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Abstract

We consider long-range dependent data. It is shown that the bootstrapped empirical
process of these data converges to a semi-degenerate limit. The random part of this limit
is always Gaussian. Thus the bootstrap might fail when the original empirical process

accomplishes a noncentral limit theorem.
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1 Introduction

Efron’s [5] bootstrap provides a strong nonparametric tool for approximating the distribution
of many common statistics. For independent and identically distributed data Bickel and Freed-
man [I] and Singh [15] have shown the asymptotic validity of this procedure. That means the
bootstrapped statistics converges to the same limit distribution as the original statistic. The
so-called blockwise bootstrap was first considered by Kiinsch [10] and applies to a large class of
weakly dependent random variables. Especially for empirical processes this is of great interest.
Let (X;)i>0 be a stationary, weakly dependent time series. Then under some technical assump-
n

tions the normalized empirical process n= /23" (1 (Xi<a} — F'(7)) converges to a zero-mean

Gaussian process K (z) with covariance kernel

E[K(2)K(y)] = F(z Ay) = F(@)F(y)+ Y (P(Xo < 2, Xa < y) - F(x)F(y))
d=1
(1)

o0

+ Y (P(Xo <y, Xa < z) = F(x)F(y)).
d=1
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F(zx) is the distribution function of X; and is typically unknown. Even if it is known, ()
is of infinite dimension and cannot be computed. In the case of long-range dependence the
situation is different. For several types of long-range dependence (see Dehling and Taqqu [3],
Ho and Hsing [7] and Wu [I7]) the empirical process converges weakly to g(x)Z, where g is
a deterministic function and Z a possibly non Gaussian real valued random variable. So the
limiting process is not as hard to treat as in the weakly dependent case. In the case of linear
processes g(x) is just the probability density and therefore can be estimated. However, in
the case nonlinear transformations the function g(z) is not known and hence a resampling
method might be of interest. Lahiri [11] considered the block bootstrap for the sample mean of
long memory processes and showed that it is valid if and only if the non bootstrapped sample
mean (properly normalized) converges to a normal limit. It turns out that the bootstrap for
the empirical process behaves similar. It converges also to a semi-degenerate limit, but the
random part is always normal. Nevertheless, even if the bootstrap technically fails, it has
still some statistical applications. The reason is that the deterministic part of the limit, the
function g(z), is the same as for the original empirical process. Thus this function can always

be estimated using the block bootstrap.
2 Main results
Consider the stationary Gaussian process (X;);>1 with
EX; =0, EX?=1 and p(k) = E[XoX}] =k PL(k)

for 0 < D < 1 and a slowly varying function L. We will not observe the X; themselves but
a (possibly non-linear) transformation of them, namely Y; = G(X;). The empirical process of

these random variables is

Wa(z) =Y (Lyi<ay — F(2)).

i=1

Its asymptotic behavior depends on the so-called Hermite rank, defined by
m =min {q > 0 | E[l{g(x,)<s} Hq(X1)] # 0 for some z} .

Together with the parameter D it determines the dependence structure of {1{G( X;)<z}s T €

R}i>1. The correct normalization for the empirical process is

dy ~ I L™2(n),



where H = 1 —mD/2 is called Hurst exponent. Dehling and Taqqu [3] considered the more

complicated sequential empirical process and their result reads as follows.

Theorem A (Dehling, Taqqu). Let the class of functions {1yg()<zy — F(t), —00 < x < oo}
have Hermite rank m and let 0 < D < 1/m. Then

Ay Wy () 2 Zin(t), 2)

where the convergence takes place in D([0,1] x [—o0,o0]), equipped with the uniform topology.

As a direct consequence

47 W (z) 2

) 1) (3)

in the space D[—00,00]. Z,,(1) is normalized and standardized and it is Gaussian if and only

if m =1. Jy,(x) is a deterministic function defined by

Im(z) = E[l{G(Xl)gm}Hm(Xl)]-

The limit is therefore sometimes called semi-degenerate. J,,, depends on the transformation G
and to the best of our knowledge there exists no procedure to estimate it.

In this paper we will discuss the block bootstrap as possible solution. For a sample Y7,...,Y,
choose a block length I(n) and consider the n — [ + 1 blocks I,...,I,,_;y1, defined by

Then we choose randomly with replacement p = p(n) blocks, so that the bootstrap sample
Y&, .o, Yp’; satisfies

P<(Yv(j_1)[+1a"'ay‘vjl)zli):m for ]:1,...,]), ’L:1,...,n—l+1.

The common choice for the number of blocks is p = |n/l|, however, this is not necessary for

the proof. Further denote the blocks of indices by
Bi=(i...,i+1l—-1) i=1,....n—1+1.

This procedure is called moving block bootstrap (MBB), see Kiinsch [I0]. In the case of long-
range dependence it has been applied to subordinated gaussian processes by Lahiri [11] and to
linear sequences by Kim and Nordman [9]. Both consider the bootstrap of the sample mean.

In what follows E* will denote conditional expectation given the sample Yi,...,Y,. Analo-

gously P* denotes conditional probability and g* weak convergence with respect to P*.



Theorem B (Lahiri). Let | = O(n'~€) for some 0 < e <1 and p~' +171 = o(1). Then

pl

1
1/24 Z(Yz* - E*Y) 2)* N(O,U,%,L) in probability,
Pty

where oy, = E[G(X1)Hp,(X1)]/m!.

Two things are remarkable. The first is that the bootstrap destroys somehow the dependence
of the random variables, thus a weaker normalization is needed. The second is that the limit
is always normal. However, for Hermite ranks larger than 1 the partial sum of long-range de-
pendent data converges towards a nonnormal limit, see Taqqu [16] and Dobrushin and Major
[4]. Hence the bootstrap fails in this case. The sampling window method does not suffer from
this issue (see Hall, Jing and Lahiri [6]) and has become more popular for statistical inference

on long memory time series (see Lahiri and Nordman [12] and Ho et. al. [g]).

Now consider the bootstrapped empirical process

[
1 & .
pl/24, Zl(l{Yi*Sw} = E' Ly <ay))-
1=
For weakly dependent data this was considered by Biihlmann [2], Naik-Nimbalakar and Ra-
jarshi [13] and Peligrad [14]. The main theorem of this paper reads as follows.

Theorem 2.1. Let the class of functions {1{q()<qz} — F'(t), —00 < x < 0o} have Hermite rank
m and let 0 < D < 1/m. Let further the block length satisfy I = O(n'=¢) for some 0 < € < 1
and p~t +171 = 0(1). Then

1 i b Jn(@)

77 2 yr<ay = Bl — Z in probability,
pl/2d, i:1( {y <z} [ {y; gx}]) ol i probability
where the convergence takes place in D([—o00,x]), equipped with the uniform topology. Jp, is

defined as above and Z is standard normal distributed.

Similar to the empirical process of LRD data (see (3])) the bootstrapped version has a semi-
degenerate limit. However, the normalization in Theorem [2.1] is weaker than in (3)) and the

random part of the limit is always Gaussian, just as for the bootstrapped sample mean.

Remark 2.2. The definition of the convergence obtained in Theorem [Z.1] is not straightfor-
ward. We say that a random process Z}(x) converges in probability in distribution if every
subsequence (ng), has another subsequence(ny,);, such that Z,“;kl (z) converges almost surely

in distribution, see Naik-Nimbalakar and Rajarshi [13].



Comparing the asymptotic distributions in Theorems 2] and 2T, one might conclude that the
bootstrap fails if m > 1. However, the function J,,(z) can still be estimated (up to its sign).

Consider A bootstrap iteration and denote by

X{ar s ac{l,..., A}

*
pl,a

the a-th bootstrap sample. Denote further the empirical process of the a-th sample by W ().

Then our estimator for J,,,(z) is given by

LA 1/2
jn,A,m(x) =m! (Z Z(W;,a(x))2> :

Corollary 2.3. Let the conditions of Theorem [21 hold. Then

lim lim P <sup ‘|jn7A,m(x)| - |Jm(x)|( > e> _0,

A—o0n—00 zeR

for all € > 0.

The main part of the proof of Theorem A is a reduction principle and this technique has

become popular for empirical processes of LRD data ever sine. Define

n

Sn(r) = - > (yizay — Fl@) = T /ml(z) Hn(X5)) (4)
" oi=1

Dehling and Taqqu [3] have shown that .S,, converges uniformly and in probability towards zero.
It is our aim to proof Theorem [Z.1] in a similar way. To this end consider the bootstrapped

version of (@)

pl
1) = g7 22 (1 sor = Fadle) = Jn o)l (i) = 1)+ O

where
fing(Hy) = 17'E* | Y Hp(X and  F,(z) =1"'E* 21{1@*9} : (6)
JjE€EB1 Je€B1

Lemma 2.4 (Bootstrap uniform weak reduction principle). Let the conditions of Theorem [2]]
hold. Then

P* < sup |5}, (x)] > e) — 0 in probability

—oo<xr<oo

for all e >0 and n — oco.



3 Preliminary results

Introduce some notation:

Sp(,y) = Sn(y) — Su(x), F(x,y) = F(y) — F(z)

Fn,l(xay) = Fn,l(y) - Fn,l(x)a Jm(x’y) = Jm(y) - Jm(x)

Lemma 3.1 (Dehling, Taqqu). There exists constants v > 0 and C > 0 such that for all
nelN

E|Sp(x,y)]” < On™(F(y) - F(x)).

The next result is Lemma 3.1. of Lahiri [11].

Lemma 3.2 (Lahiri). Define fi,(Hy,) as in {@). If the conditions of Theorem [21] hold
(i) ﬂn,l(Hm) = op(di/1) and (it E[Mn,l(Hm)]Q < Cdi/nQ

The next lemma extends the previous one to indicator functions.

Lemma 3.3. Define F, () as in (@). If the conditions of Theorem 21 hold
- 2
E<F(1‘,y) —le(.%',y)) SCd%/?’I?F(.%’,y)

Proof. Since the Hermite rank equals m we obtain the following expansion

oo

1{m<Yj§y} - F(I‘,y) - Z Jq(x7y)/quq(XZ)

g=m

By definition of £, () we have

- 1 1 =
F(z) = Fou(z) = F(z) - Th—i+1) Zan,jl{YjSm}
j=1

1 1 _
O E) Zan,j(F(l’) — liy;<ay)s
7j=1
where
7, if j <1,
anj =1 1, ifl<j<n—l+1,

n—j+1 ifj>n—-101+1.



Note that a, j <1 for all j. By orthogonality of the Hy(X;),

Z Jo(z,y)/q! < F(z,y)

q=m
and moreover

_ > J2
E(F(x,y)_Fn,l(xay))2: l n—l+1 2 Z wy | Z anlan,] X)H (X])]

,7<n

1
< et @) Z\M—J ™.
,j<n

The conclusion follows because d? ~ doij<nlr(@ =)™ O

4 Proof of the main result

Proof of Lemma [2.4] We will proof the result by using exactly the same chaining points as in
Dehling and Taqqu [3]. Define

A@) = F(x) +/ [Hnis)

(G(s)<ay T

@(s) ds.
The function A is monotone, A(—oc0) = 0, A(+00) < oo and max{F(z,y), Jm(z,y)/m!} <
Ay) = Alz).

Define for £ =0,1,..., K refining partitions of R,

—o0 =x;i(k) <x1(k) <--- < zor(k) = o0,

zi(k) =inf{z € R | A(z) > A(+o0)i27%}, i=0,1,...,2" — 1.
K will be chosen later. Then we have
A(wi(k)—) — A(zi—1(k)) < A(+00)27".
Based on these partitions we can define chaining points it (z) by

T, ) (k) <@ <5, ()11 (),



for each x and each k € {0,1,..., K}, see Dehling and Taqqu [3]. In this way each point z is

linked to —oo, in detail

—00 = x20($)(0) < xn(z)(l) - < sz(x)( ) < T

We have

() = S5 1(ZTig (@) (0), T4, () (1))
+ Sn (@i () (1), Tip () (2))
+ Sh @iy (@) (K = 1), @i () (K))
+ Sp (@i (2) (K, ),

where S;;J(m,y) = S;J(y) — S;;J(x).
Let us first consider the last term of (7). We get

| l(sz(:v (K),$)|

d p 1/2Z< {21 (o) () <Y*<m}—Fn,l($iK(m)(K)ax)

- %Jm(mik(w)(K% x)(Hm(X]*) - ﬂn,l(Hm))> '

pl
< a0 Y (Lo 027 200 + P (K) )
j=1

e o) (), ) 1/22 ~ ()

IN

|55 (e () () e ()41 () —)|
+ QPldflp_l/ZFn,l(xiK(m) (K), Zi e ()41 (K) —)

+ 20 (400)2 K d 1p1/2

IN

|S* (65 @ () (K, %‘K(w)+1(K)_)‘
+ 2pld; ' p 2 < (@i (a )(K)axiK(I)Jrl(K)_)_F(xiK(m)(K)’xiK(m)Jrl(K)_))
+ 2pld; p71/2F(x,~K(x)(K), $1‘K(x)+1(K)_)
pl

Z(Hm(Xj*) - ﬂn,l(Hm)) :

J=1

+ 20 (400)2 K d 1 p1/2




Note that Y32, €¢/(k + 3)? < €/2. Making further use of the estimate above and the decom-
position (T) we get

P (supls; o] > o)

K
< pr <sup|s;l<x>| > e (k+3)2+ e/2)

k=0
< P (max|S; (1) (0), @4, oy ()] > €/9)
+ P (max|S; (1, () (1), 21 0) (2))] > €/16)
L (8)
P (1m0ax|S, 1 (i 0 (B, i ()1 (K) )| > €/ (K +3)°)

+ P <m§X2Pldf1P_1/2 F 1 (5 (2) (), i ()1 () =) — F(wiK(m)(K),wm(m)H(K)—)‘ >e/(K +4)2)

pl

S Ha(X3) = B [Ha(XD])| > (€/2) - 2A<+oo>pldllp1/22f<) .

+ P* <2A(+oo)2Kdllp1/2
j=1

By the Markov inequality we get

P* (max | (i, () (), iy, (o) (B + D)| > €/ (K + 3)%)
2kt
< 3 P (Spalwilk 1), @i (k4 1) > ¢/ ( +3)?)
=0
2kt

E* [S5 (ai(k + 1), 241 (k + 1))] 5 (k+ 3)*

5 (9)

IN

€
=0



By construction of the bootstrap sample we get

E*[S} i (2))?
2
kl
= %E* [Z(l{y*q} — Fp (@) = (@) /m(H (X)) — ﬁn,l(Hm))}
=1
’ 2
= dile* Z (Lyr<ay — Fna(x) = Jn() /m!(Hp (XF) = fini(Hm)))
JjEB1

IA
S| -
£
|
~| =
+
=
Q
i
ok
<. ~
=
B
=
A
)
|
|
&
|
-
3
&
~
3
=
S
>
\v_/
(Y]

where

Consequently

B[Sy (@, y))?

n

1 n—I+1
L — 2
= (’I’L—l—|— 1)C ZZ; Sl,z(x,y)

+ dilZCF <F(£C,y) - Fn,l(x’y)>2 (10)
! dizQCJr?z(% y)/ (M1 (fing (Hm))*

It is our goal to show that E[P*(sup,cr|S; ,(z)] > €)] = 0 as n — oco. To this end we take

10



the expectation of every summand of the right-hand side of (§). Making then successive use
of the estimates (@) and (I0) we obtain

E [P* <m3X’S:L,l($ik(x)(k)7 Tipr @)k + 1) > €/ (k + 3)2)]

2kt

e Z B[S (as (k + 1), e (k + 1)) ;3)4
+ 02331 _2E < zi(k+ 1), 201 (k + 1)) — Fy(zi(k + 1), 200 (k + 1)))2 (k ;3)4
+Czk+z_1 J2 (; /<:+1TZL!;CZ+1(I<:+1))%Z2 (s (Ho)? o (K ;3)4
< Czkgl I77F(wi(k+ 1), 2541 (k + 1)) (k ;3)4
+ chgl ;—;ﬁ (ws(k + 1), w1 (k + 1))@?723)4
+ CQki:l Axi(k+1), 2501 (k+1))2 ?z E (fin(Hp))? (k ;3)4,
=0

We have also used Lemma 3.3l and
E|S1i(y) — Sii(x)* < CI7(F(y) — F(x))

which is implied by Lemma B3Il Note that (I/n)%(d,/d;)* < CI* for some A > 0 and A(z;(k +
1), 201 (k+1))% < 0272+D | Thus setting 7 = min{y, A} yields

E [P* (mmaX\SZ,z(m(m)(k)a%H(x)(k + 1) >e/(k+ 3)2>}

_C (l"’(k +3)de 2 4 o (kH1)p2 /deE[ﬂml(Hm)]Q) .
In the same way we get

B [P (x|} (1 (o) (K), 01y 2 (K) )| > €/ (K +3)%)]
2

< CUNK +3)'e + C27 51 /d} El i 1 (Hom))]

11



and

E[P* <max 2pldl_1p71/2

Fo (1,0 (0) (), B 031 () =) = F (1,00 (K, @ a2 () =) | > €/ (K +4)?)

2K71 4 R
<> leifﬂ (K;4) E <F($z‘(K)790i+1(K)—) - Fn,l(ﬂﬁz‘(K)aﬂﬁz‘Jrl(K)—))2
=0

(K +4)*

€2

< Cl="
Choose now

A

hence 2A(—|—oo)pldl_1p*1/ 29K < ¢/4. Tt remains to treat the last probability in (§). By our
choice of K it can be bounded by

pl K-1
* 1, —-1/2 *¥\ _ * E 2
P dl p ;(Hm(X]) E [Hm(X] )]) > 4 A(+o0)
pl 2
-2 — * * * * 16 —
<d?p BT Y (Hn(X)) — E*[Hp (X)) 6—21\(+OO)22 K2, (11)

j=1
By the proof of Theorem B (see Lahiri [I1]) we get

pl 2

d7?p 'E | B | (Hm(X]) — E*[Hpn(X])]) <C.

j=1
Taking expectation in (Il therefore yields

l
b € 2K—1

E [P | d'p 2D (Hin(X) = E*[Hn(X7)])| > 1A (£

16 _
; < CE_QA(+OO)22 2K+2

j=1
<Ol ptde.

We have now found estimates for the expectation of all summands of (§). Combining these

estimates we find

K+1 K
E | P*(sup|S;, ()| > e)} < CIe Y (k4 3)* + 12d; *Elfing (Hp))? Y 27" 4 C17%p~1d}
z k=0 k=0

< Ol e 2 (K +4)° + CPd; ? Eljin (Hy))? + CU %p~td}
< Cl e (K +4)° + 0l 4 C1*PH 2,

12



In the last line we have used 12d; 2E[fi, (Hn,))> < CI7* < CI7" (see Lemma (ii)) and
172p~td? < PH=2p=11m/2(1) < 17 for a > 0.
The definition of K yields

(K +4)° < C ([log(e™")° + [log(pl)[*) < Ce™ ',

for any 6 > 0 and a constant C, depending on §. Choose § = n/2 and p = min{n — §, a}, then

E {P*(sup\S;l(x)] >e)| <CIP(e3 +1).

Proof of Theorem [21. By Theorem B, which is the main result of Lahiri [I1], we have

d 1/2 Z E*[Hm(X])]) g* Z in probability,
1P

where Z is standard normal distributed. By the boundedness of J,,,(z) we get by the continuous

mapping theorem

!
1 Jm(2) o R oy 2, Jml@)
A2 m! Zzl(Hm(Xz)—E [Hpn(X7)]) =« p —22—27 in probability,

where the weak convergence takes place in D[—o00, 00|, equipped with the uniform topology.
Together with the reduction principle (Lemma [2.4]) this finishes the proof.
O
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