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CONTINUITY OF THE SOLUTION MAP OF THE EULER
EQUATIONS IN HOLDER SPACES AND WEAK NORM
INFLATION IN BESOV SPACES

GERARD MISIOLEK AND TSUYOSHI YONEDA

ABSTRACT. We construct an example showing that the solution map of the
Euler equations is not continuous in the Holder space C1¢ for any 0 < a < 1.
On the other hand we show that it is continuous when restricted to the little
Holder subspace ¢, We apply the latter to prove norm inflation for solutions
of the vorticity equations in Besov spaces near the critical space B%,l'

1. INTRODUCTION

We study the Cauchy problem for the Euler equations of an incompressible and
inviscid fluid
us +u - Vu = —Vp, t>0, xeR"
(1.1) divu =0
u(0) = ug

where u = u(t, z) and p = p(t, x) denote the velocity field and the pressure function
of the fluid respectively. The first rigorous results for (LI]) were proved in the
framework of Hoélder spaces by Gyunter [I7], Lichtenstein [22] and Wolibner [30].
More refined results using a similar functional setting were obtained subsequently
by Kato [I8], Swann [28], Bardos and Frisch [I], Ebin [14], Chemin []], Constantin
[10] and Majda and Bertozzi [23] among others. The main focus in these papers was
on existence and uniqueness of C1® solutions and the question of continuity with
respect to initial conditions was not explicitly addressed. Recall that, according to
the definition of Hadamard, a Cauchy problem is said to be locally well-posed in
a Banach space X if for any initial data in X there exists a unique solution which
persists for some T' > 0 in the space C([0,T), X) and which depends continuously
on the data. Otherwise the problem is said to be ill-posed.

Systematic studies of ill-posedness of the Cauchy problem (L) are of a more
recent date and concern a wide range of phenomena including gradual loss of regu-
larity of the solution map, energy dissipation and non-uniqueness of weak solutions,
see e.g. Yudovich [31], Koch [2I], Morgulis, Shnirelman and Yudovich [26], Eyink
[16], Constantin, E and Titi [T1] or Shnirelman [27]. Recently, Bardos and Titi [2]
found examples of solutions in Holder spaces C“ and the Zygmund space Béom
which exhibit an instantaneous loss of smoothness in the spatial variable for any
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0 < a < 1. Similar examples in logarithmic Lipschitz spaces logLip® were con-
structed by the authors in [24]. Solutions that fail to be continuous with respect
to the time variable were described by Cheskidov and Shvydkoy [9]. More recently,
in a series of papers Bourgain and Li [5l 6] constructed smooth solutions which
exhibit norm inflation in borderline spaces such as W"/PT1? for any 1 < p < oo

and B,%pﬂ forany 1 <p < oo and 1 < ¢ < oo as well as in the standard spaces
C* and C*~1! for any integer k > 1; see also Elgindi and Masmoudi [I5] and [25].
As observed in [6] the cases C¥ and C*~! are particularly intriguing in view of
the classical existence and uniqueness results mentioned above.

Our main goal in this paper is to clarify the picture of local well-posedness in the
sense of Hadamard for the Euler equations in Holder spaces. We present a simple
example based on a DiPerna-Majda type shear flow which shows that in general the
data-to-solution map of (L)) is not continuous in C1® for any 0 < o < 1. On the
other hand, we show that continuity of this map is restored if the Cauchy problem
is restricted to the so called little Holder space ct@. The failure of continuity in our
example does not seem to be related to the norm inflation mechanism described
in [6] which essentially relies on unboundedness of the double Riesz transform in
L. Rather, it can be explained by the fact that smooth functions are not dense
in the standard C® spaces. We point out that continuity of the solution map for
the Euler equations in Sobolev spaces W#P for p > 2 and s > 2/p + 2 is of course
well known (see e.g., Ebin and Marsden [I3], Kato and Lai [19] or Kato and Ponce
[20], see also Remark 23). However, we could not find the corresponding result for
¢ in the literature although it should be familiar to the experts in the field. Our
main results can be stated as follows.

Theorem 1.1. The solution map of the incompressible Euler equations (L) is not
continuous as a map from CH*(R3) to C([0,T), CH*(R3)) for any 0 < o < 1.

Theorem 1.2. The incompressible Euler equations (L)) are locally well-posed in
the sense of Hadamard in the little Holder space c*(R™) for any 0 < a < 1 and
n=2or3J.

As an application of Theorem[T[.2lwe prove a norm inflation result for the vorticity
equations that involves a family of Besov spaces. Although this result is weaker
than the norm inflation described by Bourgain and Li our methods can be applied
in the borderline end-point spaces such as B%_’l(Rz) which lie just outside the range
of the spaces considered in [5]. Recall that existence and uniqueness results for (L))
in B3 | (R?) are already known, cf. e.g. Vishik [29] or Chae [7]. The proof uses
continuity of the data-to-solution map in c¢"'® as well as several technical lemmas
proved in our earlier paper [25]. In this respect the present paper can be viewed as
a continuation of [25].

Theorem 1.3. Let M; / oo be an increasing sequence of positive numbers. There
exists a sequence of smooth rapidly decaying initial data {ﬂO,j}}?; and two sequences
of indices {r;}32, and {q;}52, with r; — 2 and q; — 1 such that

> M;  for some 0 <1< M;?’.

ldojllsz . <1 and |la;(t)| 2.
3 4

9

In the next section we recall the basic set up and notation. In Section [l we prove
Theorem [[.T] by constructing a shear flow counterexample in the C1® space. Local
Hadamard well-posedness in ¢! is shown in Section @ The proof of Theorem [[3]
is given in Section
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2. THE BASIC SETUP: FUNCTION SPACES AND DIFFEOMORPHISMS
Let ¢y € Z(R™) be any function of Schwartz class satisfying 0 < tp < 1 and
supp o C {{ € R™ : 1/2 < |¢] < 2} and such that

D wu(§) =1, forany & #0

IEZ
where ¢(§) = ¢o(27'¢). For any s > 0 and 1 < p,q < oo let Bj (R™) denote the
inhomogeneous Besov space equipped with the norm

(2.1) IfllBg, = [fllze + 1 £15,

where the homogeneous semi-norm is given by

R 1/q
(Szidenin) i 1<a<os
(22) Iflgy =4 Nz
sup 2Sl|\¢l * fllLe if q = o0
LEZ

for any f € .#/(R"). In particular, if s = k 4 o is not an integer then Bj,  is the
Holder space C*(R™) with the standard norm

HSDHk,a = |leller + [Dk‘P]a

where

DP — DB
[Dk@]a _ Z sup| gp(;v) Sp(y)|, 0O<a<l, keN.

R oY
|BI=k "7 [z =l
Let ¢*(R™) denote the closed subspace of C*¥:®(R™) consisting of those functions
whose derivatives satisfy the vanishing condition

(2.3) lim  sup |Dﬁ<p(x) — Dﬁ@(y”

=0
h—0 0<|z—y|<h |,T - yla

for any multi-index |3| = k. It is well known that c¢®*(R™) is an interpolation space
containing the smooth functions as a dense subspace, cf. e.g. [3].

In what follows we will use an alternative formulation of the fluid equations in
terms of particle trajectories and vorticity. Any sufficiently smooth velocity field
u solving (1) has a flow which traces out a curve ¢t — n(t,x) of diffecomorphisms
starting at the identity configuration e(z) = x with initial velocity ug. Using the
incompressibility constraint det Dn(¢, z) = 1 and the Biot-Savart law the equations
satisfied by the flow can be written in the form

(2.4) an (t,z) = /Rn Kn(n(t,z) —n(t,y))w(t,n(t,y)dy,  t>0, z€R"

dt
n(0,z) =z
where w = curlu is the Vorticityﬁ and the kernel K, is given by
1 i) X1 2
2.5 K =—|-——,— R
29 =5 (pim) o

1f n = 2 we can identify the vorticity of u with the function w = V- -« and if n = 3 with the
vector field w =V X u.
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and

_laxy
C4rm |z3

(2.6) Ks(z)y T,y € R,

For our purposes it will be sufficient to take as a configuration space of the fluid
the set of those diffeomorphisms of R™ which differ from the identity by a function
of class ¢!, Let

U= {n:R" SR iy =c+ 9y 0 € R and pylra < 6}
where § > 0 is chosen small enough so that

1
2.7 inf det D -
(2.7) f det Di(z) > 3

Clearly, %s can be identified with an open ball centered at the origin in ¢t (R™).
The next two lemmas collect some elementary properties of compositions and in-
versions of diffeomorphisms in %; that will be used in Section [4]

Lemma 2.1. Let 0 < a < 1. Suppose that n and & are in U and ¢ € cH(R™).
Then £omn and n~1 are also of class ¢ and we have

(2.8) [ onlia SCllYla and [[¥on e < Cltlia
where C' > 0 depends only on § and .

Proof. First, observe that [|¢ o 7llec = [|¢]|cc and [[D(¢ 0 n)llec = [[D¢]|eo | Dl oo
and therefore the first of the inequalities in (28] follows at once from

(2.9) [D(¥on)]a < [DY onlallDnlles + [[1DY 0 noc[Dn]a
< [DY]al| Dl + | DYl oo [Dn]a

and [Dn], = [Dyyla where n = e + ¢, with |¢y][1,« < . Similarly, we have
60w = ]l and from ©T) and Dy~" = (Dn) 3 o~ we get

1D o™ Hllso S 1DV lloollDnl

and

(2.10) [(Dn) o = [(det D)~ adj(Dn)] , < (1+ [ Dnl3,)[Di]a
which, in turn, with the help of 29I yields

(2.11) (D@ on™)a < (DYl Dl + 1DVl so (1 + 1 Dnl3) [Dn]a

From these bounds we obtain the second of the inequalities in (Z.8]).
Finally, observe that if £ € % with £ = e + ¢¢ then £ on = e + @¢op Where
Yeon = n + e o 1. Therefore, using [2.8) we get

[egonlle S llenllie + lleella

and combining (28] with (29) and the vanishing condition (23] we conclude that
Yeon € B (R™). Similarly, we also have n~! = e + Pp-1 where -1 = —p, 0 nL.
Applying the second of the estimates in (Z8) together with (Z11]) and [23) we find

again that ¢,-1 € cH*(R™). O
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Lemma 2.2. Let 0 < o < 1. Suppose that n,& and ¢ are in Us. Then

(2.12) [§0on—Conllia S Cllve — ¢cllia
and for any 1 € ¢>*(R"™) we have
(2.13) [pon—volllia S Clldlalles —velia

where C' > 0 depends only on § and . Furthermore, the functions &, — £on and
n — 01 are continuous in the Hélder norm topology.

Proof. From the estimates of Lemma 2.1l we obtain as before
1€en=Conllia S llve = pclloo + 1Dnlloc [ D0 — @0)lloo
+ [Dnla]| D(e = ¢)lloo + D75 [D(pe = 9¢)]a

< (14 1Dl + D715 + Dl ) 6 = ocllv.0

which implies the estimate in (ZI2]). On the other hand, using (Z8) and the algebra
property of Holder functions we have

1
[pon—tollia< /O DY (rn + (1 =)&) (n = O)llr.adr S [ DVl1alln = &ll1a

which gives [2I3)) since n — & = ¢, — p¢. From (ZI2) and (ZI3) we conclude that
composition of diffeomorphisms in % is continuous with respect to £ and 7.

Finally, using the second of the inequalities in (2.8]) we have

167 =0 e SHE on—ellia-
By density, given any € > 0 pick a smooth ¢ : R® — R" such that || =& 1,0 <€
and estimate the above expression further by
[ on—ConlliatCon—Collliat (ot —E o0& a-

The first and the third of these terms can be bounded using the first inequality in
[23) by Ce. For the middle term we use [2I3) to bound it by [|(]l2,all7—&[[1,a- O

3. A 3D SHEAR FLOW IN C1@

In this section we prove Theorem [[1lby constructing a C'*® shear flow for which
the data-to-solution map of (L)) fails to be continuous. Shear flow solutions were
introduced in [I2]. They were used recently in [2] to exhibit instantaneous loss of
smoothness of the Euler equations in C* for any 0 < o < 1.

Proof of Theorem [l Let t > 0 and consider
u(t,z) = (f(xg),O,h(xl — tf(xg))) and v(t,x) = (g(:bz),O, h(zy — tg(xg)))

where f, g and h are bounded real-valued functions of one variable of class C1®
with any 0 < a < 1. It is not difficult to verify that both u and v satisfy the Euler
equations with initial conditions

uo(z) = (f(2),0,h(z1)) and wo(z) = (g9(x2),0, h(z1)).
Given any € > 0 we can arrange so that f and g satisfy
uo = vollra = [If —gllia <€
and then choose h such that
B (z1) = |z1|® forall —2a <2z <2a
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where a = max {||flsc, ll9lloc }-
Next, we estimate the norm of the difference of the corresponding solutions. For
any 0 <t <1 we have

[[u(t) —v(®)]

ta = If = gllua+ [|h(- = t£() = h(- = tg())]], o
> |V (A= t£(-) = h(- = ta()) [lo.
= [|W (=) = W = tg( )|y

Let b = min {|| f||oc, [|g]loc } . It is clear that the norm on the right hand side can be
bounded below by

‘(|$1 —tf(@2)|* — o1 — tg(22)|*) = (ly1 — tf (y2)|* — ly1 — tg(y2)|)
sup

Ay |‘T - y|a
z,ye[—b,b]2

Evaluating this expression at o = yo = ¢ with —b < ¢ < b we get a further estimate
from below by

sup (1 = tf ()] = |1 = tg()|*) = (Iy2 — tf()|* = g2 = tg(e)|*)]

z1#y1 |ZE1 _y1|a
z,y€[—b,b]2

and evaluating once again at the points x; = tg(c) and y; = tf(c¢) we obtain a final

lower bound
S Ulgle) = f()* + %] f(e) = g(e)|*

- t*|f(c) = glc)|*
which proves Theorem [I1] O

=2

4. LOCAL WELL-POSEDNESS IN ¢b®

We turn to the question of well-posedness of (1) in the sense of Hadamard.
As mentioned in the Introduction, local existence and uniqueness results in Holder
spaces are well known and our contribution here concerns only the continuity prop-
erty of the solution map. To this end we will make some adjustments in the approach
based on the particle-trajectory method of [23]. We first state Theorem more
precisely as follows.

Theorem 4.1. Let 0 < a < 1. For any divergence free vector field ug € cb*(R™)
with compactly support vorticity there exist T > 0 and a unique solution u of (1))
such that the map uo — u is continuous from c-*(R™) to C([0,T), cH*(R™)).

Proof of Theorem[{.1] We will concentrate on the two-dimensional case since the
arguments in the three-dimensional case are very similar (the necessary modifica-
tions will be described below). We begin by constructing the Lagrangian flow as a
unique solution of an ordinary differential equation in %;.

Since in two dimensions the vorticity is conserved by the flowf] we can rewrite
equations (24) in the form

(4.1) %(ﬁ T) = /Rz Ko (n(t,z) —n(t, y))wo(y) dy =: Fuy(ne) (),

n(0,2) =z

2That is, w(t, n(t, z)) = wo(x).



THE SOLUTION MAP OF THE EULER EQUATIONS 7

where wg = V* - ug and K is given by (Z3). In order to apply Picard’s method of
successive approximations it is sufficient to show that the right hand side of (4.1
is locally Lipschitz continuous in %;. The first task is thus to establish that F,,
maps into ¢,

Changing variables in the integral we have

(4.2) Fuo(n)(x) = (K2 x @) o n(x)

where &g = wp o~ tdet Dn~! and n € %. Using Z5) and 271) and estimating
directly we obtain

(4.3) [Fuo(M)llco = K2 * @olloo < Cllwolloo

where C' depends on the size of the support of wy. Next, differentiating F,, in (£2)
with respect to the x variable gives

(4.4) DFy,(n)(z) = D(K2 * o) o n(x)Dn(z)
- (T&;O - %LDOJ) o n(z) Dn(x)

where J = (fl é) is the standard 2 x 2 symplectic matrix and 7" is a singular
integral operator of the Calderon-Zygmund type with the matrix kernel DKy (z) =
Q(x)/|z|? where Q is homogeneous of degree zero
1 Az —y) o 2z1m0 a3 — a2
Tf(x)= 5n DU /R2 Wf(y) dy, Q) = || 22— 22 —2mims)
Standard estimates in Holder spaces for such operatorsﬁ give

(4.5) IDFuy(m)llee < C(IT@0 0 nllo + Il 0 nll o) 1Dllos < C (l|&0lloo + [&0]a)

and
[DFuy()]a < (T —1/200J) 0 nllsc[Dn]a + [(Tao — 1/2@0J) o n] 1Dl
(4.6) < C(I@olloe + [@o]a) [Denla + ClIDNII 5 [Tdo — 1/2007]

< C(ll@ollse + [@0]a) [Depla + C(1 + [Dyllse) * [Goa-
Furthermore, since from a direct computation using (27)) we have
(4.7) [@ola = [wo 0™ " det Do S [Dylallwollos + [wola
combining these estimates with (@3] and the fact that n € % we get
(4.8) 1P M1 S C(llwolloo + [wola)-

To show that F,, maps %; into ¢-'®*(R?) it suffices now to observe that (Z35)
together with (@) yield

i sup  PFuM@ = DR, _

h=00<|z—y|<h |I_y|a

since both ¢, and wy are in ¢*(R?) by assumption.

3See e.g., [23], Chap. 4.
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Finally, differentiating F,, in (1)) with respect to 7 in the direction w € ¢'*(R?)
we obtain

(19)  BuFu (@) = - Fuu(n+ ru)(a)

= | PK: (n(x) = n(y)) (w(z) = w(y))wo(y)dy

=0

which again can be bounded directly using standard Holder estimates by

(4-10) ||6wFUU (77)||1,0¢ < C(”WOHOO + [WO]a) ||w||1,a-

In particular, it follows that F,,, has a bounded Gateaux derivative in % and hence
is locally Lipschitz by the mean value theorem.

We now turn to the question of dependence of the solutions of () on ug. Note
that since wg = V1 - ug the initial velocity uy appears as a parameter on the right
hand side of ([@T]). Moreover, since the dependence is linear it follows that continuity
(and, in fact, differentiability) of the map uy — Fy, is an immediate consequence
of the estimate in (£]]). Applying the fundamental theorem of ordinary differential
equations (with parameters) for Banach spaces we find that there exist "> 0 and
a unique Lagrangian flow n € C([0,T), %s) which depends continuously (in fact,
differentiably) on ug. Using the equations in (1) we find that the same is true
of the time derivative 1) € C([0,T), c*(R?)). It follows therefore that the vector
field u = 70 n~! belongs to C([0,T),cH*(R?)) N C([0,T),c*(R?)) and a routine
calculation shows that it is divergence free.

Next, suppose that ug and vy are two divergence free vector fields in ¢\ (R?)
and let n(t) and £(t) be the corresponding Lagrangian flows solving the Cauchy
problem (&) in % with initial vorticities V+ - ug and V* - vy respectively. Given
any € > 0 and using the fact that smooth functions are dense in c*® we can choose
¢ in C([0,T) x R?) such that

sup |[|¢=(t) — n(t)[l1,a <e.
0<t<T

Applying this together with (2.8)) and (2I3]) we estimate

lu=vllia =llpon™ €0 1a
<lion™ —geon ratllgeon™ =06 1o+ ¢ 06 €06 1a
S0 = ellia + Iellzalln™ = € o + 6e = €ll1.a-

The first term of the last line is clearly bounded by €. The middle term converges to
zero by Lemma [22] (continuity of the inversion map) and the fact that n converges
to & in ¢ whenever ug converges to vg since the Lagrangian flows 7 and ¢ depend
continuously on the initial velocities. To dispose of the last term we use (Il and
the triangle inequality

¢ = Ellna < llde = itlla + 11 = Ella
S e+ [ Fug(n) = Fog ()10 + 1 Fog (0) = Fug (§) |1,
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Applying [Z]) we obtain
I1Pun ) = Pl = | | alntt,) = n(t.0) (7 - ualo) = 9 ).,
SIVE - (uo — vo)loo + [V (uo — Uo)]a

< llwo = voll1,a

and using (LI0) we get

1
d
I1Po(0) = Fa(@lo = | [ 2EFulm+ (1 =near],.,

1
< [ 181meFu (ra + (1= 1)8) 1
0

S llvollvalln = €llva;

where the latter converges to zero by continuous dependence of the flows on ug and
vp as before. This completes the proof of Theorem [l when n = 2.

In the three-dimensional case the flow equations (2.4]) take only a slightly more
complicated form

(4.11) %(ta T) = /W Ks(n(t,z) = n(t,y)) Dn(t, y)wo(y) dy =: Gu,(ne)(x)

n(0,z) =z
where wy = V X g, K3 is given by (Z.6]) and consequently the derivative 6,,G,, in
the direction w € ¢*(R?) has an extra term

(4.12) 0w Gy () () = /R  DKs (n(x) = n(y)) (w(z) —w(y))Dn(y)wo(y) dy

4 / K5 ((z) — n(y)) Dw(y)w(y) dy.
RS

As before, applying standard Holderian estimates we obtain the analogues of (£3)
and (LI0) and the proof proceeds as in the two dimensional case. O

Remark 4.2. Theorem [L1] remains valid if the initial vorticity has noncompact
support and satisfies some suitable decay conditions at infinity. In Section [ we
will apply it under the assumption wy € L'(R?). In this case we only have to
replace the bound in (3] with

(4.3) [ Fuo (Moo < ll@ollo + [[&0ll 21

and those in (L), (£0) with

(4.57)  [[DFuy()llee < lldollo,a + l@oll L1

(4.6) [DFu(M)]a S (I©ollo.a + l@oll L) [Denla + (14 [[Deylloo)

and adjust the estimates ([A8]) and (@I0) accordingly. The rest of the proof remains
unchanged.

14+~
a[wO]a

Remark 4.3. We also mention in passing that an alternative proof of Theorem 1]
could be given based on the following commutator inequalities

1D°(£9) — D9l S 11l _llglges + 116

s, Nallse
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and
[D*(v-Vg) = (v-V)D%gllc < [Jv]lcrslgllons.

where D® = (—A)*/? is the fractional Laplacian with 0 < s < 1. Inequalities of
this type were recently obtained in [4]. However, using this approach we could
only establish local well-posedness of (L)) in the space ¢® for 0 < o < 1, under
suitable decay conditions. Besides continuity of the double Riesz transforms and the
density property our proof required that the vorticity of u be at least of class C1®
and hence that u belong to ¢*“ (in order to apply the second of the commutator
estimates above). A similar proof also works in W#P? for p > 2 and s > 2/p + 2.

5. PROOF OF THEOREM [[.3} NORM INFLATION NEAR B?

Our aim in this section is to exhibit a norm inflation type mechanism which
involves a family of Besov spaces. On the one hand the result stated in Theorem
[[3 is weaker than the norm inflation results obtained by Bourgain and Li. On
the other hand, our method is applicable in the borderline function spaces that
were left out of the analysis in [5L [6]. The proof involves constructing a Lagrangian
flow with a large deformation gradient and a high-frequency perturbation of the
corresponding initial vorticity. It also relies on the continuity result for the solution
map in the little Holder space of Section Fl

It will be convenient to work with the vorticity equations which in two dimensions
have the form

(5.1) wi + u-Vw =0, t>0, r€R?
w(0) = wp
where v = VA~ w and w = Oyus — douy. We first proceed to choose the initial

vorticity wp for the Cauchy problem (51I). Given any smooth radial bump function
0 < ¢ <1 with support in the ball B(0,1/4) let

(5-2) ¢0(3317332): Z 5152@5(1“1—61,332—52)-
e1,e0==%1

Clearly, the function ¢q is odd with respect to both x; and zs. Given any M > 1,
r >0 and g > 0 define

(53) wole) =wg"N (@) = MTNTE Y gula)
0<k<N

where N = 1,2... and ¢y (2) = 201 5)k¢, (282). Note that the supports of ¢y, are
disjoint and compact with

(5.4) supp ¢ C U B((512_k,522_k),2_(k+2)).
e1,60==%1

Next, we have

Lemma 5.1. If1 < g<oo and 2 <r < oo with g < r. For any integer N > 0 we
have

(5.5) lwollwr.r + [lwoll s, S M2
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Proof. We proceed to estimate the two terms on the left hand side of (55l sepa-
rately. Observe that the supports of ¢y in (54 are disjoint and therefore changing
variables we get

N
Junlly - = M2 NE S 2 [ jono)de b
k=0 k2
and since ¢ < r we similarly have
N
ool ~ M~ N~ Zz—’w/ 12000 ()" dar < M
k=0 R?

for I = 1,2, which gives the required bound for the W term.
The estimate of the B,lﬁ o term is slightly more cumbersome. It will be convenient

to work with the Fourier transform of wy. In this case the supports of (;AS;C are no
longer disjoint, nevertheless each (;AS;C can be decomposed into a "bump” part and
a decaying ”tail” part where the bump parts have disjoint supports. From (21
and the calculations above we only need to estimate the homogeneous Besov norm
HWOHBiq' We have

o () = 23 DGy (27Re)

and, since giA)O is a function of rapid decrease, given any a > 0 we can find K; > 1
such that

60(&)] < ClE| for [ > K.
Let o > 3 — 2/r. In this case we have
|6k (6)] < 23Dk Gy (275e)| < 273+ r k= for  |g| > 2K K.

Using the Hausdorff-Young inequality we get

||W0Hj§iq < D 2% geio)?

14

N
M7NTY Hw - Zd?k‘ ’
4 k=0

L

M2N- 12( / )" €l

where 1/r+ 1/ = 1. Given any integers ki, ko and K (with ky < K) introduce
the functions

A

12

N . a/r’
NG d§>

k=0

q)kKl,kQ (5) X[2k1, 2k1+1 |§| Z |¢k

k=ko
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A direct calculation yields

0
ko7 = xpr e 7FO 275 Y [d(27 59
k=—o00
0
= 27X 211 (8) [¢] Z 20~ 3]
k=—o0

— 2—K2(3—%) 2] 2]+1 |§| Z 2 —34+2 )k|¢( )|

k=—o0

2K
= 2Fel (9
which leads to the following scaling identity
(I)ffoo(g) - 2_7(1)] K,— 00(2_K§)
for j > K and similarly we have
2 o s
(I);),Ofoo(g) = _7(1)07700(2 Jg)

The above will be needed below in order to control the tail parts (for both high
and low frequencies).

Claim.
SIS e, <00, D[N, <o and [ BF_ |7, S 1.
j=>1 j<1
Proof of Claim. We have
D5 @] = xpa@ Kl D 16(©)]
—oco<k<oo
S X[1,2](§)< Z + Z + Z >|¢k
—oo<k<—log, K1 —log, K1<k<1 1<k<oo

S X[l,z](§)< Z 2(=3+FF )k [¢| = 4 finite sum + Z 2(3+%)k>

—oo<k<—log, K1 1<k<oo
S xp)

so that [[®° [|7,, < 1.
Next, since 2F K, < K for k < 0, we have

0
189 ()] S xpzs 24 (€) 1€ D 23 FFHOE|E 70 <o gy (€) [ 70

k=—o0

for [¢] > Ky and using this estimate we get Y., [[®) _ [|7,, < oc.
Finally, we have

1225 ()] < Xjos 241 (€ |§|Z2< DR < g 25411 (€) €]

and so we obtain }- ., |®39[|7,, < oo as before. O
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We now return to the proof of Lemma[5.Il Using the fact that the supports are
disjoint we have

N ~
> IEler(€)
k=0 j

< |‘I’1,0(§)|T + |‘I’2,0(§)|T +eeF |‘I’z]¥,o(§)|w + Z |‘I’§\,fo(§)|r, + Z |‘I’§\,’0(§)

J>N j<1

’
T

&) [€|dn (€)

T

=1 (§) + () + I5(8)

and consequently (note that 1y are also essentially disjoint)

, q/r’
lwollfyy S MTHNTEYS ( /R @ i (€)d§>
4

a/r’
—2¢ p7—1 v
a3 ([ o (0 + 1))

Note that I; is a finite sum of bump parts while I and I3 correspond to the two
decaying tails. Using the Claim and the scaling identity together with the formula
for fIJkKl Lk, We can estimate the first of the integrals on the right hand side of the
expression above by

N ) a/r’
> ( /R Gl <£>d§>

N ) ) ) ) a/r’
<> ( [ e (s r + o5 o +---+|<1>;>v°,_oo<5>|r)d§>

(=

N q/r’
52(/@@_ |’“d§) <N

(=1

—

and similarly

q/r
( / oe(€) >+13<5>)d§>
I<1,N<t

a/r
( Jrweor' (X or + X |<1>;,°0<5>|’“’)ds>
(<1,N<t J>N j

<1
q/r’
< @3 |ng) n (|<1> |ng)
kzl(/ (€ z [ 122
<C,

~

where C' > 0 is independent of N. Combining the above estimates we get
ol g < M~?

which together with the L™ bound of wy gives the desired bound. O
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In particular, since r > 2 it follows from Lemma [5.1] that the associated velocity
field u = V*A~'w € W2" has a C' smooth Lagrangian flow 7(t) obtained by
solving the flow equations

dn

(5.6) E(t’ x) = u(t,n(t, x)), n(0,z) = .

Furthermore, it is not difficult to verify that 7(t) is hyperbolic with a stagnation
point at the origin and preserves both x; and x2 axes as well as the odd symmetries
of wy.

Proposition 5.2. Given M > 1 and 1 < ¢ < oo we have

sup || Dn(t) [l > M
0<t<M—3
for any sufficiently large integer N > 0 in (B3) and any 2 < r < oo sufficiently
close to 2.

Proof. The proof is a repetition (with obvious adjustments) of that given in [25];
Prop. 6, for the special case ¢ = r > 2 and will be omitted. (]

We will also need the following simple consequence of Gronwall’s inequality (see
[5]; Lemma 4.1 for example)

Lemma 5.3. If u and @ are smooth divergence free vector fields on R? and n(t)
and 1(t) are the corresponding solutions of (B.6]) then

sup |[In(t) —i(t)lcr < C sup u(t) — at)]| e
0<t<1 0<t<1
where C' > 0 depends only on the L™ norm of u and @ and its derivatives. 0

Proof of Theorem[I.3 Let M; / co. Choose any N > 1 and any sequences 7; \, 2
and g; N\, 1 such that the estimate of Proposition holds for the flow n;(t) of
u; = VEA~lw; where w; solves the vorticity equation (B) with initial condition
wo,j = wé\/[ 3 NI given by (E3). For each j > 1 we will introduce a high-frequency
perturbation of wy ; such that for any sufficiently large n we have

(5.7) llwills <1 and  wi(t)|p . 2 M7 for some 0 < t* < M.
W Ergag ™ Ty N J

To this end observe that we may assume
(5.8) i)l . <M} forall 0<t< M
7595

or else there is nothing to prove. Using Proposition [5.2] we can pick 0 < t* < M ;3
and a point x* = (z7,23) for which the absolute value of one of the entries in
Dn;(to,x*) is at least as large as M; and by continuity (since r; > 2) deduce that
in a sufficiently small d-neighbourhood of z* we have

on?

—J(t‘)v‘r)

(5.9) s

> M, for all |z —a*| <.

To construct a sequence of perturbations of wg ; in Brlj @ pick a smooth function

¥ € O (R?) with support in the unit ball such that 0 < ¥ < 1 and fR2 x()d¢ =1
and set

(5.10) pE) = X(€ —&) +X(E+&),  where £ €R® and & = (2,0).
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Observe that sup p C B(—&p, 1) U B(&p,1) and

(5.11) p0) = [ e)de =2

For any k € Z; and X\ > 0 define

14

(512) M) =2

7 Z e1e2p( ANz — 7)) sin kay

e1,e0==%1
where z¥ = (e127, £223).
Lemma 5.4. Let1 < q; <2 <7rj <00,2<p<ooando >0. For any sufficiently
large k € Z" and A > 0 we have
29 kA _1y_1q
LB s S 185y, S KA

1+o 1+%_

2. |\AT(91A_1B?’)‘||LP 5 k_%)\_ J
_ 2 _ 2
3. AT BN e S K EATTT T

where [ =1, 2.

1IN

(A7 +k7)

Proof of Lemma[5.7] The proof of the first two inequalities is similar to that of
Lemma 51l To prove the second and third estimates it will be convenient to use
the Fourier transform

2
3 L1 —3+2 j Ay — —omi(x* ek
(513) BPNO =gk T YT Y (1 aep(A g Je S
51,82:i1m:1
where ¢F = ({1 + %k, 52). Applying the Hausdorff-Young inequality we obtain
2
Lo —1 pk,A 1, —1+2 oy /
AT 9 ATIBY <kTzN T //\210 op
|8 an ), 5 > ([ A

m=1

, 1/p’
AT d§>

where 1/p+ 1/p’ = 1. Changing the variables we further estimate by

/ 1/p’
2 ap’
_1—142-201-1 =1)™ \? RPN 1 dg
ShTEA D /Rz((gl—%k) +§§) O 5
m=1
op! 1/p’
SRRy (0 SE o) T o) as
=1 R2 ! 27 2
SEINTTE TR (07 4 ).
Similarly, we also obtain
_ 1 —242(2 -1
AT B, S kTN
for any sufficiently large k£ and . O

Next, set 3} = ﬁf”\ where k = A2, A = 3n and n > 1. Using (53) and (EI0)

we now have

Lemma 5.5. Let M;, N, r;, q;, n and t* be as above. Then
L [028701m3 (t*) |1 S Cn™!
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2. 0187022 ()| s 2 M (1+ O(n=%)) — Cnt
where C' depends on ||pA||LT; and supg<;<1 ||uj(t)|lcr and 1/1“;- +1/r; =1.

Proof. The proof is analogous to that in [25]; Lem. 11. O

For each j > 1 define a perturbation sequence of initial vorticities
wp (@) = wo (@) + B (x),  n>1
By Lemma Bl and Lemma [54] (part 1) it is in B}jm which shows the first of the
inequalities in (&7).

Let w} € C([0, 1],B}j7qj (R?)) be the solution of the vorticity equations with
initial data wg ;. Choosing 0 < o < 1 in Lemma 5.4 (parts 2 and 3) we have
that [|[VEA™ (wi; — woi)llwiter = 0 as n — co. Further, if p > 2/0 and 0 <
a < o —2/p then we have the embeddings W1+oP(R?) ¢ C177 5 (R2) C ¢l (R2).
Therefore, using continuity of the solution map in the little Holder spaces of The-
orem [ we find]

(5.14)

sup [VEATH Wi () — w;(t)ller S sup [[VEATH W] (E) — w;(t))]l1.a — O
0<t<1 0<t<1

as n — oo and from Lemma [5.3] we get

(5.15) 0n = sup |7 (t) —n;(t)lcr — 0 asn — oo
0<t<1

where 7} (t) is the flow of the velocity field V-A~!w?.
Using (BIH), conservation of vorticity and the fact that the flows are volume-
preserving we have

o () Isy, , 2 NIV - o0y 2 (@) s 2 IV - V03 ()]s — 0nl| Vet il
(5.16) 2 IVB} - Vi ()l = IVwo - V3 ()l ors = Onll Vel 7
for any j > 1. Finally, observe that by (58) and the embedding B}j)qj - B;jz -
W”f, we have
IVeo - Vnd ()l S llws@)gr, , S MG
and by Lemma for any sufficiently large n > 1 we also have
va; - Vlﬁ?(t*)HLW 201870207 () i — 10287 01 ()| s 2 M.

This establishes the second of the inequalities in (E1). The desired sequence of
velocities %, can now be obtained by selecting for each j > 1 a suitably large integer
n; and setting @; = VlAflw;”. The proof of Theorem [[.3]is completed. O
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4Note that by construction By €S (R?) has noncompact support, cf. Remark @2}
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