (I,J ) is of the third q-type. Then Baire (X) ⊆ (I,J ) (QC (X)).

Proof. Since (I,J ) is of the third q-type, there is A ∈ J such that I ⊔ A is not weakly

Ramsey. Note that in particular I ↾ (ω \A) is not weakly Ramsey (by Fact 4.2), and

(I,J ) (QC (X)) = (I ↾ (ω \A),J ↾ (ω \A)) (QC (X)) ∩ (I ↾ A,P(A)) (QC (X))

by Lemma 3.7 (we assume that A and ω \ A both are infinite – otherwise, it suffices to

consider only one of the intersected families of functions). Since the ideals I ↾ A and

P(A) are orthogonal, we have Baire (X) ⊆ RX ⊆ (I ↾ A,P(A)) (QC (X)) by Lemma 3.8.

Therefore, it suffices to show that Baire (X) ⊆ (I ↾ (ω \A),J ↾ (ω \A)) (QC (X)).

Let f : X → R be a function possessing the Baire property. By Theorem 4.4 and

[19, Proposition 16], there is a sequence (g(n,m))(n,m)∈ω2 of quasi-continuous functions

WR-discretely convergent to f . By Theorem 4.4, there also is a bijection π : ω \A → ω2
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with π−1[M ] ∈ I ↾ (ω \A) for each M ∈ WR. Define fn = gπ(n) for all n ∈ ω \A. Then

each fn is quasi-continuous and (fn)n∈ω\A
I−d
−−−→ f , so from Lemma 3.4 we obtain that

(fn)n∈ω\A
(I,J )−e
−−−−−→ f .

�

4.4. The second q-type. In this subsection we characterize (I,J ) (QC (X)) for all

pairs of ideals (I,J ) of the second q-type.

Proposition 4.15. Suppose that X is a Baire space, I and J are ideals on ω such that

I ⊔A is ω-+-diagonalizable for any A ∈ J . Then (I,J ) (QC (X)) ⊆ PWD (X).

Proof. This proof is based on the proof of [18, Proposition 3.1].

Fix a sequence (fn)n∈ω of quasi-continuous functions such that (fn)n∈ω
(I,J )−e
−−−−−→ f

for some f ∈ RX . Let (εn)n∈ω be the sequence of positive reals J -convergent to 0 from

the definition of (I,J )-equal convergence.

Suppose that f is not pointwise discontinuous. By [18, Lemma 2.1(1)], there are

reals α < β and an open non-empty set U ⊆ X such that E = f−1[(−∞, α)] and

F = f−1[(β,+∞)] are both dense in U . By shrinking U , without loss of generality we

can assume that E ∩W is not meager for every open non-empty W ⊆ U . Let ε = β−α
2

and A = {n ∈ ω : εn ≥ ε} ∈ J . Let (Dn)n∈ω ⊆ (I⊔A)+ be the family ω-+-diagonalizing

I ⊔A.

For each x ∈ U ∩E there is nx with |fi(x) − f(x)| < εi for every i ∈ Dnx
. Note that

fi(x) < α + εi for every x ∈ U ∩ E and i ∈ Dnx
. Since X is a Baire space, there exists

m ∈ ω such that the set {x ∈ U ∩ E : nx = m} is dense in some open and non-empty

set W ⊆ U . Recall that each fi is quasi-continuous. Therefore, for every i ∈ Dm \A we

have fi(x) < α + ε for all x ∈ W (apply the definition of quasi-continuity to x, W and

ε− εi).

On the other hand, take any x0 ∈ W ∩ F and note that

C = {i ∈ ω : |fi(x0) − f(x0)| < εi ∧ εi < ε} ∈ (I ⊔ A)∗.

Hence, there is some i0 ∈ Dm ∩C and we obtain that fi0(x0) > β− ε = α+ ε. A contra-

diction. �

Now we want to show that (I,J ) (QC (X)) ⊇ PWD (X) for any metric Baire space

X provided that (I,J ) is of the second q-type. This is the most technical part of our

considerations. We will need some lemmas.

Lemma 4.16. Let X be a topological space and f ∈ RX be pointwise discontinuous.

Then for every ε > 0 there are a closed nowhere dense set N and a continuous function

g : X \N → R, such that |f(x) − g(x)| < ε for all x ∈ X \N .

Proof. We will use the Zorn’s lemma. Fix ε > 0 and let P be the family of all pairs (U, h)

such that U is an open subset of X and h : U → R is a continuous function satisfying
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|f(x)−h(x)| < ε for all x ∈ U . Observe that P is non-empty. Indeed, take any y ∈ C(f).

Then there is an open set U containing y, such that |f(y) − f(x)| < ε for any x ∈ U .

Define h : U → R by h(x) = f(y) for all x ∈ U . Then (U, h) ∈ P.

The order is defined as follows:

(U, h) � (U ′, h′) ⇐⇒ U ⊆ U ′ ∧ h ⊆ h′.

It is easy to check that this is a partial order on P. Moreover, if ((Uα, hα))α<κ is a chain

in (P,�), then (
⋃

α<κ Uα,
⋃

α<κ hα) is its upper bound.

By Zorn’s lemma, there is some (U, g) maximal in (P,�). It suffices to show that

N = X\U is nowhere dense. Suppose otherwise. Then there is an open non-empty V ⊆ N .

Take any y ∈ V ∩C(f). There is an open set W containing y, such that |f(y)− f(x)| < ε

for any x ∈ W . Let U ′ = U ∪W and g′ : U ′ → R be given by g′(x) = g(x) for x ∈ U and

g′(x) = f(y) for x ∈ W (recall that U and W are disjoint). Then g′ is continuous and

(U, g) ≺ (U ′, g′). A contradiction with maximality of (U, g). �

The following two lemmas are crucial in our considerations. The first one is due to

Borsik.

Lemma 4.17 (Borsik, [2, Lemma 1]). Let X be a metric space. Suppose that N ⊆ X

is a non-empty closed nowhere dense set, and U ⊆ X is semi-open with N ⊆ U . Then

there is a sequence of pairwise disjoint non-empty semi-open sets (Gn)n∈ω, such that
⋃

n∈ω Gn = U \N and N ⊆ Gn for each n ∈ ω.

Corollary 4.18. Let X be a metric space. Suppose that N,M ⊆ X are non-empty closed

nowhere dense sets with N ⊆ M , and G ⊆ X is semi-open with M ⊆ G. Then there are

two disjoint non-empty semi-open sets V and W such that:

• N ⊆ V ;

• M ⊆ W ;

• V ⊆ G \M ;

• V ∪W = G \N .

Proof. Apply Lemma 4.17 to M and G to get a sequence of pairwise disjoint non-empty

semi-open sets (Gn)n∈ω such that
⋃

n∈ω Gn = G \M and M ⊆ Gn for each n ∈ ω. Let

V = G0 and W =
⋃

n>0 Gn ∪ (M \N). Note that W is semi-open. Then V and W are

as needed. �

Lemma 4.19. Let X be a metric space. Suppose that I is an ideal on ω such that there

are a partition (An)n∈ω of ω and a function φ : ω → ω satisfying:

(a) φ(p) > k for all p ∈ Ak and k ∈ ω;

(b)
(

∀n∈ω pn+1 ∈
⋃

i≥φ(pn)
Ai

)

⇒ {pn : n ∈ ω} ∈ I for any (pn)n∈ω ⊆ ω.

Then PWD (X) ⊆ (I,J ) (QC (X)), where J is the ideal generated by (An)n∈ω.
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Proof. Fix any pointwise discontinuous function f ∈ RX . Define εi = 1
k+1 for all i ∈ Ak

and k ∈ ω. It is easy to see that (εi)i∈ω is J -convergent to 0. For each k ∈ ω apply

Lemma 4.16 to f and ε = 1
k+1 to get Nk ⊆ X and gk : X \ Nk → R with the required

properties. Without loss of generality we can assume that ∅ 6= N0 ⊆ N1 ⊆ . . .. Let also

{qn : n ∈ ω} be an enumeration of Q.

In order to define a sequence of functions (fn)n∈ω which (I,J )-converges to f , we

need to inductively construct auxiliary semi-open sets Gk
n,m, V k

n,m and W k
n,m for all

k,m ∈ ω and n ∈ Ak.

The induction is on k. We start with k = 0.

• Apply Lemma 4.17 to N0 and the semi-open set U0 = X to get non-empty

pairwise disjoint semi-open sets G0
n,m for all n ∈ A0 and m ∈ ω.

• For each n ∈ A0 and m ∈ ω apply Corollary 4.18 to N0, G0
n,m ∩Nφ(n) (note that

this set is closed and nowhere dense) and G0
n,m to get two disjoint non-empty

semi-open sets W 0
n,m and V 0

n,m.

Suppose now that Gj
n,m’s, V j

n,m’s and W j
n,m’s for all m ∈ ω, n ∈ Ak and j ≤ k are

already defined. Let

Uk+1 = X \
⋃

j≤k

⋃

m∈ω

⋃

n∈Aj

φ(n)>k

V j
n,m.

Note that Nk+1 ⊆ Uk+1 ⊆ Uk+1. Indeed, if there would be x ∈ Nk+1 ∩ V j
n,m for some

j ≤ k, m ∈ ω and n ∈ Aj with φ(n) > k, then x ∈ Gj
n,m ∩Nφ(n), but this set is disjoint

with V j
n,m (cf. Corollary 4.18). Moreover, Uk+1 is semi-open as a union of semi-open sets:

Uk+1 =
⋃

m∈ω

⋃

n∈Ak

(

W k
n,m ∪Nk

)

∪
⋃

j<k

⋃

m∈ω

⋃

n∈Aj

φ(n)=k

V j
n,m

(the sets W k
n,m ∪Nk are semi-open, since Nk ⊆ Gk

n,m ∩Nφ(n) ⊆ W k
n,m ⊆ int(W k

n,m ∪Nk)

for each m ∈ ω and n ∈ Ak).

• Apply Lemma 4.17 to Nk+1 and Uk+1 to get non-empty pairwise disjoint semi-

open sets Gk+1
n,m for all n ∈ Ak+1 and m ∈ ω.

• For each n ∈ Ak+1 and m ∈ ω apply Corollary 4.18 to Nk+1, Gk+1
n,m ∩Nφ(n) and

Gk+1
n,m to get two disjoint non-empty semi-open sets W k+1

n,m and V k+1
n,m .

Now we proceed to the construction of fn’s. Set any n ∈ ω and let k be such that

n ∈ Ak. Define fn : X → R by

fn (x) =







f(x) if x ∈ Nk,
qm if x ∈ V k

n,m,
gk(x) otherwise.

We will show that fn is quasi-continuous. Take any x ∈ X , ε > 0 and an open set

W ∋ x. There are three possible cases:
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• If x ∈ Nk, then there is m ∈ ω with qm ∈ (fn(x)−ε, fn(x)+ε). Since V k
n,m ⊇ Nk,

the set V k
n,m ∩W is non-empty and semi-open. Hence, W ′ = int(V k

n,m ∩W ) 6= ∅

and |fn(x′) − fn(x)| < ε for each x′ ∈ W ′.

• If there is m ∈ ω such that x ∈ V k
n,m, then W ′ = int(V k

n,m ∩ W ) 6= ∅ and

fn(x′) = fn(x) for each x′ ∈ W ′.

• If x ∈ X \ (Nk ∪
⋃

m∈ω V k
n,m), then fn(x) = gk(x) and, by continuity of gk, there

is an open neighbourhood W ′ ⊆ W of x such that |fn(x) − gk(x′)| < ε for all

x′ ∈ W ′. There is also a semi-open set H containing x (H is either one of the

W k
n,m’s for m ∈ ω or one of the Gk

l,m’s for l ∈ Ak \ {n} and m ∈ ω, or one

of the V j
l,m’s for j < k, l ∈ Aj with φ(l) > k and m ∈ ω). Then, similarly as

above, W ′′ = int(H ∩W ′) 6= ∅ and |fn(x) − fn(x′)| < ε for each x′ ∈ W ′′ since

fn ↾ W ′′ = gk ↾ W ′′.

Since all fn’s are defined, we are ready to prove that (fn)n∈ω
(I,J )−e
−−−−−→ f . Fix any

x ∈ X and denote

Px =
⋃

k∈ω

{n ∈ Ak : x ∈ V k
n,m for some m ∈ ω}.

Observe that {n ∈ ω : |fn(x)− f(x)| ≥ εn} ⊆ Px. Hence, it suffices to show that Px ∈ I.

Given k ∈ ω, the sets V k
n,m for n ∈ Ak, m ∈ ω are pairwise disjoint, so |{n ∈ Ak :

x ∈ V k
n,m for some m ∈ ω}| ≤ 1. If Px is finite, then we are done, so suppose that it is

infinite and let {p0, p1, . . .} be an enumeration of the set Px such that k(i+ 1) > k(i) for

all i ∈ ω, where k(i) is defined by pi ∈ Ak(i).

We will use the condition (b). Fix some i ∈ ω. If x ∈ V
k(i)
pi,m for some m ∈ ω, then

x /∈ V k
n′,m′ for all k(i) < k < φ(pi), n′ ∈ Ak and m′ ∈ ω (since Uk ∩ V

k(i)
pi,m = ∅ and

V k
n′,m′ ⊆ Uk). Therefore, pi+1 ∈

⋃

j≥φ(pi)
Aj . Now it follows from the condition (b) that

Px ∈ I. This finishes the entire proof. �

Now we proceed to the main aim of this subsection.

Proposition 4.20. Suppose that I and J are ideals on ω such that there is a se-

quence (An)n∈ω of elements of J with I ⊔ (An)n∈ω not weakly Ramsey. Then we have

PWD (X) ⊆ (I,J ) (QC (X)) for any metric Baire space X.

Proof. Let (An)n∈ω ⊆ J be such that WR ⊑ I ⊔ (An)n∈ω (cf. Theorem 4.4). There is

a bijection π : ω → ω2 with π−1[M ] ∈ I ⊔ (An)n∈ω for any M ∈ WR (cf. Theorem 4.4).

Let π1, π2 : ω → ω be given by π(x) = (π1(x), π2(x)) for all x ∈ ω.

Without loss of generality we can assume that (An)n∈ω is a partition of ω. If there is

A ∈ J such that WR ⊑ I ⊔ A, then we are done by Theorem 4.14. Suppose that I ⊔ A

does not contain an isomorphic copy of WR for any A ∈ J . Then we can assume that

(An)n∈ω ⊆ I+.
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For each k ∈ ω there exist Nk ∈ ω and disjoint sets Bk and Ck such that π−1[{k} ×

ω] = Bk ∪ Ck, Bk =
⋃

n≤Nk
An ∩ π−1[{k} × ω] and Ck ∈ I. Assume additionally that

N0 < N1 < . . . (in particular, Nk ≥ k).

Denote B =
⋃

k∈ω Bk and C =
⋃

k∈ω Ck. Then B ∪ C = ω and, by Lemma 3.7, it

suffices to prove that PWD (X) ⊆ (I ↾ Z,J ↾ Z) (QC (X)) for Z = B,C.

The set B. Note that (An ∩B)n∈ω is a partition of B into sets belonging to J ↾ B.

Consider φB : B → ω given by

φB(p) = min{i > m : ∀k≤π1(p)+π2(p)∀j≥i Aj ∩Bk = ∅},

where m is such that p ∈ Am ∩B. Observe that φB is well defined and

(4.1) i ≥ φB(p) ⇒ Ai ∩B ⊆
⋃

{Bk : k > π1(p) + π2(p)}.

We will show that (An∩B)n∈ω , φB and I ↾ B satisfy conditions (a) and (b) of Lemma

4.19. It will follow that PWD (X) ⊆ (I ↾ B,J ↾ B) (QC (X)) for any metric space X .

The condition (a) is obvious. To show the condition (b), take any (pn)n∈ω ⊆ B with

pn+1 ∈
⋃

i≥φB(pn)
Ai ∩B for all n ∈ ω and denote P = {pn : n ∈ ω}.

Firstly, observe that π[P ] ∈ WR, since π(pn+1) belongs to

π





⋃

i≥φB(pn)

Ai ∩B



 ⊆ π
[

⋃

{Bk : k > π1(pn) + π2(pn)}
]

⊆ (ω \ (π1(pn) + π2(pn))) × ω

by (4.1). Hence, P ∈ (I ⊔ (An)n∈ω) ↾ B. What is more, |P ∩Ai| ≤ 1 for all i ∈ ω, by the

condition (a). Therefore, P ∈ I ↾ B.

The set C. Observe that Ai ∩ C ⊆
⋃

k≤i Ck for all i ∈ ω. Indeed, if i < k, then

i < Nk and Ai ∩ π−1[{k} × ω] ⊆ Bk, hence, Ai ∩ Ck = ∅. Recall that each Ck is in

I. Hence, Ai ∩ C ∈ I ↾ C for all i ∈ ω. Therefore, I ⊔ (An)n∈ω ↾ C = I ↾ C. By

Fact 4.2, the ideal I ⊔ (An)n∈ω ↾ C is not weakly Ramsey. It follows that I ↾ C is not

weakly Ramsey. By Fact 4.9, the pair (I ↾ C,Fin ↾ C) is of the third q-type. Then

PWD (X) ⊆ Baire (X) ⊆ (I ↾ C,Fin ↾ C) (QC (X)) ⊆ (I ↾ C,J ↾ C) (QC (X)) for any

metric Baire space X by Proposition 4.14. �

4.5. Definable ideals. We are ready to prove the main theorems of this section, sum-

marizing all of our previous considerations.

Theorem 4.21. Let I and J be non-orthogonal ideals on ω. Suppose that I is coanalytic.

(1) (I,J ) is of the first q-type if and only if (I,J ) (QC (X)) = PWD0 (X) for every

metric Baire space X.

(2) (I,J ) is of the second q-type if and only if (I,J ) (QC (X)) = PWD (X) for

every metric Baire space X.

(3) (I,J ) is of the third q-type if and only if Baire (X) ⊆ (I,J ) (QC (X)) for every

metric Baire space X. Moreover, if I is Borel, then Baire (X) = (I,J ) (QC (X))

for every metric Baire space X.
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Proof. Since I is coanalytic, by Fact 4.7, each pair (I,J ) is of some q-type. Therefore,

in parts (1), (2) and (3) it suffices to prove only the implication from left to right, since

the classes PWD0 (R), PWD (R) and Baire (R) do not coincide.

Part (1): This is exactly Proposition 4.13.

Part (2): The inclusion ”⊆” follows from Proposition 4.15 and the opposite one –

from Proposition 4.20.

Part (3): The inclusion ”⊇” is exactly Proposition 4.14. To prove the opposite one in

the case of I being Borel, consider a sequence (fn)n∈ω ⊆ RX of quasi-continuous functions

such that (fn)n∈ω
(I,J )−e
−−−−−→ f for some f ∈ RX . By Lemma 3.5, (fn)n∈ω

I⊔(An)n∈ω

−−−−−−−→ f

for some (An)n∈ω ⊆ J . The ideal I ⊔ (An)n∈ω is Borel by Lemma 3.2. Now it follows

from Lemma 3.1 that f ∈ Baire(X). �

Remark. The implications from left to right in parts (1), (2) and (3) of Theorem 4.21

remain true even if we drop the assumption that I is coanalytic.

The next result characterizes higher Baire classes (generated by quasi-continuous

functions) with respect to (I,J )-equal convergence.

Proposition 4.22. Suppose that I and J are non-orthogonal ideals on ω. Then the

classes (I,J ) (PWD0 (X)), (I,J ) (PWD (X)) and (I,J ) (Baire (X)) all contain the

class Baire(X) for every metric Baire space X. Moreover, if I is analytic, then all those

classes are equal to Baire(X) for every metric Baire space X.

Proof. Since PWD0 (X) ⊆ PWD (X) ⊆ Baire (X), we have:

(I,J ) (PWD0 (X)) ⊆ (I,J ) (PWD (X)) ⊆ (I,J ) (Baire (X)) .

By [19, Theorem 9 and Proposition 16], for every Baire function f ∈ RX there is a

sequence of functions in PWD0(X) which discretely converges to f . Now the inclusion

Baire(X) ⊆ (I,J ) (PWD0 (X)) follows from Lemma 3.4. Finally, if I is analytic, then

the inclusion (I,J ) (Baire (X)) ⊆ Baire(X) follows from Lemma 3.1 similarly as in part

(3) of the previous Theorem. �

5. Ideal equal convergence of sequences of continuous functions

In this section we want to characterize ideal equal Baire classes generated by the

family of continuous functions. These studies extend the results from [8]. In the first sub-

section we introduce some useful notions. Next, we prove the mentioned characterization.

5.1. An infinite game and the c-types. Let I be an ideal on ω. Consider another

game, G2 (I), defined by Laflamme (see [17]) as follows: Player I in his n’th move plays an

element Cn ∈ I, and then Player II responses with any Fn ∈ [ω]
<ω

such that Fn∩Cn = ∅.

Player I wins if
⋃

n∈ω Fn ∈ I. Otherwise, Player II wins.

Theorem 5.1 ([15, Fact 3.10]). If I is coanalytic, then the game G2(I) is determined.
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A set Z = {Am : m ∈ ω} ⊆ [ω]
<ω \ {∅} is I∗-universal if for each F ∈ I∗ there

is m ∈ ω such that Am ⊆ F . We say that I is ω-diagonalizable by I∗-universal sets if

there exists a sequence (ZN )N∈ω of I∗-universal sets such that for each F ∈ I∗ there is

ZN = {AN,m : m ∈ ω} with AN,m∩F 6= ∅ for every m ∈ ω. An ideal I is a weak P -ideal

if for every sequence (Xn)n∈ω ⊆ I there exists X ∈ I+ such that Xn∩X ∈ Fin for every

n ∈ ω. The above notions were introduced by Laflamme in order to give the following

characterization.

Theorem 5.2 (Laflamme, [17, Theorem 2.16]). Let I be an ideal.

(1) Player I has a winning strategy in G2(I) if and only if I is not a weak P -ideal.

(2) Player II has a winning strategy in G2(I) if and only if I is ω-diagonalizable by

I∗-universal sets.

Theorem 5.3 ([16] and [1]). The following are equivalent for any ideal I:

(1) I is not a weak P -ideal;

(2) Fin⊗ Fin ⊑ I;

(3) Fin⊗ Fin ≤K I.

It follows from the above theorems that if I is a coanalytic ideal, then either Fin ⊗

Fin ⊑ I or I is ω-diagonalizable by I∗-universal sets.

Analogously to the q-types, we define the c-types of pairs of ideals.

Definition 5.4. Let I and J be ideals on ω.

(1) (I,J ) is of the first c-type if for any sequence (An)n∈ω of elements of J the ideal

I ⊔ (An)n∈ω is ω-diagonalizable by (I ⊔ (An)n∈ω)∗-universal sets.

(2) (I,J ) is of the second c-type if there is a sequence (An)n∈ω of elements of J

such that the ideal I ⊔ (An)n∈ω contains an isomorphic copy of Fin ⊗ Fin, but

for any A ∈ J the ideal I ⊔A is ω-diagonalizable by (I ⊔ A)∗-universal sets.

(3) (I,J ) is of the third c-type if there is A ∈ J such that the ideal I ⊔ A contains

an isomorphic copy of Fin ⊗ Fin.

Fact 5.5. If I is coanalytic, then each pair (I,J ) is of some c-type.

Proof. It follows from Lemma 3.2 that I ⊔ (An)n∈ω and I ⊔ A are coanalytic for any

(An)n∈ω and A ⊆ ω. Then we are done by Theorems 5.1, 5.2 and 5.3. �

Examples of pairs of ideals for every c-type are similar to the examples of pairs of

ideals for every q-type from the previous section.

5.2. The first and third c-type. In this subsection we characterize (I,J ) (C (X)) for

all pairs of ideals (I,J ) of the first or third c-type.
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Proposition 5.6. Let X be a perfectly normal topological space and 1 ≤ n < ω. Sup-

pose that I and J are ideals on ω such that for any sequence (An)n∈ω of elements

of J the ideal I ⊔ (An)n∈ω is ω-diagonalizable by (I ⊔ (An)n∈ω)∗-universal sets. Then

(Fin,Fin)n (C (X)) = (I,J )n (C (X)).

Proof. The proof is the same as the proof of [8, Theorem 5.5]. �

Lemma 5.7 (Filipów and Szuca, [8, Lemma 2.2]). Let X be a topological space, I be

an ideal such that Fin ⊗ Fin ≤K I and 1 ≤ α < ω1. Then (Fin,Fin)α+1 (C (X)) ⊆

(I,Fin)α (C (X)).

Proposition 5.8. Let X be a topological space and 1 ≤ α < ω1. Suppose that I

and J are ideals on ω such that there exists A ∈ J with Fin ⊗ Fin ⊑ I ⊔ A. Then

(Fin,Fin)α+1 (C (X)) ⊆ (I,J )α (C (X)).

Proof. Let A ∈ J be such that Fin ⊗ Fin ⊑ I ⊔A. Then Fin ⊗ Fin ≤K I ↾ (ω \A) and

(Fin,Fin)α+1 (C (X)) ⊆ (I ↾ (ω \A),Fin(ω \A))α (C (X))

by Lemma 5.7. It follows that

(Fin,Fin)α+1 (C (X)) ⊆ (I ↾ (ω \A),J ↾ (ω \A))α (C (X)) .

Since the ideals I ↾ A and J ↾ A = P(A) are orthogonal, we have

(Fin,Fin)α+1 (C (X)) ⊆ RX ⊆ (I ↾ A,J ↾ A)α (C (X))

by Lemma 3.8. The conclusion follows from Lemma 3.7. �

5.3. The second c-type. In this subsection we characterize (I,J ) (C (X)) for all pairs

of ideals (I,J ) of the second c-type.

Let Σ0
α (X) and Π0

α (X), for 0 < α < ω1, denote the additive and multiplicative Borel

classes of subsets of X , respectively.

Lemma 5.9 ([3, Proposition 3.14]). Let X be a perfectly normal topological space, f :

X → R and 1 ≤ α < ω1. Then f is of Baire class α if and only if f is Σ0
α+1 (X)-

measurable.

Proposition 5.10. Let X be a perfectly normal topological space. Suppose that I and J

are ideals on ω such that (I ⊔ A) is ω-diagonalizable by (I ⊔A)∗-universal sets for every

A ∈ J . Then (I,J )α (C(X)) ⊆ Bα (X) for every 1 ≤ α < ω1.

Proof. This proof is based on the proof of [8, Lemma 3.1].

We prove the result by transfinite induction on α. Let 1 ≤ α < ω1 and assume that

(I,J )γ (C(X)) ⊆ Bγ (X) for every γ < α. Suppose that (fn)n∈ω
(I,J )−e
−−−−−→ f , where fn ∈

(I,J )βn
(C(X)) and βn < α for each n ∈ ω. Then there exists a sequence (εn)n∈ω

J
−→ 0

such that {n ∈ ω : |fn(x) − f(x)| ≥ εn} ∈ I for every x ∈ X .
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We need to show that f ∈ Bα (X). Let ε > 0, y ∈ R and x ∈ X . The conclusion will

follow from the fact that f−1[(y − ε, y + ε)] ∈ Σ0
α+1 (X) for any ε > 0 and y ∈ R (by

Lemma 5.9). Hence, let ε > 0 and y ∈ R.

Define A0 = {k ∈ ω : εk ≥ ε} and An = {k ∈ ω : ε
n+1 ≤ εk < ε

n
} for all n ≥ 1.

Clearly, (An)n∈ω ⊆ J . For each n ∈ ω pick a family (Zn
N )N∈ω, Zn

N =
{

An
N,k : k ∈ ω

}

,

of (I ⊔ (A0 ∪ ... ∪ An))∗-universal sets which ω-diagonalize I ⊔ (A0 ∪ ... ∪ An).

We will show that

(5.1) |f (x) − y| < ε ⇐⇒ ∃n∈ω∃N∈ω∀k∈ω∃l∈An
N,k

|fl (x) − y| ≤ ε ·

(

1 −
1

n

)

.

This will end the proof. Indeed, once this is done, we have

f−1 [B (y, ε)] =
⋃

n∈ω

⋃

N∈ω

⋂

k∈ω

⋃

l∈An
N,k

f−1
l

[

B

(

y, ε ·

(

1 −
1

n

))]

∈ Σ0
α+1 (X) ,

where B(z, r) denotes the open ball of radius r > 0 and center z ∈ R, by the induction

assumption (note that An
N,k is finite).

We proceed to showing (5.1). Firstly, we deal with the implication from left to

right. Let f (x) ∈ B (y, ε). There are n1 ∈ ω and δ > 0 such that B (f (x) , δ) ⊆

B
(

y, ε ·
(

1 − 1
n1

))

. Take n > n1 such that ε
n
< δ and denote

F =

{

l ∈ ω : fl (x) ∈ B

(

y, ε ·

(

1 −
1

n

))}

.

Then

F ⊇ {l ∈ ω : fl (x) ∈ B (f (x) , δ)} ∈ (I ⊔ (A0 ∪ ... ∪ An−1))∗ .

Hence, there is N ∈ ω such that F ∩ An−1
N,k 6= ∅ for every k ∈ ω (since (Zn−1

N )N∈ω

ω-diagonalize I ⊔ (A0 ∪ ... ∪ An−1)).

Now we deal with the second implication of (5.1). Suppose that there are n,N ∈ ω

such that for every k ∈ ω there is l ∈ An
N,k with fl (x) ∈ B

(

y, ε ·
(

1 − 1
n

))

. Ob-

serve that G =
{

m ∈ ω : |fm(x) − f(x)| < ε
n

}

∈ (I ⊔ (A0 ∪ ... ∪ An))
∗
. Since Zn

N is

(I ⊔ (A0 ∪ ... ∪ An))
∗
-universal, there is k ∈ ω such that An

N,k ⊆ G. By our assumption,

there is also l ∈ An
N,k such that fl (x) ∈ B

(

y, ε ·
(

1 − 1
n

))

. Then

|f(x) − y| ≤ |f(x) − fl(x)| + |fl(x) − y| <
ε

n
+ ε

(

1 −
1

n

)

= ε.

This finishes the entire proof. �

Proposition 5.11. Let X be a topological space. Suppose that I and J are ideals on ω

such that there exists (An)n∈ω ⊆ J with Fin⊗Fin ⊑ I⊔(An)n∈ω. Then (I,J )α (C(X)) ⊇

Bα (X) for every 1 ≤ α < ω1.

Proof. We prove the result by transfinite induction on α. Let 1 ≤ α < ω1 and assume

that (I,J )γ (C(X)) ⊇ Bγ (X) for every γ < α.

Let (An)n∈ω ⊆ J be such that Fin ⊗ Fin ⊑ I ⊔ (An)n∈ω. Then there is a bijection

σ : ω → ω2 such that σ−1[M ] ∈ I ⊔ (An)n∈ω for any M ∈ Fin ⊗ Fin. Without loss of

generality we can assume that (An)n∈ω is a partition of ω.



20 ADAM KWELA AND MARCIN STANISZEWSKI

If there is A ∈ J such that Fin ⊗ Fin ⊑ I ⊔ A, then we are done by Theorem 5.8,

since Bα(X) ⊆ (Fin,Fin)α+1(C(X)). Suppose that I ⊔A does not contain an isomorphic

copy of Fin ⊗ Fin for every A ∈ J . Then we can assume that (An)n∈ω ⊆ I+.

For each k ∈ ω there are Nk ∈ ω and Ck = σ−1[{k} × ω] \
⋃

n≤Nk
An such that

Ck ∈ I. Without loss of generality we can assume additionally that N0 < N1 < . . . (in

particular, Ck ∩ An = ∅ whenever n ≤ k) and Ck = ∅ if σ−1[{k} × ω] can be covered by

finitely many An’s (in particular, each Ck is infinite or empty).

Define T = {k ∈ ω : Ck 6= ∅}. Let G1 =
⋃

k∈T Ck and G2 = ω \ G1. We will show

that Bα (X) ⊆ (I ↾ Gi,J ↾ Gi)α (C(X)) for i = 1, 2. It will finish the proof by Lemma

3.7.

Firstly, we deal with the set G1. If T is finite, then G1 ∈ I and we are done by Lemma

3.8 (since I ↾ G1 = P(G1) in this case). Suppose that T is infinite. We will prove that

Fin ⊗ Fin ≤K I ↾ G1. Once this is done, we have

Bα (X) ⊆ (Fin,Fin)α+1 (C(X)) ⊆ (I ↾ Gi,Fin(Gi))α (C(X))

by Lemma 5.7. Hence,

Bα (X) ⊆ (I ↾ Gi,J ↾ Gi)α (C(X)) .

We claim that σ ↾ G1 : G1 → ω2 witnesses Fin ⊗ Fin ≤K I ↾ G1. Take any M ∈

Fin⊗Fin with M ⊆ σ[G1]. There exist E ∈ Fin⊗∅ and F ∈ ∅⊗Fin such that M = E∪F .

Since Ck ⊆ σ−1[{k} × ω] for each k ∈ ω, we get that σ−1[E] is covered by finitely many

Ck’s. Recall that Ck ∈ I for all k ∈ ω. Hence, σ−1[E] is in I ↾ G1. Now we deal with

the set F . From the properties of σ we have that σ−1[F ] ∈ I ↾ G1 ⊔ (An ∩ G1)n∈ω.

Observe that σ−1[F ] ∩ An ⊆ σ−1[F ] ∩
⋃

k<n Ck. Indeed, it follows from the fact that

Ck ∩ An = ∅ whenever n ≤ k. Moreover, σ−1[F ] ∩
⋃

k<n Ck is finite, since F ∈ ∅ ⊗ Fin

and Ck ⊆ σ−1[{k} × ω] for each k ∈ ω. Therefore, σ−1[F ] ∈ I ↾ G1.

Now we deal with the set G2. We will need two auxiliary ideals. Define an ideal

K = {M ⊆ G2 : ∀k∈ω Ak ∩M ∈ Fin} .

Let also L be an ideal on G2 generated by the family (Ak ∩G2)k∈ω. Recall that by

W(K,L) we denote the following sentence: For every partition (An)n∈ω ⊆ L of
⋃

L there

exists S /∈ K such that An ∩S ∈ K for every n ∈ ω (cf. Lemma 3.3). Therefore, W (K,L)

does not hold.

Fix f ∈ Bα (X). We will show that f ∈ (I,J )α (C(X)). There is a sequence of

functions in
⋃

γ<α Bγ (X) which is K-convergent to f (recall that pointwise convergence

implies ideal convergence for any ideal). From our induction assumption, this sequence

is also in
⋃

γ<α(I,J )γ (C(X)). Then f ∈ (K,L)
(

⋃

γ<α(I,J )γ (C(X))
)

by Lemma 3.3,

since W (K,L) does not hold.

Obviously, L ⊆ J ↾ G2. To finish the proof it suffices to show that K ⊆ I ↾ G2. Take

M ∈ K and notice that M ∩ σ−1[{k} × ω] ⊆
⋃

i≤Nk
Ai for any k ∈ ω (since M ⊆ G2).
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Hence, M ∩ σ−1[{k} × ω] is finite for every k ∈ ω. It follows that σ[M ] ∈ ∅ ⊗ Fin. By

the properties of σ, we get that M ∈ I ↾ G2 ⊔ (An ∩G2)n∈ω. Hence, M ∈ I ↾ G2 by the

definition of K. �

5.4. Definable ideals. We are ready to prove the main theorem of this section, sum-

marizing all of our previous considerations.

Theorem 5.12. Let I and J be non-orthogonal ideals on ω and 1 ≤ n < ω. Suppose

that I is coanalytic.

(1) (I,J ) is of the first c-type if and only if

(I,J )n (C (X)) = (Fin,Fin)n (C (X))

for every perfectly normal topological space X.

(2) (I,J ) is of the second c-type if and only if

(I,J )n (C (X)) = Bn (X)

for every perfectly normal topological space X.

(3) (I,J ) is of the third c-type if and only if

(I,J )n (C (X)) ⊇ (Fin,Fin)n+1 (C (X))

for every perfectly normal topological space X.

Proof. Since I is coanalytic, the pair (I,J ) is of some c-type (by Fact 5.5). Moreover,

(Fin,Fin)n (C (R))  Bn (R)  (Fin,Fin)n+1 (C (R)) for all 1 ≤ n < ω. Therefore, in

parts (1), (2) and (3) it suffices to prove only the implication from left to right.

Part (1): This is Proposition 5.6.

Part (2): The inclusion ”⊇” follows from Proposition 5.11 and the opposite one –

from Proposition 5.10.

Part (3): This is Proposition 5.8. �

Remark. The implications from left to right in parts (1), (2) and (3) of Theorem 5.12

remain true even if we drop the assumption that I is coanalytic.

Remark. In parts (2) and (3) of Theorem 5.12 the implications from left to right can be

generalized to all 1 ≤ α < ω1. It follows from Propositions 5.8, 5.10, and 5.11.

Part (3) of the above theorem does not give an exact outcome, i.e., it does not say

which class (I,J )n (C (X)) is equal to. The case of ideal convergence (not ideal equal

convergence) suggests that the answer should depend on some combinatorial properties

of the pair (I,J ) (cf. [5]). Therefore, the following problem seems to be natural.

Problem 1. Characterize (I,J ) (C (X)) for (I,J ) of the third c-type. Is it always equal

to one of the classes (Fin,Fin)γ (C (X)) or can it be equal to some Bγ (X)?
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