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STUDY OF ¢-GARNIER SYSTEM BY PADE METHOD
HIDEHITO NAGAO AND YASUHIKO YAMADA

ABSTRACT. We give a simple form of the evolution equations and the scalar Lax pair
for the ¢-Garnier system. Some degenerations to the g-Painlevé equations and the au-
tonomous case as a generalized QRT system are discussed. Using two kinds of Padé
problems on differential grid and ¢-grid, we derive some special solutions of the g-Garnier
system in terms of the g-Appell Lauricella function and the generalized g-hypergeometric
function.

1. INTRODUCTION

The Garnier system [I}, [4] is known as an important extension of the Painlevé equa-
tions to multi-variables. Its g-difference analog, the g-Garnier system, was formulated by
H.Sakai in [17].

There exists a simple method to study the Painlevé/Garnier equations using Padé
approximation [25]. In this method, one can obtain the evolution equation, the Lax pair
and some special solutions simultaneously, starting from a suitable Padé approximation
(or interpolation) problem. This method has been applied [3| 11, 12, 14, 28] to various
cases of discrete Painlevé equations [7, 16]. Our aim is to study the ¢-Garnier system
applying the Padé method. We study both the usual (i.e. differential) Padé approximation
and the Padé interpolation on ¢-grid, and obtain two kinds of special solutions written in
terms of g-Appell Lauricella function and the generalized g-hypergeometric functions.

In section 2.1l we introduce a scalar Lax pair and derive the g-Garnier equation as the
necessary condition for the compatibility. In section2Z.2] the relation to the Sakai’s matrix
form is considered, and the sufficiency for the compatibility is proved. In section 2.3] we
rewrite the g-Garnier system into more explicit (but nonbirational) form. In section [2.4]

we discuss the degenerations to the ¢-Painlevé equations of types Eél), Eél) and Dél). The

ES) case is new and Eél), Dél) cases are known [17, [19].

In section B we formulate a hyper-elliptic generalization of the QRT system [15, 23].
Then the generalized QRT system is identified as the autonomous limit of the g-Garnier
system.

In section M we study certain Padé problem on differential grid. In section 4.1}, we
show that the solutions of the Padé problem give special solutions of the Lax equation
and ¢-Garnier system. In section 2] we derive the explicit expressions of the special
solutions in terms of the ¢-Appell Lauricella function [I§].

Similarly, in section Bl we study certain Padé problem on ¢-grid and obtain special
solutions in terms of the generalized ¢-hypergeometric functions. We note that the higher
order ¢g-Painlevé system given by Suzuki [22] also has special solutions given in terms of
the generalized ¢-hypergeometric functions.
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2. A SIMPLE FORM OF THE ¢-GARNIER SYSTEM

In this section, we give a reformulation of the evolution equations and the scalar Lax
equations of the g-Garnier system.

2.1. Lax pairs and the ¢g-Garnier equation. Fix a positive integer N and a complex
parameter ¢ (0 < |¢q| < 1). Let a1,...,any1, b1,...,byy1, €1, Co,dy, dy be complex param-
eters with a constraint Hfffl ‘;—Z =q H?:1 Ccl—i and T, : a — qa be the ¢-shift operator of
parameter a.

In this section, we put

(2.1) T:=T,"T; ",

and the corresponding shifts are denoted as X := T(X), X := T-'(X). The operator
T plays the role of time evolution of the ¢-Garnier system. Though one can choose any
a;, b; instead of ay, by, we consider the case (i,j) = (1, 1) for notational simplicity.
For an unknown function y(z), we consider two linear equations: Ly(z) between y(z), y(qz), y(x)
and Lz(x) between y(z),y(x),y(x/q) defined as follows:

Ly(x) := F(f,2)y(z) — Ar(2)y(gz) + (v — b1)G(g, 2)y(z) = 0,

B2 Le) = F(afay(a) + (& — a)Glo, 2/a)5(x) — qereaBy(a/0)ilx/a) = 0,
where
o T Afe) B(x)
Az) = jHl(x —a;), B(z):= jHl(x —by), Ar) = — - By() = — )
N . N-1
F(f,x):=) fia' Glg,z):= g2,
j=0 Jj=0
and fo, ..., fn, fos- s f N> Gos - - - gn—1 are some variables independent of .

Proposition 2.1. The compatibility of Ly and L3 (2.3) gives the following conditions:
(2.4) c1c0A1(2)Bi(7) — (v — a1)(z — b1)G(g,7)G(g, ) =0 for F(f,x)=0,

(2.5) qeicaA(2)By(z) — F(f,2)F(f,z) =0 for G(g,z) =0,
(2.6) InFy =algn-1 = c)(gn-1 = e2),  fofo = arbi(go — e1)(g0 — e2),
where e; := d;v/a1by, v = ij:ﬁl(—aj).

Proof. Under the condition F(f,z) = 0, eliminating y(x), y(qx) from Lo(z) = Ls(qx) =
0, we obtain eq.(2.4]). Similarly, for G(g,z) = 0 eliminating y(qx),7(z) from Lo(z) =
Ls(qz) = 0, we have eq.(2.5]) Considering the highest coefficients of Lo(z) and Ls(z), we
have the first equation of (2.6]). Similarly, considering the lowest coefficients of Ls(z) and
Ls(z), we have the second equation of (2.6). O

We remark that similar computations based on the contiguity type Lax pair have been
done in [3] 14}, 28].

Though eqs.(2.4]) — (2.0) are given as equation for 2N+1 variables fo, ..., fx, 90, .-, 9n-1,
they can be reduced to equations for 2N variables %, ce ];—Jg, 9o, - - -, gn—1 (see eqs. (217)— (219
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in section 23)). In section 2.2] eqs.(2.4)—(2.6]) will be proved to be sufficient for the com-
patibility of Lo, Ls.

The most fundamental object is the linear three term equation L;(x) between y(qx),
y(z), y(z/q). Eliminating y(z), y(7) from Ly(x), L2(7), Ls(z) ([2.2), we have the following
expression for the three term equation L (z):

Li(z) = A(2)F(f, §>y<qx> + qclcQB@)F(f, x>y<§>
(2.7) x F(f,x) —

~{@ - m)le =P D6.2) + FEI AT D) jule) = 0
where
(28) ‘/1(f7 77 .T}) = q0162A1<SL’)Bl(Jf) o F(f7 ZL’)F(?, .T})

Lemma 2.2. The linear equation Li(x) (2.7) has the following properties: (i) it is a
polynomial of degree 2N + 1 in x, (ii) the exponents are dy,dy (at x = 0) and ¢y, co (at
x = 00), (iii) the N points x with F(f,x) = 0 are the apparent singularities (i.e., the
solutions are regqular there) such that

ylgz) _ G(g,2)(x = bi)
y(z)  Au(z)

Moreover, the coefficient of y(x) in equation Li(x) is uniquely characterized by these

(2.9)

for F(f,z)=0.

properties once the coefficients of y(qx) and y(z/q) are given in the equation Li(x).

Proof. The properties (i)—(iii) follows by computation using the eqs.(Z3]), ([2:6). The
polynomiality of the coefficient of y(x) follows from eq.(Z5]). The second half can easily

be confirmed by counting the number of coefficients. [J

2.2. Correspondence to Sakai’s Lax form. In [I7], Sakai formulated the ¢-Garnier
system as a multivariable extension of the sixth g-Painlevé equation, by using the con-
nection preserving deformation of a linear g-difference equation as follows.

) Ve - A, w6 K] v - [0

The coefficient matrix A(z) are defined by the following conditions: (i) A(x) := N5 Az,
(ii) Anyq := diag(ky, k2) and Ay has eigenvalues 61, 6,. (iii) detA(x) = K1ko Hfivl+2(x —
a;), such that kimg [[2 ~ a; = 6105, The conditions (i),(ii),(iii) determine the matrix
A(x) up to 2N + 1 free parameters. 2N of them are the dependent variables of the g-
Garnier system, and one natural choice of them are given by {\;, u; }X., where b()\;) = 0,
wi = a(X;) = y1(gAi)/y1(Ai) (a kind of Sklyanin’s "magic recipe”, see [20], [21] for exam-
ple). The remaining one (the normalization of the polynomial b(x)) is a gauge parameter.

The system (2.I0) can be equivalently described by the following scalar equation for

the first component y; (x):
(2.11)  b(z/g)yi(gz) — {b(z/q)a(z) + b(x)d(z/q)}y1(x) + b(z)detA(z/q)yr (2/q) = 0.

Here N zeros of b(z) are apparent singularities .

Proposition 2.3. The linear three term equation Ly (2.7) is equivalent to eq.(2.11) up
to a gauge transformation and a change of parameters.
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Proof. By a gauge transformation: y, (z) = H(z)j (z) with H(qgz)/H (z) = [0 (x — ),
the system (ZIT]) can be written as

15 (= — abla/a)ii(qx) — {b(x/q)alz) + b(x)d(x/q)} i (x)
(2.12) 2N+2 . _

THR1K2 Hi:N+2<x/q — a;)b(2)th (x/q) = 0.
Here, (i) the coefficient of ;(z) is a polynomial of degree 2N + 1 in z, (ii) the exponents
are 01 /T (=), 02 /T (=) (at & = 0) and k1, q 'Ry (at 2 = oo), (ili) N zeros
of b(x) are apparent singularities. Then, these conditions determine the equation (2.12))
up to 2N free parameters. Due to Lemma [Z2] we see that L,(z) (Z7) is equivalent to
eq.(212) up to a change of parameters. [

As we will show below, egs.(24])— (2:6]) are sufficient for the compatibility of L, Ly (or
L3). Hence eqgs.([24)—([20) can be regarded as the g-Garnier system.
To prove the sufficiency, we first study the linear three term equation Li(z) between

5(qe), 5lx), Gle/q). Eliminating y(z), y(gz) from La(z), Ly(x), La(qz) [Z2), we have the
following expression:

J¥(qx) + qerca B( I °

~ A e =) F(F0G, ) + o
where Vi(f, f,z) is given in eq.(5.1T).
The following can be proved in the similar way as Lemma 2.2

Li(z) = A(2)F (f,

R

(2.13)

Lemma 2.4. The linear equation Li(x)(ZL3) has the following properties: (i) it is a
polynomial of degree 2N + 1 in z, (ii) exponents are di,ds (at x = 0) and c1,co (at
r = 00), (ii) the points x with F(f,x) = 0 are the apparent singularities such that
y(gz) _ B (x)

y(x)  acGlg,z)(r—a/q)

Moreover, the coefficient of §(x) in equation Li(x) can be characterized by these properties

(2.14) for F(f,z)=0.

once the coefficients of Y(qzr) and y(x/q) are given in the equation Li(x).

Theorem 2.5. The linear equations Ly (2.7) and Ly (2.3) are compatible if and only if
equations ([2.4)—(2.6) for variables f, g are satisfied.

Proof. The compatibility means that T'(L;) = L7, i.e. the commutativity of the following:

Li (Lemma24) = Lj [2I3)

T T
T-shift LQ, L3 (m
T +

Ly (Lemma22) = L, [27).
This can be checked by the characterizations of L; and L} in Lemma 2.2 and 2.4, and the
relation: T'([2.9)= (2.14]), which follows from eq.(2.4]). O
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2.3. Expressions in terms of roots. Introduce variables \;, y; (i = 1,..., N) such that

F(f,x) = Az) := fy ], (z — \;) and p; = y(q)‘ . We note that the Varlables {u;} are

y(Ni
%H - Then the hnear three term equation L; ([27) can

related to {g;} as pu; =
be written as

Li(e) = 2D gy 4 ©2BED,

zA\(z) xA(z/q)
B i) (@re) 1 AR BO)
_[vlar +ap ¢+ i)li | qC1C2B(A .
where fo = fx [y (=X) and v = H;V:ﬁl(—aj). As a curve in (A1, i1), the equation

Ly = 0 has the following characterization: (i) It is a polynomial of bidegree (N +2,2), (ii)
passing through the following 3N + 9 points (0,d;)2_;, (00, )2y, (bi, 0)NH (a;, 00) N,

(x,0), (£,00), (, yy((q;))), (%, ;’( )), (Ai, 1) (i # 1). By the symmetry, there exist similar

characterizations for the other variables (N\i, pt;) also. This is a generalization of the
geometric characterizations for the discrete Painlevé equations as a curve of bidegree
(3,2) passing through 12 points [7), 26], 27].

The linear equations Lo, L3 (2.2]) can be also written as

Ly(z) = Az)y(z) — As(2)y(gz) + (& = b)Z(2)y(z) =0,
Ls(x) = Mz/q)y(2) + (v — a1)=(z/q)7(x) — qereeBi(z/q)7(x/q) = 0,

where G(g,z) = Z(z) = gy ][5 (z — &). Then the evolution equations (2.4)— (Z8)
can be written as

(2.16)

(2.17) ZONZ) = erear 9T (=1 ),

AEIR(E) A (&) Bi(&) N )
(2.18) P = 10y PO re—— (i=1,...,N—1),
(2.19) [~ - aiby (9o —e1)(go — e2)

(gN—l - Cl)(QN—1 - 02)’

where gy = gy 1 [[; (—&). The eqgs.(ZI7)—(2I9) are the g-Garnier equation in terms
of 2N variables A1, ..., AN, &1, .., ENn_1,90 (O gn_1).

2.4. Degeneration to the ¢g-Painlevé equations. We give a few comments on lower

cases N = 1,2,3. In [I7], the ¢-Painlevé equation of type Dél) has appeared as a case for
the ¢-Garnier system with N = 1. This is easily seen from eqs.(Z4)—(2.). For N = 2

case, it is known [19] that the g-Painlevé equation of type Eél)

case for the ¢-Garnier system with N = 2. In fact, we have

appears as a particular

Proposition 2.6. For the case N = 2 with a constraint ¢, = ca, the q-Garnier equation

(2-4)— (2.8) admit the following reduction
(tg =17y 1) = LD DO b0 )

(
a1 —bf) ’
(fg—1)(fg—1) = )

(2.20) (1 —g/as)(1 —g/as)(1 —g/bs)(1 — g/bs)

(1 —cig/er)(1 —cig/ez) ’




6 HIDEHITO NAGAO AND YASUHIKO YAMADA

where e; is the same as in Proposition [21.

Proof. Under the constraint, eqs.(24])—(2:6]) admit a specialization fo = 0 and g; = ¢;.
Then we obtain the results where f = —f1/fo, 9 = —go/c1. O

The egs.(2.20) is the ¢-Painlevé equation of type Eél) [7, [16].
For N = 3 case, the ¢-Painlevé equation of type Egl) appears as a particular case for
the g-Garnier system with N = 3. In fact, we have

Proposition 2.7. For the case N = 3 with constraints dy = dy and ¢1 = cq, the q-Garnier
equation (2.4)—(2.8) admit the following reduction

(2.21)
ger | —a)(f —az)(f —aa)(f —b2)(f —b3)(f — by
{g+(f+01f>}{g+(f+m)}—( ) }E(f_aﬁ(f_bfg ) ),

(A —a/f) A =21 /f) _ 23w — as) (@1 — ag)(1 — as) (w1 — by) (21 — by) (21 — by)

(1— 2o/ )1 —zo/f)  a}(x2 — a2)(w2 — a3) (w2 — ay)(x2 — by) (w2 — bs)(x2 — by)’
where e; is the same as in Proposition [21] and x = x1,xo are solutions of the equation
g+ @+ 55)=0.

Proof. Under the constraint, eqs.(2.4) —(2.6) admit a specialization fy = f3 =0, go = €1
and go = ¢;. Then we obtain the results where f = —f1/fs, g = g1/c1. O

The eqs.(221]) for the variables f, g is a kind of the g-Painlevé equation of type E§1),
but the direction of the time evolution is different from the standard one [7, [16]. The
relation of them will be discussed in [13].

2.5. Correspondence of parameters and variables in §2, §4, §5. In this paper,
parameters a;, b; (i = 1,..., N+1), ¢;,d; (i = 1,2), m,n and variables f;, g; (i =0,..., N—
1), wo,w; are used in slightly different means in §2 §4 §5l Their relations are given as
follows:

(2.22)

a§2 - 1/&%4 = 1/&%5 (Z =1...,N+ 1)’ a%\?-ﬁ-l - l/aN-i-l’ a?\?-yl - 1/(qm+n)§5’

b2 =1/ =1/6F (i=1,....N+1), by, = 1/bN+1, b1 = 4,

4 5 4 N+1 b; 5
C% = (qm)§4’ C% = (qm)§5’ § = (g nHJ JE a; ) ) § = (cq" H] 1 aJ) )
di'=dP =1, d&'= (q””"“)%,2 4y = %,

B = () = (¥, T = (St = (Dt )5

= (Crunf) = (Sruof)? (=0, M), f' = §54=1
?§ (_b1d1d2w?')§44: (%Uﬁ?)% 5<i:O7"'7N)7 ,§§ f(] =1

=1 (@)% wi' =1 ()% wf =1- (@) o =1- (%)%,
gl- —(‘“’”gz) = (“*g)® (i=0,....N-1),

where v = ij:tl(—aj).

3. AUTONOMOUS CASE

In this section, we define a generalization of the QRT system [15] (see also [23]) for
hyperelliptic curves and discuss its relation to the ¢-Garnier system.
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3.1. Generalization of the QRT map for hyperelliptic curve. Let C' be a curve of
bidegree (N + 1,2) on P! x P! which passes through given 2N + 5 points Py, ..., Pynys.
The number of free parameters of the defining polynomial is 3(N +2) — (2N +5) = N 41,
hence the curves C' form an N dimensional family, generically of genus N.

The dynamical variables of the generalized QRT mapping is a set (a divisor) of N
points {Q1,...,Qn} on the curve C. Following Mumford [10] we represent it by a pair
of functions ®(z), ¥(x), where ®(z) is a polynomial of degree N and ¥(z) := }igi)) is a
rational function of degree N, such that @Q; = (z;, ¥(z;)), ®(x;) =0, (i =1,..., N). Note
that the normalization of ®(x) is irrelevant. A generalized QRT map is defined as follows:

(1) Fix N free parameters of the curve C' so that it passes the initial points @1, ..., Qn-.
We represent the resulting curve as Cy : o(x,y) := a(x)y?® + B(z)y + v(z) = 0.

(2) Take a subset of indices I C {1,...,2N + 5} with |[I| = N + 1 and determine the

rational function ¥(x) = ;g; uniquely by the condition that the curve y = ¥(x) passes

through the points P; = (zp,,yp,)(i € I) and @Qy,---,Qn. By deﬁnition wo(w, ¥U(x)) is
divisible by [],c;(z — zp,)®(2) and we can define an involution ¢l : (®,¥) — (@, ¥) by
the relation

(3.1) R(a)¢(e, U(x)) = [[(@ — 2r)®(2)D(2).

el

(3) Since the polynomial ¢(x,y) is of degree 2 in y, the other involution ¢, : (z,y) —

(x,7) can be defined simply as yy = VE % Namely we have 1, : (&, ¥) — (&, ¥) where

(3.2) U(2)V(z)a(z) = v(x), for ®(x) = 0.

(4) We have the generalized QRT map is defined by the iteration Ty := ¢, or T; ' 1=
tLe,. They are the commutativity 777y = T, T} since they are translations on the Jacobian
of the curve Cj.

3.2. Relation to the ¢-Garnier system. In order to apply the algorithm in previous
subsection to the ¢g-Garnier system (2.4)—(2.6]), we consider the case where the points
Py, ..., Pyyys are in the configuration (a;, 00)N*+t (b, 0)N) (00, )2, and (0,d)2,.
Here we included an additional point Py ¢ whose position is determined by the constraint
Hf\gl &= HZ 1 & Then the curve Gy : ¢(z,y) = 0 of bidegree (N +1,2) can be written
as

o(z,y) = Az )yQ—U( )y + crcoB(x) =0,

(33) Ux) :=v(dy +do) + Zux—ir (c1 + o)™

where A(z) .= [[X(x — a;), Bz) = [ (z — b), v := [[X}"(—a;). Note that the
lowest /highest terms of ¢(z,y) in = are given by ¢|,0 = v(y — d1)(y — d2) and @|n+1 =
(y —c1)(y — ¢2). The parameters (conserved quantities) uy, - - ,uy are determined by the
condition ¢(Q);) for the initial points: Q1,--- , Q.

To adjust the formulation given above to that in section 2 we take the index set I as

{Pli € I} = {(ai,00)X%, (b1,0)}, and put @(r) := F(z) and () := L) where
F(z):= N, fir" and G(x) := SN gia’. Then, the I-flip defined by eq.(31)) takes the

form

(3.4) (z —ay)(z — b)G(x)? = U(x)G(x) + c1c0A, (x) By () = F(x)F(z),
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where A;(z) := ;4_(—2 and By(z) := 2% This relation determines the polynomial F(z) by

z—b; "
(3.5) F(z)F(z) = c1cA(2)By(z), for G(z) =0,
(3.6) Infy = (9n—1 — c1)(gn—1 — 2), fofo = aibi(go — €1)(go — €2),
where e; := d;v/a;b;. On the other hand, the ¢,-flip (8.2) gives
(3.7) (z — ay)(z — b))G(2)G(x) = crc3A,(2)By(z), for F(z) = 0.

It is easy to see that

Proposition 3.1. The egs.[3.3)— ([3.7) correspond to the autonomous (q = 1) version of

the q-Garnier system (2.4)— (2.0).

4. THE PADE PROBLEM ON DIFFERENTIAL GRID

In this section, we will study certain Padé approximation problem and solve it explicitly.
As a result, we will obtain some special solutions of g-Garnier system in terms of g-Appell
Lauricella function.

4.1. Lax pairs and the ¢-Garnier equation. In this subsection, starting the Padé
approximation problem (4.3]), we will derive the three term relations (43]), (£.I6]) and
nonlinear difference relations (13)—(I5). We put

N+1

(ai%) oo
(4.1) U(x) = .
g (biZ) oo
Here and in what follows, we use the standard g-Pochhammer symbols defined as
9] ' Do
(4.2)  (2)e0 = H(l —q'2), (2)s:= (,E:qz) o (z1,20, 00 2k)s = (21)s(22)s - - - (28) s
i=0 o

Define polynomials P(x) and Q(z) of degree m and n € Zs by the following Padé
approximation condition:
P(x)
4.3 Y(x) =
(4.3) @ = 50
Here the common normalizations of the polynomials P(z),Q(z) are fixed as P(0) = 1
tentatively.

In this section, due to the change of parameters in eq (2.22]), the shift T' of the param-
eters are given by

(4.4) T:=T,T,.

+ O(l‘m+n+1).

Let us consider two linear three term relations: Lo(z) between y(x),y(qx),y(z) and
Ls(x) between y(x),7(x),y(z/q) satisfied by the functions y(x) = P(z) and y(x) =
Y(x)Q(z). The following Proposition shows that these equations can be regarded as
Ly and L3 equations for ¢-Garnier system.

Proposition 4.1. The linear three term relations Lo and Ls can be written as follows:

Ly(z) = (bi2)1G(g, 2)y(x) — Ai(2)y(qx) + (90)1 F'(f, ©)y(z) = 0,

W5 @) = (rgoh F(F 2/ a)u(e) + rlareh Glo, 2/ q)F(x) — B (w/)i(x/q) = 0.
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where

Az) = H(ajx)l, B(x) = H(bj:p)l, F(f,x) =1+ ijxj,

(4.6) = ” o1
A(x) B(z) ,
Ai(x) = ., Bi(x):= , Glg,z) = .
(0= G B = e Gl =30
Herer :=q~ ™D and fi, ..., fn, f1s- s o G0s - - - gN—1 are some constants depending

on parameters a;, b;, m,n but independent of x.

Proof. By the definition of the linear relations L, and L3, they can be written as

y(@) y(g) y(x)
(4.7) Ly(z) = | P(x) Plgzr)  Pl@) | =0,
Y(@)Qx) Y(gr)Qlgx) ¢ (2)Q(x)
y(@) y(@) y(a/q)
(4.8) Ly(x)=| P(x) Pl Plz/g) |=0
(@)Q(z) P(2)Q(z) P(z/q)Q(x/q)
P(x)

Setting y(x) :=

, define Casorati determinants Dq(z), Do(z) and D3(zx) by
P(x)Q()
(4.9)

Dy(z) := detly(z),y(qz)], Da(x) :=detly(x),y(z)], Ds(z):= detly(qr),y(z)].
Then, the linear relations L, and L3 take the following forms:

Ly(x) = Di(x)y(x) = Da(x)y(gz) + Ds(2)y(x) = 0,
Ls(z) = Di(z/q)y(x) + Ds(x/q)y(x) — Da(x)y(z/q) = 0.

The determinants (4.9) can be computed by the condition (43]) and the relations

w<q:c>_fo (biz)1  P(x)  (ba)

(4.10)

(4.11) wx) 1 (a;2); Y(x)  (az);’

The results are given as

(4.12)
o) S

P6) = g (PP ~ AP = o a5

Dafa) = 2 (b Pa)lor) ~ (ana) Pla) Q) } = “HD

Dafe) = S {0 An(0) Plan)@le) — B P(a)Qlan)} = 20 00 6.,

with some constant Cy, Cy. Substituting eqs.(4.12) into eq.(4I0), we obtain eq.(ZLH),
where the constants Cy, C; were fixed as Cy = (go)1, C1 = (rgo)1 by the condition that
eq.([@H) have a solution such as y(0) = P(0) =1. O

The following Proposition can be proved in the similar way as Proposition 2.1
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Proposition 4.2. The compatibility of Ly and Ls (4.5) gives the following conditions:

(4.13) Ay(2)Byi(z) — r(arz,bix)1G(g,2)G(g,7) =0 for F(f,x)=0,
(4.14) Ai(z)Bi(x) = (go, 7o F(f, @) F(f,x) =0 for G(g,z) =0,
(4.15) (90, 790)1 fn Fr = (qmlgzv—l + w> (blngl +s ] (—az‘)>,

i=2
where T (s := ¢, resp.) is one of the exponents of the linear equation L,(x) (4.16) at
x =0 (x = oo, resp.). These equations are regarded as the q-Garnier system (2.4)— (2.0).

We derive the three term relation L;(x) between y(qz), y(x), y(x/q) satisfied by the
functions y(z) = P(z) and y(z) = ¢(z)Q(x). The following Proposition can be given by
the similar proof as in Lemma 2.2

Proposition 4.3. The three term relation Li(x) can be written in the form
L) = rA@)E(f, ylan) + BCOF(f ()
(4.16) . F(f,z) .
~{rter han P DG + g AUT. D jola) =
where
(4.17) Vi(f, f.z) = Ai(2) Bi(2) — (90, 790)1 F(f, 2) F(f, ).

The equation Li(x) has the following properties: (i) it is a polynomial of degree 2N + 1
in x, (ii) the exponents are 1,7~ (at x = 0) and s,q—énﬁtl Z—’ (at © = o0), (iii) the
N points x with F(f,x) = 0 are the apparent singularities (i.e., the solutions are reqular

there) such that

ylgr) _ (0iz):G(x)
y(x) Ay(z)

Moreover, the coefficient of y(x) in equation Li(x) is uniquely characterized by these

(4.18)

properties once the coefficients of y(qx) and y(x/q) are given in the equation Ly (x) .
Proof. Similar to the proof of Lemma O

4.2. Special solutions. We derive the explicit forms (£.206)—(@.28) of variables { fi, ¢}
appearing in the Casorati determinants D; and Ds (4I2). They are interpreted as the
special solutions for g-Garnier system (4.I3])—(£I5]) due to the results of previous subsec-
tion.

Proposition 4.4. For any given function ¥(x) = >~ pra”, (pi = 0,7 < 0), the polyno-
mials P(z) and Q(x) of degree m and n for the approzimation condition {{.3) are given
by

(4.19) P(z) = smrar’ Q@)=Y s(me1immi(—1),
1=0 1=0



STUDY OF ¢-GARNIER SYSTEM BY PADE METHOD 11

where m™ = (m,m,...,m) and s, is the Schur function defined by the Jacobi Trudi
—— —

formula

(4.20) SO = det(Pa—ivg)i o

For the proof, see section 2 of [25].

Lemma 4.5. The polynomials P(x) and Q(x) in proposition[{.4] can be expressed in terms

of a single determinant as
(4.21) P(x) = 2"ty [y amipe - Q@) = (=2)" (1)) lpispi—a1pi
Proof. Direct computation of the right hand side of eqs.(£.21]). O

Note that the normalization of the polynomials in eqs.(£19),[@21]) are different from
the convention P(0) = 1. However, this difference does not affect the results in the
following Proposition 4.7] since the common normalization factors of P(z) and Q(x) are

cancels in eqs. (£.29) — (£31).

Then, we apply the general results described above to the function (z) in eq.(d.Tl)
which can be written as
oo N+1

(4.22) U(r) =Y prat “P<§:§:;liz )

We note that this kind of expression (£22) has already appeared in [24].
By definition (41), it is easy to see the properties for py as follows:

1
_1(pi) =Di— gaspz;la Ty, (pi) = pi — bspi1,
(4.23) i |
aS pl Z al pz J (pl) = Z(bs/qypifja

j=0
fors=1,...,N+1.

Proposition 4.6. The polynomials P(x) and Q(x) have the following special values:

(L) = (&) Bt 0(2)= (- 2 T

aS as S

q q\™___ 1 1\n
P(b_> = (b_> Tbsl(Tm,n+1)7 Q(b_) = <— b_) Ty (Tmt1,n),
fors=1,...,N+ 1. Where 7,,, is defined as

(4.24)

(4.25) T = S(mny = det(Pm—irj)i j=1-
Proof. Follows from (4.23]) and the formula (£21]). O

Proposition 4.7. The polynomials F(f,z) and G(g,x) are determined as follows:

F(fu%) . qn ma’Z B(a%)Tal(Tmn-l—l)T I(Tm—l—ln)
F(f, %) b A( ) (Tm n+1>Tb (Tmt1,n)
1 n& Bl(g%) Tai (?m,n-l—l)T:l(Tm—i—l,n)
T,

4.27 G(g,—) =— —
(4.27) (9 ai) 1 ar (bi/a1)1 To, (Tomns1) Ty (Tt 1,n)

(4.26)

(i,j=1,...,N+1),

(i=2,...,N+1).
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1 1 _
1429)  Glo.g) = —gp o e b o)
v by \Tmn+1)Lb:\Tm+1,n
Proof. From the first equation of (£I2]), we have
F(f, ) a;\m 1 B(o) P(5)Q(E)
F(f,.2)~ ‘<b7> A P(E)QE)
From the second and third equations of (A12]), we have
ai)m+n+1 (fl/(ai)) F(%)g(%)
/ah P()Q()

al

(i=2,...,N+1),

(4.29)

(i,j=1,...,N+1).

(4.30) G(g,a%):—( (i=2,....N+1)

@
(4.31) Glg, 1) = _(@)’M"H Aily) PGIRG)

b b (a1/bi) P(%)Q(%)
Substituting the special values (£.24) into the expressions (4.29)—(L31]) respectively, we
obtain eqgs.(4.20) — (£.28)). O

We remark that the function p, can be written in terms of the ¢-Appell Lauricella
function pp [2] as follows:

(i=2,...,N+1)

Proposition 4.8. The function pyx can be explicitly written as

o)
N+1\ byi1 & ( _r an 7k+1bN+1' by by )
)

(4.32)  pp= D p(a™

’b 7"'76_3 ) PRI
1 N aN+1 ANl aN+1

(Oé)|m|<61)m1 s (/BN)mN m m
4.33 By BNy Y 2y = g Looozyy,
el P ) = Dl @Dmy - (D N

where |m| :=my + ...+ my.

Proof. By the definition of ¢ (x) (4J]) and the g-binomial theorem, we have

@sh  ww=3 (o (),

o bNiJlrlxm1+ +mN+1_

Note that for k£ > my. 1, we have

aAN+1 a —k
(bN+1 >mN+1 . (bl]\\:; > k<q )kimN‘H ( bN-H )k_mN“
(@ mnir (@) <qfk+1bN_+1 '

AN+1 ) kme-l»l
Substituting eq.([d.358]) with k = |m| 4+ muy41 into eq.(d34)), we obtain eq.(@32)). O

In [I8], a hypergeometric solution of the g-Garnier system is given in terms of the
g-Appell Lauricella function ¢p (£33)). Our result corresponds to its determinantal gen-
eralization in terminating case. For the differential Garnier system, a more general deter-
minant formula applicable also to the transcendental solutions is derived by applying the
(Hermite-)Padé approximation [8, [9].

(4.35)

anN+1
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5. THE PADE PROBLEM ON Q-GRID

In this section, we will study certain Padé interpolation problem and solve it explic-
itly. As a result, we will obtain some special solutions in terms of the generalized g¢-
hypergeometric function.

5.1. Lax pairs and the ¢-Garnier system. In this subsection, starting the Padé in-
terpolation problem (5.2), we will derive the three term relations (5.3)), (5.10) and the
nonlinear difference relations (B.7)— (5.9).

For complex parameters ai,...,ay,b1,...,bn,c € C*, we put
N
(aﬂ?, bi)oo
5.1 =%t | [ ===
(5.1) () = [ ] (a1, b

i=1

Define polynomials P(z) and Q(x) of degree m and n € Zs( by the following Padé
approximation condition:

P(z)
Q(zs)

The common normalizations of the polynomials P(x),Q(x) are fixed as P(0) = 1 tenta-
tively. In this subsection, the shift 7" is given as (4.4]).

(5.2) U(xs) =

(zs=¢°,s=0,1,...m+n)

Proposition 5.1. Fory(x) = P(x) andy(x) = ¢(x)Q(x), we have the following relations:
(5.3)
Ly(x) = (bi2)1G (g, )y (x) — (2/q" " )1 A1 (2)y(qx) + (90)1 F'(f, 2)F(x) =0,

Ls(x) = (go/n F(f,x/q)y(x) + %(alx)lG(gw/Q)?(x) — (@) Bi(x/q)y(x/q) = 0,

where

Ax) = [](g;2)1, B(x) =][ban. F(f.x):=1+ Z i,

(5.4) = ~ N1
Alx) B(z) -
A = B = G = a7
1(33‘) (alx)lu 1(33‘) (blx)I’ (g,ﬂf) ;g]x )
and fo, ... fn, Fisee s FnGos -5 gn—1 are some constants depending on parameters as,

bi, ¢, m, n but independent of x.

Proof. By the definition of the linear relations L, and Ls, they can be written as (4.1).
Define Casorati determinants D;(x), Do(x) and Ds(z) by (£9]). Then, the linear relations
Ly and Lj can take the forms ({I0). The determinants (4.9) can be computed by the
condition (5.2) and the relations

¢(gr)  B(z)  o(x)  (ay,biz)
(0

(5.5) U(z) - CA(;I;) ’ (x) n (aqz, bl)li
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The results are given as

Di(a) = 45 6B P(0)Qlae) ~ Ale) Plaa) Qo))

(x

. (@) ymin-1 i
= COA(ZL‘) HZ:—E (SL’/(] )1F<f7 .T),

D) = - (e, b P@R() — () Pl)QL) )
>0 _ O [T (/')

aix, bl)l

{(% bi2)1A1(2) P(q2)Q() — c(by)1B(2) P(2)Q(qx) }

C1y fE)HZTSn_l(fE/Qi)l . .
= A(l’)(bl)l (bl )1G(g7 )7

with some constant Cy, C;. Substituting egs. (5.6)) into eq.(d.I0), we obtain eq.(5.3]), where
the constants Cy, C were fixed as Cy = (go)1, C1 = (go/c)1 by the condition that eq.(5.3)
have a solution such as y(0) = P(0) = 1. O

)

Proposition 5.2. The compatibility of Ly and L3 (5.3) gives the following conditions:

(5.7) (qz, qm+n) 1A1(z)By(z) — %(alx,blx)lG(g,x)G(g, x)=0 for F(f z)=0,

(5.8) <qx,qin>1A1<:c>Bl<> (90, “nF(f.a)F(Foa) =0 for Glg.x) =0,

(5.9) (g0, 2 ) Infy = <q%191v—1 - %) (blgN—l - w»

where ¢ (g™, resp.) is one of the exponents of the linear equation Li(z) at x =0 (x = o0
resp.). These equations are regarded as the q-Garnier system (2.4))— (2.4).
Proof. Similar to the proof of Proposition 2.1l [J

The following Proposition shows that the equation has the properties as L;(x) equation
for ¢-Garnier system.

Proposition 5.3. The three term relation Li(x) between y(qx), y(z), y(x/q) satisfied by
the functions y(x) = P(x) and y(x) = ¥(x)Q(x) can be written in the form

. L1(e) = (AP Dylaz) + (hBC)P (S, 0)y(5)
' 1 x F(f,x) —x B
~{ Sl bon PO D6.2) + G RIAT. D jote) =
where
(G11) Vil T = b A @)B) ~ (g0, ThE(F ) F ()

The equation Li(x) has the following properties: (i) it is a polynomial of degree 2N + 1
in x, (ii) the exponents are 1,¢ (at x = 0) and ¢™, cq" Hf\il b (ot © = 00), (iii) the N
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points x with F(f,x) = 0 are the apparent singularities (i.e., the solutions are reqular
there) such that

y(gz) (b12),G(x)
5.12 = .
12 v@) A,
Moreover, the coefficient of y(x) in equation Li(x) is uniquely characterized by these

properties once the coefficients of y(qx) and y(z/q) are given in the equation Li(x).

Proof. Similar to the proof of Lemma OJ

5.2. Special solutions. We derive the explicit forms (£.20)—(5.22)) of variables {f;, g;}
appearing in the Casorati determinants Dy and Dj3 (5.6). They are interpreted as the
special solutions for ¢-Garnier system (B.7])—(5.9)).

Proposition 5.4. [5] For a given sequence 15, the polynomials P(z) and Q(x) of degree
m and n for an interpolation problem

(5.13) s = P(xs)/Q(xs) (s=0,1,...,m+n)

are given by the following determinant expressions:

m-n i an m+n o n—1
(5.14)  P(z) = F(x)det [ ; Ug :fi xj e Q(z) = det [ ; uszt (z — x) im0

where ug == 1,/ F'(z,) and F(z) = [[["F"(x — ;).

1=0

Lemma 5.5. In the q-grid case of problem (5.13) (i.e., x5 = ¢°), the formulae (5.14)
take the following form:

F(x T () s D
P = g den [ Y R )
<q>m+n —0 (Q)s r—q 1,7=0
(515) 1 Tf’H-n (qf(ern)) n_1
Q(r) = —— det ot IS sliFiA ) (g .
( ) (q)m-i-n [g (Q)s ( )] 4,7=0

Proof. In the derivation of (5.15), we have used the relations

(5.16) F'(x,) =(@)s(@min/a* (@ ™).
Substituting the value of F’(x,) (B.16]) into the formulae (5.14]), one obtains the determi-
nant formulae (5.15]). O

The normalization of the polynomials in eqgs.(5.14), (5.15) are different from the con-
vention P(0) = 1 in section [(.1] and As before, this difference does not affect the
results in the following Proposition (.7

Proposition 5.6. The polynomials P(z) and Q(z) defined in section[5.1 have the follow-
ing special values:

B (@s)mtnt1 _ q"(as/Q)V -
s T et e S gy e )
. P(q/bs) _ qm(bs/Q)ernJrl T_l(Tmn) Q(]-/bs) _ ﬂTb (Tm-i-l n—l)
b (bs /)T (@, b @)y, T
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fors=1,...,N. Here 7, is defined as

*(mJF”) L n
(5.18) T := det [NmoN (bl’ cor g ,cqzﬂﬂ)] o
A1y...,0N 4,j=0

and the q-HGF' (the q-hypergeometric functions [2]) is defined by

ag, ..., Qg L - (al,...,ak)s s (s) I+i-k s
o1 o ( B, B ,SC> B sz:% (B, -5 Bi @) [< A } v

ey

with (3) := s(s—1)/2.

Proof. Follows from the formula (5.15) and the sequence ¥; = ¢* H (bi)a

i=1 (a,)s

Proposition 5.7. The polynomials F(f,x) and G(g,x) are determined as follows:
F(fvl/a’l) - Taz(Tmn)T 1(Tm-i-ln 1)

O ) T By ey )
1, (?m,n)Tzl(Tm 1,n—1) o
(5.21) G(g,1/a;) = nmmMZ#G;QPQ (i=2,...,N),
szl(Tm,n)Tbi (Tm+1n-1) .
(522> G(Qv 1/bl) = Tb:1<?m,n>Tb1 (Tm+1,n71> (Z - 27 9 N)7
where
o oo O ) 0/} B0
. @il A
. Bzc(blaaz‘qurn) 1(ai/q)t Bi1(1/a;) Y= (a1)1(b:)7A:(1/b;)
arg™(b/ar)i(a)7t big™(ar/b1)1(bi/ )}

Proof. Taking the ratio Dy(1/a;)/D1(1/b;) (56), we have

F(foa) "7 /e B(1/a) P(1/a)Qla/ar) .
620 Fray~ ¢ W G, am) Pames,) @77 N

Taking the ratio D3(1/a;)/D2(1/a1) (56]), we have

c(b1)1B1(1/a;) Hm+n(1/‘11Q) (1/“2‘)9(‘1/“1‘) (t=2,...,N)
(a1, b1/a1): Hm+n 1(]-/0/1 )1 P(1/a1)Q(1/aq) o

Taking the ratio D3(1/a;)/D2(1/ay) (56]), we have

Hmm(l/blq ) (al)lAl(l/bi> P(Q/bi)@<1/bz’> (z —9
105 (1/big*)y (a1 /br, b P(1/01)Q(1/by)

(5.25) G(g,a:) = -

(5.26)  G(g,b;) = — . N).

Substituting the special values (5.17) into the expressions (5.24])—(5.26) respectively, we

obtain the values (0.20)—(522). O

In [22], some special solution of the higher order ¢g-Painlevé system is given in terms
of the g-hypergeometric function y.1¢ny. Our results suggest the relation between the
system in [22] and ¢-Garnier system. In fact, it turns out that these two are equivalent

as will be shown in [I3].
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