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On spectral measures of random Jacobi matrices
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Abstract

The paper studies the limiting behaviour of spectral measures of random Jacobi
matrices of Gaussian, Wishart and MANOVA beta ensembles. We show that the
spectral measures converge weakly to a limit distribution which is the semicircle dis-
tribution, Marchenko-Pastur distributions or the arcsine distribution, respectively.
Regard that convergence as the law of large number, a central limit theorem is then
derived.
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1 Introduction

Three classical random matrix ensembles on the real line, Gaussian beta ensembles,
Wishart beta ensembles and MANOVA beta ensembles, are now realized as eigenvalues
of certain random Jacobi matrices. For instance, the following random Jacobi matrices
whose components are independent and distributed as

ap by N(0,2) Xm-1)8
oo by ax by 1 | X-1s N(0,2) Xm-2)8

bn—l Qnp, XB N(Ov 2)

are matrix models of (scaled) Gaussian beta ensembles for any 3 > 0. Here N(u,0?)
denotes the normal (or Gaussian) distribution with mean p and variance o2, and xj
denotes the chi distribution with k degrees of freedom. Namely, the eigenvalues of H,, g
are distributed as Gaussian beta ensembles,

ALy 2n) o |[AWN) [P exp (—% ZA?) ,
=1

where A(A) = [];;(Aj — Ai) denotes the Vandermonde determinant.
The limiting behaviour of the empirical distributions of the three beta ensembles has
been well studied. For Gaussian beta ensembles, as n — oo, their empirical distributions

1 n
= ;;5&

converge weakly, almost surely, to the semicircle distribution, which is well known as
Wigner’s semicircle law. The limit distributions are Marchenko-Pastur distributions and
the arcsine distribution in Wishart and MANOVA cases, respectively. The convergence
means that for any bounded continuous function f on R,

(Lp, f) = Z fx (oo, f) almost surely as n — oo.
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Here oo stands for the corresponding limit distribution. Regard it as the law of large
number, the central limit theorem has also been investigated. It turns out that for a ‘nice’
test function f, the fluctuation around the limit converges in distribution to a normal
random variable,

n

(L £) = (poos £)) = D (FA) = (p1oos £))SN (0, 02).

i=1

Here % denotes the convergence in distribution or the weak convergence of random
variables. See [4] for Gaussian and Wishart cases and [7] for a generalization of Gaussian
beta ensembles with general potential.

The spectral measures of random Jacobi matrices associated with those beta ensembles
have been investigated recently. The weak convergence to a limit distribution, the central
limit theorem for moments and large deviations have been established, see [2| 6, [9]. The
spectral measure of a finite Jacobi matrix, a symmetric tridiagonal matrix of the form,

aj bl
b1 a9 b2
J = . . . 7(ai€R7bi>0)7
b1 an
is defined to be a unique probability measure p on R satisfying

(u,xk> = (Jkel,el> = Jk(l, 1),k=0,1,...,

where e; = (1,0,...,0)" € R™ Let {\1,...,\,} be the eigenvalues of J and (vq,...,v,) be
the corresponding eigenvectors which are chosen to be an orthonormal basis of R™. Then
the spectral measure p can be written as

n
w= Z 40
i=1

It is known that the eigenvalues {);} are distinct, the weights {qu} are all positive and that
a finite Jacobi matrix of size n is one-to-one correspondence with a probability measure
supported on n real points.

It is the purpose of this paper to reconsider the limiting behaviour of the spectral
measures (i, related to those beta ensembles to see how nature it is. In all three cases,
it turns out very interesting that the weights {w;} = {¢?} are independent of eigenvalues
and have Diriclet distribution with parameters (5/2,...,3/2), that is,

-1
1{w1+~~~+wn71<1,wi>0}dw1 e dwn_l,

(wi,...,wy) ocHw

where w, =1 — (w1 + -+ + wp—1). Thus, by a direct calculation, we obtain

n

El(ia: £)) = 3" EIZIE ()] = 1 3" BIFO)) = El(Las £)) = (L. )

i=1

Here L,, is the mean of L,,, which is defined to be a probability measure satisfying (L,, f) =
E[(Ly, f)] for all bounded continuous function f. Similarly, we can derive a formula for
the variance of (uy, f) as

bn
bn + 2

Var[(fin, f)] = Var[(Ln, f)] + ({(Ln, %) = (L, £)%).

nB + 2



Consequently, as n — oo,

"2 Natl (. 1)) e S%) — (e 17 (1)

provided that n Var[(L,, f)] — 0, which is obvious true for a ‘nice’ function f. It follows
that the spectral measures converge weakly to the same limit distribution po. It also
suggests that the central limit theorem should hold with the scaling factor (v/n3/v/2) and
the limit variance is given by (Il). Now we can state the main result of this paper.

Theorem 1.1. (i) The spectral measures ., converge weakly, in probability, to the same
limit distribution ps as n — 0o, that is, for any bounded continuous function f,

(tins £) =Y @2 F(\) = (oo, f) in probability as n — oo;
i=1

(ii) For a bounded continuous function for which n Var[(L,, f)] — 0,

%«um 1) — Bl ) SN (0,0%(f)) as n — oo,

where 02(f) = (oo, f2) — (loos f)?.

The paper is organized as follows. In the next section, we consider general random
Jacobi matrices and derive the weak convergence of spectral measures as well as the
central limit theorem for polynomial test functions. Applications to Gaussian, Wishart
and MANOVA beta ensembles are then investigated in turn. The last section is devoted
to extend the central limit theorem to a larger class of test functions.

2 Limiting behaviour of spectral measures of random Jacobi
matrices

Let us begin by introducing some spectral properties of non random Jacobi matrices. A
semi-infinite Jacobi matrix is a symmetric tridiagonal matrix of the form

ay bl
J=|b a2 b , where a; € R, b; > 0.

To a Jacobi matrix J, there exists a probability measure p such that
<M7$k> = / xkdu = <Jk€17 €1>, k= 07 17 SRR
R

where e; = (1,0,...,)" € £2. Then p is unique, or p is determined by its moments, if and
only if, J is an essentially self-adjoint operator on ¢2. If the parameters {a;} and {b;} are
bounded, or more generally, if ) bi_1 = 00, then J is essentially self-adjoint, [12 Corollary
3.8.9]. In case of uniqueness, we call p the spectral measure of J, or of (J,eq).

As mentioned in the introduction, when J is a finite Jacobi matrix of order n, then u
is a probability measure supported on n eigenvalues {\;} with weight {g?} = {v;(1)%},

n
="y q7ox.
=1

Here (vy,...,v,) are the corresponding eigenvectors which are chosen to be an orthogonal
basis of R".
The following results are useful in this paper. We will omit their proofs.



Lemma 2.1. Assume that {p,}5°; and p are probability measures on R such that for all
k=0,1,...,
(fin, %) = (u, zF) as n — oc.

Assume further that the measure p is determined by its moments. Then u, converges
weakly to p asn — co. Moreover, if a continuous function f is bounded by some polynomial
P, that is, |f(z)| < P(z) for all x € R, then we also have

{tn, f) = (1, f) as n — oo.

Lemma 2.2. Let {1, }02 be a sequence of random probability measures and p be a non-
random probability measure which is determined by its moments. Assume that any moment
of pn converges almost surely to that of p, that is, for any k =0,1,...,

(ftms %) = (1, %) a.s. as n — co.

Then as n — oo, the sequence of measures {u,} converges weakly, almost surely, to p,
namely, for any bounded continuous function f,

(s £ = (1 f) a.s. asm — .
An analogous result holds for convergence in probability.

Let us now explain the main idea of this paper. Consider the sequence of random
Jacobi matrices

a(gn)) b(%")) (n)
J = b as by
TG

and let u, be the spectral measure of (J,,e;). Assume that each entry of J,, converges
almost surely to a non random limit as n — oo, that is, for any fixed i, as n — oo,

agn) — a;; bl(-n) — b; a.s. (2)
Here we require that a; and b; are non random and b; > 0. Assume further that the

spectral measure of (Jo,€1), denoted by (i, is unique, where J is the infinite Jacobi
matrix consisting of {a;} and {b;},

ai l_)l -
Jo = |01 a2z b2

Then the measure [, is determined by its moments, and hence we get the following result.

Theorem 2.3. The spectral measures ., converge weakly, almost surely, to the limit
MEASUTE floo AS T — OO.

Remark 2.4. If in the assumption (2]), convergence in probability is assumed instead of
almost sure convergence, then the spectral measures u, converge weakly, in probability,
to Uso @S N — 00.



Proof. Let p be a polynomial of degree m. Then when n is large enough, (u,,p) =
p(Jn)(1,1) is a polynomial of {al(-n), bg")}i:17...,(%]. Therefore, as n — oo,

{tin> P) = (fioo; p) &
which implies the weak convergence of i, by Lemma O

Next, we consider the central limit theorem for polynomial test functions. It turns out
that the central limit theorem for polynomial test functions is a direct consequence of a
joint central limit theorem for entries of Jacobi matrices. Indeed, assume that there are
random variables {n;} and {(;} defined on the same probability space such that for some
fixed r > 0, for any 4, as n — oo,

a" = n'(a{" = @) S, (3)

Moreover, we assume that the joint weak convergence holds. This means that any finite
linear combination of dl(-n) and bg") converges weakly to the corresponding linear combina-
tion of 7; and (; as n — oo, namely, for any real numbers ¢; and d;,

Z (cidl(-") + d,@g"))i) Z (eimi + di¢;) as n — oo.

finite finite

For now on, both conditions (2)) and (3] will be written in a compact form

C:L1 61 - 1 m G1
Jo | b1 a2 b +—1G m
. . . n” . .
Let f be a polynomial of 2k variables (a1, ...,ax,b1,...,b;). For simplicity, we write

f(a;,b;) instead of f(ay,...,ar,b1,...,bk).
Lemma 2.5. (i) Asn — oo,
k
r (n) p()y _ o= 7 of n) 8f n)\ P
w (f(a™ ") - f(ai b)) ; <8a2 (@, b)ay" + Z-(aa,bib™ ) 5 0.
Here ‘57 denotes the convergence in probability.

(ii) Asn — oo,

Proof. Write

Then use the Taylor expansion of f (agn), b(n)) at (@;, b;) with noting that the Taylor ex-

7
pansion of a polynomial consists of finitely many terms,

0 = sty + 25 (Lagal® + X ai) + 3

=1




Each term in the finite sum ) * has the following form,

k
c(a, B) [T (@™ — @) o™ — )%,

=1

where {a;} and {3;} are non negative integers and Y% (a; 4+ ;) > 2. Therefore, when
we multiple that term by n”, it converges to zero in distribution, and hence, in probability
by Slutsky’s theorem.

By using Slutsky’s theorem again, we see that (ii) is a consequence of (i). The proof
is completed, O

Let p be a polynomial of degree m > 0. Then there is a polynomial of 2[% | variables
such that for n > m/2,

(ns D) = P(Jn) (1, 1) = f(al™ (M),

Therefore, by Lemma 2.5, we obtain the central limit theorem for polynomial test func-
tions.

Theorem 2.6. For any polynomial p, n" ({tin,p) — (lieo, D)) converges weakly to a limit
as n — oo.

Since we do not assume that all moments of {agn)} and {bgn)} are finite, even the
expectation of (i, p), E[(tn,p)] may not exist. Thus we need further assumptions to
ensure the convergence of mean and variance in the central limit theorem above. Our
assumptions are based on the following basic result in probability theory.

Lemma 2.7. Assume that the sequence {X,} converges weakly to a random variable X .
If for some § > 0,
sup E[|X,,[**] < oo,
n

then E[X,] — E[X] and Var[X,] — Var[X] as n — oc.
We make the following assumptions

(i) all moments of {al(-n)} and {bgn)} are finite and the convergences in (2] hold in L,
for all ¢ < oo, which is equivalent to the following conditions

%

SupE[|a(n)|k] < 00, supIE[|bl(-n)|k] < oo, forall k=1,2,...; (4)

(ii) En;] = 0,E[(;] =0, and for some ¢ > 0,

supE[la{"” ] < 0o, sup E[B"” 9] < cc. (5)

Lemma 2.8. Asn — oo,

ha®
1
<

M?r

B | (7 6) - 1@ )

w (BLf (™, 0] = f(aibi)) -0, (7)

Var [f(ain),bgn))} — Var zk:



Proof. It is just a direct consequence of Lemma 2.7] O

Now we state a slightly different form of the central limit theorem for polynomial test
functions.

Theorem 2.9. Under assumptions @) and (@), for any polynomial p, as n — oo,

. d
" (i, p) = E[(kn, D)) =€oe ()
Here £oo(p) denotes the limit distribution. Moreover, Eléx(p)] = 0 and

Var[(un, p)] — Var[és(p)] as n — oc.

3 Gaussian beta ensembles or S-Hermite ensembles

Let H,, g be a random Jacobi matrix whose elements are independent (up to the symmetric
constraint) and are distributed as

N(0,2)  X(n-1)
1 | Xm-1s N(0,2) Xm-2)8
xs  N(0,2)
Then the eigenvalues {\;} of H,, 3 have Gaussian beta ensembles [3], that is,

nf —
()‘17)‘27 c 7)‘n) X ‘A(A)‘ﬁ exp <_T Z)‘?> .
i=1

The weights {w;} = {¢?} are independent of {\;} and have Dirichlet distribution with
parameters (3/2,...,03/2).

Lemma 3.1. (i) Ask — oo,

Xk — 1 in probability and in L, for all ¢ < oo.

vk
(ii)) As k — oo,

X . d 1
VR (2 -1) = u - VBN, ).

Since the elements of H,(f) are independence, it follows that joint convergence in
distribution holds, namely, we can write

0 1 . (N
Ho.~|1 0 1 L[,
4 R

) N(0.3)
) N(0,2) N(0,3)

NI N

Note that the spectral measure of the non random Jacobi matrix part in the above ex-
pression is the semicircle distribution, a probability measure on [—2,2] with density
1
sc(z) = 2—\/4 —22,(-2<z<2).
T
Consequently, we get the following result.

Theorem 3.2. The spectral measure v, of Hy g converges weakly, in probability, to the
semicircle law as n — oo. Moreover, for any polynomial p, as n — oo,
vnp

W(<Mmp> — (sc, p>)i>/\/(0, Og)'



4 Wishart beta ensembles or S-Laguerre ensembles

For m € N and n > m — 1, let Bg be a bidiagonal matrix whose elements are independent
and are distributed as

XBn
1 XB(m—1) Xpn—8
X8  Xpn—pB(m—1)

Let Ly, 5 = BBBtB. Then L,, ,, 3 becomes a random Jacobi matrix whose eigenvalues are
distributed as Wishart beta ensembles [3], namely,

(A, Am) o< JA(N |BH/\anp< zm:)\i>,
i=1

where a = (3/2)(n —m + 1) — 1. The weights {w;} = {¢?} are independent of {\;} and
have Dirichlet distribution with parameters (3/2,...,3/2).
It is well known that as m/n — ~ € (0,1), the empirical distribution of Wishart
beta ensembles converges weakly to the Marchenko-Pastur distribution with parameter
€ (0,1), a probability measure with density

1
2y

mps () = =——/ Ok — @)@ — A0), (A= <@ < Ay),

where Ay = (14 ,/7)%
It also know that the Jacobi matrix of the Marchenko-Pastur distribution with param-
eter v € (0,1) is given by

1 Nl 1 L 7

O NS I o AV "

Denote by {¢;}jZ; and {d;}] ! the diagonal and the sub-diagonal of the matrix

vnBBg. Then

C% Cldl

1 c1dy C% + d% Cads

Lonnp = 15 : . .
Cm—ldm—l 07271 + dgn—l

Lemma 4.1. For fized k, as m — oo and m/n — v € (0,1),

Ck Xnp 1
N \/_~1+\/——nk, e~ N0, 3),

d m 1
\/Tk—ﬂw\/T—Z%ﬁ—F\/——BCk, G ~ (075)7

c% - 1 d2 1 crdp N 1



Consequently, as m — oo and m/n — v € (0, 1), we can write

L 2m Vam + G
Lons~ | VT 147 7 +% VIm+G 20 +G) AR+ G

m
Here {n;} and {¢;} are two i.i.d. sequences of (0, ) random variables.

Theorem 4.2. The spectral measure fi,, of Ly, g conveges weakly, in probability, to the
the Marchenko-Pastur distribution with parameter v as m — oo, m/n — v € (0,1).
Moreover for any polynomial p,

@«um,m — (mpy, ) SN (0, 02).

V2
5 MANOVA beta ensembles or 5-Jacobi ensembles

Let a,b > —1. Let p1,...,pon—1 be independent random variables distributed as

Beta(zngkﬁ,Wﬁ+a+b+Z), k even,
PE™ \ Beta (222514 + 0 + 1, 2225218 4 b+ 1),k odd.

Here Beta(c, 5) denotes the beta distribution with parameters «, 5. Define

ar = pak—2(1 — par—3) + por—1(1 — par—2),
b, = /pak—1(1 — pag—2)p2r (1 — par—1),

where p_1 = pp = 0, and form a random Jacobi matrix J, g as

aq b1
bl as bg

Ing =

bp—1 an

Then the eigenvalues (A1,...,A,) of J, g are distributed as MANOVA beta ensembles
(cf. [8]),

(Ao An) o JANPPTT A = X0)b, A€ 0,1,
=1

The weights {w;} = {¢?} are independent of {\;} and have Dirichlet distribution with

parameters (3/2,...,03/2).
We need the following properties of beta distributions.

Lemma 5.1. (i) As k — oo,

1
Beta(g, 5) — 3 in probability and in L, for all ¢ < co.

(ii)) As k — oo,

2k (Beta(g, g) - %) EU\/'(O, 1).



Proof. Let X} and Yj be two independent random variables having Xi distribution. Then

it is know that
k k

2'2

Xk,

y L2k
Xk—l—Yk'

Beta(
For chi-squared distribution, we have

2
% — 1 in probability as k — oco.

Therefore
X us N bability as k —
= — in probability as 0.
Xp+Ye Ze4Xe 2 P Y

The convergence in L, is clear because beta distributions are bounded by 1.
Next we consider the central limit theorem for beta distributions. It also follows from
the following central limit theorem for chi-squared distribution

—k

k; i)N(O 2) as k — oc.

Indeed, if we write

Xp—k |, k—Y,
T

k k 1 VE
2k Beta(z, =) — = ) £2 —o) = Yk
\F<ea(2 2 2> f(XkJrYk 2> LY A

then as k — oo, the numerator converges in distribution to N'(0,4) because X}, and Y} are
independent while the denominator converges in probability to 2. Thus we obtain (ii). O

Lemma 5.2. Asn — oo,

1 1
al" =p, ~ N(0,1),

2\/
b = Vorpa (L — p1) ~ —— + ——N(0, 2),
2v2  2y/np 8
( ) 1 1 1
= 1-— 1-— k>2
Dak—2(1 — por—3) + par—1(1 — pag—2) = 2\/— (0, ) > 2,

1 1 1
) = VP2k—1(1 — pag—_2)par (1 — par_1) = 1 + WN(O, g% k> 2.

The joint asymptotic also holds.

Proof. For fixed k, as n — oo, it is clear that

ng np, 1 1
22 ¥ 3 avms 2/nB
(n)

Then the asymptotic for a;~ follows from Lemma because it is a polynomial of

{P2k—3, P2k—2, P21}
The asymptotic for b,(:)

probability and /n(X,, — c)i/\/’(O, 0?) as n — oo, then

n( n—c)dN(O,a2)_ o?
\/_ \/7 \/_"i‘\/’ 2\/6 _N(O’%)'

The joint asymptotic is clear. O

pr ~ Beta(— N(0,1).

is a consequence of the following fact. If X, — ¢ # 0 in

10



Note that the arcsine distribution, a probability measure on (0,1) with density

arcsine(z) = 0<z<1),

1
/(1 —x)

is the spectral measure of the infinite Jacobi matrix

-

[N}
%)—ll\’)l»—t
[N}

N
= [\9|HS
¥

N[ |

oo =

=

Therefore, we obtain the limiting behaviour of the spectral measures of MANOVA beta
ensembles when the parameters a, b are fixed.

Theorem 5.3. The spectral measure p, of J, g converges weakly, in probability, to the
arcsine distribution. For any polynomial p,

VnB

W«un,m — (arcsine, p)) — N(0,07).
Remark 5.4. Here we consider MANOVA beta ensembles with fixed parameters a,b. In
[10], the author considers the limiting behaviour of empirical distributions and spectral
measures when one or both parameters a, b grows with n. It turns out that in that regime,
the limit distribution is the Marchenko-Pastur distribution or the semicircle distribution.
See also [5] for the limiting behaviour of empirical distributions of -Jacobi ensembles
when parameters a, b also vary with n.

6 Extend the central limit theorem to large class of test
function

Recall that by Theorem [2.9] for any polynomial p, as n — oo,

0 (G}~ Bl ) SN0, 52)

where

02 = lim %Var[(un,pﬂ.

P n—oo

For all three beta ensembles in this paper, the spectral measure pu,, can be written as

n
1=1

where the weights {w;} are independent of the eigenvalues {\;} and have Dirichlet distri-
bution with parameters (3/2,...,3/2). One can easily show that

L mie P2 el — B <iz
E[w;] = ;7E[wi] = n(n5+2)7E[wzw]] = n(n6+2)’(1 <i#j<n).
Therefore for any test function f, we can derive the following relations
El(pn, )] = E[(Ln, f)], (9)
2
Varl{pn, )] = 5 Varl(Los £+~ (Bluns £2)] - ElGun, SP). (10

11



The mean of a random measure p, denoted by [i, is defined to be a probability measure
satisfying
(i, f) = E[(u, f)],

for all bounded continuous function f. However, the above relation still holds for a con-
tinuous function f with E[(u,|f])] < co. Denote by C(R) the set of continuous function
on R and let

D ={f € C(R): nVar[(Ln, )] = 0, {fin, f) = (ttoo f), (ftns [2) = (oo, f*)}-

Then D is a linear space containing all polynomials. It follows from the relation (I0) that
for f € D,
. np
nh—>Igo 7 Var[(,un, f>] = <1u007 f2> - <MOO7 f>2 = Jz(f)‘

Next, we use the following result to extend the central limit theorem to any test
function in D.

Lemma 6.1 ([Il, Theorem 3.2]). Let {Y;,},, and {X,, 1 }x.n be real-valued random variables.
Assume that

(i) Xn,kﬁXk as n — oo;
(ii) inX as k — o0;
(ili) for any e > 0, limy_,o0 limsup,,_, o P(| X, — Yn| > €) = 0.
Then YniX as n — 0o.
Theorem 6.2. For f € D,

Y (s ) = Ellns 1) SN0 07,

where o2(f) = {fioos %) — (Hioo, )2

Proof. Let f € D. Then since us has a compact support, we can find a sequence of
polynomials {py} converging to f uniformly in the support of po,. Thus

o?(pr) = o*(f) as k — oo.

Let
y, %«un,ﬁ — (s £,
Xk = VB (G pa) = El(ttms pi)]).

V2

We only need to check three conditions in Lemma [6.Il Conditions (i) and (ii) are clear.
For the condition (iii), note that (f — pg) € D, and thus

lim Var[Xn,k =Y. = (oo, (f —pk)2> — (toos (f —pk)>2,

n—o0

which tends to zero as k — oco. Therefore, for any € > 0,
1
lim limsup P(|X;, 5 — Yo| > €) < lim limsup — Var[X,, ; — Y,] = 0.
—00 n—0o k—oc0 nosoo €

The theorem is proved. O

12



Remark 6.3. (i) The class D contains all test functions f for which the central limit

theorem holds for the linear statistics n((Ly, f) — (ioo, f)). See [7] for a class of test
functions in the case of Gaussian beta ensembles.

(ii) For Gaussian orthogonal ensembles and Gaussian unitary ensembles, the above cen-

tral limit theorem was established for continuous bounded function f with bounded
derivative [11, Theorem 3.3.3].
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