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Abstract We obtain the distance between the exact and approximatébdtons of par-
tial maxima of a random sample under power normalizatiois dbserved that the Hellinger
distance and variational distance between the exact andxpyate distributions of partial
maxima under power normalization is the same as the comesapg distances under linear
normalization.

Keywords Generalized log-Pareto distribution, Hellinger distanam-Mises type
parameterization, variational distance

2010 MSC  Primary 60G70, Secondary 60E05

1 Introduction

Let Xy, Xo,..., X,, beindependentand identically distributed (iid) randomalzles
with common distribution function (df)f’ andM,, = max(X1, Xs,...,X,), n >
1. ThenF is said to belong to the max domain of attraction of a nondegea df
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H under power normalization (denoted by € D, (H)) if, for n > 1, there exist
constantsy,, > 0, 8, > 0, such that

M,
lim P( —
n— 00 Qo

the set of continuity points off, where sigiz) = —1,0, or 1 according as < 0,
=0, 0r> 0. The limitdf H in (1) is called go-max stable law, and we refer t6][for
detalils.

Bn

sign(M,,) < x) = H(z), =€C(H), (1)

The p-max stablelaws. Two dfsF andG are said to be of the sanpetype if F'(z) =
G(A | z |B signz)),z € R, for some positive constant$, B. The p-max stable
laws arep-types of one of the following six laws with parameter> 0:

0 if v <1,
Hialz) = {exp{—(log:c)_o‘} if 1 <ux;
0 if x <0,
Hj o(z) = ¢ exp{—(—logz)*} if0<z<1,
1 if 1 <ua;
0 if v <0,
Hy(z) = {e = 0f0 <
0 if x < -1,
Hyo(z) = ¢ exp{—(—log(—x))~*} if-1<z<0,
1 if 0 <u;
_ Jexp{—(log(—z))*} ifz< -1,
Hs.o(x) = {1 if —1 <u;

e’ ifx <0,
Holw) = {1 if 0 < .

Note thatH; 1(-) is the uniform distribution ove(0, 1). Necessary and sufficient
conditions for a df" to belong toD,,(H) for each of the sip-types ofp-max stable
laws were given in%] (see alsoJ)]).

As in [8], we define the generalized log-Pareto distribution (gggsW (x) =
1+ log H(z) for z with 1/e < H(x) < 1, whereH is ap-max stable law, and the
distribution functiond/” are given by

0 if x <e,
Wia(e 1— (logz)™@ ife<ux;
if v <e
Wa.a(x —logz)® ifel <wz<1,
1 if 1 <ux;

0 if v <1,
1-1 ifl<ua

x

0 if 2 < —e 1,
Wia( —log(—z))~® if —e" ! <2 <0,
1 if 0 < x;
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0 if z < —e,
Wso(z) = ¢ 1— (log(—2))* if —e<z< -1,
1 if —1 <
0 if < —1,
We(x) =< 1+a if -1<z<0,
1 if 0 < ax;
and the respective probability density functions (pdfs)the following:
wy,o(x) = g(log )"t p > e
x
wa,q(x) = g(—10g:10)(“_1), el<ae<y
x
1
ws(x) = 2 T> 1;
Waa(z) = _?a(—log(—x))_(aﬂ), —et<z<0;

ws0(2) = —(log(—2)) "7, —e<z<-1;
X
we(zx) =1, —-1<z<0;
where the pdfs are equal to 0 for the remaining values of

See also]] and [9] for more details on generalized log-Pareto distributidrtse
von-Mises type sufficient conditions fgrmax stable laws were obtained 8] ]

Von Mises-type parameterization of generalized log-Pareto distributions. The
von Mises-type parameterization for generalized log-@atistributions is given by
Vi(z) =1— {1 +7yloga}~ '/,
x >0,(1 4 ~ylogz) > 0, whenevery > 0, and

Va(w) =1 = {1 - ylog(—a)} """,
z <0, (1 —~log(—x)) > 0, whenevery <0,
where the case = 0 is interpreted as the limit ag — 0. Let v; andvs denote the

densities ofl; andVa, respectively. The dfs of generalized log-Pareto distitins
can be regained froi; andV; by the following identities:

0 if z <e,
Wiiyy(2) = {Vl(e_l/%cl/"’) if e <x,v>0;
0 if z <e™?,
Vi Vre1) el <o < 1,
if 1 <z,v>0;

1 if0<z,v<O0;
0 if x < —e,
Va(=e/ 7 (=2)/7) if —e <z < —1,
1 if -1 <z,v<0.

0 if v < —e 1,
Wy () = VQ(—el/'Y(—:z:)l/'V) if —e 1 <z<0,
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Density of glogPd for gamma > 0 Density of glogPd for gamma<0

1
3.0
1

— Pareto

- =05
=2 ~

e 4=5

— =20

v1
v2
5

Fig. 1. Densities of glogPds

Note thatlim., o Vi(z) = Ws(z),z > 1, andlim,_,¢ Va(z) = Ws(z),z € [-1,0].

Graphical representation of generalized log-Pareto pdfs. In Fig. 1, observe that
the pdfsv; approach the standard Pareto pdfyas 0, and the pdfs, approach the
standard uniform pdf ag 1 0.

The Hellinger distance, also called the Bhattacharyaniigtais used to quantify
the similarity between two probability distributions, atids was defined in terms
of the Hellinger integral introduced by]. In view of statistical applications, the dis-
tance between the exact and the limiting distributions iasneed using the Hellinger
distance. Inference procedures based on the Hellingendistprovide alternatives to
likelihood-based methods. The minimum Hellinger distamsémation with inlier
modification was studied in7]. In [10], the weak convergence of distributions of
extreme order statistics (defined later in Section 2) waméxed.

Inthe next section, we study the variational distance betvwiee exact and asymp-
totic distributions of power normalized partial maxima ofsmdom sample and the
Hellinger distance between these. The results obtainesl drver similar to those in
[20.

2 Heélinger and variational distances for sample maxima

We recall a few definitions for convenience.

Weak domain of attraction. If a df F' satisfies {) for some norming constants and
nondegenerate df, thenF' is said to belong to the weak domain of attractiorthf

Strong domain of attraction. A df F' is said to belong to the strong domain of at-
traction of a nondegenerate Hf if
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Xn'n
o
Qi
where sup is taken over all Borel sdtson R.
Limit law for the kth largest order statistic[5]. Let X;.,, < --- < X,,.,, denote the

1/Bn

lim sup
n—00 B

sigN(X,.n) € B) - H(B)’ =0,

order statistics from a random sample, ..., X,,,andfori = 1,...,6, let
1/Bn
lim P( e sign(X,,.,) < x) =H,; o(z).
n—oo n

Then it is well known that, for integer > 1,

1/Bn k—1
Xn_ n . -1 Hz a J
lim P(‘i S'gr‘(Xn—k-i—l:n) S .I') = Hi,a(‘r) ( o8 '|7 (x))
n—oo n =0 J:
= H; o k(z), say. 2)

Hellinger distance [10]. Given dfsF' and G with Lebesgue densities and g, the
Hellinger distance betweefi andG, denotedd *(F, GG), is defined as

— 00

. 1/2
H*(F,G) = < / (f'3(x) - 91/2<x>)2da:> . 3)

The results in this section will be proved for themax stable lawf ; (-), and the
other cases can be deduced by using the transform@tion = T; . (x) given by
T o(z) = H;;(a:)ngyl(a:) = H;;(:zr), x € (0,1)with Ty () = exp((— log z)~1/®),
Ta.o(z) = exp(—(—logz)'/®), T3(x) = —@, Ty.o(x) = —exp(—logz)~1/®),
Ts.o(z) = —exp((—log z)'/*), andTs(z) = log z.

We assume that the underlying pfifis of the form f(z) = w(z)e?®) where
glx) — 0asxz — r(H) = sup{z : H(z) < 1}, the right extremity ofH.
Equivalently, we may use the representatitia) = w(x)(1 + g*(x)) by writing
f(2) = w(z)ed™ = wx)(1+ (e9®) —1)), g(x) — 0asz — r(F). The following
result is on Hellinger distance, and its proof is similarttattof Theorem 5.2.5 ofi]
and hence is omitted.

Theorem 1. Let H be a p-max stable law as {i), andF" be an absolutely continuous
df with pdff such thatf (z) > 0forzo < = < r(F) and f(z) = 0 otherwise. Assume
thatr(F) = r(H). Then

= [ (25 1w s

1/2
+ 2H (z9) — H(zg) log H(xo)) } + -, 4)

n

wherec > 0 is a universal constant.

Theorem 2. Suppose thall is a p-max stable law as if1), andw(x), T;  (x) be the
corresponding auxiliary functions with(z) = h(x)/H (z) andT; . (z) = H; ! (z),

1,

where h denotes the pdf ofi. Let the pdff of the df ¥ have the representation
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f(x) = w(z)ed®) T(xy) < x < r(H;), for somei and= 0if 2 > r(H;), where
0 < zg < 1, and letg; satisfy the condition

L(logz)~0 if i =1,
L(—log x)™ if i =2,
Lk ifi=3
i < . ’ 5
9:@I =9 [ 1og— 0) i ©)
(1og( )0 if i =5,
La? if i — 6,

whereL, § are positive constants. i, (x) = F(A,|z|B~sign(x)) with

1 ifi=1,2, 3,4, n-Ye if =24,
A, =<n ifi=35, and B, =< nl/> ifi=1,3,
1/n ifi=6, 1 if i =5,6,

then

-5 . <
H(F"H) Dn !f0<5_1,
Dn=' if§>1,
whereD is a constant depending only ag, L, and?.

Proof. Without loss of generality, we may assume that= H, ;. The other cases
can be deduced by using the transformafitdn) = T; o (z). We apply Theoreni
with Ton = .’L‘g, % < xg < 1. Note thatthe terl’ﬁHg,l(,Tg)—Hg,l(fL'g) lOg H271($8) =
x8 — 2 log 2§ can be neglected. Puttinfgy (x) = f(x'/™)/n, sinceg is bounded on
(zo,1), we have from4)

H*(Fn,H) < {/m; (% -1 —log(%»d%,l(x)}l/g + %

Then
[ (G e (525) o
- [ (e - () e

1
= / (eh(ml/n) -1- h(xl/"))d:v
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2

1
SD*L—/ (—1og:1:1/”)25da:
2 Jo

L? o
_ D*_n725 efyy25dy
2 0

L2
— D*Tn_Q‘SF(% + 1),

and H*(F, H(z)) < (D*Zn=200(26 + 1))V/2 + £ = (D200 =9(1(26 +
1))*2 + en~'. Hence,

H*(F",H) <

Dn=% if0<d6<1,
Dn=t ifé>1,

whereD = (Z-)1/2L/T'(25 + 1) is a constant depending only ag, L, ands,
andI" is the gamma function. O

Theoremd below gives the variational distance between exact andoappate
distributions of power normalized partial maxima. To prdke result, we use the
next result, the proof of which is similar to that of Theorers.8 of [L0] and hence
is omitted.

Theorem 3. LetH;,j = 1,...,6, denote the p-max stable laws aq(i), and H =
H; 1 denote the limit laws of the power normalizéth largest order statistic as
in (2). Let F' be an absolutely continuous df with pdfsuch thatf(z) > 0 for
xo < z < r(F). Letr(F) = r(H) andw(z) = h(z)/H(z) on the support off,
whereh is the pdf ofH. Then

Slép ‘P((Xnna S 7Xn—k+l:n) € B) - Hk(B)‘

< (i/NH) <nf(x) —1—log <nf(x))> dH;(z) + Hi(zo) + kHy-1(z0)
“ Ja

= Joy  \w(@) w(z)
k—1 ) 1/2 L
+Z/ log (M> de(x)) + =
j=1 Tj>T0,TE<T0 w(‘r]) n
Theorem 4. Let H;,j = 1,...,6, denote the p-max stable laws as (i) and

w(z),T; o be the corresponding auxiliary functions with(z) = h(z)/H (z) and
T o(z) = Hif;(:v). Let the pdff of the absolutely continuous df satisfy the repre-
sentationf (z) = w(x)e% @) T(xy) < x < r(H), for somei and= 0 if z > r(H),
wherel/2 < zy < 1, andg; satisfy the condition given if5). Then

an' n .
P{ (‘% Slgn(Xn—j+l:n))

< D((k/n)°k'? + k/n),

1/Bn k

sup
B

~ € B} - Hk(B)’

where D is a constant depending ary, L, andé, and A,, and B,, are defined in
Theoren?.
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Proof. We prove the result for the particular caBe= H, ;. Applying Theorenf

with 2, =z, 3 < o < 1, we get

sgp |P((| X nen|"SIGN X in), - - -

(:

> [ (e

—1—log
J
k—1

E / log
Ti>xy,TE<T(

Jj=1

nfn(z;) dH

_l’_
wa,1(z;)

|Xn7k+1:n|n5igr(Xn7k+1:n)) S B)

’wg)l(l')

1/2
ck

— Hy(B)|

> dHj(z) + Hi(zg) + kHy—1(2()

Note thatHy(z) = O((k/x)™) uniformly in k and0 < x < 1 for every positive
integerm. Moreover, sincé is bounded orizg, 1), we have

—1—1log (nfn(

wz,l(

k . nfa(a
> [ (e

k

j=1
k

j=1"7%¢

z,)) ) ) dHj(x)

S L)

1
= Z/ (eh(ml/n) -1- log(eh(ml/n)))hj(ac)dx

k 1
:Z/ (1—|—h(x1/")+-~-—1—h(:c1/"))hj(:17)da:
j=1"%0
1 L(—loggco k /1 /) —logac)j_1
<l-4+ ——"7""7 ny4\\" Yo
—(2+ 31 )Z » G-1)
1 L(—logz/™ e 1/my 2y (= log )/~
§(5+73! z;/o(h(x ))70__1)! da
=
k 172 1/n\268 j—1
1 L(- 1og:c0/ ) L*(—logx'/™)*° (—logx)
< (1 N d
—<2+ 31 + ;/0 2 G-11
1 L(~logzy/") )L2 n~% /1 25451
==+ — — —log x)* T 1dx
(2 3! 2 ; G Jo ¢ )
o2 e 25451
=D* / e VY= dx
Z I'(j) Jo

wherel” is the gamma function. Now, note that (see, ed],,§4. 47)
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3 r20+j) _ D/zk: 25
N S J -
= IO =
Therefore,

k . k

_ I'(26 + j) _ . _

* 25 * 7/ 256 26 s,k 2017.26+1
D*n E 7]“(]’) < D*D'n E 70 < D*"n"*k ,

whereD** = D*D’. Hence,

Jj=1 Jj=1

. 7X71;7k+1:n) € B) - Hk(B)}

nny "

sup}P((X"
B
S (D**TL7261€25+1)1/2 —|—ck/n: D((k/n)5k1/2+k/n),

proving the result. O
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