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Abstract A tempered Hermite process modifies the power law kernel éntithe domain
representation of a Hermite process by multiplying an egptial tempering factoA > 0
such that the process is well defined for Hurst param@ter % A tempered Hermite process
is the weak convergence limit of a certain discrete chaosga®

Keywords Discrete chaos, limit theorem, Wiener-It6 integral, Feutiansform
2010 MSC 60F17, 60G23, 60G20

1 Introduction

The Hermite processes of order= 1,2,... are defined as multiple Wiener—It6

integrals
/w/( (s —yi)¥ )dsB(dyl)---B(dyk), 1)
1—

whered = 3 — 122 € (3 — L 1)andi < H < 1 (the prime’ on the integral
sign shows that one does not integrate on the diaganads =, i # j). They are
self-similar processes with stationary increments (8g24]).

In this paper, we introduce a new class of stochastic presessich we call tem-
pered Hermite processes. Tempered Hermite processesyntioglikernel ofZ% by
multiplying an exponential tempering factdr> 0 such that they are well defined for
Hurst parameteH > % Tempered Hermite processes are not self-similar prosgsse
but they have a scaling property, involving both the timdesead the tempering pa-
rameter. The scaling property enable us to show that thedesdpgHermite processes
are the weak convergence limits of certain discrete chamsegses.
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The paper is organized as follows. In Secti®nwe define tempered Hermite
processes and derive some their basic properties. In 8&;time present our main
result on the weak convergence to tempered Hermite prozesse

2 Tempered Hermite process

Let B = {B(t),t € R} be a real-valued Brownian motion on the real line, a process
with stationary independent increments such tBét) has a Gaussian distribution
with mean zero and varian¢g for all ¢ € R. Then the Wiener—Itd integrals

I(f) = . f(z1,...,2x)B(dz1) ... B(dzy)

are defined for all functiong € L2(R¥). The prime’ on the integral sign shows
that one does not integrate on the diagonals= z;, i # j. See, for example 1P,
Chapter 4].

Definition 1. Let H > % and\ > 0. The process

ZHA /Rk/ H s — i)t d 1o=A(s—yi)+ )dSB(dy1)...B(dyk), @)

where(z) = zI(z > 0) andd = 1 — =5 € (
Hermite process of order k.

The next lemma shows cht‘,g ), given by @), is well defined for any > 0.
Lemma 1. The function

1 .
55 00), is called a tempered

NIEg

h (yla'-'7yk / H S_yz d 1 _)‘(S yl)+ dS (3)

is well defined inC?(R*) for any # > 1 and > 0.
Proof. To show thati;(y1, . . .,yx) is in L2(RF), we write

/ he(yr, .- ye)* dyy . .. dyy

L Tt et
Rk

e—)x(sz—yi)+ dsy d52‘| dy1 R dyk

% 67>\(S2*yi)+ dyl e dyk]



Tempered Hermite process 329

—2/ ds/ du [/ de 187)\“}1 (w; —i—u)d le—Mwitu) dwl...dwk]
Rk

+ =1
8—81,U—82—817wz—81—yz)

k
2/ ds e My [/ wd_l(w + u)d_le_z)‘w dw}
0 0 Ry

t t—s k
/ S —)\uk k(2d 1) du |:/ (Ed_l(l' + 1)d—le—2)\uw d(E:|
0 R,

t t—s r d 1 di% k
2/0 ds 7)\uk k(?d 1) du % (m) e)\uK%_d(Au):|
I

[ﬁm)d%] / ds/ w25y y()]

(t—s) .
:2[%] Lo [ o @

where we applied the standard integral formul3 [p. 344]

< vty L (BN e B
/0 e ) 1e”dx—ﬁ(u> e F(V)Kél,<2) (5)

for |arg 5] < w, Reu > 0, Rev > 0. Here K, (z) is the modified Bessel function of
the second kind (sed,[Chapter 9]). Next, we need to show that

t A(t—s) L &
/ ds/ [zd_EKlfd(z)} dz
0 0 2

is finite ford > 5 — 5 (equlvalently, forH > ) First, supposé —5p <d< 3
(or3 < H< 1) Slncek (2) < z7v2*- (v )forz > 0 (Theorem 3. 1 mll]) we

have
t A(t—s) . &
/ds/ [zd_EKlfd(z)] dz
0 0

A(t— s)
o] fuf e

B [\2d-19- (3 +d)p( d)]F A ohd— i 3
T k@I D+ D)kRI—1) +2) : (6)

I
O
QU

h

Ec\

2

which is finite, and, consequently, from)@nd @) we get

D(d)I(3-d)k
27 \/F2§d ] 2kd—k+2
(k(2d—1)+1)(k(2d—1)+2)

/ ht(ylavyk)Qdyldyk<
Rk

for 1 — &= < d < 1. Next, supposé > 1 (equivalently > 1). In this case,
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/,ds/dﬁ ! TIEG (= dz_-/,ds/ﬂﬁ Ytk K, 1(2)]" dz
/(m/duSWTF- (d—%)]dz< i ”gd_%HZ% 7)

where we applied the fact thd,(z) = K_,(z) andk,(z) < 27v2*"'I"(v) for
z > 0. Hence, from4) and (7) it follows that

rdrd-1H1*
O]

ford > . Finally, letd = 1 (equivalently,H = 1). Consider
A(t—s) K n k A(t—s) K
/ (Ko(2))" dz = / (Ko(2))" dz —i—/ (Ko(2))" dz
0 0 n

= Il + IQ. (8)
SinceKy(z) ~ —log(z) asz — 0 (see [, Eqg. 9.6.8], we have

I = /0”<K0(z) log(z)>kdz <(1+e)k /On(—log(z))k dz

log(z)

/ ht(yl,...,yk)zdyl...dyk < [
Rk

+o0 +oo
=(1+¢eP whe ™ dz < (14 €)* / whe " dz
— log(n) 0

(
=(1+err(k+1). (9)

Now, we find an upper bound fds. It can be shown th >eV Tfor0 <z <

y and an arbitrary real number(see fl]). Therefore,

A(t—s) A(t—s)
I, = / (Ko(z))k dz < / (Ko(n)e”_z)k dz [Ko(n)e"}k(/\(t —8)— 77).
(10)

u()

From @8), (9), and (L0) we can see that

A(t—s)
/0 (Ko(z))k dz < (1+e)*r(k+1)+ [Ko(n)e"]k()\(t —s)—n)
and hence

A(t—s) 2
[ [ IR ] s < (@ 0t r e )+ olnen) (S <)

(11)
for e > 0, and this shows that

/ ht(ylu"'uyk)Qdyl...dyk
Rk

2 {%Ti%} ' [((1 +e)" I(k+1))t+ [Ko(n)e"]k </\Tt2 - nt)]

ford = % (H = 1), which completes the proof. O
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The next result shows that although a tempered Hermite psoisenot a self-
similar process, it does have a nice scaling property. Hergymbol# indicates the
equivalence of finite-dimensional distributions.

Proposition 1. The processZ’;M given by(2) has stationary increments such that

{ZI;I,)\(Ct)}teRé{CHZI;I,C)\(t)}teR (12)
for any scale factor > 0.

Proof. SinceB(dy) has the control measure(dy) = o2 dy, the random measure
B(cdy) has the control measueé’2s2 dy. Givent;, j = 1,...,n, by the change of
variabless = c¢s’ andy; = cy; fori =1..., kwe have

k H
Zl A (cty) / / (H (s—yo) 2T F) -“S-W) ds B(dy) ... B(dyx)
RE i=1
ty [k RS
/k/ <H cyl) (3+557) -A(es’ Cy%”)cals B(cdy}) ... B(cdyy)
R i=1

o f e

_CHZH c)\ )

“¥)+) ds' B(dy}) ... B(dy})

so that (2) holds. Suppose now thaj < ¢; and change the variables= 2’ + s;,
y; =s;+y. (forj =1,...,n)toget

(Zlki,)\(tj) - Zlki,)\(sj))
k

tj (1 1-H
:/ / <H($—yi)+(é+l’“ )e_’\(w_yi”) dx B(dy1) ... B(dyx)

Rk S5 .

ti—s; [k (l 1-H)
/ / H (¢ + 55 — i) chl e M si—vis ) do! B(dyy) . .. B(dyk)
R¥ i=1

—s; [ k
tj—s; +1= H) _)\( 3
IT =), v+ | da’ B(dy}) ... B(dy})

R¥ i=1

= ZH,A( J 5.7')7
which shows that a tempered Hermite process of okdeas stationary increments.
O
As a consequence of Lemnand Propositiori, we get the following:
Proposition 2. The stochastic processy; , (¢) has a continuous version.
Proof. According to the proof of Lemma,
2 alt—s?? 1 <H<1,
E|Z¥ -7 < 2 13
| H)\ HA( )‘ _{02|t—s|2 H>1, (13)
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wherec; andc, are some constants. Kolmogorov’s continuity criterioestahat a
stochastic process (¢) has a continuous version if there exist some positive catsta
p, B, andc such that

E|X () — X(s) |p<c|t—s|1+6. (14)

Apply (14) for tempered Hermite proceﬂ t) by takingp = 1, 8 = min{l1,

2H — 1}, andc = min{cy, c2 } to get the deswed result. O
We next compute the covariance funcUonZﬁ ). Unlike Hermite processes,

the covariance function of a tempered Hermite processfsrdrﬁtfor different > 1.
Proposition 3. The process, 7. given by(2) has the covariance function

R(fas):2[$r/ot/os[|u—v|d_%K§_d(/\|u—v|)]kdvdu

for A > 0 andd > 5= o (equlvalently,H > 2)

Proof. By applymg the Fubini theorem and the isometry of multiplekér—Itd in-
tegrals we have

reo =2 f ([ [ Tle-wt -t

x e MUY+ o= A=Y+ gy, du) dyy ... dyk

_2///11@[ Tl 0t (0 - )=

x e MU=t o= A=Y gy dyk] dv du

t ps k
= 2/ / /R(u - y)i‘l(v - y)‘_iflef)‘(“ﬂ“’)*eiA(vfy)+ dy} dv du
0

S k
t s min(u,v)
= 2/ / / (u—y)? (v —y)? e MU=V = Av=Y) dy] dv du
0

0 —00

k

t S i —+o0
= 2/ / / w (Ju = v| + w)dfle”we”““*”'*w) dw] dv du
0
_2/ / M=l |y, g [E(2d-1)

g U G (g 4 1)~ G
0

k
d:c] dv du
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_2// —Afu=o] |y, _ v|k2d 1)
_ k

d
1 UuU—v

_9 {%} ' /Ot /Os[m — o' Ky (Mu = of)]* dvdu

foranyH > % and\ > 0, and hence we get the desired result. O

Let§1 and§2 be independent Gaussian random measures@qi(tbﬁ) = El(—A),
Ba(A) = —By(—A), andE[(B;(A))?] = m(A)/2, wherem(dz) = o2 dx, and de-
fine the complex-valued Gaussian random measuse By + i Bs.

Proposition 4. Let H > % and\ > 0. The procesi,’fm given by(2) has the spectral
domain representation

eit(w1+-~-+wk) —1
Zy ) =0C / ,
H’k( ) Hk RF z(wl—i----—i-wk)

k
H A+ idw;)” (3= liH)E(dwl)...E(dwk), (15)

~ 1-H
whereB(-) is a complex-valued Gaussian random measure (@ag = (%)k

is a constant depending dii andk. The double primé& on the integral indicates that
one does not integrate on the diagonals= w;, i # j.

Proof. We first observe that
ht(yla"'ayk):/ H 5_y7 -1 —>\(s UJ)+ dS (16)

has the Fourier transform

h:(wl,...,wk)

1 ) t k
= (271—)% /l;k 6125:1(—#%/ H 5—1]] i 167)\(5 y])+dsdy1dyk

%/l;k/ ZZJ 1 wj(s— “J)H >‘(uj)+ dsdu1 duk
k

) [ e Tl e au, .
2 Rk

j=1

B ()kztw1+ +wk)_1ﬁ)\+
V2r | i(wr o+ wp) | iwy)”

7j=1
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- 1‘T>]ken<w1+---+wk .
V2or (w4 -+ wk)

using the well-known formula for the characteristic funatiof the gamma density.
Then @), together with Proposition 9.3.1 i2]], implies that

k 1—H
H/\—i-zwj (2—7% ),

/

Ziga® = [ Wt n)Bld) ... Bld)

1"

é/k;?t(wl,...,wk)é(dwl)...E(dwk)
R

eit(wit o twr) _ k L_1-H) 5 ~
=C A +iw;) "2 % )B(d . B(d
o /]Rk i(wr + -+ wi) 71;[1( i) (dhon)... Bldio),

which is equivalent toX5). O

3 Limit theorem

In this section, we show that the proceg$ , (¢) is the weak convergence limit of
a certain discrete chaos process. Our approach followsethéal work of Bai and
Taqqu B]. Whenk = 1 and) > 0, the discrete procesg™*(n), (18), is a time
series that is useful to model turbulen@®,24]. Whenk = 1 and\ = 0, Davydov
[7] (see also Giraitis et al1R, p. 276] and Whitt 27, Theorem 4.6.1]) established
the corresponding invariance principle f6r-* (n), where the limit involves a frac-
tional Brownian motion. Whe > 1 and\ = 0, Tagqu R6] showed that the weak
convergence limit ok’ **(n) is the Hermite procesd).

The following proposition gives a powerful tool for provirige result of this
section.

Proposition 5. Let
Qulgn) = D> gn( - dr)es € 17)

for N =1,2,..., wheregy € L?(ZF) for k > 1, and{e, } is an i.i.d. sequence with
mean zero and variance 1. Assume that, for sgraeL?(R*),

/ ’gN(ul,...,uk)—f(ul,...,uk)’2du1...duk—>0, asN — oo,
]Rk

where

QN(ul,...,uk)::N%gN([ulN]—i-cl,...,[ukN]+ck), (cl,...,ck)EZk.

Then
Qnlgn) fﬂ'/ Fur, ..., up)B(duy) ... B(duy)
]Rk

asN — oo.
Proof. See Proposition 4.1 ir8] and also Corollary 4.7.1 inp)]. O
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Define the discrete chaos process

’

YA’]C(TL) = Z CA(Z.l, ig, ey ik)gn—il ce e Em—igy (18)

(il,i2,...,ik)€Zk

where the primé indicates exclusion of the diagonals = i,, p # ¢, {e»} is as

before, and
k

CA(il,ig,...,ik) = H(ij)ifle_)‘(ijﬁr (19)

j=1
ford € (3 — 57, 00) andA > 0. Now, consider

[Nt]
ZY““ . 0<t<1.

Theorem 1. LetY**(n) be the discrete chaos process giver(b§). Then

SR (1) = Zh,(0), (20)

where= means weak convergence in the Skorokhod spy@el | with uniform met-
ric, Zl’fm(t) is the tempered Hermite process(#), andH = 1 + kd — %

Remark 1. The Lamperti’s theoremlp states that if

[Nt]

T 2 4 20

andd(N) — oo asN — oo, where{Y}} is stationary, thed Z(t)};>o is self-
similar with stationary incrementéﬂ' means the convergence of finite-dimensional

A
distributions). In our case, since the stationary procegsg” } depend onV through
the parameteA, the limit process{Z’;L/\(t)}tZO need not be a self-similar process.
Therefore, the result of Theorehdoes not contradict the Lamperti theorem.

Proof of Theorem 1. First, we show that

N [Nt
NH ZZ\\; NH ZYA”

A
= E H E CNTL—Zl,..., k)gu---gik

where

(n—i1,...,n—ig),

S
2

i M 2
zly
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andQy(-) is defined by {7). In order to showZ1), we just need to check that

||th,N(y1, ceoyk) — he(yr, - ,yk)Hm(Rk) =0 (22)
asN — oo, where

hen (W1, uk) == N3 by v ((Nya] + 1, [Nyg] + 1)
E [Nt

Nz
:WZC%(TL—[N?JI]—L...,’R—[Nyk]_1)7
n=1

andh(y1, - . -, yx) is given by @). Write

~ Ng [Nt] R
ht,N(y17...,yk):WZCW(TL—[Nyl]—l,...,n—[Nyk]_l)
[Nt] &k
7A n—[Ny;]—1
N1+kd kZHn—Nyl—l) & (n—[Nyi]-1)4
n=1i=1
[Nt] &k
:_ZHCF V3 _1> A=t
n=1:=1 +

—1
+

Letd = 1. In this case,

d—1

([NS] _ [Ny]) e—A(WH — e_)‘(MN[Ny])+ < e MW

N <
+

forall N > 1, and hence

k

Ns]—[N
He )\([ ] yil +

i=1

)\kH —A(s—yi)+

::gl(s—yl,...,s—yk).

Next, considef) < d < 1. Since[Ns] — [Ny] > Ns — Ny — 1, we get

(7[NS]]‘V[Ny])d_1 < (7NS‘Ny‘1)d_l <(s—y- i

+ N +
forall N > 1, and hence
k d—1 k
[Ns] — [Ny Ca(esIvugy 41, Ms—yi-1
LT B AL 71_1 S—Yi )
H( ) e ICEEE

=:g2(s —Y1,---,8 — Yk)-
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Finally, suppose that > 1. Since[Ns] — [Ny] < Ns — Ny + 1, we get

([NS]]:][NQ])j_l - (Ns —]J\\77y+1>i_1 < (s—y+1)!

forall N > 1, and hence

ﬁ([Ns] ]—V[Nyi])d ERVCEELTI,

i=1 +

k

< H(S — i+ 1)1—16*)\(5*%71%
=1

=:g3(s —Y1,.-.,8 — Yk)-

By the similar argument of Lemmg we can verify that

’ ¢ 2
/ </ gi(s—yl,...,s—yk)ds> dyi, ..., dyy < o0
r* \ Jo

for i = 1,2,3. On the other hand, sinc€*(iy,...,i;) is continuous a.e.,
oAVl INSIZINVue]) converges ae. 62 (s— i, - ., 5—y1) @SN — oo.
Now apply the dominated convergence theorem to get theedbssult 22).

In order to show the tightness, we need to verify that

E|N-H(SY (t) = ST ()7 < C|Fult) - Fu(s)[*, 0<s<t<1, (23)

wherey > 0 anda > % (here{F,},>1 is a sequence of nondecreasing continuous
functions on[0, 1] that are uniformly bounded and satisfy

lim lim sup ws(F},) = 0,
=0 p—oo

wherews(F) := supj,_g <5 |[F'(t) — F(s)| for § > 0). See Lemma 4.4.1 irlP] for
more details. Observe that

[Nt] ! [Nt]

A
]I\\; E YN = E E ON TL—Zl,..., Zk)ail---sik

(i1,yik ) EZ =1
4 [Nt] &k

= Z ZH n_ZJ 8 N(" ZJ)+E . Eiy

(31, ,lk)EZ" 1j=1

1 el & n—i;\“*
_ N .
— Z de k+1 [N H< .7) eﬁ(ﬂlj)+‘| €iy - --Eiy

(21500098 )EZ n=1j=1
! k .o\ d—1
= ) Nk /tH<[Ny]+1—Zj>
0 - N +

(31 4evesik )EZ j=1
2 i
X e N([Ny]Jrl i)+ dy] Eiy -+ -Eiy,
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k
=N Z l/t H [Ny] + )d L= ((INyl+1—ij)+ dy] Eiy - Eip-

(i1,-yik ) EZ

Therefore, we get

E|[N~7 (S8 () - SR (5))]

_ N272H
! t—s k 2
x E Z [/ H([Ny] +1-— z'j)fle*%([Ny]Hfin dy] €iy - --Eiy
(415000908 )EZL 0 Jj=1
’ s k 2
< RINZH N [ / [Ty +1 =)L e w (NuRI=i) dy]
(iryevir)ez 70 j=1
— RIN2-2H+k

! t—s k 2
X /Rk l/ H [Ny] + ij])d Lo ((Nyl+1-[Nzj])+ dy‘| dey ... d.
0

Now, we consider two different cases corresponding withidinge ofd. First, assume
that; — & <d <1 (_equivalently,% < H <1+ £):Since[Ny] — [Nz;] +1 >
Ny — Nz;, we can write

E|N=H (5§ () - SX (5))]

< k!N272H+k

’ t—s k 2
X / [/ H ([Ny] + ij]) L= R ((Nyl+1-[Na;))+ dy‘| dxy ... dwy,
rr | Jo

2

’ k

t—s
S k!N272H+2kd7k/ /
R¥ 0 JI;[1
! t—s k
— k! / /
Rk [ 0 H

j=1

2
(y — xj)i_lefA(yij” dy] dzy ... dxyg

2
(y — ;) te M=)+ dy] dxy ... dxg.

Now, letd > 1. SinceNy — Nz; < [Ny] — [Nz;] +1 < Ny — Nz; + N, we have

N2 (S5 (1) - S ()
< k!N272H+k

! t—s k 2
X / l H ([Ny] + ij]) L= R ((Nyl+1-[Na;))+ dy‘| dxy ... dwy,
Rk

<o [ o

. 2
—zj+ 1)‘_1‘__1@*“7479”7')+ dy] dxq ...dzy
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! t—s k 2
=k! /k [/ H(y —x; + l)dfle*A(y*xj+1)e)‘1{y>wj} dy] dzy ...dzy
rE | Joo 5

k
_ oy / [ / I~

! 2
”‘kk'/ [/ H —ZJ e~ My—zi)+ dy] dz1...dz.

Therefore,

2
d 1 —)\(U_Zj)l{y>zj+l} dy} dzy...dz

E|N=H (3 (1) - S¥ ()

! t—s k ?
< ek /Rk [/O [Tw—z)f e v dy] dzy ... dzy

j=1
foranyd > 1 — J- (equivalently,H > 1). According to the proof of Lemma,

k

! t—s
2)\kk!/ /
‘ Rk 0 H

2
(y — zj)‘fl;le*A(yfzj)+ dy] dzy...dz, < C|t — s]*H
j=1

for 1 < H < 1and

! t—s k 2

e”‘kk!/ [/ H(y — zj)37 e My==)+ dy] dzy ...dz, < C|t — s|?

rRE [Joo
j=1

for H > 1. Now, it remains to apply23) by selectingy = 1, « = min{H, 1}, and
F,(t) = t to get the desired result. O
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