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IDEAL EQUAL BAIRE CLASSES

ADAM KWELA AND MARCIN STANISZEWSKI

ABSTRACT. For any Borel ideal we characterize ideal equal Baire system generated
by the families of continuous and quasi-continuous functions, i.e., the families of ideal
equal limits of sequences of continuous and quasi-continuous functions.

1. INTRODUCTION

Laczkovich and Reclaw (see [16]) and (independently) Debs and Saint Raymond (see
[B]) characterized first Baire class with respect to ideal convergence (the family of point-
wise ideal limits of sequences of continuous functions) for every Borel ideal and Polish
space. In particular, they characterized Borel ideals for which the first Baire class with
respect to ideal convergence is equal to the classical first Baire class. Filipéw and Szuca
(see [8]) have extended this result to ideal discrete convergence and (Z, Fin)-equal con-
vergence. Moreover, they characterized the ideals for which higher Baire classes in the
case of all three considered notions of convergence (ideal, ideal discrete and (Z, Fin)-equal
convergence) coincide with the classical Baire classes for all perfectly normal topological
spaces. In this paper we generalize their results to (Z, J)-equal convergence. We charac-
terize Baire classes in the case of (Z, J)-equal convergence for every pair of ideals (Z, J),
where 7 is coanalytic (Theorem [B.12]).

Recently, Natkaniec and Szuca (see [I8] and [I9]) obtained similar results in the case
of quasi-continuous functions instead of continuous functions. Namely, they characterized
Baire systems generated by the family of quasi-continuous functions in the case of ideal
convergence and ideal discrete convergence for all Borel ideals and metric Baire spaces.
In this paper we characterize Baire systems generated by quasi-continuous functions in
the case of (Z,J)-equal convergence for every pair of ideals (Z,J), where Z is Borel
(Theorem F2T)).

One can look at our results from two different points of view. The mentioned charac-
terizations are strictly combinatorial and do not involve any topological notions. There-
fore, in some sense we use real analysis to classify pairs of ideals — we introduce three
different g-types and three different c-types of pairs of ideals. The Baire systems gener-
ated by continuous (quasi-continuous) functions with respect to ideal equal convergence
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are the same for all pairs of ideals of the same c-type (g-type). On the other hand, our
investigations can be interesting from the point of view of real analysis. All earlier results
from this area (cf. [5], [8], [16], [I8] and [19]) have a similar structure: they state that
for any a@ < wy and a Borel ideal the Baire class « (generated by continuous or quasi-
continuous functions) with respect to some notion of ideal convergence is equal to one
of the Baire classes (generated by the same family of functions) with respect to classical
(i.e., not involving ideals) counterpart of the same notion of convergence. We show that
the Baire system (generated by continuous or quasi-continuous functions) with respect to
ideal equal convergence can be equal to the Baire system (generated by the same family
of functions) but with respect to classical convergence (not classical equal convergence).
Therefore, the use of ideal equal convergence instead of classical equal convergence can
produce new Baire classes. This is the case of the second c-type (for continuous functions)
and the second g-type (for quasi-continuous functions).

The paper is organized as follows. Section [ is devoted to introducing necessary
notions. In Section [B] we collect some basic facts concerning ideal convergence. Finally,
Sections M and [ contain the characterizations of ideal equal Baire classes generated by
the families of quasi-continuous and continuous functions, respectively. Both of these
sections have a similar structure. We start with introducing some useful notions, then
prove partial results and end with the mentioned characterizations (Theorems .21 and

[EI2) which summarize the considerations included in the whole section.

2. PRELIMINARIES
We use a standard set-theoretic and topological notation.

2.1. Ideals. A collection Z C P(X) is an ideal on X if it is closed under finite unions
and subsets. We additionally assume that each ideal contains Fin(X) = [X]<“. Hence,
we can write | JZ instead of X. In this paper we consider only ideals on countable sets.
In the theory of ideals a special role is played by the ideal Fin = Fin(w). The filter dual
to the ideal T is the collection Z* = {AC X : X\ A€Z}and It ={AC X : A¢ T} is
the collection of all Z-positive sets.

An ideal 7 is dense if every infinite subset of | JZ contains an infinite subset belonging
to the ideal. If Y C |JZ, then the restriction of T to the set Y, Z[Y ={ANY : A€ T},
is an ideal on Y. We say that a family G C P(X) generates the ideal T if

I= {A C X : dkew Jay,....Greg A\ (GoU...UGy) € Fin(X)}.

Ideals Z and J on X are orthogonal if there are A € 7 and B € J with AUB = X.
The space 2% of all functions f : X — 2 is equipped with the product topology

(each space 2 = {0, 1} carries the discrete topology). We treat P(X) as the space 2% by

identifying subsets of X with their characteristic functions. All topological and descriptive

notions in the context of ideals on X will refer to this topology.
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Ideals Z and J are isomorphic if there is a bijection f : |JJ — |JZ such that
AcTs A e.

Isomorphisms preserve all the properties of ideals considered in this paper. If Z is an
ideal on some countable set X, then there is always an ideal on w isomorphic to it, so it
is sufficient to consider only ideals on w. All the results of this paper, even formulated
only for ideals on w, are true for arbitrary ideals on countable sets.

The structure of ideals on countable sets is often described in terms of orders. We say

that Z is below J in the Katétov order (Z <y J) if there is f : |JJ — UZ such that
AcT= flAeJ.

Furthermore, if f is a bijection between |JJ and |JZ, we say that J contains an iso-
morphic copy of Z, and write Z C J.

Suppose that Z is an ideal on X, A C X and (4,)new C P(X). Then we define
TUA={MUN: MeZIANCA}and

TU(An)new ={MUN: M €T A Jpeu NC |JAi}.
i<n

If X and Y are two sets, then their disjoint sum is given by X @Y = {0} x X U{1} xY".
Suppose now that Z and J are ideals on X and Y, respectively. Then we define the ideal
IT@&J on X @Y by:

AcTog & {zeX: (0,x)ecA}eI AN {yeY: (l,y) e A} e J.
The product T ® J of the ideals Z and J is an ideal on X x Y given by:
AeI®J & {reX: A, ¢ T} e,

where A, ={y €Y : (z,y) € A}. In this definition we allow one of the ideals, Z or J,
to contain only the empty set (so we drop the assumption that it contains all finite sets)

and in this case we write ) ® J and Z ® ) instead of {0} ® J and Z ® {0}, respectively.

2.2. Ideal convergence. Let Z be an ideal on a countable set I. A sequence of reals
(x:)ier is T-convergent tox € Rif {i € I : |z; —x| > ¢} € T for any € > 0. In this case we
write (z;)ier I Similarly, (z;):es is Z-discretely convergent to x ((z;)ier I-d, x) if we
have {i € I : z; # x} € Z. A sequence (f;)ics of real-valued functions defined on a set X
is Z-pointwise convergent to f € RX ((fi)ier EN ) if (fi(2));er Ly (x) for all x € X.
Similarly, (fi)ier is Z-discretely convergent to f ((fi)ier RaiN ) if (fi(x)) RN f(x)
for all x € X.

Let now Z and J be ideals on the same countable set I. Let also (f;);er € RX and f €
R¥ for some set X. We say that (f;)icr is (Z, J)-equal convergent to f ((fi)ier EI)e,

icl

f) if there is a sequence (g;);c of positive reals with (e;);er 7, 0 such that {iel:

|fi(x)— f(x)] > &;} € T for each x € X. In this case we say that f is an (Z,J)-equal limit
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of (fi)ier- If T and J are orthogonal ideals and X is a non-empty set, then (Z, J)-equal
limits are not unique (cf. [7, Theorem 6.1]).

The above notions generalize their classical counterparts — Fin-convergence is the
classical convergence, Fin-discrete convergence is the classical discrete convergence, and
(Fin, Fin)-equal convergence is the classical equal convergence (discrete convergence and
equal convergence in the classical cases were introduced by Csédszar and Laczkovich in
).

Given two ideals Z and J on I, a set X and a family 7 C RX, we denote by (Z, J) (F)
the family of all functions f € RX which can be represented as an (Z, J)-equal limit of

a sequence of functions from F. Moreover, we denote:

o (1.9)o(F)=F;
o (LIN(F) = (T.9)(F)
¢ (.9 (F) = (@.T) (Useal, T)s ().

2.3. Real functions. Let X be a topological space. By C (X) we denote the family of
all real-valued continuous functions defined on X. The class of all functions f : X — R
with the Baire property is denoted by Baire (X). By B, (X) we denote the family of all
real-valued functions of Baire class «, defined on X.

We say that a function f : X — R is quasi-continuous in xo € X if for every € > 0
and an open neighbourhood U of x( there exists an open non-empty set V' C U such that
|f (z) — f (z0)| < € for every point x € V. A function f : X — R is quasi-continuous if
it is quasi-continuous in every point xg € X. We denote the class of all quasi-continuous
functions on X by QC (X). All continuous functions as well as all left-continuous and
right-continuous functions are quasi-continuous.

A subset U of a topological space X is semi-open if U C intU. It is known that
a function f: X — R is quasi-continuous if and only if f~*[U] is semi-open for every
open set U C R. Moreover, a union of any family of semi-open sets is semi-open and an
intersection of a semi-open set with an open set is semi-open.

A function f: X — R is pointwise discontinuous if the set C (f) of continuity points
of f is dense in X. The class of all pointwise discontinuous functions defined on a space
X is denoted by PW D (X). By C, (f) we denote the set of all quasi-continuity points of
f. A function f: X — Ris in PW Dy (X) if the set X \ Cy (f) is nowhere dense in X.

The notion of quasi-continuity has been introduced by Kempisty (see [11]). The Baire
system generated by the family QC (X) has been described by Grande (see [9]). Namely,
if X is a metric Baire space, then PW D (X) is the first Baire class generated by QC (X)
with respect to classical convergence, and PW Dy (X) is the first Baire class generated
by QC (X) with respect to discrete convergence. All higher Baire classes in both cases
are equal to Baire (X).
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3. BASIC PROPERTIES OF IDEAL CONVERGENCE

In this section we collect some basic observations which will be useful in our further

considerations.

Lemma 3.1 (Natkaniec and Szuca, [I8, Corollary 14]). Suppose that T is an analytic
ideal on w and X s a topological space. If (fn)new C Baire(X) is Z-convergent to some

f: X = R, then f € Baire(X).

Lemma 3.2. Suppose that T is an analytic (coanalytic) ideal on w. Then T U A and
T U (Ap)new are analytic (coanalytic) for any A Cw and (An)new C P(w).

Proof. Let ¢: P(w) — P(w) be given by ¢(M) = M \ A. For each n € w let also
¢n: P(w) = P(w) be given by ¢, (M) = M\ U,.,, Ai- Then we have ZU A = ¢~ [Z]
and ZU (An)new = Upneo, @0 H1Z]. Now it suffices to observe that ¢ as well as all ¢,,’s are

continuous. O

Let Z,J be ideals on w. By W(Z,J) we denote the following sentence: For every
partition (A,)new C J of w there exists S ¢ Z such that A, NS € T for every n € w.

Lemma 3.3 (Filipéw and Staniszewski, [7, Theorem 5.2]). Let Z,J be ideals on w such
that W(Z, J) does not hold. For every set X and every sequence (fn)new of real-valued

functions defined on X, if (fn)new =N f for some f € RX, then (fn)new —W f.

Remark. Suppose that Z is an ideal on w. Topological spaces X such that for every
sequence of real-valued continuous functions (fy,)ne, defined on X, if (fn)new Fin, 0,
then (f)new 22

that an ideal Z contains an isomorphic copy of the ideal Fin ® Fin if and only if every

0, are called ZQN-spaces. Recently, Supina (see [20]) showed

topological space is an ZQ) N-space.

Lemma 3.4. Suppose that T is an ideal on w and (fn)new € RX. If (fu)new I-d, f for

some f € RX then (fn)new &T)e, f for any ideal J.

Proof. Let g, = n%rl for each n € w. Then (e, )new 250 for any ideal J and we have

{new: (@) — fule)]

> b cinew: @2 LT

for any z € X. (]
Lemma 3.5. Suppose that T and J are ideals on w, (fn)new C RX and f € RX for some
set X. If (fn)new % f and (en)new is the sequence of positive reals J -convergent
TU(Ar)kew

to 0 from the definition of (Z,J)-equal convergence, then (fn)new ————— f, where

Av={n€ew:e,>1}eJ and Ay ={necw: %Hgsn<%}€jforallk21.
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Proof. We will show that (f)new m

is k € w with 1 <e. Then {n € w: |f,(x) — f(z)| > €} is contained in

f. Consider any « € X and ¢ > 0. There

U4 uinelJAi: |falz) = f(2) > en p € TU(An)ncw-

i<k i>k
This finishes the proof. O

Lemma 3.6. Suppose that (fn)new C RX for some set X. Let Iy, Ty, J1 and Jo be ideals
on w such that Il CI and J1 € Jo. If (fr)new % f for some f € RX, then

(Z2,72) =
(fn)new e f :
Proof. Straightforward. O

Lemma 3.7. Suppose that F C RX for some set X. Let 71,75, J1 and Jo be ideals on
w. Then (Il @Ig,jl (&%) jg) (J—") = (Il,jl) (J—") N (IQ,jQ) (F)

Proof. Take any f € (I, ® Iz, J1 © J2) (F). There are a sequence of real-valued func-
tions (f(i,n))(i,n)e2xw € RX and a sequence (€(i,n)) (i,n)e2xw Of positive reals (J1 @ J2)-
convergent to 0 such that {(i,n) € 2 x w : [fun(2) = f(x)] = cim} € Th @ T2
for each x € X. Then (E(o,n))nau is Ji-convergent to 0, (5(1,n))n6w is Jo-convergent
to 0 and for each x € X we have {n € w : [fon(2) — f(z)| > c0n} € Z1 and
{new:[fun(®) — f(@)|>eqn} € Zz. Therefore, f € (I1, J1) (F) N (L2, J2) (F).

To show the opposite inclusion, take any f € (Z1,J1) (F) N (Zz2, J2) (F). There are
(FDnews (f2)new € RX and two sequences of positive reals (g})new and (€2),c., Ji-
convergent to 0 and Je-convergent to 0, respectively, such that for each € X we have
{new:|flz)— f@) >cel} € Ty and {n € w: |f2(z) — f(z)| > €2} € I,. Define
€y = eqtt and f(;n) = fit! for each (i,n) € 2 x w. Then (g(;,1)) (i,n)e2xw 18 J1 ® Ja-
convergent to 0. Moreover, given any x € X we have {(i,n) € 2 x w : |f; »)(z) — f(2)] >
€@i,n)} € Z1 ® Ip. This finishes the proof. O

Recall that if Z and J are orthogonal ideals and X is non-empty, then (Z, J)-equal

limits are not unique.

Lemma 3.8. IfZ and J are orthogonal ideals on w, then (Z,J) (F) = RX for any set
X and non-empty family of functions F C RX.

Proof. Let A € T and B € J be such that AUB = w. By Lemma[3 7 we have (Z,J) (F) =
(P(A),T 1 A)(F)N(Z | B,P(B))(F). Let g € F.

Firstly, we will show that (P(A),J | A)(F) 2 RX (the other inclusion is trivial).
Take any f € R and define ¢, = ? and f, = g for all n € A. Then (g,)nea is
J | A-convergent to 0 and we have {n € A : |f,(x) — f(z)| > e,} € P(A) for any z € X.

Now we deal with the inclusion (Z | B,P(B))(F) 2 R¥. Take any f € RX and

define ,, = n and f,, = g for all n € B. Then (&, )nep is P(B)-convergent to 0. Moreover,
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given any x € X, there are only finitely many n € B with |f,(x) — f(z)| > n. Hence,
{neB: |folx)— f(x)] >e,} €Fin CZ | B forany z € X. O

4. IDEAL EQUAL CONVERGENCE OF SEQUENCES OF QUASI-CONTINUOUS FUNCTIONS

In this section we want to characterize ideal equal Baire classes generated by the
family of quasi-continuous functions. In the first subsection we introduce some useful

notions. Next, we give some examples and prove the mentioned characterization.

4.1. An infinite game and the g-types. Let Z be an ideal. Laflamme (see [17]) defined
an infinite game G; (Z) as follows: Player I in his n’th move plays an element C,, € Z, and
then Player IT responses with any a,, ¢ C,. Player I wins if {a,, : n € w} € Z. Otherwise,

Player II wins.

Theorem 4.1 ([I5, Fact 3.10], see also [14] Section 5]). If Z is a coanalytic ideal, then

the game G1(Z) is determined, i.e., one of the players has a winning strategy.

An ideal T is called w-+-diagonalizable if there is a countable family (X, )new € ZT
such that for each Y € Z* there is n € w with X,, C Y (see [I7]). An ideal Z on w
is weakly Ramsey if for every coloring f : [w]?
{yew: f{{z,y})=0} €eZor {ycw: f({z,y}) =1} € Z, there is an Z-positive H

with f | [H]? constant (this notion was introduced in [I7] in a slightly different way —

— 2, such that for each x € w either

the equivalence of the definition from [I7] with the presented one is proved in [13]).

Fact 4.2. The following hold.
(1) If an ideal T is w-+-diagonalizable, then so is any ideal J C .
(2) If an ideal T is not weakly Ramsey, then so is any ideal J 2 T.
(3) If T is not weakly Ramsey, then so is T | A for any A.

Proof. Straightforward. O

Laflamme introduced the notions of w-+-diagonalizability and weak Ramseyness in

order to give the following characterization.

Theorem 4.3 (Laflamme, [I7, Theorem 2.7]). Let T be an ideal.

(1) Player I has a winning strategy in G1(Z) if and only if the ideal T is not weakly
Ramsey.
(2) Player II has a winning strategy in G1(Z) if and only if the ideal T is w-+-

diagonalizable.

It follows from the above two theorems that any coanalytic ideal either is not weakly
Ramsey or is w-+-diagonalizable.

WR is an ideal on w X w generated by vertical lines, i.e., sets of the form {n} x w
for n € w (which we call generators of the first type) and sets G such that for every
(,7), (k,1) € G either i > k+1 or k > i+ j (which we call generators of the second type).
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Theorem 4.4 (Kwela, [I3] Theorem 1.3]). The following are equivalent for any ideal T

on w:

(1) T is not weakly Ramsey;
(2) WRLCZI;
(3) WR <k T.

Fact 4.5. Each ideal which is not dense, has to be weakly Ramsey and w-+-diagonalizable.

Proof. The first statement follows from Theorem 4] and the fact that the ideal WR is
dense (cf. [13] Lemma 5.3]). To show the second one, take any ideal Z on X which is not
dense and let A be such that Z | A is isomorphic to Fin. Then (A \ n),e, is the family
w-+-diagonalizing 7. (|

We are ready to define g-types of pairs of ideals.

Definition 4.6. Let 7 and J be ideals.

(1) (Z,7) is of the first ¢-type if for any sequence (Ap)neq of elements of J the ideal
ZU (An)new is w-+-diagonalizable.

(2) (Z,7) is of the second g-type if there is a sequence (A, )ne, of elements of J
such that the ideal Z U (A, )new is not weakly Ramsey, but for any A € J the
ideal Z LI A is w-+-diagonalizable.

(3) (Z,7) is of the third g-type if there is A € J such that the ideal Z U A is not
weakly Ramsey.

Fact 4.7. If T is coanalytic, then each pair (Z,J) is of some g-type.

Proof. 1t follows from Lemma that Z U (An)new and Z U A are coanalytic for any
(Ap)new and A C w. Then we are done by Theorems .1l and O

4.2. Examples. In this subsection we give examples of pairs of ideals for every g-type.
Moreover, we investigate how the ideal Z can determine the g-type of the pair (Z,J).

First example shows that there is a pair (Z,J) of the second g-type and that (Z,J)
and (J,Z) can be of different g-types.

Example 4.8. Let Z = ) ® Fin and J = Fin ® (). Then (Z, 7) is of the second g-type.
Indeed, ZU ({n} X w)new = Fin ® Fin and WR C Fin ® Fin. On the other hand, ZU A
is not dense for any A € 7, so it has to be w-+-diagonalizable by Fact

Note also that (7,Z) is of the first g-type. Indeed, it follows from Fact 5] since
J U (An)new 1s not dense for any (A )new CZ.

Fact 4.9. Suppose that J CZ. Then:
o (Z,J) is of the first g-type if and only if T is w-+-diagonalizable;
e (Z,J) is not of the second q-type for any J;
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o (Z,J) is of the third q-type if and only if T is not weakly Ramsey.
Proof. Straightforward. O

The following example shows that in some cases the g-type of the pair (Z, ) depends
only on Z.

Example 4.10. The ideal Fin is such that for any proper ideal J on w (i.e., an ideal
which is a proper subset of P(w)) the pair (Fin, J) is of the first q-type (by Fact 5]
since Fin U (A,,)new is not dense for any (Ap)necw € J). On the other hand, the ideal
WTR is such that for any ideal J (not necessarily proper) the pair WR,J) is of the
third g-type.

Now we show that there is no ideal Z such that the pair (Z, J) is of the second g-type,
whatever the ideal J is like.

Remark. If T is an ideal on I such that there is some J with (Z, J) of the second g-type,
then (Z,Fin(I)) is of the first g-type. Therefore, there is no ideal Z such that for any J
the pair (Z, J) is of the second g-type. Also, there is no Z such that one can find J; and
Jo with (Z, J1) of the second g-type and (Z, J2) of the third g-type, but for any J the
pair (Z,J) is not of the first g-type.

Proof. Straightforward. O

Next examples show that there are ideals Z such that the g-type of the pair (Z,J)
depends on J. We omit detailed arguments, since they are similar to the ones already

used in this subsection.

Example 4.11. Consider Z = Fin  WR.

e If 7 = Fin(w & w?), then (Z,J) is of the first g-type;
e (Z,7) is not of the second g-type for any 7;
e if 7 =P(w)® Fin(w?), then (Z,J) is of the third g-type.

Example 4.12. Consider Z = (§ ® Fin) & WR.

o If 7 = Fin(2 x w?), then (Z,J) is of the first q-type;
o if 7 = (Fin ® 0) ® Fin(w?), then (Z, J) is of the second g-type;
o if 7 = P(w?) ® Fin(w?), then (Z,J) is of the third g-type.

4.3. The first and third g-type. In this subsection we characterize (Z,J) (QC (X))
for all pairs of ideals (Z,J) of the first or third g-type.

Proposition 4.13. Suppose that X is a metric Baire space, T and J are ideals on w

and (Z,J) 1is of the first g-type. Then (Z,T) (QC (X)) = PW Dy (X).
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Proof. By [19, Theorem 9], every f € PWDg (X) is an Z-discrete limit of a sequence of
quasi-continuous functions. Then, by Lemma B4 f € (Z,J) (QC (X)).

Now we will show that (Z,J) (QC (X)) C PW Dy (X). Fix a sequence (fp)new Of
% f forsome f € RX. Let (¢,)new be
the sequence of positive reals J-convergent to 0 from the definition of (f,,)new E:d)ze I
Then, by Lemma B35 we have (f,,)new M f, where Ay ={ncw:e, >1} € J
and A = {n € w: k—il < éen < 1} € J forall k> 1. Since (Z,7) is of the first
g-type, Z U (Ap)new is w-+-diagonalizable, so f € PWD (X) by [18, Proposition 3.1].
Therefore, the set C (f) is residual in X. Let (Dy)new C (Z U (Ap)new)™ be the family
w-+-diagonalizing Z U (A, )new-

We will show that f is in PWDg (X), i.e., that X \ Cy(f) is nowhere dense. Consider
(& )e f, forevery x € C(f)NU

there is n, with |f,(z) — f(z)| < &, for every n € D,,,. Since X is a Baire space, there

quasi-continuous functions such that (f,)new

any open and non-empty set U C X. Since (fn)new

exists m € w such that the set C = {x € C(f)NU : n, = m} is dense in some open
non-empty set Uy C U. We have |f;(z) — f(z)| < ¢; for every z € C and every i € D,,.
Now it is enough to show that f is quasi-continuous in every point from Uj.

Fix z¢ € Uy, € > 0 and an open non-empty set W such that o € W. Without loss of
generality we can assume that W C Uy. There exists F € Z* C (ZU (Ap)new)* such that
|fi(xo) — f(zo)| < €; for every i € F. The set F'N Dy, does not belong to Z U (A )new- In
particular, it intersects infinitely many A,,’s, so there exists n € F'ND,, such that &, < 3.
By quasi-continuity of f,,, there exists ¢ € W N C such that [f,(t) — fn(w0)| < §. Since
[ is continuous in ¢, there is an open non-empty set V' C W such that |f(z) — f(t)| < §

for every z € V. Then

[f (@) = fxo)| < [f (@) = SO + [ (1) = Fu(®)] + [fn(t) = Ful2o)| + [fu(z0) — f(20)| <€

for every x € V. Therefore, f is quasi-continuous in x. O

Proposition 4.14. Suppose that X is a metric Baire space, T and J are ideals on w

and (Z,J) is of the third ¢-type. Then Baire (X) C (Z,J) (QC (X)).

Proof. Since (Z,J) is of the third g-type, there is A € J such that Z 1 A is not weakly
Ramsey. Note that in particular Z | (w\ A) is not weakly Ramsey (by Fact 2]), and
(Z,7)(QC(X)) =T [ (w\A),T [ (w\A)(QC(X))N(TAPA)QC(X))
by Lemma 37 (we assume that A and w \ A both are infinite — otherwise, it suffices to
consider only one of the intersected families of functions). Since the ideals Z | A and
P(A) are orthogonal, we have Baire (X) C RX C (Z | A,P(A)) (QC (X)) by Lemma 3.8
Therefore, it suffices to show that Baire (X) C(Z | (w\ A),J | (w\ 4)) (QC (X)).
Let f: X — R be a function possessing the Baire property. By Theorem [.4] and
[19, Proposition 16], there is a sequence (g(n,m))(n,m)ew? Of quasi-continuous functions

WR-discretely convergent to f. By Theorem F.4] there also is a bijection 7: w\ A — w?
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with 7= [M] € Z | (w\ A) for each M € WR. Define f,, = gr(n) for all n € w\ A. Then
each f, is quasi-continuous and (fy)necw\ 4 1-d, f, so from Lemma [3.4] we obtain that
(Z,7)—e
(fr)newa ——— f.
O

4.4. The second g-type. In this subsection we characterize (Z,J) (QC (X)) for all
pairs of ideals (Z, J) of the second g-type.

Proposition 4.15. Suppose that X is a Baire space,  and J are ideals on w such that
T U A is w-+-diagonalizable for any A € J. Then (Z,J)(QC (X)) C PWD (X).

Proof. This proof is based on the proof of [I8, Proposition 3.1].

Fix a sequence (fy)necw of quasi-continuous functions such that (fn)new % f
for some f € RX. Let (£,)new be the sequence of positive reals J-convergent to 0 from
the definition of (Z, J)-equal convergence.

Suppose that f is not pointwise discontinuous. By [I8, Lemma 2.1(1)], there are
reals a < B and an open non-empty set U C X such that E = f~![(—o0,a)] and
F = f71[(8,+0)] are both dense in U. By shrinking U, without loss of generality we
can assume that £ N W is not meager for every open non-empty W C U. Let € = 6;20‘
andA={necw: e, >c}t € J.Let (Dp)new C (ZUA)T be the family w-+-diagonalizing
U A.

For each x € U N E there is n, with |f;(x) — f(z)| < &; for every i € D,,_. Note that
fi(z) < a+¢; for every x € UNE and i € D,,,. Since X is a Baire space, there exists
m € w such that the set {x e UN E: n, =m} is dense in some open and non-empty
set W C U. Recall that each f; is quasi-continuous. Therefore, for every i € D,, \ A we
have f;(x) < a+¢ for all z € W (apply the definition of quasi-continuity to x, W and
£ —&;).

On the other hand, take any zg € W N F and note that

C={icw: |filxzo) = flzo)|<ei N g;<e}e(TUA)".
Hence, there is some iy € D,, N C and we obtain that f;,(z9) > 8 —c = a+e. A contra-

diction. O

Now we want to show that (Z,J) (QC (X)) 2 PWD (X) for any metric Baire space
X provided that (Z, ) is of the second g-type. This is the most technical part of our

considerations. We will need some lemmas.

Lemma 4.16. Let X be a topological space and f € RX be pointwise discontinuous.
Then for every € > 0 there are a closed nowhere dense set N and a continuous function

g: X\ N = R, such that |f(z) — g(z)| <e for allz € X \ N.

Proof. We will use the Zorn’s lemma. Fix € > 0 and let P be the family of all pairs (U, k)

such that U is an open subset of X and h: U — R is a continuous function satisfying
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|f(z) —h(x)| < e for all x € U. Observe that P is non-empty. Indeed, take any y € C(f).
Then there is an open set U containing y, such that |f(y) — f(z)| < € for any z € U.
Define h: U — R by h(z) = f(y) for all z € U. Then (U, h) € P.

The order is defined as follows:
U,h=U W)y UCU AN hCH.

It is easy to check that this is a partial order on P. Moreover, if ((Uy, ha))a<x is a chain
in (P, =), then (U<, UasUncy ha) is its upper bound.

By Zorn’s lemma, there is some (U, g) maximal in (P, =<). It suffices to show that
N = X\U is nowhere dense. Suppose otherwise. Then there is an open non-empty V' C N.
Take any y € VN C(f). There is an open set W containing y, such that |f(y) — f(z)| < e
forany z € W. Let U = UUW and ¢': U’ — R be given by ¢'(x) = g(x) for z € U and
g (z) = f(y) for x € W (recall that U and W are disjoint). Then ¢’ is continuous and
(U,g9) < (U, g"). A contradiction with maximality of (U, g). O

The following two lemmas are crucial in our considerations. The first one is due to

Borsik.

Lemma 4.17 (Borsik, [2], Lemma 1]). Let X be a metric space. Suppose that N C X
is a non-empty closed nowhere dense set, and U C X is semi-open with N C U. Then

there is a sequence of pairwise disjoint non-empty semi-open sets (Gp)necw, such that

Unew Gn =U\ N and N C G, for each n € w.

Corollary 4.18. Let X be a metric space. Suppose that N, M C X are non-empty closed
nowhere dense sets with N C M, and G C X is semi-open with M C G. Then there are
two disjoint non-empty semi-open sets V. and W such that:

e NCV;

e M CW;

e VCG\M;

e VUW =G\ N.

Proof. Apply Lemma [L17to M and G to get a sequence of pairwise disjoint non-empty
semi-open sets (G )new such that (U, ., Gn = G\ M and M C G, for each n € w. Let
V ==Goand W =J,.,GnU(M\ N). Note that W is semi-open. Then V' and W are
as needed. ]

Lemma 4.19. Let X be a metric space. Suppose that I is an ideal on w such that there
are a partition (Ap)new of w and a function ¢: w — w satisfying:

(a) ¢(p) >k for allp € Ay, and k € w;

() (Vncw Put1 € Uisggp,) Ai) = {pnin € w} € T for any (pa)new C w.
Then PWD (X) C (Z,J)(QC (X)), where J is the ideal generated by (An)new-



IDEAL EQUAL BAIRE CLASSES 13

Proof. Fix any pointwise discontinuous function f € R¥X. Define ¢; = k+r1 for all i € Ay,
and k € w. It is easy to see that (g;);cw is J-convergent to 0. For each k € w apply
Lemma (.16 to f and ¢ = k+r1 to get N C X and gi: X \ Ny — R with the required
properties. Without loss of generality we can assume that ) 2 Ny € N7 C .... Let also
{qn : n € w} be an enumeration of Q.

In order to define a sequence of functions (fy,)new which (Z,J)-converges to f, we
need to inductively construct auxiliary semi-open sets Gﬁ)m, Vnk)m and W,’f)m for all
k,m € w and n € Ay.

The induction is on k. We start with £ = 0.

e Apply Lemma [LTI7 to Ny and the semi-open set Uy = X to get non-empty
pairwise disjoint semi-open sets Grolym for all n € Ag and m € w.

e For each n € Ag and m € w apply Corollary I8 to No, mﬁNqb(n) (note that
this set is closed and nowhere dense) and G?um to get two disjoint non-empty

semi-open sets W,?m and Vnoﬂn.

Suppose now that G, ,.’s, VJ s and W, ’s for all m € w, n € Ay and j < k are
already defined. Let

Uk-i-l:X\U U U Vil m
j<kmeEw neA;
¢(n)>k

Note that Niy1 C Ugy1 € Ugt1. Indeed, if there would be x € Niy1 N V,{)m for some

j<k,mewandne A; with ¢(n) > k, then z € Gi;,m N Ng(n), but this set is disjoint

with V7, (cf. Corollary LT8). Moreover, Uy is semi-open as a union of semi-open sets:

U1 = U U (Wf,mUNk)UU U U Vim

mewneAy j<kmeEw necA;
d(n)=k

(the sets W U Ny, are semi-open, since Ny € G | N Ny,) CWE - Cint(Wk,, UNy)

for each m € w and n € Ay).

e Apply Lemma [TI7 to Nii1 and Ug41 to get non-empty pairwise disjoint semi-

open sets Gfﬂ;ﬁ for all n € Agy1 and m € w.

e For each n € A4, and m € w apply Corollary .18 to Ni41, Gf{% N Ny(ny and
GitL to get two disjoint non-empty semi-open sets WrTL and VL.
Now we proceed to the construction of f,’s. Set any n € w and let k be such that

n € Ag. Define f,: X — R by

flx) ifx e Ny,
fo(@)=2< qm ifze Vnk)m,
gr(z) otherwise.

We will show that f, is quasi-continuous. Take any z € X, ¢ > 0 and an open set

W 5 x. There are three possible cases:
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e If z € Ny, then there is m € w with g,, € (fn(z) —¢, fn(x)+¢). Since m D N,
the set V,¥,, N W is non-empty and semi-open. Hence, W’ = int(V,F,, N W) # 0
and | fn(z') — fn(z)| < € for each 2’ € W".

e If there is m € w such that € V¥ . then W' = int(V,F,, N W) # 0 and
fu(@') = fu(zx) for each ' € W'.

o Ifx € X\ (Nk UU,peo ViF ), then fr(x) = gr(x) and, by continuity of g, there
is an open neighbourhood W’ C W of z such that |f,(z) — gr(z)| < € for all
x’ € W’. There is also a semi-open set H containing x (H is either one of the
Wy s for m € w or one of the GJ, ’s for | € A\ {n} and m € w, or one
of the Vi, s for j < k, I € A; with ¢(I) > k and m € w). Then, similarly as
above, W” = int(H NW') # 0 and |f,(z) — fn(2')| < & for each 2/ € W since
fa TW" =g [W".

(Z,T)—e
_

Since all f,,’s are defined, we are ready to prove that (fn)new f. Fix any

x € X and denote

P, = U{neAk: xEVnk)m for some m € w}.
kew

Observe that {n € w: |fn(z)— f(z)| > e,} C P,. Hence, it suffices to show that P, € Z.

Given k € w, the sets V,ﬁm for n € Ay, m € w are pairwise disjoint, so [{n € Ay, :
T € Vnk)m for some m € w}| < 1. If P, is finite, then we are done, so suppose that it is
infinite and let {po, p1, ...} be an enumeration of the set P, such that k(i + 1) > k(i) for
all i € w, where k(i) is defined by p; € Ay().

We will use the condition (b). Fix some i € w. If z € Vpljj% for some m € w, then
x ¢ VE L forall k(i) < k < ¢(pi), ' € Ay and m’ € w (since Uy N Vlf(:y)l = () and
Vk,m, C Uy). Therefore, p;+1 € Uj2¢(pi) A;. Now it follows from the condition (b) that

n

P, € 7. This finishes the entire proof. O
Now we proceed to the main aim of this subsection.

Proposition 4.20. Suppose that T and J are ideals on w such that there is a se-
quence (Ap)new of elements of J with T U (Ap)new not weakly Ramsey. Then we have
PWD (X)C (Z,7)(QC (X)) for any metric Baire space X .
Proof. Let (An),c,, € J be such that WR C Z U (Ay)new (cf. Theorem E4). There is
a bijection 7m: w — w? with 771[M] € Z U (A,)new for any M € WR (cf. Theorem 7).
Let 71,72 : w — w be given by w(x) = (m1(x), m2(z)) for all z € w.

Without loss of generality we can assume that (A, )ne. is a partition of w. If there is
A € J such that WR C Z U A, then we are done by Theorem (.14l Suppose that Z LI A
does not contain an isomorphic copy of WR for any A € J. Then we can assume that

(An)new g I+-
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For each k € w there exist Ny € w and disjoint sets By and Cj, such that 7= 1[{k} x
w] = By UCy, By = U,<y, An N7 ! [{k} x w] and O} € Z. Assume additionally that
No < N7 < ... (in particular, Ny > k).

Denote B = (¢, Bx and C = |J.¢,, Ck. Then BU C = w and, by Lemma 3.7 it
suffices to prove that PWD(X)C(Z [ Z, T | Z) (QC (X)) for Z = B,C.

The set B. Note that (A, N B)pew is a partition of B into sets belonging to J | B.
Consider ¢p: B — w given by

oB (p) = min{i >m: ngﬂ.l(p)Jr,Q(p)VjZi Aj N B = (Z)},
where m is such that p € A,, N B. Observe that ¢p is well defined and

(4.1) i2¢3(p):>AiﬂB§U{Bk : k> m(p) +m(p)}

We will show that (A, NB)new, ¢p and Z | B satisfy conditions (a) and (b) of Lemma
It will follow that PWD (X) C (Z | B,J | B) (QC (X)) for any metric space X.

The condition (a) is obvious. To show the condition (b), take any (pp)newn € B with
Pnt+1 € UchbB(pn) A;N B for all n € w and denote P = {p,, : n € w}.

Firstly, observe that w[P] € WR, since 7(p,+1) belongs to

m| U anB| cr [UBe: k> ma) +maa)}] © @)\ (m(pn) + () x
i>¢p(pn)

by (£I). Hence, P € (ZU (A, )new) | B. What is more, |PN A;| < 1 for all i € w, by the
condition (a). Therefore, P € Z | B.

The set C. Observe that A; N C C ngi Cy for all ¢ € w. Indeed, if i < k, then
i < Ng and A; N7 [{k} x w] C By, hence, A; N Cy, = (). Recall that each Cj, is in
Z. Hence, A, NC € Z | C for all i € w. Therefore, Z U (An)necw | C =Z | C. By
Fact 2] the ideal Z Ll (A))new | C is not weakly Ramsey. It follows that Z | C' is not
weakly Ramsey. By Fact 49 the pair (Z | C,Fin | C) is of the third g-type. Then
PWD (X)CBaire(X) C(Z|C,Fin | C)(QC (X)) C(Z1C, T | C)(QC (X)) for any
metric Baire space X by Proposition [4.14 O

4.5. Definable ideals. We are ready to prove the main theorems of this section, sum-

marizing all of our previous considerations.

Theorem 4.21. LetZ and J be non-orthogonal ideals on w. Suppose that I is coanalytic.
(1) (Z,7) is of the first q-type if and only if (Z,T) (QC (X)) = PW Dy (X) for every

metric Baire space X .

(2) (Z,T) is of the second g-type if and only if (Z,T)(QC (X)) = PWD (X) for
every metric Baire space X.

(3) (Z,7) is of the third q-type if and only if Baire(X) C (Z,J) (QC (X)) for every
metric Baire space X . Moreover, if T is Borel, then Baire (X) = (Z,J) (QC (X))

for every metric Baire space X .
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Proof. Since T is coanalytic, by Fact 7], each pair (Z,J) is of some g-type. Therefore,
in parts (1), (2) and (3) it suffices to prove only the implication from left to right, since
the classes PW Dg (R), PW D (R) and Baire (R) do not coincide.

Part (1): This is exactly Proposition T3

Part (2): The inclusion ”"C” follows from Proposition and the opposite one —
from Proposition

Part (3): The inclusion ” D" is exactly Proposition[Z.I4]l To prove the opposite one in
the case of Z being Borel, consider a sequence (f,,)new € R of quasi-continuous functions
such that (fp)new % f for some f € RX. By Lemma BE (f,)new M f
for some (A, )new C J. The ideal Z U (A,,)ne, is Borel by Lemma Now it follows

from Lemma [3] that f € Baire(X). O

Remark. The implications from left to right in parts (1), (2) and (3) of Theorem F2T]

remain true even if we drop the assumption that Z is coanalytic.

The next result characterizes higher Baire classes (generated by quasi-continuous

functions) with respect to (Z, J)-equal convergence.

Proposition 4.22. Suppose that T and J are non-orthogonal ideals on w. Then the
classes (Z,T)(PW Dy (X)), (Z,7)(PWD (X)) and (Z,J) (Baire(X)) all contain the
class Baire(X) for every metric Baire space X . Moreover, if T is analytic, then all those

classes are equal to Baire(X) for every metric Baire space X .

Proof. Since PW Dy (X) C PWD (X) C Baire (X), we have:
(Z,TJ)(PWDy (X)) C(Z,J)(PWD (X)) C (Z,J) (Baire (X)) .

By [19, Theorem 9 and Proposition 16], for every Baire function f € RX there is a
sequence of functions in PW Dy(X) which discretely converges to f. Now the inclusion
Baire(X) C (Z,J) (PWDg (X)) follows from Lemma B4l Finally, if Z is analytic, then
the inclusion (Z, J) (Baire (X)) C Baire(X) follows from Lemma 3] similarly as in part
(3) of the previous Theorem. O

5. IDEAL EQUAL CONVERGENCE OF SEQUENCES OF CONTINUOUS FUNCTIONS

In this section we want to characterize ideal equal Baire classes generated by the
family of continuous functions. These studies extend the results from [§]. In the first sub-

section we introduce some useful notions. Next, we prove the mentioned characterization.

5.1. An infinite game and the c-types. Let Z be an ideal on w. Consider another
game, G (7), defined by Laflamme (see [17]) as follows: Player I in his »’th move plays an
element C,, € Z, and then Player II responses with any F,, € [w]<w such that F,NC,, = 0.

Player I wins if |J, . F,, € Z. Otherwise, Player II wins.

ncw

Theorem 5.1 ([I5] Fact 3.10]). If Z is coanalytic, then the game Ga(Z) is determined.
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Aset Z={A,: mcw} C W\ {0} is T*-universal if for each F' € Z* there
is m € w such that A,, C F. We say that Z is w-diagonalizable by T*-universal sets if
there exists a sequence (Zn)ne, of Z*-universal sets such that for each F' € Z* there is
Zn ={ANm : m € w} with Ay, N F # () for every m € w. An ideal 7 is a weak P-ideal
if for every sequence (X, )new. C Z there exists X € T such that X, N X € Fin for every
n € w. The above notions were introduced by Laflamme in order to give the following

characterization.

Theorem 5.2 (Laflamme, [I7, Theorem 2.16]). Let Z be an ideal.

(1) Player I has a winning strategy in G2(Z) if and only if T is not a weak P-ideal.
(2) Player II has a winning strategy in Go(Z) if and only if T is w-diagonalizable by

T*-universal sets.

Theorem 5.3 ([I6] and [1]). The following are equivalent for any ideal Z:

(1) T is not a weak P-ideal;
(2) Fin® FinC T;
(3) Fin® Fin <k T.

It follows from the above theorems that if Z is a coanalytic ideal, then either Fin ®
Fin C 7 or 7 is w-diagonalizable by Z*-universal sets.

Analogously to the g-types, we define the c-types of pairs of ideals.

Definition 5.4. Let 7 and J be ideals on w.

(1) (Z,7) is of the first c-type if for any sequence (A, )ne. of elements of 7 the ideal
Z U (Ap)new is w-diagonalizable by (Z U (Ay)new)*-universal sets.

(2) (Z,T) is of the second c-type if there is a sequence (A, )ne, of elements of J
such that the ideal Z U (A, )new contains an isomorphic copy of Fin ® Fin, but
for any A € J the ideal Z U A is w-diagonalizable by (Z U A)*-universal sets.

(3) (Z,J) is of the third c-type if there is A € J such that the ideal Z Ll A contains

an isomorphic copy of Fin ® Fin.
Fact 5.5. If T is coanalytic, then each pair (Z,J) is of some c-type.

Proof. 1t follows from Lemma that Z U (An)new and Z U A are coanalytic for any
(An)new and A C w. Then we are done by Theorems [B.] and [5.3] O

Examples of pairs of ideals for every c-type are similar to the examples of pairs of

ideals for every g-type from the previous section.

5.2. The first and third c-type. In this subsection we characterize (Z,J) (C (X)) for
all pairs of ideals (Z,J) of the first or third c-type.
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Proposition 5.6. Let X be a perfectly normal topological space and 1 < n < w. Sup-
pose that T and J are ideals on w such that for any sequence (Ap)new of elements
of J the ideal T U (Ap)new is w-diagonalizable by (Z U (An)new)”-universal sets. Then
(Fin, Fin),, (C (X)) =(Z,T)n (C (X)).

Proof. The proof is the same as the proof of [8, Theorem 5.5]. O

Lemma 5.7 (Filipéw and Szuca, [8, Lemma 2.2]). Let X be a topological space, T be
an ideal such that Fin @ Fin <g T and 1 < a < wy. Then (Fin, Fin)o+1 (C (X)) C
(Z, Fin)o (C (X)).

Proposition 5.8. Let X be a topological space and 1 < a < wy. Suppose that T
and J are ideals on w such that there exists A € J with Fin® Fin C Z U A. Then
(Fin, Fin)at1 (C(X)) € (Z, T)a (C (X))

Proof. Let A € J be such that Fin ® Fin C ZU A. Then Fin ® Fin <x Z [ (w\ A) and
(Fin, Fin)a 41 (C (X)) € (Z 1 (w\ A),Fin(w \ 4))a (C (X))
by Lemma 5.7 It follows that
(Fin, Fin)o11 (C(X)) € (Z T (W\ A),T [ (w\ 4))a (C(X)).
Since the ideals Z | A and J | A = P(A) are orthogonal, we have
(Fin, Fin)a11 (C (X)) CRY C(Z 1 A, T | A)a (C (X))
by Lemma B.8 The conclusion follows from Lemma [B.71 O

5.3. The second c-type. In this subsection we characterize (Z, J) (C (X)) for all pairs
of ideals (Z, J) of the second c-type.
Let ¥2 (X) and IIY (X), for 0 < a < w1, denote the additive and multiplicative Borel

classes of subsets of X, respectively.

Lemma 5.9 ([3| Proposition 3.14]). Let X be a perfectly normal topological space, f :
X 5> Rand 1 < o < wy. Then f is of Baire class o if and only if f is X0, (X)-

measurable.

Proposition 5.10. Let X be a perfectly normal topological space. Suppose that T and J
are ideals on w such that (Z U A) is w-diagonalizable by (Z U A)*-universal sets for every

A€ J. Then (Z,T)a (C(X)) C By (X) for every 1 < a < wy.

Proof. This proof is based on the proof of [§, Lemma 3.1].

We prove the result by transfinite induction on a. Let 1 < a < w; and assume that
(Z,TJ)y (C(X)) C By (X) for every v < c. Suppose that (f)new &I, f, where f, €
(Z,T)p, (C(X)) and B, < « for each n € w. Then there exists a sequence (€, )new L0
such that {n € w: |fn(z) — f(z)| > e,} € T for every z € X.
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We need to show that f € B, (X). Let € > 0, y € R and 2 € X. The conclusion will
follow from the fact that f~'[(y — e,y + )] € ¥4 (X) for any € > 0 and y € R (by
Lemma [5.9]). Hence, let ¢ > 0 and y € R.

Define Ag = {k €w: ey >ctand A, ={k€w: ;5 <e < S}foraln>1
Clearly, (An)new € J. For each n € w pick a family (Z¥)new, 28 = {A’&k s k€ w},
of (TU(ApU...U A,)) -universal sets which w-diagonalize Z Ll (Ag U ... U A4,,).

We will show that
1
(5.1) |f(#) —y| <e <= TnecwInewVhewTicay,, |fi(z) —y[<e- (1 — ﬁ) .

This will end the proof. Indeed, once this is done, we have

Feea=-UUnN U [E(y(l—%m €50, (X),

new New kEw l€AY,

where B(z,r) denotes the open ball of radius r > 0 and center z € R, by the induction
assumption (note that A%, is finite).

We proceed to showing (B]). Firstly, we deal with the implication from left to
right. Let f(z) € B(y,e). There are n; € w and 6 > 0 such that B(f(x),d) C
B (y,a . (1 — nl—l)) Take n > n; such that & < § and denote

F—{lew: fl(x)eﬁ(y,a.<1_%)>}.

Fo{lew:filx)eB(f(x),0)}e(TU(AU..UA,1))".

Hence, there is N € w such that F'n A%, # 0 for every k € w (since (23 ') nvew

Then

w-diagonalize Z U (Ag U ... U Ap_1)).

Now we deal with the second implication of (G]). Suppose that there are n, N € w
such that for every k € w there is | € AR, with f(z) € B(y,e-(1-1)). Ob-
serve that G = {mew: |fn(z) — f(z)| < £} € (ZU(AU..UA,))". Since Z is
(ZU(ApU...UA,))"-universal, there is k € w such that A%, € G. By our assumption,
there is also | € A such that fi (z) € B(y,e- (1—12)). Then

(@) =l £ 1£@) = @) + i) =yl < = +2 <1 _ %) .

This finishes the entire proof. (I

Proposition 5.11. Let X be a topological space. Suppose that Z and J are ideals on w
such that there exists (Ap)new C J with Fin® Fin C TU(Ap)new- Then (Z,T)a (C(X)) 2
By (X) for every 1 < a < w;.

Proof. We prove the result by transfinite induction on «a. Let 1 < o < w; and assume
that (Z,J), (C(X)) 2 B, (X) for every v < .

Let (Ay) C J be such that Fin ® Fin C Z U (A, )new. Then there is a bijection
o:w — w? such that 071[M] € ZU (A,)new for any M € Fin ® Fin. Without loss of

new

generality we can assume that (A, )ne. is a partition of w.
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If there is A € J such that Fin ® Fin C Z Ll A, then we are done by Theorem 5.8
since B, (X) C (Fin, Fin)a+1(C(X)). Suppose that ZU A does not contain an isomorphic
copy of Fin ® Fin for every A € J. Then we can assume that (Ay)ne, € ZT.

For each k € w there are Ny € w and Cy = o '[{k} x w] \ U, <y, An such that
Ck € Z. Without loss of generality we can assume additionally that Nog < N7 < ... (in
particular, Cy N A,, = ) whenever n < k) and Cy = 0 if 0! [{k} x w] can be covered by
finitely many A,,’s (in particular, each Cf is infinite or empty).

Define T' = {k € w: Cy # 0}. Let G1 = Jper Cr and G2 = w\ G1. We will show
that B, (X) C (Z | Gi, J | Gi)a (C(X)) for ¢ = 1,2. Tt will finish the proof by Lemma
B.7

Firstly, we deal with the set G. If T is finite, then G; € Z and we are done by Lemma
B3 (since Z [ G; = P(G1) in this case). Suppose that T is infinite. We will prove that
Fin ® Fin <y 7 | G1. Once this is done, we have

Ba (X) € (Fin, Fin)a 41 (C(X)) € (T | Gi, Fin(Gi))a (C(X))
by Lemma 5.7l Hence,
Bo (X)C(ZT1G:,T IGi)a(C(X)).

We claim that o | G1: G1 — w? witnesses Fin @ Fin <x Z | G;. Take any M €
Fin®Fin with M C o[G1]. There exist E € Fin®0 and F' € §@Fin such that M = EUF.
Since Cr, C 07 [{k} x w] for each k € w, we get that o~ ![E] is covered by finitely many
Cy’s. Recall that Cy € T for all k € w. Hence, 0~ '[E] is in Z | G1. Now we deal with
the set F. From the properties of ¢ we have that o= ![F] € Z | G1 U (4, N G1)new-
Observe that o~ [F]N A, € o '[F] N U,<,, Ck- Indeed, it follows from the fact that
Cr N A, = ) whenever n < k. Moreover, o' [F] N J,,.,, Ck is finite, since F' € § @ Fin
and Cy, C o~ ![{k} x w] for each k € w. Therefore, c~1[F| € Z | G.

Now we deal with the set G3. We will need two auxiliary ideals. Define an ideal
IC:{MQGQ : Vkew AkﬁMGFin}.

Let also £ be an ideal on G5 generated by the family (Ax N Ga) Recall that by
W(KC, £) we denote the following sentence: For every partition (A, )new C £ of |J £ there
exists S ¢ K such that 4, NS € K for every n € w (cf. Lemma[33)). Therefore, W (K, £)
does not hold.

Fix f € By (X). We will show that f € (Z,7), (C(X)). There is a sequence of

kew:

functions in | B, (X) which is K-convergent to f (recall that pointwise convergence

<o
implies ideal convergence for any ideal). From our induction assumption, this sequence

is alsoin U, .,(Z,J)+ (C(X)). Then f € (K, L) (U7<Q(I, T )~ (C(X))) by Lemma [3.3]
since W (K, £) does not hold.

Obviously, £L C J | Gs. To finish the proof it suffices to show that L C Z [ G5. Take
M € K and notice that M No~![{k} x w] C U<, Ai for any k € w (since M C G).
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Hence, M N o~ [{k} x w] is finite for every k € w. It follows that o[M] € ) ® Fin. By
the properties of o, we get that M € T | Go U (A, N G2)new- Hence, M € T | G5 by the
definition of . (|

5.4. Definable ideals. We are ready to prove the main theorem of this section, sum-

marizing all of our previous considerations.

Theorem 5.12. Let T and J be non-orthogonal ideals on w and 1 < n < w. Suppose
that T is coanalytic.

(1) (Z,7) is of the first c-type if and only if
(Z, ) (C(X)) = (Fin, Fin), (C (X))

for every perfectly normal topological space X .

(2) (Z,T) is of the second c-type if and only if

for every perfectly normal topological space X .

(3) (Z,T) is of the third c-type if and only if
(Z, T)n (C (X)) 2 (Fin, Fin)n 41 (C (X))

for every perfectly normal topological space X .

Proof. Since T is coanalytic, the pair (Z,J) is of some c-type (by Fact E.5]). Moreover,
(Fin, Fin),, (C' (R)) ¢ B, (R) & (Fin,Fin),4+1 (C (R)) for all 1 < n < w. Therefore, in
parts (1), (2) and (3) it suffices to prove only the implication from left to right.

Part (1): This is Proposition (.0

Part (2): The inclusion ”D” follows from Proposition 511l and the opposite one —
from Proposition

Part (3): This is Proposition 5.8 O

Remark. The implications from left to right in parts (1), (2) and (3) of Theorem

remain true even if we drop the assumption that Z is coanalytic.

Remark. In parts (2) and (3) of Theorem the implications from left to right can be
generalized to all 1 < a < wy. It follows from Propositions 5.8 .10, and 5111

Part (3) of the above theorem does not give an exact outcome, i.e., it does not say
which class (Z, ), (C (X)) is equal to. The case of ideal convergence (not ideal equal
convergence) suggests that the answer should depend on some combinatorial properties

of the pair (Z,J) (cf. [5]). Therefore, the following problem seems to be natural.

Problem 1. Characterize (Z,J) (C (X)) for (Z,J) of the third c-type. Is it always equal
to one of the classes (Fin, Fin), (C (X)) or can it be equal to some B, (X)?
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